(2) A NOTE ON NESTED SAMPLING

By MONHONLAL GANGULI

Tn somo of the milon sampling aurveys reeently conducted by the Statisticat Laboratory, Calrhtta,
tha proceduro that hail heen follownd in mlecting samples haa been tunned nestd smpling by Professar
P. C. Mahalanobis. This consistn in dis iching up tho eutire aren umler aurvey into a largs number of zoncs,
say Z,. Farhof thero Z,-2onea ars sub-thvidid into a large n
Z,'sin tum aro wplit up inta stilt amntler rones Z,'s and 50 on un
ling.  Neatel munpling is dane, firatly,
then from each of thess aclectenl Z,ezotiea, aclocbing at random & numiber of Zy-zonri.  Frum eacly of these
sclected Z,-zonc again a number of Z,-zonet are choyn at random ani se on until the ultimats unils of
sampling wrs reached.

ot of amialler zonew enlleel, sy, Z,. Theso

N0 atrives at the ultinate wnit of samp.

by selerting & numder of Z,-1onca at random from the population:

Nrwtost mampling, 0 far, hoa been applied to agriculturn) surveys only. Tt in cenxily conrcivable
that this 1ypo of sampling is applicable o other kimls of barga-seals economic amd sociologiral surveys.

Tho sample mran, wo know, soll bo an unbinsesl extiinato of the population mesn. Tho error
rniees bxtsroen various tonc.  The vorinnces as

of the saniple mean will ba & hinear fosetion of all the

o, firntly, 8n exact exprewion of thiy error
matinn of thewo 20N0-VARANCCS KIS NACCSGTY

found, in practire, 1o bw rxislent.  The probelm here is 10 dete

and, secondly, 1o extimalo thewa varions Tona-varinaces,
not only fot the purposo of cxtunnting 1 orror of tho aumple piean, but also, when the Lotal number of sample
10 b0 taken ia pre-detcrmined by the amount of fand available and tho smount of accumcy dusinl, for the
purpose of acertnining the numbcr of unita to bo scleeted fram each rono.

Profewor P. €. Malalnnobis suggratesl the foem in which the error of the mmple mean should
como out, in the caso when The numbers of zones s+lected al each succewivo stago aro cqual.
In thia paper the problem hus been solved for unequal caws and for w.folil neating, that is 2

going froin Z, to Z,.  In practice, however, ane hnnlly goes besond four-fol aeating: and even if ono do,
the calelntions of the constanta bocomo i itive due o the itile of the worle

involvel.  In this paper wo have given the rowults up 10 four-fuhd aeating for reaily reference. Tho general
exprewsion, buth in Lhe caw of error of the mean and alw in the caso of variance betwoen zonrs, can by
derived readily from tho particulnr onica of vico versa and aro alw givon. Thes are exprewed with wlightly
differond notations for tho sake of neatness.

The Sctup
Wo propona La have & linear set-p for out obsorvations ariving out of tho particular kind of samp-
ling detailed abova amd describo 8n inilividual ohscrvation as
E TPy EY ST AT T SO Fhieeeseew
Whero X 1. w in tho observation of wtli ultimate unit in (ho ith Z,-zone, jth Z,-2one, kth Z,-zono
ond 50 on.

hoa expectation cquul lo rera and their yariauces aro ok,
in axgumed to Lo h Jantic, hocande, this

) €upe diga ote, ara varinblo quaat witl finito numbee of valued. Fach of theso varinbles

@' ete, rospectively. Tho mutarinl

in alwy,

P nalo in probleins of anulysis of varinico,
witheat which the annlysia has no mewning. Thus, we mny’ say '8 aro congtant for all s, 5,,’s are
constunt, fur oll i, j'x snd 0 on for oll varisaces.

It will bo naticedd, tho unknown rona.varinnces aro eatinated from tho aum of srquarce obtaiped

froin wnaal anutyvix of vaci

e tablo fyr Leating nylf hypothusia, although out set-up is different from the

usunl one. 1t will al4o bo noticed that tho corcectedd ingana n‘f ith Z,-zone 1, j-th X,.70no ete, will not ro»

Ppreseat the maximnum likeldiood extimaten of &, ¢ cte.  Thix, however, will no® prevont ua from finiling

out tho smuthematical expectations of tha different suma of xquares in tho snaly:

«fold nesting eafrical out in the Statistical Jabomtory, Calentm,®
0 thul wag aclually required for caleulntivn of all the cons-conalags

(1) Ia a porticulur caxa of «
the t
was found (0 bo G lours. 20 minutes.

with 320 uliimata wpling w
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Delow aro given tho reulta in caxo of 2.folil, 3-fold and 4.foll neating and tho generalissl form,

Two-fotl Neating
(7) Sctup
Tho sct up is Xy e A 4b 41, whoro i goesfrom 1to? and j goes from L ton,

