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In an carlier paper written® by tho author jointly with Mr. R. C. Bose, an attempt was
wade to solve tho problem of discrimination between and clawifieation of different mudti-
variato normal populations in terms of means, on the hypothicsis of equivariances and equi-
co-variances. In a later papert by the author the comparatively harder problem of a wimilar
discrimination and cluusification in terms of variunces and co-variances (now supposed to bo
different for the different multivariate normal populations) waa sought to bo tackled
in tho following manner. Given two samples $* and $” of sizes n’ and n” supposeil to havo
been drawn ot random from two multivariate normal populations X' and £, a linear compound
of the varintes was taken as a sort of new character and the compounding cocflicients wero
sought to bo so choxen as to maximiso tho ratio of the variance of the first sample (for the
compound character) and the variance of tho eccond smmple for the ramo character. This
led in the case of p-variate populations, to as many as p studentised atatistics of which ono
in somo sense could be said to correspond to a maximum, one to a minimum and tho othera
to what might be called stationary values. Theso atatistica, which came as tho p roots of
a certain determinantal equation involving the variances and covarinnces of the two samples
(and of course the ramplo sizes) were shown to be invariunt under general linear transforma.
tions of tho p.variates to p new variates. Thero would bo similar p.statisties for the two
populntions, given as the roots of a similar determinnntal equation involving the population
variancea and covariances,  These also would bo invarinnt under similar linear transforma.
tions. The p-statistica for tho samples were next geometrically interpreted as simplo tri-
gonometric functions of tho p critical angles between two definite Euclidean flats, ono of p
dimensiona and the other of (n”—1) dimensions associated with sample 87 ; the flat of (n'—1)
dimenxiona associated with sample S’ might of courso have been taken as well.  Tho joint

pling distrib of the p-statistics {for the samplo pair) was then obtained in tho last
]mpcr on tho null hypothesis, i.0. on the asstamption thiat the two populations sampled wers
identical in tho sets of variancca and covariances, This marked a significant step in advanco
80 far as tho problem of discrimination is concerned. Suggestions wero made at tho end
of tho paper in question ns to how theso p-statistica (with their sampling distributions) could
Lo poxsibly applied to the practical task of diserimination. About tho samo tinio came out
a paper® by Prof. Fisher on practically tho same problem which was sought to Lo solved
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Ly asimilar sct of statixtics Ieading to a joint rampling distribution similar ta the one obtained
by the author. In the samie journal and in the same insue? an elegant proof of the derivation
of 1he dixtribution was given by Dr. Hsu. But the problem of classification yet remuined
to be tackhsl.  For that was needed tho sampling distribution of these p-statixties on tho
non-null hypothesis, L.e. when the populations sampled differ in the sets of varinnces and co.
varinneen.  Thin Intter didtribution was also worked out sometimo after the carlier one
and the results were announced elsewhere early this year® The solution to the problem of
discriminntion alo was carried some way further and this, too, was published fn n summncy
form at nbout the same time.*

The dvrivation on the non-null hypothesis, of the joint sampling distribntion of the
p-rintistics, worked out earlicr, ia sct forth in detail in the present paper.  Tho distribution
on the null hypothesis being only a apecinl cane of it, i directly obtained by intraducing tho
proper simplificationa in the gencral scheme, and is seen to agree as it khould, with the earliee
form obtaincd in the lst paper.  Tho mathematical teehniquo used liere in entirely different
from the enc in the last paper, which was frankly and deliberately pedestrian for reasons
explained there,  The present techniquo is baxed on geometrieal reasoning of a fairly genernl
and rigorous charcter and ja really the method promised in the Inst paper. Certain func.
tions of the p-statistics are propascil ns being suitable for purposes of both diserimination
and clnasification and  their sampling distributions are olbtained Loth on the null as well
as on the non-null hypothesia. Somo suggestions are mado in conclusion aa to how to uso
these functions to test for agreement with or departure from different kinds of null hypo-
theaiv, the agreenent giving the cluo to discrimination and the departure the cluc to cinswi.
fication.

Detailed diserimination and classification will form the subject of the next paper (which
will come out in a subsequent issue of this Journal) whero furthermore snitable invarinnts
for more than two populations and samplen will alo Lo dizewsed and their sampling dis-
tributions obtained just ag in the laxt and precent papers joint invariants—and pestatistics
are after all nothing but that—suitable for certnin apecific purposes have been discussed
and their samipling distributions obtained. This will mean further progress in the collective
study groups or populations.

1. DEFINITIONS AND MATREMATIZAL PRELIMINARIES

With slight modifications certain definitions and reaults from tho carlier paper! will bo
taken over here.

S’ and 8" are samyplcs of sizes n’ and '#n” drawn at random from 2 p.variste normal
populations ' and X",

a'yy, @y\(i, j=1, 2, .... p) denote the seta of variances and covariances of &7 and X7
reapectively so that &), =p’,; & @), o,;=5p",, 0"y v”}, &) and &”*, being the standanl devia-
tions for the i-th character, o’y and o°; being the standard deviations for the j-th character,
and p,* and p,"” the correlation coefficienta between tho i-th and the j-th chameter for tho
populations X* and X" reapectively, o’, 8, 0”8 aro eallesl the dizpersion matrices for X”
andd X reapeetively,

a'y), a” (i, j=1,2, .... p} denoto tho acta of varinnces anit covarinnces for the samples
§* snd §* respeetively, so that fa’y0, da”)i aro tho dispersion matrices for tho wamples,
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a'), a”\(i=1, 2, ....p) denoto tho means of the different characters for the populntions

x'and X" respectively.

a',, a”\(i=1, 2, .... p) denoto the means of the different characters for the xamples
S’ and §°,

oy e (=102 e pi V=0 2, 00w’y 7=, 2,000 0") denote the xampls
readings for tho samples § and §° respeetively, the fimt suftix reforring to the charcter
and tho second to the individunl.

o= _:." :_I Lo li=1, 2, oere p)
P li=1 2 0 p)

EICY)

£, e Wma), =t 2

@y g E =) ), 6,212 0 p)

A compound character based on a linear compound of the variutes is taken for both the
samples 8’ and §” which are row represented respeetively by readings (for the different
individualy).

