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Ahstract

In this paper non-toxic phytoplankton, toxin producing phytoplankton and zooplankton (NTP-TPP-Zooplankton ) system
is proposed and analyzed. It is assumed that the grazing pressure of zooplankton reduce due to presence of toxin producing
phytoplankton. Itis observed that TPPfree steady state is unstable in nature and depicts bloom phenomena, whereas inthe presence
of TPP the system settles down to the positive state depicting stable phenomena and play a key role in bloom termination. The
qualitative behaviour of the system is verified through our field observation and numerical simulation.
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1. Introduction

Plankton are the basis of all aguatic food chain.
Phytoplankion do huge services for our earth: food
for marine life, oxygen for human life and also absorb
half of the carbon dioxide which may be contributing
to global warming (Duinker and Wefer, 1994). Now
the researchers are mainly concentrating on bloom dy-
namics with special emphasis on harmiful algal blooms
(HABs).
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The dynamics of rapid increase or almost equally
decrease of phytoplankion populations is known as
‘bloom’. The planktonic blooms may be categorized
ino spring blooms and red tides. Spring blooms oc-
cur seasonally due to changes i lemperature or nu-
trent availability. Red tides are the result of localized
outhbreaks associated with water temperature (Truscotl
and Brindley, 1994).

Phytoplankton species which caunse fish poisoning
iciguatera) and shellfish-vectored poisoning of hu-
mans are clearly harmful (Hallegraeff, 1993). Ham-
ful species can be characterized by three distinet
models of negative impact such as ‘toxic’, noxious
and nuisance used either synonymously or o char
acterize relative degree of impact. There are atleast
cight different modes and mechanisms by which
harmful phytoplankton species can cause mortality,
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physiological imparment, or other negative in situ
effects. These fall into two general types: non chem-
ical effects which lead w starvation or cause hanm-
ful mechanical and physical damage, and chemical
effects attdbutable o physical-chemical reactions,
phycotoxins, or other metabolites. Among the chem-
ically harmful mechanisms, die-offs due to anoxia
or hypoxia following blooms of large, relatively un-
grazed species, such as Ceratinm, are well known
(Granel et al., 1989; Mahoney and Steimle, 1979).
Nectiluea produces a remarkably simple whthyotoxin
NH, (Okaichi and Nishio, 1976). Mortality can oc-
cur through direct ingestioni endotoxinjof the hanmful
Species, upon exposure 1o secreted Loxing (exoloxins),
or from toxin vectoring through the food web, accom-
panied by conformational changes in the toxic prin-
ciples and their potencies (Shimizo, 1989; Yasumoto
and Murata, 1993). The impact may be on a directly
targeted predator or lead o indiseriminate die-offs
and physiological impaimment duwring food-web vec-
oring. Despile convincing evidence that harmful
phytoplankton species occur and bloom, knowledgze
of what defines a harmful species is qualitative. Such
species are still being identified, and the modes and
mechanisms of harmiul effects, and ecophysiological
divergence of harmful taxa from species considered
o be non-harmful are sill being described.

Cuantitative ecological studies w establish in situ
impacts of hammful algal species and their blooms
should therefore be a high prdority of future research.
Among the mome relevant issues needing investigation
are the extent o which such blooms impair or dis-
rupt “equilibrium™ trophodynamics and whether they
fall within the variance in natural catastrophic events
which shape the equilibrium. Such studies are also
needed 1o assess the walidity of the spring diatom
bloom model as a general model of bloom dynamics
m the sed.

Blooms, as a phenomenon, collectively have prop-
erties other than biomass, numencal populaton den-
sity, and the potental of the bloom species o inflict
harm. These features are also relevant o their defi-
nitions, occurrences and in siw tophodynamic con-
sequences. The processes influencing species occur-
rences, whether harmful or not, may differ signifi-
cantly from those regulating their blooms. And, at any
given tme or spatial location, as an inherent aspect
of species succession, one or more species are in a

state of bloom even though they may not achieve high
biomass or high population density. The presence of
toxic species does nol necessarily lead o a deleten-
ous impact; such effects require a threshold popula-
tion density level, above which it becomes inimical.
Given these considerations, formal definitions of what
makes a species or is blooms hammiul, toxic, nox-
1ous, i nuisance, benign, exceptional, and(orjunusoal
are neither practical nor helpful, and the application
of such descriplors o in situ processes should be dis-
continued until, or unkess, quantitative data m support
of such distinctions are available. However, the basic
distinction between harmful and non hammful blooms
is not only warranted, it is an important first step Lo-
ward classification of the vadous types of phytoplank-
ton blooms which undoubtedly occur.

