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Abstract

Let {X,. n21} be a stationary sequence of associated random variables and LU, be a U-statistic
based on this sample. We establish a central limit theorem for U, when the U-statistic is degen-
erate or non-degenerate using an orthogonal expansion for the kernel associated with U, We
extend the results to U-statistics of kernels of degree 3 and to V-statistics of arbitrary degree.
We also establish a central limit theorem for the two sample U-statistic based on observations
of two independent stationary associated sequences.
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1. Introduction

Let {X,, nz1} be a sequence of mndom variables. A finite family {X, ... X} of
random vanables 15 said to be associated 1f

Cov(h(Xis.. .. Xo).g(Xis.. . X)) =0

for any coordinatewise non-decreasing functions f g on " such that the covariance
casts, An mnfinite family of mndom vanables 15 said to be assocuted 1f every finite
subfamily is associated. (ef. Esary et al., 1967). Further suppose that {X,. nz=1} is a
staionary sequence of associated random vanables. Let F be the distribution function
and f the density function for &,

Associated mandom varables are of considerable iterest in reliability studies, per-
colation theory and statistical mechanies. For a review of several probabilistic and
statistical results for associated sequences, see Prakasa Rao and Dewan (2000).
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Let fr(x, v) be a real-valued function symmetne in its arguments. Define a U-statistic

by

Z| =i fEn ttI‘I'{.XhX,u}

u,= I {_1-1}
(5)
Suppose that
f. [ Y (x v )dF (x)dF( ) < oo (12)
Let us consider an orthonormal basis {ep(x), & 20}, with eg(x) = 1, such that
tix, y) = Z Apep(x)e v (1.3)
)
Then
[ ep(xrx, v ) dF(x)= Apev) (1.4)
and
3 42 < c0. (1.5)
k=l

Definition 1.1 { Gregory, 1977). The U-statistic U, and its kernel oy are called degen-
erate if

[ Y 2)F() =0 (16)

for all x.

Gregory (1977) discussed the central limit theorem for degenerate U-statistics based
on Li.d sequences and its applications o Cramer—Von Mises test. Hall (1979) made a
unified study of the invanance principle of degenerate and nondegenerate U-stanstics
in the i.1d. case. Eagleson (1979) extended the above methods to denve the limiting
distribution of U-statistics based on stationary mixing samples. Our aim in this paper
15 to obtain similar results for stationary associated real random sequences.

We now discuss few definitions and results from Newman (1984 which wall be
used in proving our main results,

Definition 1.2 { Newman, 1984), Let f and §) be two complex-valued functions on
[2". Then we say that § < f; if fj —Re(e'® f) is componentwise non-decreasing for all
real o,

Remark 1.3 { Newman, 1984). Let f and f be two real-valued functions. Then f < f
if and only if f, + / and §; — f are both non-decreasing. In particular, if f < f; and
. are functions of a single vanable, then f) will be non-decreasmg,

Definition 1.4 { Newman, 1984). § ::g_,f", if f= ), and both f, and § depend only on
xis with f € A.
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Remark 1.5, Suppose that f 1 real-valued function. Then /< f) for f) real iff for
x <y,

F(y)— fix)<fily)— filx) (1.7)
and

fx)= f(»)=fily)— filx). (1.8)
These relations hold iff, for x < y,

IA(¥) — Fx) < fi(y) = filx). (1.9)

Theorem 1.6 (Newman, 1984). Let {X,. nz1} be a stationary sequence of assoel-
ated random variables. For cach j, let Y = f{X1. X5 ) and f_,- =_E.{X|,Xp_,.. l

Suppose that _,fﬁ:ﬁf: Jor cach j where A= {k: k=z1}. Then

€2 Y |nrCov(¥i ¥,). (1.10)

| =k <F=n

‘;b % l-[l f,b_,.'
i=
where ¢ and v are given by

Pp=F (uxp |j' i ¥y }_..‘| ) and ¢y; = E(explir; ¥;]).
i=1

Theorem L7 {Newman, 1984). Let {X,, n=1} be a stationary seguence of associ-
ated random variables. For each jf, let Y= f(X;) and f’_,-: f (7). Swppose that | < f.
Let