A e and :':I M i (P21, 2wt V=), 8 )
- i

1f now we denote by v’ and o° the varinnces of samples of $* and §° for the compound

character then from (1:1)

v
V= Y A4 ey, = % ety .1
-

Setting o'/’ =4* and maximising &* with regard to tho arbitrary cocflicients A, (i=
1,2, .... p) wo get the desired stationary values na the roots of the p—fuld determinantal
equation in kt

)a'y—kt a”y | =0 Loy

Similarly for the populations X’ and X”, if we start from two similar compound cherncters
(based on a linear compound of the p—variates) and denote by V* and V* the population
variances for the ] 1 ch r, then jonary valuea of «*=V'/\"" (obtained by
jmaximiging V'/V* with regard to the compoundiog coefficients ,'s) come out as the roots of
the p—fold determinantal equation in «t

| a’j—«t a”y | =0 (4

1t can be casily proved that all the &,'s in (1:3) are unity when and only when a’,j=a",,
(5, j=1, 2, .... p), that is, when tho two snmples happen to have identical variances and
covarinnces.  Similarly x,% in (1.4) are all unity when and only when a’yj=a”)) (i, j=1,
2, ..., p) that is, when tho two populations happen to be identical in the variance and

covariances,
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Tho p toota of {1'3) and also of {1'4) are invariant under any general linear tranaforma.
tion of the variatcs, i.e. for any arhitmry valucs of A,/s(i=1, 2, .... p) for the samplo paic
and of p,'s{iml, 2,....p) for the populution pair. Tho sample 8 with readings 'y, (i=1,
2, veeupi v'=1,2, ..., %) ia represented in the usual Fisherian flat samplo apace f*,, of »*
dimensions by tho p points with co-onlinates (£, =iz «ver Thw), (=1, 2, .... pYor by
P veetors x', foining tho pointe to tho origin. Wo may take another fint apace f*,,, of 2™ di-
mensiona orthogonal to f',- and represent in it the mamplo $° by p other similar vectom x™,.

Y=l iw—a'y, Piro=’p—a") oo (18

whero i=1, 2, ... p3 v'=1,2, ....0"; v'=21, 2, .00 n® and @'y and a”| have been already
defined in (1)

¥’y sl y”) denote veetora with componenta(ty), ¥ 1z o ¥ 1a) 80 (5”1 ¥ 00 oo 0§ 100)
Iying in the flata f°,, and f°,,, respectively. Tho end points of y', and y”, wo shall denate
by @\, @i Then vectors y'y aro ensily scen from (145) to lic in a fiat .., of »'—1 dimen-
sions orthogonal to the equiangular lino in f°,, and immenwed in jt. Similar considerations
spply to the vectorms y”,. The p vectors y', will by themselves constituto a flat [, of p
dimennions included in ..., and similarly y”(i=1, 2,....p) will consitute & flat f*, of p
dimensions included in f”,,=1.  Furthermoro refer the vectors y','s to n'—1 new orthogonal
axes in the {a'—1) flat f',,., and let tho components of y', along those axes bo 2, (i=1,
2, .0 p; ¥'=1,2, ..., n°—1) and likewiso refer y*\* to n”—1 new orthogonal axes in
tho (n“—1) fiat f*,.,.;, tho components being similarly denoted by 2%,..(v"'=1, 2,....a" =1}
The vectors ', y”,(i=1, 2, .... p} will bo called tho varintion vectors and will charcteriso
the samples S and §” 8o far as the variances and covariances aro concerned.  Any lincar
transformation of the varintea applicd to samples §* and §” would now mean changing over

from y', and y”, (i=1, 2, ....p) to & new ect of vectors ‘§l Ay ¥y ond l§| Ay Y

(i=1, 2, .... p), tho flats /', and /", ining, however, invariant under tho transfc
mation, Denoting tho scalar product of y’, and y'y and by y'j. y'; wo have from the
foregoing considerationa

aymlyy ¥ == St (=)

S { X))
=/ YD " =l= "5 P " =1)

Form tho reaultant of the vectors y', and y”, and call it y, (i—1, 2, ....p) The
p vectors y, whoso end pointa wo ehall call Q, form a flat f, of p dimensions which makes
with tho flat f*...., {containing tho p vectors y”,) antl also with f*,, p eritical angles which
wo call ¢, (i=1,2,,...p). 3tshould bonoticed that tho fiat f, constituted by the p-vectors
» (=1, 2, .... p) makes with f*,.., or with f*, critical anglcs (:—é.,) (i=1,2,....p) itis

also well known that amsociated with each critical anglo ¢, (i=1, 2, ....p) thero aro three
co-planar lines (called eritical lines) ¥y, 1% and 3, Yying respectively in £, % Jp with the:
following propertics :
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(a) The critical angle ¢, (already defined) is the anglo between !, and I, and '—h
is the anglo between y and I, (i=1, 2, .... p).

