ON A SIMPLE METHOD OF CURVE FITTING

By K. R. NAIR axp M. P, SHRIVASTAVA
Ntatintical Lalbwratory, Calculia

1. THE ProBLem

1. Suppoee y,, ¢.,...y, are the onlinates of an empirical curve correaponding to the
volues 2, 7,. ... 2, of the independent varinble, r, where 7, r, €% ... €7 Iet it bo
required to find a mathematical curve

V=S By 1)

which #hall represent the empirieal curve as closely as possible.

After specifying the form of the mnthematieal eguation (1:10) xeveral methods for
the estimation of the pnrameters a, 8, y,.... arc available, aa follows! :

(1) The method of Scleeted Points,  (2) The Graphie method, (3) The method of
Averages, (4) ‘The method of Teast Squares, (5) The methed of Moments,
2. The Methorl of Least Squures is the standard methot for estimnting the unknown
parameters. We atart by forming the residual equntions :—
=l o By v )=y,

Y=o e By D=1y

y (1-20)
Ulf/(l.- a B,y )=,
ISt @, By e )=
1 we ussubne the o4 to be distributed about 7¢v0 ling to the Normul Law, with

same standard deviation, the Method of Maximnl Likelihootd of extinating a, 8, y,. . .reduces
to tho minimising of X%, 1If, however, no anch axsumption about the distribution of v's
in mucle, the peocess of minimining Xo? is only & matter of convenienee, in so far a1 we are
mnking the curve puw as closely aa possible (with respeet to the ondinates) to the obwrved
eot of pointx,

We slnlf confine onrselves only to the purnbolic furm of (1.10), which ix lineur, with
rexpect to the paramelers a, B, y,.... Their least xquare estimates from the sample witl
be denoted by a, b, ¢, ...

J. Looking on the method (3), munely, the Method of A verages, we at onee find that it
has ease of computation to commend it.  In thin method alio, we start with a specified form
of the equation as (1:10), and get the same revidual equationa ss (1:20). Yo determine the
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parsmeters we should divide the residual cquntions in nn many gronps as theee are parn.
meters. By equating to zero the sum of ‘the residunls in the fimt group we get A ringle
cquation in the unknown conxtants,  Equating to 2cra the s of the residuala in the second
group we get a secoml equation in the consants, and %0 on. By solving simultancously
the cquations obtained from the scvernl gronpe, we obtain the extimatea of the unknown
parameters in the assumed equation,

Thus if there are three parametenm a, 8 and y, then denoting theie estimates by
a’, &' and ¢ we can, in the peneml ease, diviile the u nithinl equationn in three groups of
g and 7 equntiona yiclding the following simeHancous equations in o', 5" aml ¢’

. v
S [l AW )= Xy,
= P
Y S oK)=
-

o ()

S s ' B €Y
&

where prgtr=n .o

Since none of the revidual cquations ia exchided nnd ns the algebraic sam of the re-
xiduals in cach group is zero, the algebraic sum of all the residunls will be zero. That is to
say, the mean of all the observed valuer will be cqual to the mean of all the estinited values.

‘Tuk METHOD OF GROUP AVERAGER

4. We nhall now muke in method (3) & vlight modification which consists in allowing
nome of the residual equations to be omitted. Then p + ¢ + r < n. The algobraic sum
of the residuala in each group will be zero. But tho algebraic sum of all tho residuals
will not bo zero.  We shall call this method. the Method of Group Averages.  The averages
of the observed and the expected y'x in each group will be equal, but those for the whols set
will not. Thia new methad that we are putting forwanl will be seen to rua a middlo course
between Methods (1) and (3) and even include them as two extreme cases. Thunif p, ¢
and r are made ax small an unity, we get method (1) 40 p, g and r are made big enough to
watiafy the condition (1-31) we have method (3).

Mg. 8. 8. Boxg's Work ov Lixgak RrungssioN Copvpicist?

5. Mr. X, 8. Boac had ronsidered elsewhere, three nicthods alternative to the Mcthod
of Least Squaren, for cvalnating the regresion coeflicient for obwervationel duta on two
variables x and y, where the independent variable r varicd by cqual steps and where the
number of ohservations of y at each valne of x wan same, Al his three metliods can be seen
to be apecial camen of either the Method of Averages or of the Method of Group Averages.

