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InthopUCTION

1. If v varictis or treatments are to be compared in ramlomized blocks of & ex-
perimental units (& <¢), then the block differences cun be ximply eliminated if the arrangement
iy such that every varicty occurs in r blocks, and cvery two varietics occur together in A
blocks. Such an armngement is known ns & bulanced incomplete block dexin with parameters
v, b, r, kA, These parameters obvionsly satisfy the equations

U= er .. (0:10)
Mo—1)=rik—1) .. (011

Fisher* has also proved thut the inequality
bz o (012

must hold.  These dewigns were first introduced in experimental studies by F. Yates?,
and a number of papers have since then appeansd dealing with the problem of the construe-
tion of thexe designs’s %

It in advaningeous to separnto if possiblo the b blocks of a balanced incomplete block
design into r xets of n Llocks cach (b = nr), so thut cach variety occurs once among the blocks
of a given set (ie. cach wet containg a complete replication).  When this ecparation is possible
the dexign may bo called a resoloable balanced incomplete tlock desiyn. In Uhis ense it is
powsible to anulyso the reaults of the experiment in two different ways, firstly as an ordinary
randomised block design, and secondly as a balanced incomplete block dusign. It is thereforo
possible to oblain an unbiased cstimate of the reduction in the error variance per plot, duo
to the snuller size of the incomplete blocks, and hience to obtain an cxtimate of the gain of
inforniation (if any) by uxing the incomplete block design instend of an ordinary randomised
block design. It is therefore a problem of some intercat to study the conditions under whiclk
4 design with given parameters iz resolvable.
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2. )t has Leen shown in §1, that for a resolrable balanced incomplete block desiyn,
Fixher's incquality (0:12) can be repluced by the mare stringent inequality

bzo4r—1 .. 02

For & balinced incomplete block design it in known that when the equulity in (012)
holds, the design has the property that any two blocks havo the xume number of varictics in
conman ; and conversely for & design with this property, the cquality pust hokd in (0-12).
1t hae been whown in §2, that if for a resolrable balanced incomplete block deaign the equnlity
in (0-21) holds, then tiwo blocks belonging lo different scts hare the sume number of rarielies in
cormmon,  Balanced incumplete block derigne with this property may be called affine resolr.
able. C Iy for an affine {alle balanced i) plete block dexign, the equality must
hold in (0-21).

For a resolvablo balunced incomplete block design the number of varictics common
1o two blocka of different sets has been shown to be k3jp, This number must therefore be
integral. It follows that for designs with parameters

I} v= 6, b=10, k=3, a=2
i) 0=10, b=18, k=5 A=4
(i) v=28 b=30, r=19 k=i A=2
iv) o=WH, b=20 r=13, =7 A=0

though a combinatorial solution ia known to exist, we can never separato the blocks into
sets, such that each sct contains a complete replication.

Finally the parameters of an affine resolvable balanced incomplete block design have
been expreased in terms of two integral parameters n and ¢, and it has been shown that under
certain conditiona theso denigna can be.constructed by the help of Finite Geometry, Lut that
there exist alw othee (non-g jeal) affine Ieable denigna.

§1
1. Consider a balunced incomplete block derign with parameters v, 4, v, &, X, If
it is resolvable, then

v=ak, b=nr . (1:10)
and the b blocks are divisible into 7 sets of » blocks each, such that the Llocks of a given et
give a complete replication (i.e. all the varictics occur exactly once among the Llocks of o
given set).  Let tho blocks belonging to the i-th sct (S,) by

B, By ... B (i=01.,.r=1)
Let us tako any particular Llock say B,, of the ket ($,), and et 1,y be the number of varie-
tica common to the block By, and the block By of the mt (8,), fori=1,2,...r—1
J=12,..m. Letm denote the mean and a* the varinnce of the act of »(r — 1) quantitics 1,