(b) Tho two-plane formed by any mct l., ¥, and L(i=l, 2,.... p) is absolutely
perpendicular to the (two) plano fornicd by any other set By, 1), §,( js£i, j=1,2, ....p)
This mecans that any member of the trind '), 1%, I, is perpendicuinr to any member of any
other trind Iy, 1, 1) (7, % 4.5, j=1,2,.... p). Then it was shown in the previous paper!
that

L=tan S, (n°=1) [ (n'=1), (i=1,2,.... p) TG
whero Ly is defined by (1'3).
Take new p-vectors ',(i=1,2,....p) for the population £’ such that a’,)=»",. ¥’, the scalar
product of ', and 'y ; theso p vectors would constitute a p-flat F',; similarly tako n°,
(iI=1,2, .... p) for X* such that a®,y=7", 3°;, and so munago matters that 7°’s constitute
a p-flat }'’; absolutely orthogonal to F',.  Here ngain a linear transformation of tho varintes
woull mean' changing over from »’; and °, (i=1, 2, .... p) to a new sct of vectors

» » .
S op 0 and S op, 9T6i=), 2, Ll p)
=1 -t

the flats F’; and F*, remaining invariant. If wo form now tha resultant of 5’, and y*
and call it 9,(i=1, 2, .... p) then the p vectors 5, form a p-flat ¥, which mnkes with
the p-flat F°,, p critical angles, which let ua call ¢,(i=1, 2, .... p). As in tho cas> of
tho samples §' and 8%, it is casily scen hero that corrcsponding to any ¢ wo have a trind
L', L* L(i=1,2, .... p) of which L', lics in ¥’,, L, in F*, and L, in F,. Tho propertics
of this p-sct of triads are exactly similar to those discussed for the p-sct &', 1%, [i(i=1, 2,....p).
It could bo shown by a procedure exactly similar to the one adopted in tho lost paper that

x,=tan ¢,(i=1,2,.... p) o (1'8)

2. Tue R or THE D TIoN PRODLEM
Tho joint probability for the two samples 8’ and S° coming as random samples from x*
and X* or tho probability of the raw samplo readings ', and z°,,,, lying between 2°),, and
2\, +de ., and 2%, and 2°,,,+d2",., (=1, 2,....p; ¥'=1,2, ... 0" v'=L2, .... n")is
given by

a(n'(a’,—a')) (a'y—a')) + (v’ = 1)ay )} o (n"(a%,~a")) (a)—a"))+
(n"—1)a*;;)

const, ¢~ ¥ h.",,_.

X N 0 deve 1T DU demye .o
el L=l el el

whero a™ is tho adjusted minor of a’,; in tho determinant | a’y; | divided by tho deter.

minant itself, a" is eimilarly defined, and all other quantitics 'y, o', a%, a*,, @', a',

%)), a®}) havo been already defined in section 1. From 2, and z°,., (i=1, 2,.... p;

V=12, ....00° v'=1,2, .... n) transform to a’,, 2y, and @%}, 2°),.., (=1, 2, .... B

¥=1,2, ... 0'=1; v"=1,2, ..., n°=1) alrendy defined in (1'1), (1'6) and -in the lines

19



Vor. 8) SANKHYX: THE INDIAN JOURNAL OF STATISTICS [Part 1

Jmmediately preeeding (16),  Sinco 2’,,.'s and 2°,..'s aro in directions absolutely orthogonal
to those in which a’,'s and a“,’s aro taken and furthermore, since In general all clementa
are in perpendicular directions, the volunie clement in (2'1) i casily seen to transform to

Const. 11, Il da?,
- b v

2 and a°,;'s oceurring in the density fuctor in (21)
involve only the 2'y,,'s and 2°,,,,'s and not the a’,’s and a","s. Therefore integrating out (2°4)
over a’’a and a°,"s between the proper limits (—e0 to 4-e0) and absorbing the integrated
thing within tho constant we have the joint distribution of the ,,.'s and 2*,...'s in the form

From (1't1) it is eaxily scen that the o’

comt, e— 4, 1, (V=1 @'y n" =T a'y)

a1 p L )
X IeIddyy oIl det, o (27)
- Eml =)

LTIt

It is required to obtain the sampling distribution of the k,’s defincd by (1:3) whero
the a’,)'s and a”,)’s are defined in terms of 2°,,,'s and 2°,,.,'s by (1:6). These k,'s as observed
in scction 1 and proved in the previous paper, are invariant under any general linear trans-
formation of the p-variates into p new oncs—the same transformation beinyg of conrse applied
to the variates of both 8’ and §°.  Similarly we have the invariance of »,'s under linear tran-
formation of the varintes of X’ and X”. From this follows the invariance of the p aymmetric
functions (in the sense of the theory of equations) of k,’s(i=1, 2, .... p) which ore the p
roots of tho determinantal equation (1+3). The first symmetric function is evidently < a™a’,
and this is invariant. Likewiso the invariance of the p symmetric functions {in the
sense of the theory of equations) of »,’s (i=1, 2, .... p) which are the p root of the de-
terminantal cquation (14). The first symmetric function is evidently X a™ o’,j and this
js invariant. Similarly starting from the equation

| a'y=Xa'y | =0 e
and applying a lincar transformation to the p-varintes of 8’ and X’ we could prove the inva.
rianco of Xa'™ @’y and in a similar manner of Xa™ a“,.
Starting from the determinnntal ratios
Ha =) (@y—a’Dta’y | [ | o'y | and | (e"—a”) (@"i—a"D+a’yy | [ ] a"y |
wo could similarly prove the invariance of

‘;" aa',~a'\) (a'j—a’)) and ; a™e”,—a") (¢f)—a"p)
it Wi

Assume now that a lincar transformation has been applicd to the varintes of &, §° and
of courne of ¥’ and X such that there has been a change over from vectors 7'y, 7°’s and
7’8 defined in section 1 to new veetors of lengths =, along L'\’a, unit vectors slong
1."'s and, of conrse, vectors of lengths (14+x%,)'7 along L's where L'\'s, L°)'s and L)'s aro
defined in linca preceding (1'8) and §=1, 2, ... p. This will of courso lrave tho ,’s un-
changed and the density factor in (2'1) invariunt, Now jn such & caso the mew a’j,=x"y

20




DISTRIBUTION OF p-STATISTICS ON NON.NULL HYPOTHESIS

(i=1, 2, .... p) and o’,y=O(iz£j) end the new a”y=1 and a’,;=0. Hence the new
aM=1f, a™=1, o’y =a’=0(iztj). We can now assume without any loss of generality
that 2'\p 20 @'14 8%y 2’10 2%, €to. oro all quantitics which we get after tho trans.
formation.