Thus Mr. Bose's Method of Succesnice Differences consints in forming tho first group
of residuals with v,, vy, vy, ... and the sccond group of resituals with vy, Fo Vo ovee The
Method of Differences at half-Range takes the two groups aa the first n 2 of the v's and the
Inut 272 of the v'a, if n is even, and an the fieat (n—1);2 of the v's and the lant (n—1) 2 of
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ON A BIMPLE METHOD OF CURVE FITTING

the ¢'s, if n is odd. Tho third method, of using the Range, is the same as having in the
firet group only v, and in the sccond group unly v,.  As Mr. Boso bad considered in his paper
only the problern of cstimating B, namely, tho linear regreasion eocflicient of y on £ and
not of getting the completo regreasion line (which needs estimating both a and g), the connec-
tion between hin Methacds and those of the Method of Group Aveesges s not at once apparent.

Owrer oF ThE Papen

B. The object of the present papee is to find the bet values for p, g, 7, cte.
(p+gir+.. <n) ench of which is the number of residualx (all contiguons when the
data are o ling to the mngnitide of ) included in the Iat, 2nd, 3rd, ete.
groups, 80 that the relative efliciencies of the estimatea of a, f.y. ... are the meximum
possible, in comparison to thowe obtained by the Method of Least Squarea.  We shall work
out acparately the cascs of fitting of a straight line and of a parabola of the recond degree.
The general case of a parabola of & higher deuree will follow similarly,

Tt will be prescntly scen that there is no unigue wet of values for p, ¢ and r which will

lly tho relutive efficicncy of the cati of a, 8, and y. At the xame time

we are not aware of any method having been as yet put forwanl to measure the joint efficiency

of simultancous catimates of a number of parametern. 1€ mich an expression was svailable

one could have found a uniguc act of values for p, g and r which will maximise the efliciency

of the Mcthod of Group Averages.  What we have done now is only to determine p, ¢, 7, eto
.. 80 aa to maximise the efficiency of the coefficient of the highest degree.

The problem of getting an eatimate of the residual variation of y afier fitting by the
method of group averagea han been dicunaed in the special case of a atraicht line fit.

2. Tue IITriNe or A SthalonT LiNe

1. Let the n values of z ho equally spaced and let them, for the zake of siruplicity,
be ansumed to be 1,2, ...on. We asime #,, ys, ... ¥a to be equally precino,  We have to
fit a straight line of the form

Y=atpr .(210)

We shnll get eatimatea of a and 8 by (1) the Method of Least Squares, and (2) the
Method of Group Averages, and shall work out the kamypling varianees in either case and
the efficienciea of catimates ohtuined Ly the Iatter method in comparison to the former.

(2:1) MrTuon ov LEAST Squanes

1. Let a and b bo the eatimaten of @ and g by the method of Lenst Squarca. Then
a and b nro anch that

s (y—a—biy L)
-t

is & mininnm.  1Tenco we have

|———— A o (200

snd

a=g—b (."_*2:,‘.) L)
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2. If o be the variance of a single ulnwrvn(inn on y the variance of b is given Ly

Vg = "(n, 0 o@120)
and the variance of a in given by

N 22n+1)0

\(n)=~,7?,;_,), REIEIT

(2.2) Tur METHOD OF GROUP AVERAGEM

1. Leta’ and & be the estimatea of a and 8. The residual equations are
y—a—1f=r,

Ys—a—20=r,

) .« 12200)
yi—a=if=v,
Y—a—nB=v,

We should form two groups, the members of ench group being contiguous. In general
we may take the fint p residunl equations, in the first group, and the last g equations, in the
second group. Tho n—p—q equations in the middle will be omitted. The two simulta.
neouy cquations fur solving a’ and b will bo

POHIER = S
@21
g+ {n—g+DHn—g+ D+ da) b= Xy,

Cen

Eliminating o’ we get

1 "
2[ PRI St T ]
e —— o222
And
=T Loen)

2n—p—¢q

2. The sampling variances of b’ and a’ are yiven by

L A(ptq)e?
V)= Gi—p=a o (3220)