Jet un call £ nymn
'
We have, E(b) =0, £(,) m0y, E{z,))=0, E(z,,) @0,

(*) Analysia of Varianco

The analyxis of variance tablo may bo written up as

|

Duo 1o Suin of Squarcs | Degroos of Frewlom  Varinnee
Detween Z,zonca | Sen—z..p | = [
Stro—z)t | n—t v,

Total | Stayy—e..p | n—1

(c) Variance of Sample mean and its extimation
Ty
' 1
E(r..)=A V(z..)= T ot 0%
Vs will ba the unbiassed eatimato of 0%, V) will £o tho unbiswed estimate of
n—=Xnt|n
v
= o%+0%
In “cqual™ caso, thet is, when the number of ‘zones selected from each of the next higher-order

zoncs ia equal, wo eholl have
o on

)= 0

z.

Vi will bo tho cetismat of o%, ¥y will bo the estimato of ~3— on+on,

Three fold nosting
(a) Sotup
The sct up is ryn = A +bitcy + 21
whare § gocs from 1 tot, § goes from 140 ny, and & goed from 1 to my,
Lot us call
T mEn = and X =,
1
W have,

E(b)=0 Eb))'=o%, E(ci))m0 Ele,,) =0y, E(tyn)m=0 E(r,) ) men,
(4)  Analysie of Varianco

The analyais of varinnco tablo may 5o wrilten up as

Duo to Sum of Squarcs | Degroes of Froedom | Varianco,
Rotween 2,008, | Siri.—z.p | -1 [
BetweenZ,-20nes S{e =g n—t ¥,

within Z;-zones.

Between Z,-10n08

within Z,-zonea, | Stripn—z,,.0 m-n v,

Total | Slaa—x.t m—t
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() Variance of Sminplo mran and its eati
E(r.)=d
= my ¥ Tmy
[

D 1
LAl Sy Lk il

Vir.)=

o
', will be the unbinsscd estimate of o?,
Fa will be the unbinasc eatimate of

£ m,

™
=t

¥t will bo tho unbiasad estitnato of

m omy, I Xmy,
i v

Tn “cqual cass,

Fir.)= + _'"'«4.‘7’-

¥y =il catimate a2,
¥y will catimatco—a—at, 0%,

” "

V, will cstimato O et
Four-fold nesting
{0) Sctup
Tho sct up is x5y mA +b, +eip+din+ 2
where i goos from 1 to

J goes from 1 to n,

L gocen from 1 to my,

1 goca from 1 to pyj

Let us call

X n=n
S mymm, X m=m
] [
=

Pin=pPis X Pu™=Pis
B )

We bave
E(3)=0 Ehy=ot  Eie,))=0 E(c, ) Pma’, F(din)=0 Edinymon Eryn)=0 Efsiplmety

(8)  Anelysis of Variance

The analysis of variance lablo may bo writton upas

Duo to Sum of Squares. 'Degrees of Freodows | Varisnco
Botwoan Z,-zanes Pr—— -1 ¥
Botweea Z,xoncs within Z,-zonce T —— -t '
Dotwean Z,.zance withia Z,-z0ncs Stripne =X n—n v,
Dotweon Z,.2onos within Z,-zohos Stzgu—rip. ¥ P ¥
Totdl Sttt B 1
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(¢} Vaianco of sunple incan and ita eslitnntion
Fle..)=A

", will bo Lha unbiassal catimate of o',
(m=n) £, will Lo tho unbained extimato of

(n=1) ¥y will bo tho unbissxd cvtimste of

e

{t=1) Ty will bo tho unbinual enlimato of

In “equal} caso,

o o o

Vr..)= T+ +—— 4

n m
T will evtimato ot

¥, will estimato —”— andon,

By will (‘-huuln%l'.{- =

oL tor,

A S

¥, will estimato — oo,
The gencralised form.
Lat ua represent any sample in w-fold nesting by X, (... .iemA+1Bi,41Di, 6y+....* B
whero A is a constant and for 1K Sw
() i\ goen lmnl 1 to *Ni

2

and
XNL=EN pay)

Tho typical term in tho Analysia of Variunco will bo S(X| 3 which is
“gutn of squres belween Z,-zones within Z,., vonea™ and it correaponding drgm of freedom and voriance
being £ and ¥, rewpectively.
Then for 1K K w—1 and 0 j<w—k=1 the variance of 1ho ramplo-grand-mean will bo

‘)']+

XX,
Wb
The mathematical expectation of ¥ fi will be

}. Xohy]+ote

risce only when tho pulle

Tt is imporiant 1o noto *hat 11 question of eatimating tho valucs of
| mean that

hypothes’s in found to be falxo.  Wo may, for example, find 1%, to bo xmaller than V.. This
the diffcrenco Letween the means of Z, -roncs ia not significant. S0} if wo havo to givo an catimate of ou
i« Rsunt B0 given ax ero.

[Peper received : 30 May, 1941].
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