Y Cov(¥,.7;) < oc. (1.11)
i=2

Then
n Ry (Y, —EY;))S6Z asn— oo (1.12)

=1

where 2 & a siandard normal random variabie and

o = Var(¥}) +2 3 Cow(1, ¥)) (1.13)
j=2

Remark 1.8, Note that if 7 is differentiable and supxl_fr{.tﬂ 15 finite, then, using
MNewman's (1980), inequality (1.11) holds provided

fcm-{x,,xj} < oa. (1.14)

i=2
Remark 1.9, Suppose j':g_f. Followmg the Remark 1.5, we must have, for x < y,
1£(») = FN < F () — fix). (1.15)
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Let f(x) = cx for some constant ¢ = 0. Then f< f iff, for x < v,
IF(¥) = fx)lscly —x) (1.16)
which indicates that f 15 Lipschitzian. A sufficient condition for (1.16) is that

sup | f(x)| = C. (1.17)

2. Limit theorem for U-statistics for kernels of degree 2
Let O denote a generie positive constant in the following discussion.

Theorem 2.1. Let (X, nzl}t be a stationary sequence of associated random
variahles. Let U, be a degenerate U-statistic where the kernel ., ) satisfies (1.2).
Assume that the eigenfunciions ey(x) given by (1.4) are differentiable and
sup sup |&i{x )| < 0. (2.1)
i X :

Furthermore, assume that

i‘{_‘m'{m,}[:.-} < o0 (22)
J=
and
T || < 6. (2.3)
k=1
Then
al, i?. W1 anrn—son (24)

where {2y s a sequence of correlated jointly normal random varviables with mean
zero and

Cov(Z1. Z,) = Covie( X ).e; (X)) + 23 Cov (e X ).ei (X1,

i=l

Jor k#j.
Proof. Since the kemel o satisfies (1.2) and it is degenerate, we have

Wix.y) = E hredx)ey). 25)
Given g = (1, thi:;: exists a positive integer N such that if

(x, ¥) = i‘ Aper(x e (¥). (2.6)

k=1
then

o0

[ f Iz, ¥ ) — iz p)PAF(xAE(y) = 5 4 < 2.7

k=N+1
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Let U,y be the U-statistic based on the kernel yiy(x, v). Then

Lll.ll.."'.' - |:“:| Z toc'!'".'{*x:'ﬁ *r.l}
a | Zi<jsn
1 W
=— Y| X AelXdely;)
}_:I k=1 \1gi<i=n
- i Xe(X) — 3 X
mn—u?-, s (:E_I:Z,;ﬂ{ el X ) Z il })
1 N i n v 2 n 4 ¥ 28
—mgﬁ (Ef&i a'}l) —Ef—&i i) ] - (2.8)
Then
ooa . > el D) 2_1 2
nll, y = — IE i ((—ﬁ ) EEE{X. }) : (2.9)

Because of (2.1), (2.2) and using the Strong law of large numbers for differentiable
functions of associated mndom vanables (Bagai and Prakasa Rao, 1993), we get that

: i‘e’-(x,-} — 1 as asn— oo (2.10)

Mext, we consider the joint distribution of
(V;—qufﬁf} ﬁgeﬁ{m) : (2i11)

Consider a lincar combination
N

r=3 U{—f‘_ Z.‘ (X))

1
Z W Zﬂ&f&{-’m
Z —BM{X X (2.12)
where
N
By(X;) = ) aper( X:). (2.13)

k=1
Then, under condition (2.1}, By satisfies the conditions of Theorem 1.7 for every
vector (ay.....ay) € RY. Note that

ET =0,

2
Var T = |:.r,|, Z ﬂ& + - = Z (n — DCov(By(X) LByl X)) (2.14)
k=1 =l
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Hence, by Theorem 1.7,
e i;ﬂ_a,{x,-} ZN(0.oh)  asn— . (2.15)
Therefore, usmg (2.9), (2.10) and (2.15), we get that
nU x LEE‘ WwZ —1) asn— (2.16)
=
where {Z;.1<k<N} are jointly normal random variables with mean zero and
Cov(Zi,2;) = Covlen(Xi he X)) +2 é‘ Covlen(Xi Le (X 1) 217)
for k # j.
Note that

