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1. In agricultural ficld experiments where the accuracy of the final results depends
on the successful elimination of the effecta of soil heterogencity, certain typea of designs
involving blocks with fower number (£) of plots than the number (v) of treatmenta have been
introduced, in order to improve the general level of y or efficicney of the experi
These deaigne have come to bo known as Incomplele Block Designas on account of the fact
that v> L.

2. Ono ling clas of i plete block designs which was discovered by
Yates (1036b) has the following description :—

In any design thero are b blocks of & plots in which v varivtica (or treatments) are
replicated v times.  Every pair of varictics repeats in A blocks. Hence, we have

be=rv;a=rik—fo—1) T

3. Wo know by definition that v> £, from which it follows that 5>r>A,
But there is ono other important inc’qunlity relation, namely,
bpvorrpik PR ¢S]
a proof for which has been provided by Fisher (1940) using an ingenious method.
4. When Yates' deaigns aro resalvable, that is, when, the b blocks can bo grouped
together in r sets of n blocks, cach set constituting a complete replication of the v varictics,
we will have b = nr and v = nk. Boso (1942) has recently shown that & more stringent

incquality than (2), namely,
bpov4r—1 ]

rhould hold in the case of such resolvable designe.

5. A much simpler alternative proof for the incquality relations (2) and (3) is given
later, in the prescnt paper.

6. The special importance of the ‘method of etandard deviation' used by Fisher

and Bose lies in another direction which has not been noticed by them.  Thus it ean easily
e proved by their methed that o atill closer lower limit for b can bo obtained as shown below.

Fisher proved that if x; js the number of trentmenta common to a given block and
any other (ith) block

w1
Sn=kr-1)
1 .

T
ey
Sl 2ty = k(r — k) + Atk = 1))
From the definition of standard deviation of z, we get
b — 15 (xx)s(=) AP ]
or 5> 1+ kr—Ijltr— &)+ Alk — 1)] o
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7. For resolvable designs considered by R. C. l!_osc, sx, and x', will have the same
value as in (4) but since wo definitely know that z will be 0 in n — 1 out of the b—1 blocks,
i varics from 1 to b — 5 or b(1— 1/r). Therefore we have

51 — 1jr) > (L)) .
or b5 vk(r — 1)((r — &) + Ak — 1)) . (8)

Knowing that & 3 v, it can easily be shown that tho r.h.s, of (6)is 3> v. Similarly
knowing that & > v 4 r — 1, it is casy to sce that tho r.h.e. of (8) is v +r—1 It

thereforo follows that (8) and (8) give closer lower limits for & than those obtained by
Fisher and Boso.

8. A more general clasa of incomplete block designs than Yates® designa has been
introduced by Boso and Nair (1939). Here also the parameters b, &, r and v have the same
definition as in Yates' deaign.. But instead of a single parameter ), we will hase ecveral
A-parameters.  In theso latter designs, with reapect to any variety the remaining varictics
fall into m associate-clarses of ny, n, . .. ny, varictics 8o that the first variety occurs with each
of the n, varictics of the ith group in X, blocka. The A's need not all be uncqual (Nair
and Rao, 1942), nor should all be equal in which cose we get Yotes' design, The n,
varictica will bo called the ith associates of the firat variety. These designs are known as
Partinlly Balanced Incomplete Block Designs and include as specinl cases many of the con-
founded designs for factorial and quasi-factorinl experiments (Nair and Rao, 1042). Al
these apecinl cascs give resolvablo designs,

9. There is an additional sct of parameters in Partially Balanced Incomplete Block
Designs which is not present in Balanced Incomplete Block Designs. Any parameter of this
set is denoted by 7Y, and stands for tho number of varietics common to the jth associutex
of any varicty (say V,) and the Xth associates of another variety which belongs to the group
of ith associntes of V. Tho following relationships between all the combinatorial parameters
have been establislied by Bose and Nair (1039).

bk=n:§:m=v—l:Enu\.=r(k—l) 0
1
- PR
.X_Ip‘,,=n,—l ifi=j (10)
=n HE .1
n Po=ny pla = n pYy, (1

10.  As Lefore, b > 7, sinco v > %, But in the place of 7 > A, wo havor > A, > As
P «ov P Aa, where the X'a are not all cqual.  As regards the relation between band o,
actual designa conatructed in the previous paper includo not only the cascs b > v but also
tho case b < v. Similarly there are many rcsolvable partinlly balanced designs with
db< v+ r—1nnd oven withd < v,

It may bo mentioned that incompleto block designs with & < v, or, in other words,
r < k are of special nppeal for experimental \\ork as such designs require comparatively
Icen number of replicati of tho tres nta. 1 d pleto block designs do not
poescas this advantage,
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11, We shall presently introduco a certain function involving r, A, and p';, which
will bo (i) zero when b < vand <v+r—1 depending on the resolvability of the design,
and which will bo (fi) positive only when &> vor » v+ 7 — 1. For balanced design this
function reduces to # — ), which being positive and never 0 leads to the conclusion that
in thoso designs b cannot bo less than vor o 4 7 — 1, thus providing us an alternative
proof for the incqualitics obtained by Fisher and by Bose respectively.