The adverse effect of harmful algal blooms is clear,
but the control of such problems is under investiga-
tion. A group of researchers is in the favour of viral
infection and the other groups are using xin produc-
ing plankton (TPP) for conwolling the bloom.

Recent works suggest that viruses are nmportant
regulatory factors in marine ecosystems. Lylic viruses
directly control population dynarmics by vimal lysis
(Sutthe et al., 19940); Bratbak et al., 1995; Brussard et al.,
1996). Few mathematical models also suggest that vi-
ral infection may be used as a controlling agent for
the termination of plankionic blooms (Beltrami and
Carmoll, 1994; Chattopadhyay et al., 2003).

Recent studies reveal that some times bloom of
certain harmful species leads w release of both toxins
and allelopathic substances. Allelopathic substances
are distinguished from phycotoxins in being sec-
ondary metabolites; both can co-occur within a given
harmful species. Allelopathic substances tend to be
directly targeted and may physiologically impair,
stun, repel, nduce avordance reactions, and kill grae-
ers. Examples of these diverse models of impact were
given by Smayda (1992). Information on the recently
discovered, remarkable ambush predatory behavior
of the harmful dinoflagellale, Pfiesteria piscicida
was presented by Burkholder and Glasgow (1995)
and Lewitus et al. (1995). Toxin producing plankton
(TPP) release toxic chemicals in the water and reduce
the grazing pressure of zooplankton. As a result TPP
may act as biological control for the termination of
planktonic blooms (Chattopadhyay et al., 2002ab;
Sarkar and Chattopadhyay, 2003a).
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In our previous works, non toxic phyloplanklon
population is not considered, but the role of non-loxic
phytoplankton population in this regard cannot be 1g-
nomed. In the present study we will give special em-
phasis to the fact that oceurrence of toxin producing
phytoplankton may not always harmiul but it may help
to maintamn the stable equlibrivm in rophodynamics
through coexistence of all the species. The model that
we propose has three imteracting components consist-
ing of the non-wxic phytoplankton (NTP), herbivo-
rous zooplankton(Z) and toxin producing phytoplank-
ton {TPP) with an additional Factor that the release of
Loxic substance by toxc-phyloplankton species reduce
the growth of zooplankion.

Tor establish the theoretical results we shall vse our
ficld observations. We consider the oxin producing
plankion species as Noctilwea scintillans, non-Loxic
phytoplankton species as Coscinodiseus sp. and 200-
planklon species as Paracalanws sp. (the taxonomi-
cal and functional distinctions of all the species are
given in Chattopadhyay et al. (2002a), Sarkar and
Chattopadhyay (2003b). Our field study suggests that
when TPP is absent the equilibrinm level of NTP is
much lower than the value observed when TPP s
present. Moreover the equilibrinm level of zooplank-
ton decreases when TPP 1s present. This phenomenon
depicts the fact that the presence of TPP in the system
enhances the production of NTP and reduces the zoo-
plankton greing pressure. Further, the biomass dis-
tribution observed in our field study demonstrate that
inroduction of TPP leads to the persistence of all the
species through reduction of blooms and can be used
as controlling agent for stability of marine ecosystem.

2. Role of toxin producing plankion (TPP) in the
termination of planktonic blooms

To establish the role of TPP in the termination
of plankton blooms Chatopadhyay et al. (2002a)
proposed a general mathematical model based on
their field observation. They considered the following
model:

P
= :rP(l = K) —afiP)Z

(2.1)
dZ _
=Pl BARMZ —pnZ —de(AZ

Here P is the density of TPP population and Z the
density of zooplankion population. Letr be the growth
rle of toxke phyloplankton and K be the carrying ca-
pacity. @ (=) is the mie of predation of zooplank-
ton on TPP population. Further § (=0) denotes the
ratio of biomass consumed by zooplankion for i
growth and g (=0) is morality rate of zooplankton
due to natural death as well as for higher predation.
# denotes the rate of toxin liberation by TPP popu-
lation. Here fiP) represents the predational response
function and g( P represent the distnbution of toxic
substances.

