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Suppuese L1 05 an upper-loangular maleix, and £ a nensingular diamenal matms whose dizgonal enloes
appear in nondeseending order of magnitmde dewn the diagaonal. 1t iz praved that

IRt es) = e

fior any matrix norm that is redueed g pinching. In addition to known cxampl:s -awcakly unitarily invariant
narms - we show Lthat any malnx nom defined by

KRE(x"-1v)

1A max o
SR KL R

whers il ) and -] are twe abselute veclor nonns, has this properly. This includes €, operaler norms as
A spoctal case,
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1 INTRODUCTION

Suppose [F = (u;} is an upper-triangular matrix, le, w; =0 if /=7 and D=
diag(s,, 8z, ..., 4,) a nonsingutar diagonal magrix whose diazonal entries appear in
ascending order of magnitude down the diagonal, ie, 0= & = 4| if { =/, The
matrix D' LU/0 is still upper-triangular and its nonzero entries satisfy

S ugdi| = 1880 Iy = gl (1.1)
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sinee /< f. As 4 consequence, woe would expect that for certain matrix norms || - ||
| DLUD| = || T, (1.2)

Inequality (1.2} is clearly equivalent to [[&) = | 2L87Y; and if norm || - || is invariant
under either transpose or conjugate transpose, then ¢1.2) is equivalent to |DLD 7Y =
L] and | £]| = I -LD| which are also cquivalent to each other, where £ is a
lower-triangular matrix,

Inequality (1.2} may be used to bound the componenmise relative condition smumber
NEY - 180 1, p. 37) [2] for solving a linear triangular system, where |- | of a
matrix is understood entrywise. In lact it implies

e e = D= et - wnp.

min
D= diggld:b with 0|3, ]=]8 Tor faf

(1.2} also has applications in highly celative accorale singular value decompositions [3].

Ineguality (1.2} is obviously truc tor any absolure matriz norms since absolute matrix
norms are increasing functions of absolute valees of the matrix’s entries [4, Definition
5.59 and Theorem 5510, p. 283], Frequently used absolute matrix norms are

; el
|4l = lwg]!‘ﬁ.mﬁzj: wy|” Tocp =1,

inctuding the Frobenins nomm {p = 2 as 2 special one, What about other matriz norms,
especially the often used £, operator norms and Lhe uniturily invariant norms? Thess
nomms are nol, inogeneral, increasing functions of the ahsolule vulues of the malrix
entries. Howewer, we shull prove that Ineguality (1.2 is valid for them. This is true
becanse they a1l satisfy the pinching inequality (see Scction 2 below). More generally,
we shall consider matrix norms defined by

el Rel(x* Ay
|-, \-,‘E max el ﬂ - nd
Tl gl y)
-} and W) are two absolute vector norms, (1.3)

Here Re[-] denotes the real part ol a complex number, These include £, operator norms
defined by

s Ay, Re(x* Ay
|A||P|=[m:_1x| }l"z max —-Iiu, for p = 1,
vt vl e ] pl,

where ¢ 15 p's dual defimed by 1/p+ 1/g =1, and

I
|
Ixllp = D161

lor any veclor x =&, 5, ... &)
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The assumprion that both ¢ and (-} are ahsolute is esseantial. Here i3 a counter
example: it = 2, -3 = |- [, @) = 1B - ||, and

. =3 =1 ] ) -~ 8 5
{-—-( 0 1), D—( 2). and B_(—E _ )

Then () is absolute; while ¥} s not. Calculations lead to

1E7 1L,

I

LB, =542 = 4.16--. = | D' UDEY|;
N2~ UDI, ¢

With this example, counterexamples with none of ¢(-) and (-} being absolute can be
consiructed: one way 1s 1o take () as above und

; 1 «
$e() =17+ 2 Tor fs=(t_ ‘1)

for small |¢]. It 15 casy to verily that @00 s not absclute for any ¢ £ 0. Then
gty — | - Iz, the same as the ¢{) above. Since both [ L7, o and [[R7T0UD,, o arc
continuous it € = 0, {or sufliciently small & £ (0 wi have

&N, = 1P LR -

2 PINCHINGS AND NORMS

Let 4 be an g x p matrix partitioned conformally into blocks as

Ay Al - A
An An - A

A = i F & . 1 (2- ] _}
Ay Axa oo Apy

where the diagonal blocks are square. The block diagonal matrix

) 5 (2.2}
A.'n.'_"".-'
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is called o pinching of A, It is known that pinching reduces A's weakly unitarily invar-
jant norms® (and thus unitarily invariant norms), Le.,

The Pinching Inequality:  |C(A)) = || 4] (2.3)
holds for every weakly wnitarilv dnvariane pors. The following lemma enlarges the
domain of this inequality.