E(Z}) = Var(e(X1)) + 23 Cov(en(Xi).ec(X11.))

i=1
=1+ CZ CoviX),X ) (by using (2.1) and the Newman's Inequality )
i=1
<C (by using (2.2)) (2.18)
uniformly m k=1,
Let n,(1). (1), du(r) and n, x(#) be the characteristic functions of nl/,. 5 7, &
{Zi - 1},2:;, J.,q{fi — 1) and nl, y, respectively.
Then

|'?JI{'F} = (,b{f }l £ i'?ll{,'r} = ri'.ll,.l".'{_f}l

+ [ ne(t) — ()] + [halr) — (). (2.19)
Relation (2.16) implies that, given & = 0, for large » depending on N, £ and ¢,
g
M (£) — e < 3. (2.20)
Smee
o e i
E| 3 (Z,-1) QE{ ¥ allZy - 1|}
k=N+1 k=N+1
<(C+1) 3 |ul<e (221)
k=N41

it follows that, for large N, depending on ¢

; . > St
|w(E) — $0)] = |E(e" Lt WA _ g 3T, WA=ty

= E|1:i‘ Do B 1
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S L - u\

k=N+1

£ |¢|E

e

. =2
£ f] 2 JANEZ +1)

k=N+1

£ -
SCl| 3 |4l

k=N+1

< = (by (2.3) and (2.18)). (2.22)

L | o

Observe that

5 2 noon
E (n—'-'z zmm) = ; (Z 2 el XiJeu(X; })
i=1

i=1 j=

| ?"J;t_,l =

(Z A8 o e f&{f![:'}fk{_xj})

1
1+- 3 E(edXi)er(X;))

| =i f=n
1 2
£l4+- 3 (sup|ei{_r}|) Cov( X, X))
R igidizn X
c
Bt = Z(H — ICov(X.X;) (using stationarity )
_.'_"'
= (using (2.2)). (2.23)

Hence,

Elnll, — U, x| = E

I 2
n x| 3o el XD) 1
m.‘::%‘l-lj-‘: {( v."" ) a ;l=| {X}}‘

; 2
R — : Z:'=|'E.‘:{XI} L
g &=§+| iy E| { (T) = H.=| &(-’G}H

fis

=N+1

< —{E +1) Z [ ] (224)

k=N+1

Hence, we have
I'?“{I} - '?“‘N{‘f }l — |.E{Cim“" o CimU“-" }l

= Elcimi Lh—Lhaw) _ 1|
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= |f|.E|J‘!lr_n'I“ == HU“‘_a'rl
g
< - 225
3 (225)
for large n, N depending on 1.
The result now follows by combining (2.19), {2.20), {2.22) and (2.25).

Theorem 2.2. Let {X,. nz1} be a stationary sequence of avsociated random
variahles. Suppose U, i g non-degenerate Usstatistic corresponding o the kernel
with the eigenfunciion expansion ( L.3). Assume that

sup sup |efx)| < oo (2.26)
ki x ’

and

[~]e

Cov(Xi. X)) < . (2.27)

Further assume that

o

> || < oo (228)
k=l

I Uy has a finite varianee, then

n"} (U, — EU,) = N(0,40%) as n — oc. (2.29)
where

& = Var(g(X,) + zi‘ Cov(g(X1). (X, 1)). (230)
and

glx) = fl x, ) dF(x). (231)

provided g(.) is monotone or g i Lipschiizian, that is,
lo(x) —g(y)|=Clx—y. x,yeR (232)

and 3=, |a;| < oo, where af = E(er(X))).
Proof. Note that

glx)= [1 i{x, v )dF( v)
= [ _ {Eﬂix f&{-’f}?&{ﬂ} dF(y)

