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T he Mathematics of Symmetrical Factorial D esigns

-

N
o gk
A i
M ausumi Bose (nee Sen)
obtained her M Sc degree in
Statistics from theCalcutta
U niversity and PhD degree
fromthe Indian Statistical
I nstitute. She is on the
faculty of thel ndian
Statistical | nstitute. H er
main field of research
interest is design and
analysisofexper ments.
She has hald visiting
posi tionsat P urdue
U niversity, Ohio State
U niversityand U niversity
of Califormia,San D iego.
She isalso interested in
appliedand consultancy
work.

Keywords

Symmetricalfactorial designs,
designing confounded experi-
ments, lossofinformation, bal-

anced designs.

M ausumi B ose

1. Introduction

R C B ose madepioneering contributionsin several aress.
His classc work in symmetrical factorial experiments
has revolutionized the " dd. Heinitiated this work in
1940 (with Kishen) which culminated in his 1947 semi-
nal paper on the mathematics of symmedrical factorials.
He was the " rat to establish a link between the geom-
etry of “nite " elds and combinatorial problems in the
congruction of dedgns Since then the basic geomet-
rical and agebraic t echniques developed in this paper
have been used in variouscontexts by researchers. A few
years after hiswork was published, F W Levi'sbodk on
dgebra came aut where, with Bosés work in mind, he
mentioned theutility of Galois ~ edsin theconstruction
o designs for agriculturd expeiments and remarked:
\It isa startling idea that Galois ™ elds might be helpful
to provide people with more and bett er food."

2. Background

Experiments are carried out in almog all ~ elds of scien-
ti” cresaarch and it is well known that "statistical design-
ing' of such experiments is indispensable because only
data cdlected from a properly ‘desi gned' experiment can
lead to statistically valid conclusions about the objec-
tives of the experiment. When a number of variables
(factors) in®uence a character under study, it is always
recommended that all the factors are investigated si-
multaneously. Sudh an expaiment is called a factorial
experiment and the design used for the experiment isa
factorial design.

Each factor may becont rdled at a number of levels and
a symmetrical factorial considers the situation where
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each factor has the same number of levels. A combi-
nation of the leves of all the factors is called a treat-
ment combination. For example an agricultural scien-
tist may be interested in studying the eBect of two fer-
tilizers, potassium(K) and nitrogen(N), on theyidd of
acrop. Each fertilizer may be applied at three doses:
high, medium or low. This is a symmelrical factorial
experiment with the two fertilizers as the two factors,
each factar isat three levels and thereareinall 2° treat-
ment combinations of the form: K-high N-high, K-high
N-medium, K-low, N-low, ec.

Factorial experiments have their origin in agriculture,
but they now have wide applicationsin many ~ddslike
biology, chemistry, animal husbandry, industry and so
on. The aim of these experiments is to edimate the
individual eBect of each factor, called the main eBect
of the factor and also to study the inter-reationships
of diBerent factors, called thar interaction eBects. The
possble presence of these interaction eBects makes the
factorial experiments interesting and they are more ef-
“cient than experiments where one factor isvaried at a
time.

In simplest factorid designs dl the treatment combina-
tions are applied at random to experimental units and
obsavations made To minimize the diGerential eBect
that the units themselves may have on the response, it
is imperative that all the units used in the experiment
should be as similar (homogeneous) as possible.

Condder a symmetrical factorial experiment in n fac-
tors, each varied d s levels It has s treatment combi-
nations and is called an s" experiment. For this even if
each combination is tested just once, one gill needs s"
units to experiment with. Often, it may not be poss-
ble to get hold of these many homogeneous unit s, and
in such cases, the set of available heterogeneous units
is grouped into a number of subsets or blocks, in such
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wide applications
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animal husbandry,
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With an injudicious
assignment of
treatment
combinations to
blocks, important
treatment effects
may get
confounded or
mixed up with
block effects and
become non-
estimable.

a way that, within each blodk the units are homoge-
necus. The blok szg i.e the number of units belong-
ing to a block, is generdly smaller than the number of
all treatment combina ions and in such cases one has
to choose which treatment combinations should be as-
dgned to which block. This choiceis of utmost impor-
tance since with an injudicious assignment of treatment
combinations to blocks, important treatment eBects may
get confounded or mixed up with block eBects and be-
come non-estimable

Consequently, the designing of a factorial experiment
becomes important and it requires aplanned assgnment
of treatments to blocks so that all factorial eBects of
interest are esimable while unimportant e8ects may be
confounded.

This problem of designing confounded experiments is
a chdlenging mathematical problem and it is also ex-
tremely important from the point of view of applica-
tion. R C Bose fully explored all the major aspects of
this problem and cameup with agenerd solution which
works for all values of s which are prime or prime pow-
ers. In the next section we discuss Bosg's contributions
in this area and we assume a basic knowledge of ™ nite

geomet ry.

