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ABSTRACT. Let T = A+ iB with A positive semidefinite and B Hermitian.
We derive a majorisation relation involving the singular values of T, A, and
B. As a corollary, we show that ||T||7 < || 4|7 + 27| B||7, for all p = 2;
and that this inequality is sharp. When 1 £ p £ 2 this inequality is reversed.
For p = 1, we prove the sharper inequality ||T|[7 = || AlT + || B}, Such
inequalities are useful in studying the geometry of Schatten spaces, and our
results include and improve upon earlier results proved in this context. Some
related inequalities are also proved in the paper.

KeEvywoRDs: Positive operators, singular values, majorisation, Schattern p-
forins, inequalitics.

MSC (2000): Primary 47A30, 47TB10; Secondary 15A18, 15A6(.

1. INTRODUCTION

Let T be a bounded linear operator on a complex separable Hilbert space H. We
can write

(1.1) T =A+iB,
where A and B are Hermitian operators. Such a decomposition is unique; we have
(1.2) A=$T+TL B=%w—rw

i

The operators A, B are called the real and émaginary parts of T, and the decom-
position (1.1) is called the Cartesian decomposition of T

If T iz in the Hilbert-Schmidt ideal and |72 denctes its Hilbert-Schmidt
norm, then
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(1.3) ITIE = 11413 + I1BIE.

For the usual operator norm || - ||, however, this relation is not valid. Using the
triangle inequality and the arithmetic-geometric mean inequality, one can see that

(1.4) ITI® < 20140* + 11811

The example
(00 01 _f 0 i
re(§0). a=(23). m=(% 0).

shows that this inequality is sharp.
Interesting improvements are, however, possible if A or B is chosen to be
positive (semidefinite). If A is positive, then

(1.5) IT)* < 11-4)1* + 21B)*,
and if both 4 and B are positive, then
(1.6) ITI? < || A1 + || BIP.

| =4

The inequality (1.5) was proved by Garling and Tomezak-Jaegermann ([6]), and
the inequality (1.6) by Mirman [8]. The example

1 0 0t
A=(u u)* B=(E u)

with small real values of # shows that the inequality (1.5) is sharp ([6]).

Inequalities such as these are of wide interest in the analysis of operators ([2]
and [7]) and in mathematical physics ([9]). The authors of [6] were motivated by
their interest in the peometry of operator ideals. A similar motivation led Fack
([5]) to obtain a generalisation of (1.5). He proved that if A is positive, then

2 2 2
(L.7) 1T, < Al + 201 Bl for2< p < cc.

Here || T, denotes the Schatten p-norm of T, and it is assumed that T is in the
ideal corresponding to this norm. (Actually, Fack proves this in the more general
setting of the space IP (M) corresponding to a von Neumann alpebra M)

While the inequality (1.7) proved adequate for the purpose for which it was
invented, it cries out for improvement in view of (1.3). The results proved in this
paper include the following theorem that encompasses (1.3) and (1.5) in a natural
wity.

Theorem L1, Let T = A +1iB be an operator in the Schatten p-class, with
A positive and B Hermitian. Then

(18) 712 < IA +27|B for2<p < oo,
ard

2 2 -2 2
(1.9) ITIZ = Al + 22| B2 forl<p<2

For p =1, the ineguality (1.9 reduces to
1
(1.10) ITIE = 1415 + Ellﬁlli

proved in [{].
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The results presented here are related to our recent work [4] where we have

proved that when both A and B are positive, then

2 2 2
(1.11) 17l < | Allz + Bl for2 € p< oo,
and
(1.12) ITIZ = A2+ I1BI: for1<p<g2.

To complete the picture, we remark that when 4, B and T are as in (1.1) with no

further restriction, then

(1.13) IT)2 < 2'=2/2(|| A2 + || BJ|Z) for 2 <p < oo,
and
(1.14) IT)Z = 2" (| A2 + |B]7) forl<p<2

In this way, each of the inequalities (1.4)-(1.6) is extended in & most natural
wiay to all p-norms.

The inequalities (1.11) and {1.12) are obviously sharp. The 2 x 2 example
given after (1.4) shows that (1.13) and (1.14) are also sharp. We will show that
the inequality (1.8) is sharp too. It is, therefore, surprising that the mequality
(1.9 is not sharp. We will prove the following result that improves upon (1.10).

