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g-inverses are
indeed an integral
part of linear
algebra and should
be treated as such
even at an
elementary level.

Various techn mues have been em poyved to dealw ith the
prmblm of sngqularity. I the Inear m odel context ane
m &y rEparametrize the model to make £ a ll rmnk!
model. & more recent appmach which is theoretially
quie appealng & to extend the notion of dJverse to ar-
bibary m atrices. T his can be achieved 1 several ways
but the olbw g de nitin has survired the tecst of ele-
gance and apphsbilty. letA lranm € nmatrix. W e
sy thatan nf m matrix G is a genemmalizd nverse (or
sinpl, a ginverse) of A fAGA = A:Cleardly fA is
square and nonsingular then A'? is the only g-verse
it has. But 11 general a matri has i nitely m any g-
Tverses. This abundance of g-imverses resuls In a very
rith theory.

A m atrix over an arbirary el adm isa g-imerse. This
fact s welldnown and not dix ailt to prwe. However,
it B mteresting o see the varbus approaches by whih
the statem ent can be egablehed . & beoom es apparent
during the process that g-imverses are nideed an nitegral
part of Inear aljehra and should be treatad assuch even
at an elem entary kel

W e summ arize several ways Il which the existence of
a g-amverse over the complex mumbers can be egab-
lished. Some of the argqum ents yan an valid over m ore
general “elds. A ko, w th gm e extra ¥ort: ane can de-
rie the exEtence of m ore gpecialized g-ivrerses such as
the least-squares and the m niim um -nom g-Iwverse and
the M oore{ P eniose fiverse . The em phasis & on bringing
together gmeral topics encoumtered I a gandard Inear
algebma course.

W enow nboduce som e de nitims. W edealw ith oom -
plex m atrices. The st of m £ n com plx matries will
be denoted by €™ *® : The transpose of & isdenoted A"
whereas 2° & the conjugate transpose. In the sequel we
only give the de niticns that are required 1 the text but
do not 0¥ er any m otivatim or exam ples. For a lesurely
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developm ent of these conoepts one m ay consuk the ref-
erences m entioned i the st sectbon .

Foranm £ nmatrixA consider the uanal Penmee ajua-
tons

1) AGA = A,
() GAG = G,

3) AG) = AG,
@) GA) = GA.

Remlithatthenf m matrik G is called a g-imverse of A
fieatifes 1), WeallE a Bstoquares g-mverse if
i eatig es (1),(3), am indn um -norm g-inverse if it satis-
“es (1),(4) and the M core{ Penmose nverse if it satis es
(1)-4). Any matrix A adm its a unique M core{Penmse
iverse, whith we denote as 8% : IfA Bn € n then G
B called the group nverse of A if it satis es (1),(2) and
AG = GA:The matrix A has qroup Imverse, whih is
unique, ifand cnly fRank @A) = Rank &%):

Proofs of Existence of g-nverse

Fist chsarve that £ A B square and nonsngulr, then
A'' is the only g-nverse of & : A1, if the matrix B
has fiill colum n rank (ie., the comnsofB are linearhy
ndependent) , then the eft inerses of B are precisely its
g-mverses, A gin ibr rem ark applies to m atrioes of il
mw rank. W enow tum to the existence of g-inverses of
arn arbitrary m atri.

1. & Profusing Rank Factorization

Ay m atrix adm is a rank factorzatin. Thus ifA is
an m £ n matrix of rank r; then thems exst m atres
B and ¢ of rank r and of order m € r and r £ n,
mpectively such that A = BC:Clarly, B adm is a
Bft mverse, say B' and ¢ adm is a rght nverse, sy
C':ThenG = C'B' Bag-verseof A snce AGA =
BCC'B'BEC = BC = A:Notethat fwecoo=B ' t©
be a East-squares g-fiverse (11 fact such = g-niverse m ust
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beB” snee B has il cobimn rank) then G = CT BT
£ a kast-gquares g-nverse of A : Sin ilbrly choosing C '
to be a m ninum nom g-nverse (whih mustbe C*)
we obtain a m nimum o g-rverse of A : Combinng
these cbervations, A" = C'B " i the M ocare{Penmese
Itverse of A :

W e aln yem ark that 2 has group verse Fand cnby if
CB Bnonsngubr. In such a case, it B easily verd ed
that G = B (CB)' °C i the gmoup iwerse of A :

2. A Prmofusing the Rank Canonial Form

Ifa ism £ n of rmnk r; then there edist nonsnqubr
matriesP and Q oforderm £ m and n€ n, reepectiely,
such that " #

It cam be vari ed that for any U;V;W of apprpriate

din ensins, i #
L U
v oW
& a g-mverse of " #
L 0
0o 0
Then " #
. T W o
g=0" p'
Q v W

B ag-amverse of & :

This approach m akes & evient that ifa & not a square
nmangqular m atrie, then + adm i= n niel many g-
Irrerses, snice each choice of U;V ;W Iads toa d¥Perent
g-nverse. W e can als deduce the olbw ing usel Act:
ifA hasrank r;and fr + k - mnfm mgthen A adm its
ag-iverse of rank k: To see this, oo U and V o be
zep and W tobeamatrix of mnk k | r: In partioular,
arry square m atrix adm its a nonsnqular g-Iverse.
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3. A Computatonal A pprmach