- kgﬂ ivex(x)al. (2.33)
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)
Then
lai|< Ele(X)| < {E(GX)}? =1, (234)
and
Eg(X)) = i Leat?. (2.35)
k=0
Usmg (2.35) and the fact that e (x) are orthogonal functions, we get
E(g' (X)) = Zzﬁa sz < oo, (2.36)
Define
Wx, ) = dx.y) — 9(x) — g(y) + EgX). (237)
It 15 casy to see that f r,l.'r{t,m}dF{v} 15 zero, Thus r,l.'r 15 symmetric, square integrable
and degenerate. i
Lt 1'_:',, be the U-statistic comresponding to . Note that
o, (,, Z { Y. (elXs) —ai XewlX)) — ap }l} - (2.38)
a k=l | =i jgn

Usmg (2.37) and {2.38), we have

v, - Z)&ﬂ& —L'“+ qu[X}—EZ)kﬂk
k=l i=1

M

= Un + = 32 (9(X) — Eg(X))),

{2.39)
Mow

E(ex(X1) — ap) =0,

E(er(X)—ai) =1 —a} (2.40)
Then by (2.26)—(2.28) and an application of Theorem 2.1 with g (x) replaced by
el X ) — aj, we pet that
nn[‘.",,iz}.&{\z‘i—l+af} as m — 20 (2.41)
k=0

where {Z; ] s a sequence of jointly nommal random vanables
In view of (2.41), we have

) r
niu, S

0 asn — oo

(2.42)
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Furthermore,

ZH:

k=1 l=i<isxn

E(U,) - ¥ Lat?
k=0

{H—l}l

.-5"‘-.

Z.‘u S {E(ed X)) — apMewlX;)) — a}

l=Zi<igsn

n{n—l}

fa

7 = N
mglwl > |Cov(en(X el X))

l=i<isn

s —r i CoviX; X
H{H . 1} Z |’-'::| HUPHUP{_E&{_T}} |,:=',§-,:=-“ LH"{. ..'}
Er oo L
= — 3 A ZL{H{X.,,X ). {243)
R -0 =2
Therefore,
2EW)— Y Aal -0 asm— oo (2.44)
k=0

from (2.27) and (2.28).

If gix) is monotone, then following Newman (1980) we have, as n — oo,

2 @ 3
1.-"'{_ Z{q{X} EglXi )y —N(0467) as n— oo {2.45)
frEs
If gix) is not monotone then let §ix) = Cx. Since
Z lag| <C < oo, (2.46)
k=l

it follows from Remark 1.9 and (2.26) that g < §. Therefore (2.43) follows from
Theorem 1.5,
The result follows by combining (242, (2.44) and (2.45).

3. Limit theorem for U-statistics of kernek of degree 3

Suppose that We(x,y.z) is a symmetric function from B° to R which is square
integrable m the sense that

fx [l [l WP (x, y.2) dF (x) dF (p) dF(z) < . (3.1)
Asmme tat

fx fx [1 Wix, w2 )dF(x)dF(y)dF(z) = 0. (32)
Supp-r.!-:c_tmh.cr; ;Iis:an orthonormal basis {e;(x), &k =0} with ey(x)= 1 such that

gex vzl = Y dpwerx e v)ea(z), (33)

kA mz=0
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where
Y, i < 0. (34)

ked o=l
Mote that

[ f [ ix, vz e (x e ez ) dFx)dF( v) dF(z) = iy (3.3)
Then the U-statistic corresponding to the kernel v of degree three is

1
U= - b B (110, 99, 9. 1 ) (3.6)

I[j :I | =8 =iz =iy =an

Since gg(x) = 1, we get that dggg = 0 from (3.5). Then,

tlx, vz)= 3 Awoex)+ ¥ dowed ¥)

k=0 fl]

+ ¥ Adpgwealz) + Y Apoer(x)edy)
o =) kA =0

+ ¥ Lmer(x)en(z) + 3 dpemenlz)eA ¥)

k=0 o =0
+ Y Aemer(x)edy)en(z) {3.7)
o=

Definition 3.1. The kernel o s sad to be first-order degenerate 1f
[ ' f W(x, 1. 2) dF(x)dF(y) = 0. (3.8)

Remark 3.2, 1f the kemel s first-order degenerate, then

Ao = Ageg = Apoe =0 for all &4 m.