12. Let us supposo that the individual plot values of the character observed (say,
yield) aro not available but have got mixed up in such a way that total value for each block
is known {Nair, 1940). Let us denote these totals by B,, By, ... B,. In such a situation
we cannot separato block cffects from treatment effects and so shall ignore the former and
try to estimato the latter from the block totals. These estimates of treatment effects will be
called interblock (b block) estil to distinguish them from intra.block (within
block) estimates which could have been obtained if individual plot valucs were known. We

shall estimate & general mean, m ; and v treatment effects, v,, vy, ... b, (where :‘v. =0),
1

from the b known quantitics B,, B,, ... B, by the method of least aquares, that is, by mini-
mising the quantity
. 13
X (Bj = km — X v,)* 9|
5 = dm =z o) )
It is evident that a nccessary condition for the solution to exist is b > v as there are v
independent wnknowns and b knownas.

If the partially balanced incomplete block design is resolvable we could sct about
catimating r replication effeeta: 7y, 7y, ... 7, (where S r = 0) besides m and vifi = 1 to €).
We will then have to esti v+r—1ind X X from the b known block
totals, by minimising

L] v &
T S (By—km—kry—Sop .0
o) jod 1

It ig evident thercfore that for resolvablo designs, inter-block estimates can be obtained for
varictal effects only if 63 v+ r— 1. In fact If the design is resolvable only in sets of
¢(3> 2) replications, whero ¢ ja a factor of r, the corrcaponding Inequality relation will be
b3v +rje—1.

If we denote by T the sum of the totals of the r blocks in which variety V; occurs,
and by T, the sum of the totals of all the blocks, we have for both (12) and (13)

Bi=T) = (ko) T, =r{l — tjs) v, *.-E. {y=rtp) (S00) . ()
"
whero X vy = sum of tho effucts of tho ny, jth asvociates of V. If wo denote by E‘Pu- the
. y

sum of the P's

ding to theso jth i of V;, we have

moom
% Py (A — rkfo) 9, 7 X vy + S [ X (A Plp) — (rkfodn)} (S 0,)) .. (15)
wy oy ol kel -
The m equations of tho type {15) for a given valus of i, along with the condition < v =0,
will bo enough to solve v), X vy, Xty « .. S0;o and we get
v =a./a (18)
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where
r, {1 —rkjo 4+ ) o (L —=rklo+ Am)
SR EN P m) - (AP — ko)
a=| - . - . .
TPa (SAara(hm) . (4 I h e trkioina)
and
rEEMP —mA L Ih oy,
A= . - . .. 08
."::»\.p'..—n.x. N r+‘:;A.p‘..—n..A.

13. In the gencral caso where tho eatimates are based on (12) o solution for ¢, can
exist only if b > v, although this is not a suffici liti Wo therefore conclude that
if 4> 0,then b2v; and If b < v, then A = 0. But A may also vanish when b > .

In the apecinl ense of resolvablo designs, where the estimates are based on {13) s
wolution for v, can exist only if & > v+ r — 1, although this ia not a sufficient condition.
We therefore conclude that if A >0, then b o +r—1; and if $<v+7—1, then
A =0. But A may also vanish whend D v +r ~ 1.

14. Now, A is an mth degree polynomial in 7. When m = 2 it simplifics to
A={r—A)r— )+ (A = &) [Palr — &) — plialr — X)) - (19

The equation A = 0 if exp ) as a quadratic cquation in r — (A + A,)/2 will have two
renl roots of opposite sign. But since r > A, > Ay 7 — (A + A,;)/2 is always positive.
Therefore the incquality A > 0 can, when m = 2, be replaced by

= M2 3 | A ) [(BY = P+ ((PY — P 2Bt PR 1)) .. (20)

15. When A = 0 the quantity within the aquare root in (20) must become a perfect
square, &9 r cannot have a fractional value.

When p'\y =0 or p',, =0 this quantity automatically becomes a perfect square
and in theso tases (20) reduces either to r > A, or (r — A,) Pny(x, — A,)> 0 respectively.

18. For Yates' balanced incomplete block designs, Ay = A, = A and (20) reduces
to (r —A) > 0. But by definition r > X 8o that A nover vanishcs, or b can never be lees
than v in this type of design ; and in tho resolvablo casea of it, b can never bo leas than
v+ 7~ 1 Inter-block estimate of varictal effecta can therefore be always obtained, and
is given by ©; = Dyj{(r —A).

17. As shown by Nair and Rao (1042) many of tho confounded designs for factorial
and quasi-factorial experiments aro speeinl cases of partinlly balanced incomplete block
denigns, and a)l of them are For plo, in the two-di ional i-factorial
experiments in two groups, [Yates (1936a)] where b < v + r — 1, tho interaction eannct be
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estimated from block totals 2s it has been confounded iwithin blocks. And unless tho main
effeets as well as tho interaction can be estimated from block totals we cannot get inter-
block extimate fur each individual treatment effect.

»
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