They observed that when fiF), g(F) are linear
and also f{P) 1s hinear, g{F) is Holling type 10, the
bloom phenomena has not been observed. But if
the uptake functions are homogrphic type what-
ever be the distdbution of toxic substances (linear
or homographic), the excitable nature of blooms
through periodicity has been observed. It s also noted
that when the toxin hberation process 1s of Holling
type 11 and uptake function 1s linear, the excitable
nature of blooms through periodicity has been ob-
served under some parametne restnctions. Moreover,
when the upatake function is of Holling type 11 and
toxmn liberation process 15 linear or Holling type 11
and the upatake function is of Holling type 11 and
toxin liberation process 18 Holling type LI, then the
bloom occur through multistability of positive equi-
librium.

Further they also observed that if the growth of
phywplankion species follows logisic law, uptake
function is of linear type in the absence of toxic sub-
stances, reduction of grrzing pressure due 1o Loxic
substances is of Holling type 11 and the distribu-
tion of toxic substance is instantaneous, oscillatory
succession of planktonic blooms is not observed by
this model formulation and also observed that TPP
population do not release oxie chemicals always but
release only in the presence of dense zooplankton
population around it. Mormeover, m reality the redue-
tion of grazing pressure due o toxic substance is not
instantaneous, but 1s mediated by some tme lag re-
quired w0 release toxic substances by the phytoplank-
ton species. From this point of view Chattopadhyay
et al (2002b) modified the model by introducing
discrete tme vanation in the grmzing emm. With
this assumption model (2.1) takes the following
form:
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P

(2.2)

where 7 is the discrete time delay and p the half
saturation constant

Chatwopadhyay et al. (2002b) also denved the con-
ditions for which system (2.2) around E¥* enters into
supercritical or subertical bifurcation. From the de-
lay induced model they concluded that enhancement
of environmental carrying capacity decreases the ent-
ical value of the delay factor o zero. As a result the
instability region of the system increases. This ob-
servation also exhibits the nature of blooms through
penodicity.

In order o understand ecosystem functioning bet-
er, we need o understand what determines phyto-
plankton species compositon and succession during
blooms, what happens when blooms decay, how con-
taminants influence bloom dynamics and what is the
interplay between nutrient enrichment (through artifi-
cial eutrophication) and harmiful algal blooms. This
forcing appears rather normally due o daily, seasonal
or annual cycles, photosynthetically active radiation,
lemperature, nutrient avalability, eutrophication ele.
and phytoplankion populations often fluctuate un-
predictably in numbers (Evans and Parslow, 1985;
Truscot, 1995; Popova et al, 1997; Ryabchenko
et al, 1997). From this point of view Sarkar and
Chattopadhyay (2003a) again modified and studied
the system (2.2) taking into account the additive color
noise with proper choice of auocorrelation time of the
noise process as the residence tme for nutdent con-
centration. The model equation takes the following
form:

e
R r ) — —) — o
dr ! K
(2.3)
dz 8P —1)Z
S e B PV
dr ¥+ Plt—1)

where the perturbed term min) follows Ornstein-
Uhlenbeck process (Uhlenbeck and Ornstein, 1954).

Moreover their analysis shows that there is a lin-
car relationship between the delay factor and comela-
tion time with a negative slope. The delay factor (1)
of the species is an inherent property and cannot be
controlled in other way. Fmally they concluded that

TPP and control of the mpidity of environmental fluc-
tuation are the key factors in termination of plank-
tonic blooms. It s mnerestng o o see that whether
the conclusion drawn from the above three siudies
is true or not, if we include non-toxic phyloplank-
ton population into the system. The subsequent in-
vestigation to follow has been focussed in this direc-
Lion.

3. The role of TPP in a non-toxic
phytoplankton-toxin producing
phytoplankton—zooplankton system

As we have mentioned earhier, thal m our previous
wirks non wxic phytoplankton population s nol con-
sidered, but the role of non-toxic phytoplankion pop-
ulation in this regard cannot be ignored.