Theorem 1.2, Let T'= A+ iB be an operator in the trace class, with A
positive and B Hermitian, Then

(1.15) ITIR = 1AIT + 1 BIR.

This raises the question whether the same inequality can be proved for all
l<p<

In Section 2 we prove a more general majorisation result from which Theo-
rem 1.1 follows. This majorisation is the basis for several other mequalities, some
of which are pointed out in Section 2. In Section 3 we prove a similar majorisation
result for general Hermitian A and B. This supplements some known results. For
simplicity, we state our results for matrices. Minor modifications lead to similar

results for compact operators as in [rl]
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2. THE MAIN RESULT

We will derive a majorisation relation from which Theorem 1.1 follows as corollary.
Let = (xy,7a,...) and ¥ = (y1, 30, .. .) be sequences of real numbers whose
terms are in decreasing urd{*,r If

K
(2.1) Z;r_, S k=12,
o= =

we write {x;} <. {y;}, and say = is wenkly majorised by y. If z and y terminate
after n terms, and if in addition to the im-qua.litim (2.1 we have

(2.2) Zri Zm,

=1
we write {z;} < {y;}, and say = & majorised by y. See [2] and (7] for basic
properties of these relations.

Let T be an nxn matric with real and imaginary parts A, B. Let {?f}, {rxf},
and {"]2} he the n-tuples whose terms are the eigenvalues of T*T, A2, and B2, all
arranged in decreasing order. Define another n-tuple { ."_.«} as follows. If n is an
even mmber and 7 = 2m, then

= ']%J 1+']2_|, f{:-tlﬁ'{jéﬂ},
4 0 form+1<j<n

If n 15 an odd number and n = 2m + 1, then

) iz_,. s _:'igj for 1 < j<m,
n'lrj = -‘Em+1 f{}l’ J- =m+ ]'_'i
0 form+2<j<n

These notations will remain fixed now.
Our main result is the following.

TheoreMm 2.1 Let T = A+ 15 where A is a positive and B a Hermitian
matriz. Then we have the majorisation

(2.3) {ﬁ:f} - {ﬂ:_.? +“,(_.?}.

Note that the relation (2.3) is equivalent to the following three statements
together:

k k
(2.4) sf Zn + Z 32 forlgk< g,
i= j 1
s n
2 - a2 ek B
(2.5) 5 = ZQ +Z'] f{}rg{%kﬁ'{n‘
i=1 =
(2.6) Y 5= ZQ +Zr#_
i=1 i=

Of these, the equation (2.6) is a restatement of (1.3) and is already known to be
true.
The following lemma will be wsed in the proof of the theorem.
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Lemama 2.2, Let bon be positive integers with 1 < b < n/f2. Let g 2 po =
e B oy and A 2 A 2o 2 Mok be real numbers satisfying the interlacing
inegqualities
mEME2py fori=12 . n—k
Then we can choose n—2k distinct indices i1,... . i,—o out of the set {1,... . n—k}
50 that
A, | 2 litrts| fors=1,..., n— 2k,

Proof. Three different cases can arise. We list them and the corresponding
choices in each case.
(i) If i = 0, choose {i1,..., fe—a} ={1,2,...,n — 2k}
(i) If for some r with n— &k = v 2 £+ 1, we have p,. 2 0 > .4, choose
{‘i;,...,‘iﬂ_zk} = {1,...,1"—1‘?,1"4—1.,...._11—&!}.
(1) If 0 > gy, choose {iy,... dn-—m} ={k+1,...,n—k}.
In each case the assertion of the Lemma 2.2 is readily werified. 1

FProof of Theorem 2.1. The proof imitates the ideas in our earlier paper ([4])
but there are a few new subtleties.
Let & < n/2. Because of (2.6), the mequality (2.4) is equivalent to

(2.7) 3 sz Z of + Z i

i=k+1 i=k+1 i=2k+1

By a well-known minimum principle ([2], p. 24) there exists an n x (n— k) matrix

U7, with I7*07 = I such that

(2.8) > 8 = UTTU.

i=k+1

Since UT* < T,
{n Aol bt b - v ittt AR et 1

From this, we obtain using the relation (1.3) (with I'* T in place of T,
(2.9) tr U*T*TU = tr (AU + tx (U* B2