Hence
gix, vz = 3. Apeer(xle(y)+ 3 Lome(x)eaz)
kS =0 knr =i
+ Y dpmemlz)edy)+ Y Apsme{x)edyden(z) (3.9)
aird =0 kA o =0

Definition 3.3. The kernel o 15 saud w0 be second-order degenerate 1f

/’. Wix, wz)dF(x)=10. (3.10)

Remark 3.4, 1f the kemel o 15 second-order degenerate, then
e = Lo = Apoe =0 for all &£4.m
and

oo

x, vz)= Y Apmer(x)ed yden(z) (3.11)

k=1
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Theorem 3.5. Let {X,. nz1} be a stationary sequence of associated random vari-
ables. Let Uy be a U-statistic of degree three where the kernel (., ) iy second-order
degenerate and satisfies (3.1). Assume that the eigenfunctions ey(x) are differentiable

and
supsup leg(x )| < oo, {(3.12)
¥ X
and
sup sup |e;(x )| < oo, (3.13)
Joox
Furthermore, assume Lhai
Z Cov(A.A) =" Jor il =1 {3.14)
d=u+1

and avsume that
= =

3 MAwta] < 00
k=1

Then

O R
”3..2UJI i} Z 'iw';c.‘urz.‘:z.‘zm as n— 20
T |

where {Z;} iy a sequence of mean zero correlated fointly normal random variables
with covariances given by (2.17).

Proof. Since the kemel o satisfies (3.1) and it 1s second-order degenerate, we have

glx ypz)= 3. Awmer{x)edyleniz) {3.15)

kS =1
Let A be the set {l=k/ m=N}. Let By denote the complement of set 4. Given
£ =0, there exists a positive integer N such that if

Yw(x.wz)= 3. Awme(xded y)en(z) (3.16)
| ks =N
then
ffhir{.t,,_v,,:} — il _1:._,:}|2 dF(x)dF{y)dF(z) = ﬂZiﬁm < 8, {(3.17)

Let U,y be the U-statistic based on the kernel iy (x, v,2). Then

1
Y (XL XX

'L'.u..-".' =
I,j:l | i j<rsn

1 ;
={T 2 ( > Amrf&{z’ﬂ-}ff{x’[}}fm{-’ﬁ-})

:I | ks N | i< j<rzn

ke o5 N i=1 j=1 r=1

1 ; Ll M L
= m . Z f-.tfm{ Z e A }f.f{-’f_.«'}fm'[-’[:-}
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i i M L

=2 2 el XiderXp)en( ;) — 3 3 el X Jer (X Dend Xi)

i=] j=1 i=] j=1

ST el X e (X e Xi) + 2 ZE‘,&{X YeAX; el A }} (3.18)
i=] j=1
Therefore,
3 noom o
jIEUﬂ ' n— it E":{-Xl'} Ef{.‘x:l'} 'Em{_dxr}
N e H{_H— lxn_z}lfi‘.fm '\')1‘:'; J=I_,lgl.r=| 1.-"IIE 1.."IIE 1..-"{5

L& e X e X)) en(X7) L L el X }IE'».{X JedX;)

_ZZ e \-"IIE

.‘=|_..=| n

‘éﬁ

omooon X X X 2 n
_+¥ e&iﬁ:}ff{ i)ew (A7) + 5 Zf&{a’[}}&{x}ﬁr(&'}} . (3.19)
i=1j=1 i=1

n

Because of (3.12), (3.13) and the Strong law of large numbers for associated random
variables ( Bagai and Prakasa Rao, 1995), we get that

1
- Z el X el ;) — 0 as asn — oo, for all £ m, {3.20)

and

L

Z e (X eA X e (X)) — 0 as asn— oo, forall b4 m. {321)

m (2. 1}—{2.15}, {3.19) and the discussion for deriving (2.15), we get that
ETE)

U, Y dwaliZiZ. asn — o (322)
| sk, mE N

Let a;(6). i), nulr) and n; y(f) be the chamcteristic functions of #2U,.