That is, wo would assume without any loas of generality that in (2'1) and (2:3)
M=/, a®i=1, al=a"=0(ik j)
Then (2:3) simplifies to

oo, er e +(n'—l)a'..}
nat. et =t

ne-y » ne-y »
x nooudd, o nd,., (2'6)
e It =] l=1

Now a’,,=y",, a*,,=y", (i=1, 2, .... p) where ¢, and y°, are supposed to bo the
magnitudes of vectors y’, and y*, defined in scction 1. Similarly let y,’s be magnitude
of tho veetors y,'s defined at the same place. Now resolve each y, along the p orthogonal
axes Dj's, cach ', along p orthogonal axes I')’s and each y*, along I°/2(j=1, 2, .... p).
Let theso component parts of y,, y', y°), regarded vectorially be called iy, y'i) ¥°up0
(=1, 2, ....p) and let the magnitudes be called y,), ¥'sjy 3"y.

It easily follows from the definition of eritical angles in section 1, immediately. before
(1'7) that

Yu=yuein ),y =y, co8 ¢y (i=1,2, ....p; j=1,2, ....p) o (20)
and further that

w-lat= % = 2 gty eintgy from (20)
(=12 ....p) .. (&7)

("'—’)“'u=‘§ Y= l_‘| y'y cos ¢ also from (2-0)
ot P

The distribution (2-5) now transforms to

Const. e —l'}: "‘: ] (_55:_:‘0;_',“,,1%)

wros
X n ndd,,
via

f e, . (28)
Vel (=) -t

where tho ¢,'s are connccted with Xy by tho relution (1.7).

Wo should now seek to chango over from thoe volume clement in (2:8) expressed in terms
of tho p(n’4n°—2) variables #,,,'s and 2°,,..'s to a new volume clement expressed in terms
of tho pt quantities y,)'s(i, j=1, 2, .... p) and the p quantitics ¢, (i=1, 2, ....p) which
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aro tho only quantitics ocevrring in the density faotor {2°8). Afier that, integrating out
out over y,)’s  between proper limita wo ahall obtain tho distribution of ¢,'s, that ia, of the
&' connecled with ¢,'a by (1°7).

J. Revuemox or Tue Vorume Fiemext

In section | we have represcnted tho samplea 8° and § after reducing for the means,
by 2p points @', and @, (i=1, 2, .... p) in tho fats f°,..,, and f*,..., or by p points @, (i=
1, 2, ....p) in the compound tlut f......, constituted by the flats f,.., and f*,,,.,. A sccond
representation of $' and $° is alwo fruitful. In it we associate with any i-th character
for §' a vamplo wpaco | f*,..;, of (n'—1) dimensions and take p such orthogonal spaces for tho
2 chamcters consdituting & flat f*n..q,-0f p(n’—1) dimensions. Wo do tho same for S°,
tho p seis for $° being orthogonal to the p scta for §', and constituting again a flat {0y
of p(n"—1) dimensions. The namplen $’ and §° can now bo represcnted by points Q° and Q°
in the flats f*...py a0d ..y, oF by & point Q in the resultant flat f,.,unimy of p(n’+n"—2)
dimensions, The volume clement in (28) can be represented cither an the product of the
volume clements at @, (i=1,2,....p) in, ... and of those at Q*; (f=1.2,....p) in [y, OF
alternatively by the product of the volume clement at @ in f*,.,..;, and of that at @“in f*ye..y
which wltimately means simply the volumo element 8¢ @ int foarpnnge  Integration over
the total rungo of all tho varintea for all tho individuals of the two samples would cithee
mean sweeping out the apaces [, 8nd [ ni.ys OF farensey p times, or would mean aweeping
out the spaces fiomey, 8N [onigi OF fuavnug Once. Both these representations aro
really complementary and for a clear notion of the essenco of tho geometrical techniquo
both shoukl be kept in minil together.  See now Fig.(1) in which the parallel representations
are given,

-dv ‘@t

-8
.Q'z
.QP
(a) )
The left-hand diagram (a) gives the iret rey ion and the right-hand ono (3) gives

tho sccond representation,  In the Ieft-hand diagram (in which £y, Py s0e Ey the eritiea]
lines discuswed in Scetion 1 constituto the flat £, immerscdd in £y, similar critical lines
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0, 1, the flat /%, in f°, and I, L, ..o 1 the flat £, in f,.ee) tho coordinntea
of Q, ( 2,.... p) nlong I)’s Lo...p)nrey, (j=),2,.... p) voordinates of Q'
along I)'s nro y'yy or yy) sin ¢ (j=1,2, ..., p) from seetion 1; aimilarly coordinates of
Q°, along I"\'a, are y*,j or y,) cos ¢ (j=1,2, .... p).

The right-hnnid dingram () speaks for itself.  We want now to find out in the first ins-
tance the locus deseribed by (Q,, Q,.....Q,) jointly in diagram (a) or—what ultimately
comes to the aamo thing—the locus deseribed by @ in dingram (b), subject to tho eritical
angles ¢,'s(i=1, 2, .... p) noil the coordinntes y,)'s (5, j=1, 2, .... p) of diagram (1)
Leing kept constant.  We want next to oblain the volume element deseribed jointly by
Qs (i=1,2,.... p) of (a) or by Q of (b} Bubject to $u'a lying between ¢, and ¢,+d¢,, and
Yiy'a between g,y and y,y +dy,;.  The whole thing is mannged in four different stages.