(H' '2u%l:€- ). +~'l7- 2"’:’1 q ) ] @

3. The efliciency of b compared to that of the most eflicient extimate, numely b, on
the assumption of nornial theory, is

und

\'(a')=v'[ ll‘

Vb)) _ 3pg(2n—p—g)*
VST = a1y (pt ) -
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ON A SIMPLE METHOD OF CURVE FITTING

amd the efficiency of a’ as compared to that of the efficient eatimate a in given by

Ea)= Vie) 2(2n+1)/n(n—1)
= vy = ptl N 1 p+l B (22,31
e l+’q' “p~q 7 'o___‘) '
P 2n—p~q 9 \ 2n—p—q

4. The values of p and g are at onr disposal. Let us chooso them in such a way that
the efficiency of 5" is maximum possible. Differentiating the logarithmic finction of
(2:2,30) partially with respect to p and ¢ we get,

A2 1,
P 2m—p—g” pte
1 2
¢ T m-p—¢ Tpte
Both these equations are satisfied by the valuea

2:2.40)
0

n
P=9=—3 .o (224))

Thua the most efficient uny for estimating B for a linear fiting by the method of Group Arerages
is to divide the whole ael of residual equations into three equal parts and then veject the middle
one. This does not, however, simultancously maximise the efficiency of a’,

4. Rubutituting p = ¢ = n/3 in (2.2,30) and (2.2,31) we hare

ho 8 »
E)=5- —,,,'1_—,—>-§- (22,50

(Putting n=2 in {2.250), E(¥')=1, as it ought to be, for when n=3 the lcast square

method and the method of maximal gronp-averages, namely, with p=g=1, give identical

estimates of B.) and
Efa')=

)

18 w2ty

(n—=1) (130°+182+9)
6. The results (2.2,50) and (2.2,51) bold when n is a multiple of 3. When nisnota

nultiplo of 3, twa easea are possible, namely, n=3m=1, in cither of which cases the best

(2:2,51)

valuo of p is m.
(2:3) DiscossioN
7. Nr.S. 8. Rose had found that the ‘method of differences at half range’ was the best
nmong the three methods ho was considering.  Thin evidently is a special easo of our method,
and in obtained by putting p=¢=ni2, if n s even; and p=g¢=l{n—1),if nir odd,
the middle term being omitted. It is, however, obvioua from tho above that p=g=n/3
gives for tho linear coefficient, an efficiency of about 90 per cent, whereas p=¢=n/2 gives only
an efficiency of about 75 per cent.
Mr. Bosa's ‘method of range’ is also a special caso of ours, namely, when p=:¢=1.
By subutituting theso valuea in {2:2,30) and (2:2,31) we get tho efficiencies of 8" and 4’ as
%‘(’:z_:-ll)) an ﬂ'}(:‘),f;')i” which decresss rapidly as n increases. At n=2 both efficicncica
aro 100 as they ought to be ; and at n=3, that of the first only ia 100. For higher values of
# tha efficicncica rapidly deteriorato, His third metliod of ‘succeasive differences’ amounts
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to forming groups with non-contiguous elements andl han brought ahout a great full in efficiency
even though the wholo data are utilized. The reason for this fall will bo at once clear by
a graphical interpretation of tho wituation.

8. Suppose wo have plotted all tho (z, y) points. By the method of Group Averages
our endeavour is to take two groups uf points and to draw the mean ordinates for cach group.
The line joining tho tops of the two ordinatea will be our fitted line.  Fvidently the stability
of this line depends on two opposing tendencies,  The larger the number of points included
in cach group, the greater the acenmicy of the correspornding averago ordinnte, and there.
fore, the closer will the fit of the estimoted line be to the expected one.  On the other hand,
the farther apart theso avernge ordinates are, the less will the line (or its gradicnt) bo suscep-
tible to sampling crrors of catimation of their lengths, The fimt condition, if fulfilled, brings
the averago onlinates closer together, wherens the second diminishes the accuracy of their
lengths, being based on less and lexs number of obscrvations at the two extremes ; hence only
through a well bal | compromise bet theso two tendencies ean we get tho best possible
line, that is to say, a line whose sliift about the true line will be ns small as possible.