The operators U* AU and 7" BU are compressions of A and B to an (n — k)-
dimensional subspace. Hence, by Canchy’s Interlacing Theorem for eigenvalues of
Hermitian matrices ([2], Corollary II1. 1.5) we have

ij{U*AU:I = Jxﬁ_i_k{fl:l, 1€ ijsn—Fk,
and
M(B) 2z M(UBU) 2 M (B), 1<j<n—k.
The first of these inequalities shows that

n—k r

(2.10) tr (UFAUY = Y (MUTAD)) 2 Y af.

=1 i=k+1
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The second inequality, together with Lemma 2.2, shows that

n—k "
(2.11) tr(U*BUY =Y (\(UBU) 2 Y. 8.
i=1 F=2k+1

Combining (2.8)—(2.11) we obtain the desired inequality (2.7).
Now let n/2 < & < n. Apain, becanse of (2.6) the inequality (2.5) is equiva-
lent to

T

Z s__?;?: i nf

i=k+1 d=k+1

The proof of this is easier. Just drop the last term in (2.9) and use (2.10). 1

To derive Theorem 1.1 from Theorem 2.1 we need to establish a relation be-
tween the norms of the sequences {+; } and {3;}. Given an n-tupled = {§,...,4,}
and an m-tuple o = {o1,...,0,, } we write d Vo for the (n+m)-tuple obtained by
combining them. We identify v () with 8. We write §° for the tuple {63,... &2}

Note that from the definition of {+;} it follows that

(2.12) A e o

Lenama 2.3, We have the inegualities
2 nl-—2 2 '
Iz <2178l for 2
2 nl-—2 2
Il = 21271815 for 1
Proof. For all values of p =0
2 —2 2 —af 2 2
I3 = 272 Plly v Alla = 272772 v 22 .
Uszing familiar properties of majorisation, one has from (2.12)
172V A2 gz < 20822 for 2< p < oo,
and the opposite inequality for 1 £ p< 2. Hence, for 2 < p £ oo, we have
2 —S/py _ nl-2 2
717 < 22718 g2 = 2127181,
and for 1 < p = 2, the inequality is reversed. 11

Proof of Theorem 1.1. Let T be the positive diagonal operator with ~, ... v,
down its diagonal. Let p = 2. Using the convexity of the function f(#) = #/2 on
the positive half-line, and the Minkowski inequality one obtains from (2.3) the
inequality

. 2 a 2
(2.13) 171, < 1AL + 1T15-

(This argument is used in [4].) Now use Lemma 2.3 to obtain (1.8).
All the inequalities involved in this arpument are reversed for 1 < p £ 2.
This leads to (1.9). 1
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We now discuss the sharpness of the bounds (1.8) and (1.9).
When p = 2, the factor 2'~%? gccuring in (1.8) can not be replaced by any
smaller mimber. Borrowing from [5] the example

_.f1 0 =0t
A‘(u u)‘ B_(f. u)‘

we see that in this case the right hand side of (1.8) is equal to 1 + 22 for all values

of p. If for some 2 < p < o0, we could replace the factor 2'=%'" in (1.8) by a
smaller number, then we would have in this case

ITI® < ITI; < 1+ (2 - o).

But by choosing # small we can bring | T? arbitrarily close to 1 + 2¢2.

Nate that for the operator norm, the mequality (2.13) improves upon (1.5)
replacing the term 2| B2 = 2s] by ||| = 5] + =2,

Because of symmetry considerations one would expect the inequality (1.9)
to be sharp as well. But, this is not the case as we will now see.

Proof of Theoremn 12, First consider the case when H is 2-dimensional.
Because of (1.3) the mequality (1.15) is equivalent to the statement

(2.14) | det T'| = det A + | det B|.

By applying unitary conjugations, we may assume

a=(25) B=(5 1)
where a, b are positive and ¢, 5. ¢ are real numbers. The mequality (2.14) then says
[(ab — & — st) +i{at + bs)| = ab— " + |st].
If st is negative, this is obvious. If st & positive, this inequality follows from
{(ab— &2 4 5t)® — (ab— ¢ — st)? = 4{ab — 2)st < dabst < (af + bs) .
Now let ‘H be n-dimensional. Apain, becanse of (1.3) the inequality (1.15)

reduces to the statermnent
z Fi 8 __:?-‘ Zﬂ,‘ﬂ:j + z |S,SJ|1
i<y ] i<y
where 5, o and |3, 1 € i £ n, are the sinpular values of T, A, and B, respectively.