ZL—’ =1 -*.E.ﬁurzsz s Z| =k SmeN ’.Er’mzi:zr’zmﬁ and n' 2UJI Na ertll"'Ll}
Then

b (1) — (O] < [m(e) — mp p (O] + [1 (0 — ne)] + [ () — m(0)]. (3.23)
Relation (3.22) implies that, gmven & = 0, for large n depending on N, & and 1,

[y e (2) — ()| aﬂ.;. (3.24)

Using Cauchy—Schwartz inequality and the fact that Z; has normal distribution with
mean zero, we get that

(E|ZiZ,Z.|F < B VE\ZZ,
< E(Z, P{EZ ) EEZ, )}
< 3E(Zy F{(EZ )Y E(Za)) )P

< C (by using (2.18)) (3.25)
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uniformly m £/, m. Hence,

= Z |;-Efm|
iy

<s (326)

Ekz‘-r’zm

for large N. It follows that, for large &, depending on ¢

Mﬁ-"{f} = '?{”l = |JE1.:1.:ir ZI ShAmE N iuim2iZ 2o — ch ZJ“./.N I rmdil 2

)l
< E|1.:h Zn_\ At 2.2 )
= |I|E Ziir’nréiz‘-r’jm
By
= ; {b}' L:I!-:ing {3.4) and {3.25)). (327)

Let us now consider

ElnS,‘EL,-" g ”3_-'2 Uﬂl,."‘-‘l

!‘!3 . aoonon E&{L'}Ef{‘ﬂ}fnr{x-”
E(l———— o -

H{!‘! = 1}{" —2) Iiék%rié.l".‘ e i=1 =1 ng ﬁ \f"I'E "u."'li
Lo e e AN enlX7)) L L el }Em{X}IEf{X}

XX . v EE 7

* X)) er(X)em(Xy) 2 2
~pruabalatidaiad., = u:-}.e,{x-}emu:-}}‘ (3.28)
i=] j=1 \r'f_ n i=1
Observe that, because of (3.12),
E|S el er(X)enl %) <C. (329)
=1

Using Cavchy—Schwartz mequality, (223, (3.12)—(3.14) and the stationarity of the
random variables, we get

E (%gmmmm) ( v Zenazx;u)‘

4% 172
1. & 1 .o
= {-E (_ Zﬂt{-’f}}fﬁ{f’[’;}) } E ( EEHT{X.I'})
n = =i

7 X f&fﬁ’f}wmmmkﬂ;'})

2y 12

3 Z _ CU""{E.E{m'}ff{x'}ﬁekf%'}ef{ﬂ}}}}



L Dewan, B.LS. Prakasa Raall Stavistical Planning and Inference OF {2000 ) X1-225 215

1
— 3 Cov(X.X)
T lgi#iEn .

= | =

n

1 1 L
£ { = T j}L‘nv{f‘ﬂw’G}}
n n= J=1

. (330)

Further using (3.12)—(3.14) and Rosenthal-type inequality for associated sequences
{ Shao and Yu, 1996), we get

‘ el X;) .

2 (331)

Finally, using Cauchy—Schwartz mequality, (2.23) and (3.31), we get

3~ 8t o erlX;) 5 EalXr)
P 172

=1 =1 =

£

Y

o ay 12 o 12
I f&{Xj} e a 'E'{_X,u'} a em{)[',.} -
G (552) | E==)])
1,4

4
i e (2 e(X))
<C E(E P ) E(FI iz )

<C. (332)

Hence, by using (3.4), (3.30) and (332), we get that
Elru, — U, yl<C (333)
Henee, we have
5(0) = (0] = B0 — et
< Eein (h—thx) _ 1|

32

= ifl.ElszL':, — N U.ll,."".'l

- {3.34)

Lid | £

for large n, N, depending on ¢, The result follows by combining (3.23), (3.27) and
(3.34).