In our study we shall try to observe the effects of
toxin producing plankton in the dynamics of non-Loxic
phytoplankton—toxic phytoplankton—zooplankion in-
teraction. The model that we propose has three
interacting components consisting of the non-loxic
phytoplankton (NTF), herbivorous zooplankton (£)
and toxin producing phytoplankion (TPP) with an
additonal factor that the release of toxic substance
by toxic-phytoplankion species reduce the growth of
eooplankton.

To establish the theoretical results we shall wse
our field observations. We consider the toxin produc-
ing plankion (TPP) species as Noctiluca scintillans,
non-toxic phytoplankton (NTP) species as Coscin-
odiscus sp. and zooplanklon species as Paracalanus
sp. (the taxonomical and functional distinctions of all
the species are given in Chattopadhyay et al. (20024},
Sarkar and Chattopadhyay (2003b). Owr field study
suggests that when TPP s absent the equilibrium
level of NTP is much lower than the value observed
when TPP 1s present. Momeover the equilibrium level
of zooplankton decreases when TPP is present. This
phenomenon depicts the fact that the presence of
TPP in the system enhances the production of NTP
and meduces the zooplankion gruizng pressume. Fur-
ther, the biomass distribution observed in our field
study demonstrate that introduction of TPP leads o
the persistence of all the species through reduction
of blooms and can be used as controlling agent for
stability of marine ecosyslem.
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3.1, Field observation and findings of Experimental
resilts

From the above discussion, il s now clear that for
coexistence of plankton populations and terminations
of blooms, TPP and NTP have major role. To estab-
lish this we shall propose a mathematical model and
the findings will be supported through our field obser-
valuons.

Monitoring of plankton population was carried out
since 1999 in the North-West coast of Bay of Ben-
zal. As we are interested 1o report the effect of arti-
ficial eutrophication on the Non-toxic phytoplankion,
toxin producing plankton (TPP) and zooplankion pop-
ulation with the help of field observation. We choose
Noctiluca scintillans as TPP, non-toxic phyloplank-
ton species (NTP) as Coscinodiscus sp. and Para-
calanws sp. zooplankton for this study. The materials
and method of the study have been discussed elabo-
rately in Chattopadhyay et al. {2002a) and Sarkar and
Chattopadhyay (2003h). In this paper we will consider
the data of the field observation from March 1999 1o
January 2002 (30 sample collection dates). To estab-
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lish our theoretical realization we shall mainly focus
on the dynamics of NTP-TPP-Zooplankton system in
different ume frames. A series of data have been ob-
served 0 explore the possible types of response that
might be exhibited by NTP, TPP and Zooplankion.
We observed that in our total study tme when TPP
is absent then the possible patterns of NTP is much
lower than the pattern observed in presence of TPP
(see, Figs. 1 and 2).

Moreover, the pattern observed for zooplankion
population depicts the termination of bloom phe-
nomenon (see, Fgs. 1 and 2). Again equilibnium
analysis is useful in that if identifies the effect of in-
clusion of some species in real food chain models. To
study this we observe the total biomass accumulation
over the whole time perdod of our field study. We
observe that there 1s about 18.2% increase n NTP
bromass accumulation whercas about 49.7% decrease
in ooplankion biomass (see, Table 1),

Motivated from the lilerature and our field obser-
vations, a dynamic model consisting of non-loxic
phywplankion, toxin producing phytoplankion and
zooplankion has been proposed and the role of woxic

Collection
Dates

20.06.2000
02.08.2000
12.09.2001
05.10.2001

05.12.2001

Fig. 1. Biomass distribution in absence of toxin producing phytoplankton.
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Fig. 2. Biomauss distribution in presence of toxin producing phytoplankton.

phytoplankion in the ermination of planktonic blooms
have been observed.