In (a) onc could take (n'—1—p) orthogonal dircctions ¢’,, (v'=1,2, .... n'—1—p)in
Ja-y all perpendicular to the flat of the eritical lines I'y's, (j=1, 2, ... p) and for any of theso
¢',, ono could have p dircctions e',,, (i=1, 2, .... p) ono in cach of the flata | f.,_, in (b);
siniilarly in () one could take (n"—1~p) orthogonal dircctiona e”,..(v*=1,2, ... .n"=1—p)
in f*.-, perpendicular to the flat of Is(j=1, 2, .... p) for cach of which again one could
havo p directions e’y (i=1, 2, .... p) onoin cach of the flats | f*,..., in (b). Fixing upon
sny direction &'y, in (1) wo can rotate any critieal lino ') independently in this di
through a small angle ¢y, (i=1, 2, .... p; v'=1, 2,....n°~1—p) keeping all the other
eritical lines ¥y, U'yeev )y g s o 'y fixed in position with regard to the flat f...,. We
could do this with each of tha different critical line by turns. The volumo element des-
cribed by @ In (6) woukl now evidently bo mod | i’y 8')e |
or

mod (1l 1 0) @1

whero mod means absolute value, the ficst suffix refers to the character and the second to
the critical line and i,j=1, 2,....p. Considering now f*,.., and tho critical Linea I*'s, smoll
angles §°),,, (i=1,2,....p; v'=1, 2, .... n*—=1—p) ond directions ¢",, and €’y Wo ensily
find that Q" in (b) deacribes a volumo clement

mod (]y7y| r'lI 8% ) .. (32)
1=
Thereforo from (3:1) and (3:2) it is casily seen that @ In (b) describes a volumo element.
Const. mod ( [y | | "l 1 0% 6% ) RS
P

This could happen with any pair of dircetiona ¢, and €%, in (a). It is casily scen that
considering sniall rotations along all such yiossiblo pairs of directions ¢, and ¢, in (a),
(v'=1, 2,....n"=1=p; v"=1,2,.... n"—1—p) and integrating out for tho small rotations
tho volumo clemont deacribed by @ in (b) would bo.

Const. mod{ | gy ¥t | 9"y 1 ¥ ) - (33

Tut y'yy=y,) sin ¢ and Y%=y cos ¢ e (332)
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Henco tho volume clement reducca to

Conat. mod { | g |+ 11 (sin 41771 (cout™ ) . @3
or to

Const. mod( | g, | **+-1 ,i’. (B () . 39
where s,msin ¢, and ¢;mc0s ¢ . @34

This is tho volume clement described by Q in (b) if in (a) wo rotate as rigid bodics the fiats
£, and f% inf, and fru.., respectively, (whero S, and f°, denoto tho flats formed
by tho I',)'s and tho I°,"s), without permitting any internal rotation of ¥'y's or *'s within the
flats f, and f*,. This ia the first stago of reduction mentioned just now.

The second etage ia as follows ; the volume clement described jointly by Q/sfi=1,2,
+...p) in {a) or by Qin (6) when wo give small latitudes dy,'s to tho y's is evidently
»
W dy, . (35)
The p dircctions of increment of y,)*s shown in diagram (a) will correspond to p* directions

in (b) which will bo evidently perpendicular to the volumo clement (3.4) in (3). This is the
accond atage of the reduction.

Let us now consider tho third stago of reduction. Each eritical axis 1,(j=1,2,.... p)
can now be rotated through a small anglo dg; (in difcctions shown in diagram (a) in the
critical plane formed by 1), %), I). Corresponding to each such direction d¢) shown in (a)
thero aro p directions ono in cach of tho flats (, f'u-y+) foaney)s (i=1, 2,.... p), shown
in diagram (6). This means that in the 8paco fymuen-2 in (b)) wo have now p* orthogonal
axes, which aro also perpendicular in the first instanco to (3.4) and also to (3.5). For
any direction of rotation dg; of I, in (a), Q in (b) will describo a length whoso projections
along tho p* orthogonal axes mentioned just now would bo

0,0,0....9, dép Yy d¢)s .ve Y55 d$)y 0, ... 0 . (33

that is, zero along all the p* axes except thoso p axes, ono in each of tho flats (, £+ [ ay)
in (b), that arc associated with d¢; in (a).

Lastly wo havo tho fourth stago as follows ; turning now to the internal rotations of
U/ and I°'s in f, and f*, in (a) let us consider any pair ¥y and V) in f'; of (a) and
keeping tho othera fixed, rotato ¥, and Iy as a rigid system in tho plano (I, 1)) through
a emall anglo ¢, tho direction boing from i 10 j(iz=j and i< j). As a result Quim=1,
2, ... p) in (a) will deseribo o length with projecti along tho dirceti d$, and
d¢) given by—y'my €1 gy Y'mr €) Ve

Accurdingly Q in (b) will describe a length with projections along the p* sxcs of tho third

stago given by

0.0, ccce =¥y & ¥aty =921 &4 Vateer im0 € ¥t 0,0, 1eeyiy ) igeeendn € i
0,0....0. . (362)

whore tho ¢,'s aro given by (3-41).
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Thia happens with any pair of axes &'y and Py in f*, of {a) (i 5% j ; i, j=1,2,....p) lesding
to & motion of Q of () with projections along tho p? axes, given by elements similar to thous
in (R).

Likewise with I, and %) in f*, of («) and with a small angle of rotation ¢“;y we havo
an exactly similar state of things.