Remark 3.4. Results m this section can be extended to kernels of arbitrary degree by
similar methods.
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4. Two sample case

Let {X,, m=1} be a stationary sequence of associated random wvariables with
one-dimensional marginal distnibution function F and {Y,, n= 1} be another station-
ary sequence of associated random variables with one-dimensional marginal distribution
function . The problem of interest is o test the hypothesis H: F =G, We now discuss
a limit theorem useful in the study of such problems.

Let ¢x, v) be a funcuon of two variables which 1s square integrable i the sense
that

[ ¢ (x, ) dF(x)dG( v) < o (4.1)
S
Define

XL 1), (42)

Under (4.1), there exist systems of functions { fu(x)} and {ge{v)} (with fyix) =gg(x)=1
which are complete and orthonormal on the spaces of square integrable functions of
X and ¥, respectively, so that

oa

x, y) = ;Eh A fi(x)ge(y) (4.3)
where

fj 3 < o, (4.4)

k=)

and the series in (4.3) converges in mean square with respect to the produet measure
generated by the distribution function FG.

The functions { fi(x)} and {gi{ v)} are eigenfunctions and {4, } are the eigenvalues
of ¢ in the sense that, for all £ =0,

f. __.lr.::c'[-‘f e x, w)dF(x) = A gl ¥ (4.5)
and
[ (P ¥)dG(¥) = Jx fi(x). (4.6)

Definition 4.1. The statiste U, and its kernel ¢ are called degenerate if

f Blx. y)dF(x) =0 (4.7)

for all y and

[¢r{.t, y)dGiy) =0 (4.8)

for all x.
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Theorem 4.2, Let U, be a degenerate two sample U-statistic based on twvo inde-
pendent stationary sequences of asvociated random variables. Suppose that the cor-
responding kernel @ iy sguare integrable. Asswne that the eigenfunctions fi(x) and
gl v) given by (4.3) are differentiable and

sup sup | fi{x) = o0 (4.9)
k X

sup su.plgri{_v}l < o0, (4.10)

Furthermore, assume that

Y Cov(X.X;) < o, (4.11)
i=1
Z Tov( LY < o0 {4.12)
and
;Z lig| < oo (4.13)
=1
Let
] m—
S Z Covi AL, X ). (4.14)
and
1 n—1
He = = 3 Cov(Y .Y ) {4.15)
i=1

Assume that

mu{dy, +4,} — 0 asmn — o0 {4.16)
Then
(mn)' EEr = 3 A4liVi asm— coand n — oo (4.17)
k=1

where {Up} and { Vi ] are sequences of correlated zero mean normal random variables,
and are independent of each other with

Cov( Uk, Upr ) = Cov( fil X1 ), frr(X1)) +2 Z Cov( filX1). fir(Xi44)),

i=1

and

Cov(Ve. Vi) = Covl g Y1).ge( 11)) + 23 Covlgil Y1) gir( Y1100

i=]
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Proof. Given &= 0, there exists N such that of

N
Prlx, y) = &Z A X )ge ()
=1

then,
f 6 y) — byl y)P AF() G = 3 2 <.
. k=N+1
Let Uk be the U-statistic generated from the kernel ¢y (x, v). Then,
UE:I’.'=—§.‘ i‘ PN X))
=1 j=
1 mooon N
=m—Z Z Z g Sl X Dge(Y)
1 N ’ aroo n
=— 3. A {Z_mm} 2ogu(Yy) .
mn i=l J=1

Note that for k=1,
Efi(X)=Eg(Y)=10,
Eff(X)=Eg(¥Y)=1.

and
Ef(X )ge(Y)=10

Consider two linear combmations
e 3-SR

I k=1 \."'I'EJEI e
and

I a

Z ,.,.-"' Zq&{}'}

=1

In view of {4.9)—(4.12) and following the arguments in Theorem 2.1, we have

Ti = M0, rrzmr} as n— oo,
and
¥ 2
In—=MND.a5 ) asn— oo
where
L i 2 m—1
Oiw =2 ¢k +— 3 (m—i) Cov(Bin(X1). By (Xi::)).
k=1 i=1

an—1

2 B v el
oiy = ) di T Z (n — i) Cov{Ban( Xy ). Bay (X140

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)
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and
N
Bip( A7) =3 afrlXi)
=1,
N
Bay(¥;) =.&Z dige(¥;). (4.29)
=1
Therefore,
. N
(mn) 20 DS 0 U Ve as mon — oo, (4.30)
k=1
MNote that
Cov(Up. Up ) = Covi il ) FelX1)) + 2 3 Cov( /(X0 ). S X 44)) (431)
=1
and