1.2, The mathematical model

Let Py (1) be the concentration of the non-loxic phy-
wplankton at tume . Let P00 and 25 be the con-
centration of toxic phytoplankion population and zoo0-
plankton respectively at nme . Let r be the growth
rate of non-toxic phytoplankton and K be the canying
capacity. NTP and TPP are phytoplankton and have
vertical movement only. They only share for the same

Table 1
Comparison of hiomass accumulation in the presence and ahsence
af TPP

Total Biomass accumulation of NTP when TiR3662
TPP is absent

Total Biomass accumulation of NTP when BETNI2T
TPP is present

Percentage increase of NTP population (%) 18.2

Total Biomass accumulation of 401254 30
Fooplankton when TPP is absent

Total Biomass accumulation of 202323

Fooplankton when TPP is presem
Percentuge decrease of Zooplankion 4.7
population %)

resource. Here adequate forms would be an overall car-
rying capacity for both the species. For mathematical
simplicity we assume that they are sharing the same
carrying capacity (&), Let o and 8 be the maximum
zooplankton ingestion rte and maximum zooplankion
conversion mile respectively, Let o be the death e
of zooplankion. Let s be the growth rate wxic phylo-
plankton. Let & be the rate of toxin liberation by the
toxic phytoplankton. Let #) be the specific predation
rate of zooplankion population on toxic phyloplank-
ton. It is already confirmed by our field observation
and different literature that toxic substances released
by phytoplankton reduce the grazing pressure of its
predator, zooplankton. As the fractional changes in the
phytoplankion population per unit time effectively il-
lustrates the impact of predation on the population at
any particular time, 101s nteresting o examine the spe-
cific predation rate for the system as the outbreak ad-
vances (Truscotl and Brindley, 1994). 1is well known
that at certain times, conditions (adequate lemperature,
proper light mtensity, wammer water and minimal pre-
dation pressure) are adequate for planktonic growth.
The phytoplankton will continue to bloom until one
or more of the key factors promptling phytoplankton
growth s no longer available. Keeping the above men-
tioned facts of phytoplankion—zooplankion population
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in mind, we assume two predational forms for describ-
g the dynamics. When phytoplakion populations do
nol produce toxin, we assume that the predation rate
will follow the simple law of mass action. But as liber-
ation of toxin by TPP reduces the growth of zooplank-
ton, causes substantial mortality of zooplankton and in
this period phytoplankion population is not easily ac-
cessible, hence a more common and mtutively obvi-
ous choice is of the Holling type 11 functional form o
describe the grazing phenomena with y as half satura-
tion constant. Moreover saturation of grazing function
allows the phytoplankion population to escape from
grazing pressure of zooplankton and form a tide. This
suppression of grazing is usually associated with ac-
tive hunting behaviour on the part of the predator, as
opposed to passively waiting 1o encounter food and
there is 8 maximum rate of consumption per individ-
ual however large the phytoplankton population be-
comes. Holling type 11 or type Ul predational form
(Ludwig et al., 1978)1s an obvious choice 1o represent
the hunting behaviour of predator. In reality the rap-
torial behaviour of Copepods is highly complex and
exhibit an hunting behaviour (Uye, 1986) and hence
type I or type 111 is an appropnate chowe.
The mathematical model is:

dpP P
—lzrﬁ(l—-l)—aﬂz
K

dr
dpPs P aps7
i 2(1--——1)-— 2 (3.1)
d K ¥+ B
dz 0 P27
=pP\Z —pZ — 222
dr ¥+ B

For sake of simplicity, we pul in dimensionless form
the model Eq. (3.1) by rescaling the varnables on the
carrying capacity value K, 1.2,

P P2 £

Pr=— Ie= f3.2}|

PL=K. K I%

and then vusing as dimensionless time, 7 = akl, we
zet the following dimensionless equations

dp
Pl api(1 - p1) — piz
dr

SRR it 33
dr i 2 1+ pad 33
dz : g2z

— =emz—fr—

dr 1 4+ pad

where
g T e B g 8 g oR
ak all oy ¥
. L d
gl ppdl e (34)
o Ko ay

System (3.3) has w be analyzed with the following
mnitial conditions:

pridy =0, pdy =0, z(O)=0. (3.5)

For convenience in the following, time 7 is replaced
by t as the dimensionless time.

3.3, Some basic results

Boudedness of the system:

Theorem 3.1. Al the solutions af {3.3) are ultimately
bounded.

The proof is obvious.