LetA beanm £ nmatrix ofrank r:Then A hasanr€ r
nonsingubr subm atrix. Foraonvenience we agssum e that

n #
-Pill ﬂll

A= -
A!l 322

where 2 1, 8rf rand nonsihgulr. Snice the rank of A
isr; the "ret r ohimnsof A foorm abasis for the colimn
gpacand hence Ay = A ¥ andA. = A ¥ Draome
matric ¥ :Let P #

. An 0
0 0
where the zem blodks are chogen = asto make G an
nf m matrik. The a sin pke com putation show s that

n #
An A
AGA = §
Axn AnAiiAn
An 3}12
s An 32151'1;3 1nXx
A1 Aaqz
Aax AnX

A

Ifan r £ r nonsmqular sibm atrix of & isnot boated n
the top kft comer then the above aljorihm requies a
an allm odi catin as Dlbws. Lomte an r £ r nonsn-
qular atbmatric, sy B;of A: W A ; rmplee B by the
trangpose of B ' ! and all the rem aining entries by zem.
Transpose the resultng m atrix to get a g-nverse of A -

The algorihm presoribed above prowviles a corvenient
way to calulate the g-miverse of a matrix of a amall
order whith m ght arise n a chssmoon eamplk. Thes
is the reagn r calling the proof "oomputatinal'. O £
course when the matrix & large, one must use m ore -
phisticated m ethods in order to baate the nonsnigular
rf rmatrix and to ivert i,
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A san eam plke, ansder the m atrix
2 3

& 7
A= 4 5

O e
Uoby =l
=
(TERST S

of rank 2: For ilusoaton, we pik the nonsingular 2€ 2
submatric of A formed by rmws 2;3 and columns 2;4:
R eplacing the m atrix by its hverse transpose and the
other entries by zern produces the m atrix

2 3
00 0 0
a=dn0 a o jud
0 i1 0 2

TraEnsposng the above m atrix resuls N a g-nverse of

A 2 3
o 0 0

5 7

G=g[ﬁ|3 .1;

4 0 0 o5
O 15 2

4. A Prof by Iduction

Leth beanm £ n matrit of rank r: W easum e, without
Ioss of genemality, thatr < n * m :Then A must have a
colimn, whih is a Inear combinatim of the rest. For
cormvenience, take ttobethe st colimn. W rite A asan
augmented matoixf = B ;x]where x 8the Bhat colimn
of & : Procesding by mduction cnm + 11; we m &y asum e
that B hasa g-iverse, say B ' :Set
n #
Bi
G =

0

Weclam that G &a g-nverse of & :0 bzerve that
AGA=EBB'A=BB' B;x]l= B;BB x]:

Simeex B n the ohmn space of B ;x = By orzome
v:ThenBB'x = BE'By = By = x: & blbws that
AGA = A and thechin i=proved.

24
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M ore generally, suppose A is partiioned as
n #

-P!Lll -ﬁt'lllé
A= -
Azl I“l:!ﬂ

where A4, isof rank r: Then

is a g-imverse of A for any choie of a g-inverse A ], of
A1 Hamthe o blbdes G arechosen tom ake it an
nf m matric.)

5. An Oparator Theoretic A pproach

Constler them ap fa dened firm C™ " to teelf given
by f. B) = AB A :W echow thath & i thermangeof f, :
Onc™®" we have the usual mner product < X ;¥ >=
tr (X Y"): Suppose Z B arthogonal to the mnge of £, :
Then tr RE"AZ") = 0 Dralleg 2 ™" and hence
trBAZA) = 0 BrallB 2 C™*": t Blbws that
AZ°A = 0: ThusAZ°AZ" = 0 and henee (B2°)? =
0: Thus all egervalues of AZ~ are zew and thersfore
tr(az") = 0:Thus Z i orthogonalto A : It follow s that
ary m atrix whith & arthogonal to the range of fr. isor-
thogonal to A and hencep B in the mnge of £, : Thus
thereexitsH 2 €™ " auch that £, H ) = AH"A = A:
Butthen G = H" is a g-iwvere of A :

6. A FunctonalApprmach

Submpaces § and T of a vector space V are sai to be
compkEnentary ¥V = S+ Tand S\ T = £f0g: FA &
anm £ nmatrix then wedenoteby N @)% " thenull
pace of A andby R &) % C" the range space of A :
Let S bea aibgpace of C" compkem entary toN A& ) and
LT bea subspaceof C™ com plen entary toR (A ):The
matric A de nesa lnearmap frrm " toC™ ;Let A,
be the eatrrtin of themap to §: Then it & easily seen
that A, isa onetn-cnemap frm 8 onto R (A ): Thus
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A 'x;x2 R @) iswellde ned. DeneG :C™ ! C®
asGx = P;lilx fx2 R A);Gx=0fx2 T and sxtend
Imeary o C" : %2 C" canbeunijuely writen asx =
v+ z;wherey2 R A);22 T:ThensetGx = Gy+ G 2
W e denote the m atri of 3 with mpect to the srandard
basisby G iself. Then it iseasy to check thatAGA = A
and hence we have got a g-imver=e of 4 .