Let A’ T denote the second antisymmetric tensor power of T. Then, this inequality
can be restated as

(2.15) |A* T = |A%Allx + [ A*B]s.

For each i < j, let Cy;(T") be the determinant of the 2 x 2 principal submatrix of
| TTE Y

T defined as ( i)

tie t
every unitarily invariant norm is diminished by a pinching ([2], p. 97),

I1A2T )l 2 3 |Ci(T))-
i

). These are the diagonal entries of the matrix A’T. Since
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By (2.14) [Ty (T = Ciy(A) + |Ciy( B)|, for all 4, 7. By applying a unitary
conjugation, we may assume that B & disponal. Then, it is easy to see from the
above considerations, that

|A2T )|y = trA%A + tr |A2B).
This proves (2.15). 1

ReEmark 2.4, The arguments we have given lead to an inequality for all
unitarily imariant norms. We have from (2.4

|
T ) AT 0 i r o
g 7T 0 A2 0

for every unitarily invariant norm. From this we get wing (2.12)

i L 1] 2 s 2B )
0 T*T 0 A? o o/

This implies that for all Qnorms ([2]), we hawe

2
A0 (B o
YR ()

Since || - ||, is a G-norm for p = 2, and
= EHPHT":H

T o
o T/,

the inequality (1.8) is included in (2.16).

A

A

2 2

T 0
ew (7],
o 7)|,

Q

Remark 2.5. The majorisation (2.3) can be used to derive several other
inequalities. Using the convexity of the function f(#) = (—1/2) logt on the positive
half-line we get from it the family of inequalities

2 2 2
(2.17) H i H (o +7;) forlsk<n
i=n—k+1 J=rn—k+1
The special case k& = n, pives

(2.18) | det T| = 1‘[{&? g A,

¥
i=1

This is a considerable strenpthening of a wellkknown inequality of Ostrowski and
Taussky which says
Te
|detT| = det A = 1_[ x;
=1

whenever T' = A + iB with A positive.
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3. MORE RESULTS AND REMARKS

In this section we remove the restriction that A be positive, and consider T' =
A+ 1B with A, B Hermitian.

Az before, let {sf}, {ﬂf} and {_{if} be the eigenvalies of T*T, A®, and B®,
all arranped in decressing order. We associated with {{']f} another n-tuple {":.f]-~
see the discussion preceding Theorem 2.1, Exactly in the same way, construct
another n-tuple {JQPT out of {rxf}. Examining the proof of Theorem 2.1, one can
easily prove the f{:-liml.'ing.

TheoreMm 3.1, Let T = A+ iB, where A and B are Hermitian. Then we

have the majorisation
(3.1) {57} < {& +~3}-

If A and T are the positive diagonal operators, with d,, ..., 4, and ~, ..., v,
down their diagonals, we can derive from (3.1) the inequality

¥ 2 2 2
(3.2) 1715 < Al + 171, for 2 < p < oo,

and the reverse inequality for 1 = p £ 2. These two inequalities, in turn, lead to
the pair of inequalities (1.13) and {1.14).

The majorisation (3.1) supplements some known results. Let 77 be the se-
quence defined by T__?' = {lfﬂ]{.&? + '“i—_-,i+1 ). Ando and Bhatia ([1]) have shown
that

(3.3 {Tf} - {rtf + ﬁ‘f}
Bhatia and Kittaneh ([3]) have observed that
(3.4) Vs a2+ BYHvo

Here, on the left hand side we have the sequence obtained by taking two copies
of the eigenvalues of T*T, and on the right hand side the sequence obtained by
taking the eigenvalues of 2{4% + B?) together with zeros.

Each of the majorisations (3.1), (3.3) and (3.4) could be uwsed to obtain the
inequalities (1.13) and (1.14). However, these three relations are independent of
each other. More of their consequences and related results may be found in [1],

[2], [3] and [10].
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