9. If tho two groups aro formed by the odd and cven ordinates, the mean ordinates
of the two groups will lie very closo together. The inclination of the line joining their tops
will thereforo bo very sensitive to fluctuations in tho lengths of the mean ordinates, and its
samping variance will bo bigh, thus lowering the efficiency. On the other hand, tho method
of range conaists of joining tho tops of tho two extreme ordinates. Hero the ordinates are
farthest apart, but the fluctuations due to random sampling in single ordinates are likely
to be much greater than those of the mean ordinates of a group. Thua tho ‘method of suc-
cessivo differences’ suffers from Jack of fulfilment of the sccond criterion of stability while
the ‘method of rangoe’ ignores the first criterion. The ‘method of differences at half range’

100,
189%
1
80 o Y
R :b
€0 oy
-3: l.g
K |,1‘
40 TS
AT
Kl
] lg
20, ol |
¥l [
]
0 EI [
I 2 3 4 5 6 7 8 39 10
b—

Cuart (1) Efpiciexoy or Tug Meruop o¢ GROUP AVERAGES (n=21).

however, effccts a compromise. Our method, namely, that of forming the two groups with
the first one-third and tho last one-third scts of ordinntes, brings about, howover, tho beat
possible compromixe,
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ON A SIMPLE METHOD Of CURVE FITTING
10. Chart | shows, for snke of illustration, tho efBcioncics of a* and &’ for various values
of p=¢=1,2,..... ”_:l for a particular valio of n, namely, 21. It will be noticed that
while tho highest eﬂ:t'eieucy of b’ is reached at p=¢=7, the highest efficiency for a’ is
reached for a higher value of p=q, the nearmt integer to this value being 8.

Taslx 1. EPPICIENCY OF THE ESTIMATES a’ AND b’ PorR DirvERENT SizEs or SamrLE

N=3m N=dm41 N=3m—1
- IPercentage EMciency Porcentage Efliciency Percentage Fiticiency
of of of
N N N
| . v e v e | v
m | @ ® W | W w | m (®) o | 0o
1 3 0§33 1000 4 04 | 900 —_ P —
2 6 853 s 7 RO-3 R93 5 RA-0 o0
3 L] 833 uery 10 807 | 891 L] 3% fi0kY
4 12 ©3-2 505 1 81-0 890 n 840 Rl
5 15 829 893 18 82 I 800 N LIRY 800
] 18 828 892 19 813 850 17 840 890
1 21 826 L3 22 814 380 & 838 %00
] 24 825 310 25 LI 839 23 BI85 330
9 n 825 390 2 815 89 20 K33 88D
10 30 824 890 —_ —_ — 29 832 889

11. Table 1 shows tho efficiencies of a’ and b’ for different values of n from 3 to 30,
in eeparate columns for the types 3m, 3m+1 and 3m—), keeping p=g=m which is
the best valuo for estimating 8. Charts (2.1), (2.2) and (2.3) represent’ those efficiencies
graphically for the cases n=3m, 3m+1 and 3m—1 respectively, with p=m in cach
case. It will bo scen that when n=3m or 3m—1, tho eflicicncics of both a’ and b’
Temain greater than their respective limiting volues when n— . In the case of
n=3m+1 tho efficiency of b’ for finite valucs of n is greater than ita limiting valuo
for n—> e, but that of o’ ia always less than {tho lowest value being 79.4 per cent) the
limiting valuo at n—ec.

3. FiTTIN0 OF A PARABOLA OF THE SECOND DEOREE

1. Aa beforo lot tho n values of z, for thé sako of simplicity, be assumed to be 1, 2,...

%, and let y,, y,....y, be each equally precise. e have to fit a parabola of the form
Y=atBrtys (310)
Wo shall get estimatea of a, 8 and y, first by the method of Lcast Squares, and

sccond, by tho method of Group Avcrages. We shall examino for which size of grouping
i i could bo attained

(3'1). MzTHOD OF LEAST SQUARES
1. Lot a, b, ¢ bo the eatimates of @, 8 and y respectively by this method. Then
% (y—a—bi—ci) (31,10)
set
should be a minimuwmn,
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ON .A SIMPLE METHOD OF CURVE FITTING