Equilibria:

The system (3.3) possesses the following equi-
libria: the plankion free equilibrivm Ey = (0,0, 0),
the toxic phytoplankton and zooplankton free equi-
librivm  E(1,0, 0, non-toxic  phytoplankton  and
rooplankion  free equilibriom  E2(0,1,0), a fea-
sible  zooplankton free equilibium  Ei(l, 1, 0),
a feasible toxic-phytoplankton free  equilibium
Eq( fle.0,a(l — { ffe))). The existence criterion of
Ey is AK = p. The positive equilibriuvm E* =
(p]. F5.2°), a triply coexisting equilibrium, where
™ =a(l — pl). p3 = (ep] — N/f{g+fd —ep]d) and
P} satisfies the relation Ap?® + Bp}? + Cpt + D =10,
where A = cae*d?, B = —caed® — 2ealg + fdyed,
C = —bge(l + d) + 2ealg + filed + calg +.,|F.'d}|1,
D = bg(g + fd + f) — calg + fd)*.

Existence of positive interior equilibrium:

Noww we observe that the tnply coexisting equilib-
dum E* exists if

Ly =8=L> (3.6)

where

_ shBly + Kay
T QPK + 6, + wr(, + p)

L
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L sthoap K& + K + py)

Kr(#h + u)?
and
M = p] = M2
where
Mt
e

Mg:l‘rlﬂxll,i'i‘{}
ed €

Eigen value analysis to establish local asymptotic
stahility:

By computing the variational matdx around the re-
spective biological feasible equilibria, one can easily
deduce the following lemmas:

Lemma 3.1. The steady state Ey = (0,0,0) af the
svstem (3.3) is a saddle point.

Lemma 3.2, There exists a feasible toxic phvtoplank-
ton and sooplankion free steadv state £y = (1,0, 0)
which is unstable saddle.

Lemma 33. There exivts a non-toxic phvtoplankton
and zooplankton free steady state Ex = (0, 1, 0) which
is unstable saddle.

Lemma 3.4. There exists a zooplankion free steady
state Ex1 = (1, 1,00 which is unstable saddle in the
direction orvthogonal to p) — p2 coordinate plane.

Theorem 3.2, If the ineguality

affyKs
rigK — )
hold then the toxic phytoplankion free steadyv state
Ey=(fle, 0, (ale — H)fe) is unstable

(3.7

Proof. The vanational matrix of the system around
steady state Ey = (fi'e, 0, (ale — fi)/e) is

. S =
e e

b calje — f) 0

e
ale — f) —_gﬂ{f — N 0
e

Further the eigen values of the variational matrix Vy
are Ay, Az which are the roots of the equation

242 +“if{e—,ﬂ =0
€ €
and Az = b — (cale — fife).
Clearly &) and 3z have negative real pars. Now
if Az = 0 ie (ofyKs/riBK — ) = 8 then Ey is
unstable. |

Theorem 3.3, If the ineguality

oy < YOK =20

e (3.8)

hold then all the three species will persist.

The variational matrix of system (3.3) around the
*

positive equilibrium E* = (p}, p3.2%) is

—api 0 -

ot ot —cph
0 —bp} — + N
V= P04pd? 14+ p3d 14+ p3d

_H-“

e 0
i1+ pidi?

et

To consider the local stability analysis of the triply
coexisting equilibrium E* as 8) = M we recall
that the sability properties of £* depend on the toxic
phytoplankton p7. which we shall rename as £ = p}
and further we obtain the following inegality of £ as

i [E fd+gd+fl—g M—.,_f{M?—fiL"u'}i|

da®’ edicd + 1) 3 2L
M + (M2 —4LN)
b {EL (3.9)

For positive equilibrium E* = (p}, p3. z%). the
characlerslic equation is
7+ QUET + Q2+ Qa(8) =0
where the coefficients Qp(£), = 1,2, 3 are
e pad
(14 pid)’
ozt pid cgzt py

_ 2 L)
(4 padi? (14 pie? e

QE) =ap] + bp —

02(8) = ap]ibp3 —

ot prd

—apiegs’ i
(14 pid)?

03(8) =
8= par

+ et lpt —
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Denote A(£) = bp% — (ez*pid/(1 + pid)?). Ap-
plying b(1 — p3) = (ez*/1 + pid) and ep] — f =
(gp3/1 + p3d).