Morcover due to theso internal rotations ¢ the lengths deseribed by Q in (0) will have
projections alwo in the p* dircctions in (b) referred to in the sccond stage of reduction, the
projections corresponding to ¢',y bLeing
0, 0,0een 0, —y'yy 40 ¥'ip =Yz & Witee o=y 8 W1 000,800 8 ¥ el 8 ¥

0,....0 . (333)
and there being similar projectiona corresponding toy*yy. But from (3.32) and (3.41) theso

could bo ensily shown to contributo nothing to the volume clement given by (3-5). Henco
remembering from (2:0) and (341) that

Yu=yy 4 ond ¥'y=y; ¢ v (359

we eanily sce that the volumo element described by @ in (b) owing to rotations déy{ j=1,
. p) and the internal rotations ¢*y, ¢ in f°, and f°, of {a) will be given by

N
T dg, M T ¢ v" X modulus of (4), .. (355)
=1 pmt il
(A) being given on p. 33.
Summing up, that is, integrating over ¢’,)’s and ¢*;)'s and putting
4=tan ¢, .. (356)
we could reduce (3.74) to
Const. n' d¢, ]'l {€,)?™ " X modulus of (B}, . {357)
1=t 1=

(B) bring given on p. 33.

This is & determinant of order p* giving a volume element of p? dimcensions.  Manipula.
ting tho {p41)*® row with (2p+1)"® row wo can tako out a factor (*,—#,), the (p4+2)*
row with (2p+2)"" row we ean tako out a factor (F,—1%,), and so on till we get to (,—t%);
similarly manipulating.the (2p+1)* row with (3p+1)* row we can take out (y,—0%)
and 20 on till wo get to (%,—1%) ; thus wo ultimately get on to tho factor {,.,—#7%,) which
also we take out. Then we open out the resulting determinant after Laplace and finally
we casily reduce (3-76) finally to

Comt. | gy | ® mod {((,—0) .... (Py—1) (#3=03), ..o (Ba—E) oot (L —1))
x 1 dg, ey (6)

The volumo clementa (3+4), (3'5) and {3'6) described by @ in {b) are all orthogonal and
hence @ describes in the 8paco fymumeg Of p(n’+n"—2) dimensions o volume clement.

Comt. mad (lyal++1) My 1T )t e

X mod {7, —0} A W A )| ll'll .. @7)

=) =)
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4. Tne JoINT DISTRIBUTION OF THE p-STATISTICS
The joint distribution ¢f the g,)'s and ¢,'s (1, j=1, 2,....p) can now be written
from (2:8) and (3'7) in tho form

y’u(-:—:‘.— +ey )

Conxt. e_i "=
x mod ([yals=rt)e I dyy B (s o) doy
x mod (=), .. (=8 (P=15). .. (=) .. (0, — ) RSN
whero wo have
a,=%in ¢,; €,=008 ¢;; {,=lan 9,

and from (1:7) the p-Statistics L(i=1,2, ... p) arc given by

-1
b=ty ‘(n,,n—_,;—=l.b\

with 2)
x=(n'=1)f(n"-1)
From (42) we have
Ak . 1 . 3
S=EFATEyA ¢ O I Ay f=xk,
(+3)

O,
=R T
Changing over from ¢',8 and £', to 1'8, (4'1) now reduces to

=1 E g bnat b)/4a 1) 3
Const. ¢ v mod{ |y, |2

» ko) di
x,l.'.—T'_-H,\' e
X mod{k3,—k%) ... (%= k%) M=k oo (=B} s Ry —RY)) .. ()

&=

whero the %,’s aro roots of the determinantnl equation (1'3) and the x,'s aro the roots of
the determinantal equation (1°4).

Tho y,,’s 88 observed carlier vary from —w to +. To get the joint distribution
of the £',8 wo have to intergato out

(4.4) over y,,'s (i, j=1, 2, .... p) from —o to o0

The integration can be ged comparatively casily if In (4.4) the exponent of |y, | which
is (n'4n"—p=2) happena to bo even, ey, 2N whero N is a positive integer.

Then putling PN pa® R
N=n'4n’—p-2 .

wo observe that mod {|y,,[?¥) is the samo as [y,}**. To effect now tho integration of
(#'4) over y,’s wo notico that if in (4'4) we open out |y |*¥as & multinomial in g,/’s then any
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even power of yq) in any term of the expansion, say y*) (m being a positive integer) will
yickd nfter integration A factor given by

2T (AT Bt ) (gﬂztl) T

On tho other hand any odd power of ¥,y in any term of the expansion, say y;?=*! (m being a
positive integer) will contribute a factor zero. This is becauso
men

o s, @
[ e emarma = p "lz"’—’) i femamidemo .. @8y
A EA

where in both cases i is supposcd to bo a positive integer. Henco if wo now introduce
new quantities £,y such that

Syr==0; (n""=21:_.‘ !‘( 2—m2+l ) H

10120 Ty r(E#-) r(“,"Z—+l) , when {05 je )

[{Pama Vs

and then integrate out (4-4) over y',;a from — to + oo {for the caso where the exponent
n"+n'—p—2 of |y,)| is even =2N, say) then remembering (4-0), (4:61) and (4'7) we can
write the joint distribution of k'8 in the form

Const. Dm"_r}'- . (A‘.-l-i*;‘ll'.T”’ "r_x'x-,w- dly
Xmod (B, — ). (81— k) (B, (kb (M=) L0 (49)
where D is the determinant
|8l A-At k1 | Lo (48

Except for minor changes in notation and one slip in printing mado in the carlier notice this
was the form of the distribution on the non-null hypothesis of p-statistics® announced carly
in 1940,

Tt should be noticed with referenco to the form (4:8) that in it we can mako the
substitutions for £y, £iy*™1 ete. given by (+7), only after wo havo broken up Dvs™»-1 je.
D ns a multinomial and have multiplied it with the other factors. Wo cannot make the
substitutions before opening out D or De"a»-2,  (§-8) can be expressed in several other
alternativo forms some of which appear to be more convenient than (4-8) itsclf and will be
given in tho next paper.  Ono of theso forms {which incidentally provides the cluo to tho
solution of the problem when the exponent of [y,)] is an odd integer, say, (2N+1) will bo
considered here.