Each of the L varictics occuring in B,, is replicated » times. 1€ 4 variety occurs in
B,, it cannot oceur in the other locks of the act (3,). Hence it occurs just 7 — 1 timea
umong the blocka of tho sets (S,), (S)), ... (S,.;). Hence
Ny =kr—1) oo
w= b BNTREY
» v
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Aguin the k(k — 1)/2 pairs involved in B, each appear A — 1 times in tho sets (8,),
(Ss), +ous (S). Hence

§2 iy =) =i — ik —~1) oo (113)
LE Ry =H—D+ 0= Dk-1) BT
Now from (0-11) and (1 -10)
k=1 "
x‘—,;k-—:l- o (1°13)
Substituting in (1:14) we have
:1}2=ﬂ"""_”",‘;i’;'"(k‘ 13 v (1110)
‘(l. m)’
nr—1)"
sy _ .
= ’?(r_—'F m? (L
Kk = 1) (r = &) otk — 1) _
wr=1y(ak =1 n

_Bn—=1)(r(n=1) — (nk = 1))
- aYr — 1) (nk — 1)

Hence from (1-1)
,_l(u—l)(b—n-—r+l) R
- R - s

2. Since & is non-negative wo have the following interesting result :—
(A) If a balanced incomplele block design with paramelers v, b, r, k, X is resulrable,
the following inequalily must hold :

bzv+r—1 .o (1:20)
Since r>1, this is a more stringent inequality than Fisher's incquality (0-12), which
holds jrreapectivo of tho plion of resolvability.
§2.
1. Iftho r scts, (S), (S,) « +« (Sy-1), into which (he  blocks of a resolvable balanced
incomplete block deaign are divinible (each sct containing a pl plication) aro snch

that any two blocks belonging to different scts, havo always tho same number of varictics
in commion, then the design is said to be affine resolvable.

As an plo of an afino resolvablo bal d j plete block design, wo may
tako tho orthogonal scrics design.

v=n" b=n(n+l), r=n+t1, k=n A=1 o (2:10)
whero n iy a prime power %
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The design can cither bo written down by the help of a completo st of orthogonal
Latin squarca, or by taking the n* pointa of tho Afino Geometry FG(2, p°) aa our varictics,
and tho n? + n lincs as our blucks. Then tho blocks correxponding to tho mame pencit of
parullel linea form a met.  Clearly cnch varicty occurs just onco among tho blocks of & set,
and any two blocks belonging to different sets huve just one variety in common.

2, Let us conwider a resolvable balanced incomplete block design,  Then adopting
the notation of §1, wo sro that for afline resolvabllity
Iy=m, (i=0,1,...7—=1; j=12,..n) . (2:20)
Mence &' vanislica, and we have
b=v+r—1 (22

Conversely if for a resolvable bal 1 i plete design, the diti 21) is

watixficd, then a* must vanish, and consequently (2 -20) must hold, }ence the design is affine
resulvable.  Sinco m = L/n = kt/y is the number of varietics common ta any two blacks of
different eta this number must be integral.  Theae resulta may be atated aa follows :

(B) 1f a balunced incomplete block design with parameters v, b, v, k, X iz affine resolvable
then

bovtr—1 .. (o
C ly if for a resolvable balanced incomplete block design the above condition holds, then the

design is affine resolvable. The number of varietiea common to any tiro blocks of different sets
ia L, 20 that k* muat be divirible by v.

This result may be compared with the following which is known to hold for any
balanced incomplete block design.