Wermark that ifs = R @) andT = 8° = N ")
then the g-inverse constructed above istheM core{Penrmse
irverse. W hen do we get a least-aquares g-imverse and a
m Iin um fowm  g-averse?

7. & Prmof using the Spectyal Theorem

Suppos & isannf n hemn itian m atrie. By the spectmal
theorem , there extEts a uniary matric U such that
n #
D 0 5

A=U . . U
wheraD isthe diagonal m atric w th the nonzern eigen-
valies of & albng i=s diagmal Then
gy YR N
G =0 U
Y £
is a g-dwerse of A for arbirary X ;Y ;2 ;: Thus ary her-
m itian m atrik adm isa g-awverse. Now foran arbirary
mEfnmarxA;tcnbeveri edthatd = A°A) A"
isa g-niverse of A for an arbibary g-amverse B A ) of
the herm iten matrix A A :

8. & Prmofusing the Sinqulr Valie D emom position

IfA isan m £ n m atrix then there exEt untary m atries
U and V =uch that

whereD i the diagonal m atrix w ith the sngular values
of A along fsdiagonal This is the wellkaown snigular
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valie decom positon of A ; Then

is a g-iverse of A ravhirary X ;¥;Z2: IfX = 0 then
G ® a leastequares g-verse, if Y = 0 then G is a
m Inimum form g-nverse and nally, ifX ;Y and £ are
allmllm atrices then G & the M ocore{Penrose inverse.

9. A Proof using L inear Equations

IfR isanm € n matri then remll that the colim n gpace
of A" equak the cohlmn space of A A : Therefore the
equation A 'AX = A" & onsetent. Thus thee exEts
annfm matrk @ such that A"AG = A" :Now

AGA=GAAGA=GAA=RA
and henge G is a g-irverse of & :
10. A ProfEmpbyig a Bordersd M atrix

LetA beanm £ nmatrix. Let § be a aubgpace of ¢™
compkmentary to R &) and et T be a aubgpace of ¢°
compkementary to R A" ): Let X beanm £ fm | r)
m atrix whose columns form a basisfor S and Bt Y be
an ni rlf nmatrikxwhose mwsfvm abassfirT:W e
chin that the bordered m atrix

n #
A X
Y 0
n #II # n #
A X u _ O
¥ o0 v 0

Then Au+ Xv= 0:ThusAu= j¥Xvand 11 view of
the choike of X ; £ Mlkwsthat Au = 0 X v= 0:8hce
the cohmnsof ¥ are lnearly ndependent, v= 0: A Bo,
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Yu= 0and Au= 0 mply thatu = 0:Hence the clain
isproved . Let
n #Il n #
L X _ e
Y 0 - E

B
D
Then AB + XD = I;AC + XE = 0 and asbefDre we
omchide that AC = 0:Weak have BA + CY = I:

Thus ABA + ACY = A and smoe AC = 0; we hawe
ABA = A :ThusB isa g-nvereofh :

IfwechooeS = RA) andT = R &")° then the g-
Tverse constricted above is the M oore{ P eniose verse.

N otes

The sandad wErences for g-nverese are the classial
bocks B, 3 and 4]. The gperator theoretic proof given
mn Proof 5 appears to be new . Further resnts on siigu-
lar values and g-inverse, especially the M oore{Penmee
Tverse, are givenn In 1], For g-imverses and bordered
matries, oe |,
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Introduction

T he theory of g-tiverses has seen a substantial grow th
over the past few decades. Tt & an area of great theo-
retial mterest which "nds applimtins 1 m any d ierse
areas, nclidng satEcs, um erical analyss, M arkor
chans, di¥eential equatins and aontol theory.

W hat & the motimton for sesking a genemlized no-
tin of the imverse of a matrix? W e brie®y address this
question now . Remllthatan n £ n matrix A is said
to be nonsmgular if there exists a matric B such that
BB = I,;the Hentity m atrix of order n: The nverse,
when it exits, is unijue and is denoted by A'': An
nfnmatrik A snmmsnqulr if and cnly if the assooa-
ted Inesr transform atin f (x) = Ax iscone-<to-cne. The
aonoept of nnsigularty isofcentral i portance 1 Hn-
ear algebra and i easity relates to other amnoepts auch
as basis, rmnk, mner produck, orthogonality and = on.

In practice, how ever, one often enounters m atries that
are sngular as well as m atrioes that are rectangulr,
mather than square, and hence clearly not nonsmoular.
The sngulrity seem s t© be nmherent n the problm
and cannot be made to go away by super” cial m eans.
A s an eam ple, 11 a gatetial lnear m odel cne has a
gudy varmblke ¥ which depends on som e amtml vari-
ables X ;X s Wesstup the hypothesis that ¥ i

ermrs arresp onding to the chesrvations on ¥ to be sm-
qubr.
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