1t is casily scen from (4'7) that in (48)
D gy de el At bty
Wy
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can bo written in any of the p siternative forms (i=1,2, ... p)
J_I. _LL 2N+1
(B i § e e ww

whero the product IT is taken over all values of j from 1 to p and over all values of i* from
1 to p except 4, and further where Dy is tho co-factor of {yy] (xj+A* I*)* in the determinant
D in particular putting i=1 and absorbing the constant factor in the const. (48) can bo
written in the form

p D?, NP
Const. I‘:\: -_’H_"Il'_} 1 kot dty

X mod{(k*, -u,) (k) (B, =) =), = b))
P P P

X T (@ Arky) ol 1 g, . (483
)=t (ST

where D, is tho cofactor of {))f(x*,+A2 k%2 in the determinant
18ultx 421 £2)'|

{if) Let us next consider the case where in ({'4) the exponent a’+n"—p—2 of |y,|
is odd anil equal to, say, 2N+1. The integration over the varinbles yy in any row of the
determinant |y,] can bo effected cither by geometrical or by algebraic methods, tho
former, however, appearing to be much the easicr of the two. The geometrical method may
e indicated a8 follows. |yy)| can bo also expressad ay

|yl AT B0 B2 % |I-;| (1422 )i, 422 By,

by multiplying and dividing tho jth column of [yy| by (x%-+a* k) (1+At k) (j=12....p).
Each row of |y;)(x? A1 E)1(1+A1 k%) |, say, the ith row can be regarded as a 'vector au,
with components yy(x*+A A)/(14+22 k) j=1,2, ... p) i let u, denoto the magnitude
of the vector u,.

Wo have thus
[ N W
mod( | yy| ™'} =mod [ yy| ¥ = I (AT RY) 2oy ar 1) 2
P
X (mod | yyx, 447 B LA RPN L (4831)

But med |y, ... |is really tho volumo of the hyper-par? formed by the veetors u(i=1, 2,
...p) and is conveniently written as Vol. (uy, u,...uy). Tho factor in (4.4) involving only
the y,)’s can now bo written as

v
—3{u? X \- (x4 A0 B )L AT B g
Canst, ¢ i, + yu(l R EMAEA ) . (1+)‘: L-.) S I(n AR

XVl (s oo ) I Qgit a2 KDY KD)X 1 T8 iy oo (480
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I § Lo the anglo mado by w, with flat formed by the vectors (&g «eev up) then
Vol. (uy, ats - .+ ) can bo written ny u, sin 9. Vol. (u,, us ... uy), and the volumo element,

in (4:84) can be written as

w2t dueos )70 dg 1 1§ dyy (+85)
"3 gl

Here u, varivs from 0 to o and ¢ from —=n/, to+n/,. Heneo integrating ont (4:84) over
¢, and § between the limits mentioned and absorbing the integrated part (involving gamma-
functions) within tho constant wo find that (4:84) reduccs to

=1} e mne

Connt. e *10- A k) T e gy B
=
» ‘. P
XVl (utre atyoee wp)) ™ 111 dyy (4:86)
v e

Now from the definition of the vectors (u,, us. . .up) it is casily seen that
. o P N L
(Vol {0 g eovr up))™ 'l_ll (LA k)T e ar ko)
comes out us
E £y (1At B, +AM) f i n [N I
1

where Y\ is tho cofuctor of v, in the determinant |y,|. (4-4) after integration over y,,’s
(=1, 2, ... p) thus altogether reduces to

> v
—§ 5 X g A EDJLEAt RYy) Ao
Conat. & "1t e ! ! },g (1A k)| (2,2 I"l)} E

a'=pel,
x 1 _kAL " (AT k) (a2, 422 2 l’l “ dyy
Pk

X mod (k3,—k1,) ..o (k=) (By— B0 oL () L (B —I)) L. (488)

We can now straightaway integrate out over.y,'s from —co to 4. Afer integration of
(#83) over y,)'a (j=1,2,...pi i=2,3, ... p) we obtain the distribution of lj's which on
using the same symbols aa wera introduced earlicr, can be written in tho compact form

Connt. j £ D7yt At k) } ] e aty
1=t -
X mod{ (b, —29) 1oou (b —E7) (=) s (1=K Lo (U, ~E7,))
X ety af o gy (4:89)
»=t [T

where a3 before Dy Is the cofactor of {y/(«"+A7 &%)! in tho determinant, |(u|(-'.+x’k1,)l}
and {'s sre given by (47).
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Let us now lovk a littlo more closcly into tho forms (4:8), (4:83) which correzpondl to
tho exponent a'+n"—p—2 of (4.4) being nn even integer, and into tho form (4-89) which
corresponds to the oxponent being an edd integer. With the oxplanation of tho aymbols
&4y given by (47), tho joint distribution of p-statixtica ky's for tho caso of even exponent
(n'+n°—p—2=2N) given by (4'8) or (4:83) arc perfectly conercto expressions ; in fact it
is only a matter of algebra (o writo down the general term in (4:8) in the expannion of

G441 T g2 ke o)
or the general term in (4:83) in tho expansion of

P »
(-ﬁ,+,\’ } fon 4] .-’.‘-. (7 447 )y o (40

" [T

D, being the cofactor of £,)/(x?+A? £4)! in tho determinant

I8l +27 k7|

For tho casd of odd exponent (n’+n*—p—2=2N+1), however, the distribution of the p-
statistics Iy's given by (4:89) with tho aymbols explained by (4-7) coniea out as an expression
which is more symbolic and leas directly accessible than either (48) or (483). It is now s
caso of expanding

D O
{fwmiy 500 e g etariy e

not as a straight multinomial but as an infinite serics which has to be carcfully handled.
Thia is due to the exponent being now (2N'+1)/2 which involves a half-integer.