Lemma 2.1 Every nore || - g o defined as in (1.3} satisfies the pinching inequality.
Froaf  We follow the idea used in [8]. Let @ be a primitive Nth root of unity, and let ¥
be the diagonal matrix that in a partitioning conformal with (2.1) has the form

A = diag({, e, al, .. e Ly,

where the {5 are the identity matrices of appropriate sizes, It can be scen that

1853 o
R L *f g
ClA) N;x Ax (2.4)

Let x, p be vectors such that ¢(x) — | — (¥} and [T{A}, » = RE[x*C(A)y]. Then by
(2.4} we have

e
ICTAY] g — N -E_D Re[x" XY 45y
i=

=1

] i
~ ZU: Rl X xY A Xy (2.3}

Mow nole that each X7 is a diagonal matrix with unimodular diagonal entries. Since
g and ¥ are zhsolute nomms, @Y =1 = X for all 7. Hence, each of the
swmmands on the right hand side of (2.5) is bounded by [|4|lg 5. Consequently
||ﬂ[f‘”|.a,-.-,gﬁ = 'i|-4!|¢.1cr- u

In the next section, we shall need 4 special corollary of the pinching inequality:

Lemnia 2.2 Lt
4 i -"I 1t A 12
' Az An

A malnis neces || - 2, 8 weakly wedrartly ieverimal, (0L satisfes, besides the usual properties of any norm,
also

X AX* Ny, = ||A4l,, For any unitary matrix X

Ses [3, pp. #7-107] ar [6]. A mateix neem || - || i eadtarify fovarioee 1F i satisfics, hesides the usual propertios of
any nosm, dlso

1 IX¥4 ¥ = A for any unilary mutrices & and ¥

2|4l = "4l for any A having rank one

Sce Bhalia [3, po 9] or Slewart and Sun 7, pp. T4-88). We denote by || - a genceal wnitarily frvariae pare,

The mast frequently vsed vnitarily invaciant norms are the spectral norm || - |5 {also called the £2 operalor
noro) ad e Frobeniue norm || - g
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he any block matrix in which the diagonal blocks are sgrare. Let 0 < o = 1. Then

" Ay I'Y/f“:- 'é
( | < 4]
ady  An "

SJor every norm that satisfles the pinching inequality (2.3).
Proof Wil

( /f“ ﬂ:!fhg

QAH :422 ) =uod + “. — ﬂle:A},

and then use the triangle inequality and the pinching inequality. |

3 NORMS OF SCALED TRIANGULAR MATRICES

TueoreM 3.1 Suppose U iv an upper-friangular matrix, gad B g norsingudar diacondl
ratrix whose diaggonal enivies appear in ascending ovder of magaitnede down the diaronal.
Then the breguafity

iD= un) = |Gy (1.2}
holds for any mareiy norm that satisfies the pinching inequality {(2.3).
Froof  Without loss of any generality, we may assume & — diagi($;. 8z, ..., 4,) with
P—dy =dr = =4,

Decompese IF - 4 --- 17, where

I
e ¥ :
! ( Yilu—it )

¥ =848 = 1tori=2,3,...,n and Iy is the & x £ identity matrix. Inequality {1.2)
is proved if it 15 proved Tor every 2 = £ This 15 what we shall do,

Let
. T
P_( w’)‘

where p = | and the s generally have different dimensions. Conformally partition
()
= r)

To prove the incquality (1.2) for D = F. we have to show

I )i=1C 7

for every norm thar satisfies the pinching inequality. This lollows  from
Lemma 2.2 [ |

(1
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4 HNORMS AND WIPING OUT OF ENTRIES

The idea that we have used in proving Lemuma 2.1 depends on expressing O{4) as an
average of special diagonal similaritics of A. This can be done for some other parts
ol a matriz, too,

Let § be an equivalence relation on {1,2, ...,n} with equivalence classes
0y,05 ..., 0%, Eet F be the map on the space of # = 7 matrices that sets all those (7, 7)
entries — (L, 7) € 5 — to zero and keeps the others unchanged. It is shown [8] that such
a map has a representation

1 -1 )
FlM) =5 X7ax, (4.1)

=

where X is a diagonal matrix whose fth diagonal entry is o ' if i € I, and w is a pri-
mitive Ath root of unity. Using the argument in the prool of Lemma 2.1 we sce that

HFCAM g v = 1Allg g (4.2}

for every norm defined in (1.3). A particularly inleresting cxample of such a map F is
the one Lhal wipes out all entries of & matrix except those on the dexter and the sinister
diagonals, Le. F sews all A5 entries Lo vero except those (7, f) entries for which either
i=jorf-j—u+ ], where nothing is changed.

For 4 and (A as in (213 and (2.2, gt

A=A —{A)

be the off-diagonal part of 4. A straichiforward application of the pinching inegualily
shows that

TOCA s, = 20141, -
However, using the representation (2.4) we can show, as in [8], that

NEM AN g, = 200 — 1N Al - {4.3)
This inequality is sharp for the norm || - |2 [8]

The same idea can he used to estimate the norms |4 — F(4)||, , using the represen-
tation {4.1).

Finally we remark that for the £, operator norms (1 = p = o). we could obtain
better bounds than (4.3} by an interpolation argument. To see this. we notice that
the operator norms | 4| and |4}, are diminished if any entry ol 4 is wiped out,
Henee, we have

IO, = 141, for p = 1,00, 4.4
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Sioee A CA) 15 a hncar map on the space ol matrices, we gel by inlerpolaling
between the values p— 1.2, 00, the inequalicy

[EOCAN|, = (2 — 27N menledd) g (4.5)

where g is s dual. For details of the mierpolation method, the reader s referred 1o
Reed and Sumon [9, pp. 7-45]. (The reader should be aware that || 4|, denotes the
Schalten p-norm in [8]. but here it denotes the £, operator norm.}
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