We gel
Qi) = ak + A1 (&)
D2(E) = akA (&) — % + piez*
o
0a(8) = it B R R VY

(1 + pid)ig + fd — etd)*

where L =2¢%d(d+ 1), M = ed(3g+3f +3fd+ e+
ed), N = (g +fd)* + flg +fd) — eg +efd +edg +efd”.

Since d = 1, it is obvious that L = 0, M = () and
N=1

Also we observe that G(5) = 0 and (&) = 0if
condiions (3.8) and (3.9) are satsfied.

Now let us define

57(E) = Q1B Q2(8) — Qa(®)
il b T 3
= A (£)E |:ﬂ'$ = F] + afA7(E) + ak-ez®

gAT(E) A& b
d(1 + dp3) i

Obwviously Ell]{ﬁ;‘}l = () by conditions (3.8) and (3.9).
Therefore according to Routh-Hurwite criterion,
E* is locally asympiotically stable.

4. Discussion

In the literature two different approaches- cell-lysis
due 1o viral infection and toxin producing phytoplank-
ton, are being used for the termination of planktonic
blooms. In our previous works we have established
with the help of our experimental results and mathe-
matical modelling, that toxin producing phytloplank-
ton may be used as a controlling agent for the termi-
nation of planktonic blooms. But those studies contain
certain flaws as we have omitted the presence of non
toxic phytoplankton i such situations.

In this paper we have proposed and analyzed a three
component model consisting of NTE, TPP and zo0-
plankion. We have studied the stability behavior of the

system around the feasible steady states. We proved
that all the three components persist if the predation
rale of zooplankton population on toxic phytoplank-
ton is bounded in certain regions. Our theoretical re-
sults show that for a cenain threshold of the system
parameters, the system possesses asymplotic stability
around the positive intenor equilibrium depicting the
coexistence of all the three species.

Moreover we observe that when TPP 1s absent then
the system possesses the equilibrium Eq{ fie, 0, ail —
{ fren) and which exists provided K = p. IUis also
observed that this equilibnum s unstable in nature.
But introduction of TPP in the system give rise 1o the
triply coexisting equilibrium E* which exists provided
Ly =8 < Ly and fle = p] < max{l, fle + g/ed}.
Our analytical study reveals that the equilibnium level
of NTP population increases and is due to the presence
of TPP. Further for the zooplankton population we ob-
serve that when TPP i1s absent then the equilibnium
vitlue for zooplankion population is Z* = a1 —{ fie))
but when TPP is present then the equilibrium value of
Z* satisfies the inequality a{ 1 —max{1, fletg/ed}) =
Z* < a(l —{ fle)). Hence presence of TPP decreases
the bloom of zooplankion population. It is also ob-
served that the positive interior equilibrium is locally
asymptotically stable for certain threshold value of the
toxin liberation rate.

The above findings clearly demonstrate the role of
TPP in the termination of planktonic blooms. It is 1o
be noted here our experimental findings also reflect
the same observations.

To substantiate the analytical findings the following
sel of hypothetical parameter values have been consid-
ered for numencal simulations: r=4.5, K =10, o =
0.068, s =0.1,8=0.02, p =0.5, 8 = 0.08, p =07,
#) = 0.005. For these set of parameter values we ob-
serve that TPP free equilibria as E4(0.875, 0, 0.827)
but the triply coexisting equilibrium is E*( p}, p3, 2*),
where 0L.875 = pi = 1 and ) = z* = (LE27. Our nu-
merical results also shows the coexistence of all the
species (4 stable siwation, see, Fig. 3).

In our previous works (withoul non-loxic phyto-
plankion) we observed the positive impact of toxin
producing phytoplankton for the termination of plank-
tonic blooms. In this work (in presence of non-loxic
phytoplankton) also we arrived at the same conclu-
sion. Thus we may finally conclude that toxin produc-
g phytoplankion may be used as a bw-control agent
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for the HAB s problems. The role of ume lag and
environmental fluctuations in the NTP, TPP, and zoo-
plankton dynamics may give some interesting resulls
and needs further investgations.

Before ending this paper we like to mention that
the reason of occurrence of plankionic blooms and its
possible control mechanism is still in infancy, hence
the progress of such imporant areas urgently requires
special attention both from experimental and mathe-
matical ecologists.
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