3. The Connection between Galois Fields and
Factorial Experiments

In afactorid experiment, contrasts belonging to main
gBects and interactions are important, and in a s" ex-
periment, thee are in dl (s 1)™ linearly indepen-
dent contrasts belonging to a m-factor factorial eBect,

where the x;'s are elements of GF (s), is called a point
of the " nite Euclidean Geometry EG(n;s). There are
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s" pointsin EG(n;s). Any (nj 1)-°at of EG(n;s) has
an equation of the form:

8o+ A1X1 + BpXa+ 1ll+ anXn = 0; 3;2GF (s)

and it contains s"' ! points. By kesping a;;ap;:::;

constant and varying a, over the dements of GF(s),
we generate s pardlel (nj 1)-°ats tha have no com-
mon point. Theses “ats congtit ute apencil, denoted by

Boseconsddeed ans" factorial andidenti” edthes levels
of each factor with the s elements of GF (s) and the
s" treatment combinations with the pointsin EG(n; s).
Usingthede nitions of main eéBeds and interactions, he
showed that thepencil P (a;; a;; :::;a,) would represent
the interaction o the it", it :::, ith factorsif and only

in the pencil are zero. He showed that the (s 1)™ '
digtinct pencils beongng to any m-factor eBect gve a
representation for the treatment contrasts belonging to
this eBect in terms of (s j 1)™ ' mutually orthogonal
setsof contrastswith sj 1 linearly independent contrasts
in each set. Then, usng these pencils, he devdoped a
met hod for congtructing (s";s*) designs, i.e., designs for
s" experimentsin s* blocks of equal size

4. Designing (s";s*) Designsin Single Replicate
with Total Confounding

Starting with an initial choice of k independent pencils,
Bose showed how the s” treatment combinations may
be partitioned into s* sets each set congisting of s"i ¥
digtinct combinations. |dentifying each sat with a block,
the (s";s*) design isconstructed and in thisdesign, each
of theinitial k pencilsand all their generalized interac-
tions are taally confounded and cannot be estimated.
Thus, thereis complete loss of information on all these
pencils.

S0, the dhoice of the initial k pencilsis of primary im-

Bose showed that
the pattern of
confounding in (5",
5% designs can be
obtained based on
certain relationships
in the mdimensional
finite projective
geometry PG(n,s).
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portance as they must bechosen in such away tha no
factoria eBect of int erest gets confounded. T he task of
ascertaining whether this can be done, and if so, how,
is a ditcult one. Bose studied this problem in detail
and for this, he exploited the connection between s" de-
dggns and the n-dimensional " nite projective geometry
PG(n;s) based on GF(s). He showed that the pattern
of confoundingin (s";s") designs can be obtained based
on certain rdationships in PG(n;s). These reaults are
very important as they allow one to enumerate all the
possible confounding patterns in a given stuation and
then choose the best one for congructing the (s";s*)
design for use.

5. Designing (s";s*) Design in Multiple Repli-
cates with Partial Confounding

In somesituations theexperiment al resources allow the
useof r(> 1) replicates (copies) of a (s";s*) design in-
dead of only asngereplicadeasin 3.1. The advantage
of such situations is that a pencil may be confounded
in some replicates, say, ry(< r) replicates and left un-
confounded in the remaining(=r | rq) replicates Such
a pencil is called partially confounded as it will be es-
timable from the r | r, replicates where it is nat con-
founded. The loss of information (L.1.) on this pencil
will be partial, unlike the case of 3.1 where the L.1. on
confounded pencilsistotal.

S0, partially confounded designs are practically useful
and Bose studied this problem in detail. He introduced
the notion of balancing in (s";s*) designs. He called
a design balanced if there isthe same L.1. on all pen-
cil s belonging to eBects involving the same number of
factors. So, balanced designs are int uitively appealing
and it can be shown that they also have good statisti-
cal properties. Using properties of projective geometry,
Bose showed how designs could be construded where
all main eBects have zero L.l. and baance is achieved
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over interactions of all orders He also gave expressions
for theL.l. on theseinteractions. Theseresultsare very
useful for the users of factorial designs.

6. The Packing Problem

In factcorial experiments, typically, the main eBects and
interactions involving a few factors are conddered im-
portant. So, animportant problem isthat of " ndingthe
maximum number of factors n that may be accommo-
dated in constructing a s" design with a given constant
blodk size and a given value of 1, such that dl eBecls
involving t or less factors are unconfounded. T his prob-
lem is known as the packing prablem. Boselinked this
problem with a ™~ nite projective geomet ry and made fun-
damental contributions in this area.

7. Impact of Bose's Work

Bose's work on symmetrical fact orialshad atremendous
impad on research on factorial designsand it alsoin®u-
enced other areas. His novel represent aion of fad orial
eBed s via pencils opened up a new direction in research
in this area. His many contributions to the various as-
pectsof the problem of confounding are mathematically
degant as well as practicdly useful. The geomelric for-
mulations developed by him inthisconnection havebeen
found useful in ather areasand his results on the padk-
ing problem led to advances in the theory of codes Its
eBed was dso felt in the study of orthogond arrays
which are combinatoridly interesting and have wide ap-
plications in many areas. Hiswork done in the 1940s
continuesto in “uence current research and recently, his
ideas have led to the classes of fractional factorial plans
cdled paralld “at fractions, regular fractions and min-
imum aberration designs. All these are important and
very productive areas of current research and through
them, the spirit of R C Bose lives on.

Bose's many
contributions fo the
various aspects of
the problem of
confounding are
mathematically
elegant as well as
practically useful. The
geometric
formulations
developed by him in
this connection have
been found useful in
other areas and his
results on the
packing problem led
to advances in the
theory of codes.
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