As observed earlier the expressions (49), (4'01) and (4:92) coull bo thrown into
more convenient forma,  As a matter of fact by using the propertics of £,) 's given by (4°7)
wo ean develop very interesting propertica of their functiona aceurring here and thereby
express (40), (4:01), (402) and henco (#:8), (4'83) and (4-84) in various other familiar forma
which for purposes of statiatical analysis are more dircctly uscful than (4:8), (4°63) and (4'08)
themsclvea. Thia will bo given in detail in tho next paper.

Ono or two features about tho forma (4:0)—(4:02) are, however, worth noticing even
at this stago, From (47) and from considerations of aymmetry it is evident that except
for & common factor which for (4-0) and (4:02) can bo written respectively in the form

[ -
0 ]
or
P
fi @i,
1" =t

(#:0)—(4'02) can each bo expressed an & aum of terma invalving only intcgral powers of
(x%+A%Y); no half-integral powers would occur. This and the nature of the forms
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(4:0)—(4:92), whero both tho scta x;'s, and &)'s occur in a symmetrical manncr, ensuro that
£

in tho forms (£:8), (1'54) and (4:89) there occur only e} tary ay: i ions of x%'s
and L's of tho forms

o Se S oy £ OB R
[ " jel

(+93)

2

s R G D)

st

This is, of course, apart from the factor
mod  {(k'—A%)... (R —l’,)(L’ —k). Lk kT). L (R, —RT)).

ITn the caso where the population variances and covariances are identical, that is ay=a’,
{h j=1,2,... p) it has aln‘ndy been observed in Section 1 that all the ' are unity
Now pumng x=1(i=1,2, ...p) in the forms (+9) (4:01) and (402) it Is casily scen that in
(#9) [Znl0iA2 k7)) becomes

Const. ﬁ. (1A%
a]

and hence (49) reduces to

Const. ﬁl (1421 3,15 or const. T1 (14:A% A-?.)”'_'" o (404)
i) )

{4:01) and (4-02) also can bo casily shown to be reduced to the samo form (4:94) and hence
all tho distributions (4'8), (4'83) and (4:80) reduco to the common form

AT -
Const. 11 —L"—d“—
- 2
b agaey ST
mod {(A\—E%). oo (b —ktp) (B —R%). (B =Rt) (R0 —RY)) L ($05)
It is clear that apart from the factor mod { ), (4.05) involves only symmetric functions of
ks defined in (493).
As obacrved carlier tho k, ‘s ean vary from 0 to w. Ifnow the following restriction
is imposcd upon the L;'s
@Bk 3EDED (... k30 .o (400
then in (4'05) we can drop tho mod and write (495) in tho form
o a‘=p-1 g
Conat. 1} — L0l

-1 naey

(LAt B3
XUN—EY) oous (R —A%) (R=k%) oo (R —R%) Lo (B —4%) o (30D
‘This agrees as, of courso, it should with tho distribution of p-statistics on the null-hypothesis
given iu tho edrlier paper.t
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3. DINTRIBUTION or CENTAIN ALLIED STATIFTICA ON THE NULL axD
Nox-nuLL HyrotHzszs
For purposcs of discrimination between and claasification of multivariste normsl
populntions by means of random samples (suppored to have been drawn from them) symmetrio
functions (defined in 403) of x, ¢ and £%'s appear to bo moro uscful than «*'s and k%'s
thenisclves, at sny rate from a certain point of view.

Tho distribution of tho sy i0 functions of &* s defined in (4-03) esan bo obtained
in tho following manner.

Lot un take quantitics =, ; wy defined an follows

v fan ow= fom \
] 11
e e f i
~y Sa e wy “.‘-_I B Pylist ) | Y
WL DN S

=ty s R L,

In (48), (4'83), (480) and (4'05) let us change over from k' to the new set of varinbles w,,
.02 ut0, defined in (31)

The Jacobian of the transfarnation

Now

can be casily shown to be
mod. {(k3—k1) oLl (=) (By— k) L (=B L R —R)) L (5D)
Further, aa has been observed towards the end of seetion 4, (4:01), (402) and (4-93) are

all really functions of 1, and = (i=1, 2,....p). Hence tho distributions (4'8), (4:83) and
(#89) and (405) transform reapectively to

n'ap-2
() Const. [Zy/lxryAs k2 [~e-rs 'ixl il At k)X, T ‘3:1 duy - (59)
e
. ° D1, alepnz g 3 et p
(ii) Conat. ;‘xl-m‘,m T ‘1_2 G I et e, * Nde.. (54)
(iif) Connt. (Samo ss 5-4) (55)
tio) Connt. w, 3oyf—dm 6)

=i "
(2t 1
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Tt should bo noticest that factors in (5-3), (3-4) and (5-5) involving »%'s and 4%,'s are really
functions of @, sy {i=1, 2, ....p) and the factors [n (3-0) invloviug £,'s aro really funclions
of iy, 1=1,2, .... p)

Heneo {5:3)—(50) are really exprereiblo as explicit functions of » and 1w, (i=1,
.p). Such explicit expressions will ba riven in the next paper.
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