The following normul equations will determine the values of a, b end ¢
na 4+b Xi+eSi'=% y,
asi 40 Si'fe Si'=Siy, w31
aXi™b Xitte it=Xi"y,
where each  stands for summation over all vahies observed, and
i=in(n+1), =i'=] n{n+1) (2n41)
. . (31,12)
xit=(fnin+ 1)) Sit=yy n(n+1) (On'+00’ 0 ~1)
The variances of a, b and ¢ ean be casily worked out and are :—
_ 3(3a43n+2) 0
T =D (=2 "
12(162"+30n+11) o*
n{n'—]) (n'—4)
1800
n(n’—1) (n’—4)

Via) (3'1,13)

V)= o 3L

V= .. (L5

(32). MeTioD OF GROUP AVERACES
1. Leta’, b, ¢ be the estimates of a, B, y respectively, The renidual equations aro
h—a—f—y=y,
yi—a—28-2y=v,
H . (32,10
yi~a—if—ity=vp,

Yo—a—nf—n'y=v,

Here we require three simultancous equations to solve for a, # and y. From our
experience of fitting the straight lino it is easy to sce that these threo equations should all
be based on an equal number, say p, of contiguous residusl equntions (3-2,10) eo that
p=g=r. Let us here omit g’ residual cquationa between the first and the second group and
# residual equations between the second and the third gronps so that we &hall have

3p+g'+r=n 32,1)
Let the three equations so formed be
A, a@’4B, V'+C, ¢'=S,
A, a'+B, b'+C, ¢'=8, o (32,12)
Aya'+B, ¥'+C, ¢'=S,
Ay=A=A=p
l" i =} plp+1)

whero

=} pl3p+2¢'+1)

By= ¥ i=|p2n—p+l)
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P
Ci= X =iplp+D2p+1)

After solving these cquations the variances of a’, 4" and ¢’ can bo easily obtained.
We shall start with the vuriance of ¢’ which is:—
((n=2p=g V" +{n=pP'+(P+q)] ;»
pin=2p=g) (n—p)' (p+4)
2. Henee the efliciency of ¢ na compared to that of the efficicnt estimate ¢ iy
By v _ 180 _pln=2p=q')* (n~p)’ (p+q)*
)=\ =W oA © n—2p—g )V i—pP+iptey

(32,13

Yic)=

(32,20)

Now, the values of p and ¢’ aro at our disposal. Let us so express ¢ in terms of p (bnt E(c)

shall be i possible,  Maximiaing the nur r, and simul ly g
(3.2,20) with re<peet to ¢°, we have
1 1 =0 ]
and Land n=2p—q f o (3221)
Pt —in~2p—q)=0}

both being identical ; and giving

g'=}(r=3p) -
which is nothing but the condition that

g'=r'=}(n=3p) . {32,29)
i.e. tho two omitted groups shoukl also consist of an equal number of residual equations,
With this value of ¢’ (3.2,20) reduces to

3e)= 13 Pla—p)’ 32,24
Be)= == o= -
which attaing the maximum value when P=T'

Thus for the maximum powsible efticieney of ¢’ we should choose our groups in such

A woy that
p=gq=r=¢g=r= 2 o (3225)
that is to eny, we should divide the whole set of residual equations into five equal paris and

then reject the second and the fourth ones.

3. With such a choice of groups, to form tho simultancoua equations (3:2,12), we find
that tho efficiencies of the estimates a’, b and ¢ in relation to tho cflicient estimates a, b and
¢ of the population paramcters @, B and y aro given reapectively by :

Ffa'j=e - O012 0301430+ 2) .. (3230
bin—1) (n=2) 0 (ON
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whore &,(n)=5214n* 4 2250004+ 48150074 450000 + 15000 ; .- (3230
N L =£N_ _‘n'l_llin’+210n+_l_l) .

By 5 T =4 i) .o (3232

where $.(n)=70n"+ 1500 +75 ; oo (3230

and Eg¢y=24 n' 3234

625 =y ()

4. The cfliciencies of a’, b and ¢’ have been worked out amd presented in Table 2
for n few values of 1 numely, 5, 10, 15, 20 and 25, We notice that the cflicicncivs are greatest
for n=>5, anil then decrease steadily to their limiting values when n— oz, except in the case of
a’ where the minimum efliciency, namely, abont 78'9 per cent, is reachedl in the neighbourhood
of n=20 and slightly increascs for higher values of n until it risea to 79.5 per cont when n— e,

TasLg 2, PErcENTAGE EFricizzcies ov a’, b, ¢ ror DirrERENT SizES OF SawpLe

n | Em Ed Eiy
w | W W
|
5 N4 031
10 7976 4519
13 900 6347 !
20 7800 200
23 T892 o8

It is intercating to note that although we have so sclected our group size, namely,
n/5 as to maximize the cfliciency of ¢’ even this maximum valuc is leas than the efficivneics
of a’ and &' for the same group size.