1€ a balanced incomplete block design with parameters v, b, r, b, A lus the property
that any two blocks have the same number of varictics in common, then the design is
symmetrical i.e.

b=1v (222

Conversely if the design is gymmetrical, i.e. the condition (2-22) liolds, then any two
blocks have exactly the same number of varieticx in common, eiz, A,

3. The result of the lnst paragraph cnables ua to prove the non-resolvability of a
number of balanced incomplete block dexigns,

1t is known 1, * that we can fortn balunced incomplete block dexigua with the para-
nicters

v= 0, b=10, r= 5 A=2 o (230)
0=10, b=18 r= 09, A=4 o (230
v=28, b=30 r= 0, A=2 o(2:92)
v=4, b=20, r=13, =0 L (2:39)

Since in cach of the abovo casea the condition (2 -21) holds, it follows that if there exists 8
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1,

ble denign with § s given by (2-30), (2-31), (2-32) or (2-33), it would be affine
resolvablo,  Henco k%jo would be integral.  But %/v is non-integral in cach case, being 3/2,
5/2, 7j4 and 7/2 respectively.  lenco

(C) No resolvable balanced incomplete block deaign with puramelers given by (2-30),
(2-31), (2-32) or (2:33) can erint.

On the other hnnd if the parameters ¢, b, 7, b, A buve any one of the fullowing values
v=8 b=14, r=1 k=4 A=3 o (239)
r=12 b=22, r=1, k=86 A=5 . (235)

ien nut only in the condition (2-21) satisfied but I/e in integral, being 2 i the firet cane and
3 in the second case.

A resolvable (necesarily afline Ivable) Lalunced i plete block design with
parametens given by (2-H4) is already known®.  An affine resolvable design with paramcters
given by (2 35) is given below.  The varictica are numbered 1,2, ... 12 and blovks occupying
the aame row belong to the xame net.

(L, 3 4, 5 9 1, (2 6 7, 8 10, 12)
(2, 4 5 6 10, 1) (3, 7. 8 w I, 12)
(3, 5 6 7,1, 2 (4 8 9 10, 1 12
(4 6 7. 8 1, 3, (5 9, 10, 11, 2 1
(5 7. 8 0, 2, 4, (6. 10, 11, 1, 3, 12
(6. 8 9 10, 3, 5), (7, 1L, L, 2 4, 12
(7, 8 10, 11, 4, 6, (8, 1, 2 3 5 12
(8, 10, 11, 1, 5 7, (9, 2, 3 4 6 12
(9 M, 1, 2 8 8, (10, 3, 4, 5 7, 12
o, 1. 2 3, 17, 9), (, 4, 5 6 8, 1)
(a1, 23, 4 8 10), (1, 5 6 7, 9 12

4. Let v, b, r, I, X be the parameters of an affine resolvable balanced incompleto
block design.  Then from (1-10), (1 12) and (B).

e =unt b =nr,k =mn o {240)
where m and n are integers. Now from (2:21)
nro=mn'4r—1
where
=t 2-41)

»

Agnin from (0-11), (2-40) and (2-41)

=l 2.
A= T . 242)
Since ) in integral we must have
moe= (=11 o (243)
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Thus finally uxing (2 40) — (2:43) wo have the fullowing result :—
(D) The paramelers v, b, r, k, X of an affine resolvable balanced incomplete bloek denign
can be expreased in terma of only twwo integral parameters n and t in the following manner :
vt=a'n— 1) 4n, b=n(w’t4+n+1), r=n"t+n+1l,
k=nir—=I)+nr=n+1 e (2-H)
When t = 0, we get the orthogonal scries design (2:10).  As hat been noted it can o
written down by the help of tho Affine Geometry EG(2, p*) when n = p°.

In general if £ in conneeted with n by the relation

t=l4nnt .t 2.45)

then wo get the design
c=n¥b=n4nt a0t ...

k=nM A=1l4+n+4+nt4 ... +0¥

To construct this design we need only take, the varietics as points of EGIN +2,p°)
and the blocks aa the (N + 1)—flats of this geometry.

There exist however designs belonging to (2.44), but not included in the ¢lass of geo-
metrical designa (2 43), for which the actual combinatorin! solution can be written down,
For exanuple putting n = 2, ¢ m 2, we get the design with p (2:33), the comb ial
solution for which hax already been given.
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