5. Thoe efficiency [actors (32,30), (3:2,32) and {3:2,34) arc, however, valid only when
n is of the form n=5m whero m is an integer. 1f n is of the form n=3m=t (=1, 2)
it follows, from un annlogy with the fitting of tho straight line, that the best value for p is m,
but thia will give equal values for ¢’ and r’ only when n=5m=2,

6. Again, it may incidentally be noted here that had we used the method (3), namely,
the Method of Averages, by forming the three groups each based on n/3 obscrvations, the
tfficiencics of the estimates wouldt have been greatly reduced.  Thus the efficiency in this
case of the eatimate of y ean Lo obtained by putting p=-gr, ¢'=0in (32,20) and is

.
Ei¢)= ;_‘l’. m)"(_",._r or 49 per cent . (32.60)
By an analogy to the caso of the straight lino, this is at once seen to be an extension, ta the
fitting of & sccond degree paraboln, of Mr. S. S. Bose's method of differences at half rango
for etraight line fitting.

4. Firrie of A PARABOLA OF THE p™ DEGREE
1. From tho two casea discunsed above—namely, the fitting of a straight line and a
parabola of the sccond degrec — it is ensily scen that the method of Group Averages i
quite general. To fit a parabolio curve of tho p™ degree, namely,
y=aota, z4+a; 24 ... ap 1 .o {H10)
involving p 4 1 unknown paramoters, we nced p + 1 simultancous equations in the cons.
1ants, a,, @, @, ... g, We may then divido the » residuals in the order of values of z into
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2p+1 equal parts, if w ix & multiplo of 2p+ 1, equate severally to zcro the sum of the reai-
duals in all the p+1 ord groups, rejecting completely the even groups. This yieldn p41
equations which suffice to determino the p+1 unknown parameters.

5. Estivate or ResipuaL VARIANCE

1. When a trend is present it will be neccasary to get an unbiased estimato of the
variance of the random varintiona in y.  When the trend is determined by the method of leant

squarea this is eaxily obtained from the correwponding analysia of varinnee table.

2. The problvm befare us is, how to estimate the residual variance when the method
of group averages is used in deternining the trend.  Suppose wo enlculate the aum of squares
', of deviationa of observed values from the correaponding trend values obtained by the
method of group averages. We shall find out the expectation of §'; when the trend is linear
and n=23p where p ia an integer. Thie comes out to bo

Exp. (S',)=[3p-l— "P;‘ 1o .. (520)

An unbiased estimste of o, is therefore obtained by dividing the obserred §°,, by
Ip'+1

tp—1— .__’;P,_ (521

which fa approximately equal to n — —lal- . It is sclf-evident that the divisor should be

greater than n—2, which ia the divisor (known as 'degreca of freedom’) for the residual
sum of squarca when the trend is based on normal theory, that is, when evalunted by
method of least squares.

3. If wo uso the rexiduals of only the first p and the lnst p obscrved valuea which alone
have been utilised in getting the equation for the lincar trend, the correaponding residual
sum of squares, §‘ will have its expectation as

Exp. (84)=(p—1) ["+~i e o (530)
An unbiased estimate of o) is therefore obtained by dividing the observed §', by
=2+ 43 —”-+-'< RREE )

which ia very nearly equal to .‘Z(T—l )+»P,|hnl. is, - ! moro than the degrees of

12
freedom in the cane of the normal theory.

4. For higher degree curves fitted by the Method of Group Averages the proper divi-

sors of the restdun! sum of squares arc not easy to caleulate. But it appears that a sufficiently

can be obtnined, when » is not small, if we divido the residual sum of squares

by the ununl degreen of freedom of Jeast square theory. At any rato such an extimate will
be little higher than the correet eatimate, 8o that we eer on the safer side !
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