Cov( ¥ Vi d = Covige( ¥ g B )+ 2 Z Covi{gi( ¥y gel Y00, (432)
=1

Let o alt), (1), (1) and gb, . w(1) be the characteristic functions of (mn)'2 U,
Y ovey Al Ve, 3op_ AU ¥, and nl,),, respectively.

In view of (430}, for any & = 0, there exists mg( N, &¢) and my(N.&.1) such that for
mzmy and n=ny,

|bman() = 3D <5, (433)
As in the proof of (2.18),
E(Uf) < C. (4.34)
uniformly for &= 1, and
E(V) < C. (435)

uniformly for £2 1. In view of (4.34), (4.35) and Cauchy—Schwartz inequality,

k=N+1 k=N+1

E( 2 imm) < Y BRE(UDEW])

E i3 | || Agr [E| Uk Uge | E| Wi Ve |
Nl ka8 <o

<c{ 3,

=N+
— 0 as N — oo (4.36)
Therefore, for large N, depending on ¢,
: 2
-0l <E( S aun)
k=N+1

= (4.37)

Lad] 2
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Let
P(x, ¥) = Px, ¥) — dw(x, y). (4.38)
Then, from Birkel (1986), it follows that
AT Ll 2
mnElLllm a 'L',:rﬂ':” — f—— (Z Z‘j’{f!{n}) })
mn i=1j=1

]- T T P o F
= 3 Y E(QlXL Y)@XL YD)

MR g idirgm 1 i 5a
1
£ % > {Cov(Xi,X])+ Cov(Y;, ¥])}
MR it sm | 2j# 7 <n

a—1

= — 1 { uil CoviX. Hl}+ng{:{H’{Y|1 ,|+I}}

mn = =

. 1 m—1 | |
=£m.n{m ZL{H.{X., H_|}+ Z(.m{l’.,, _.'+I}}
=1 _.'
= mn{dur + ri'.ll_}
— ) asm.n— o0, {4.39)
Hence, for large m=my and n = ng my and my depending on N, ¢ and &

|¢ur,a|{f} =5 'i'ur,n,.-".' {f}l = ; {_44{.}}

The result follows by combiming (4.33), (4.37) and (4.40).

Theorem 4.3. Let Uy, be o non-degenerate two sample U-stativiic based on siation-
ary sequences of associated random vaviables. Let o be the corresponding kernel.
Assumte thar the eigenfunctions fi(x) and g v) given by (43) are differentiable and

supsup | fi{x)| < oo, {4.41)
& x

supsup |gi ()| < oo (4.42)
k¥

Furthermore, assume that,

5 Cov(Xi,X;) < . (4.43)
E :
=

and

il’kl <00, (4.44)
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Lot
3 1 m—1
IﬂlJ.lr= X Z (:U'U{XHX;.'_” {_4-45}
m =
and
1 n—=1 i
Ha = E Z CU""'{_}.I “ }’_’.l'+l } {_44'&}
i=1

Axsune that
min{dy +4,} — 0 as moan — oo {447)
Lot

g'(x)= [ x, v)d Gl y),

30
)= / gx. y)dFix). (4.48)
Suppose that g*(.) is monotone or g% iy Lipschitzian, and
o
> |Egi(Xi)] < oo, (4.49)
k=l

and similar conditions hold for % with

oo

> Efi ()] < oo, (4.50)
k=
I U has finite varianee and m/n — 4 as m,n — oo, then
(1) (U — EUna) = N(0. 07 + 4a3), (4.51)
where
a1 = Var(g"(X1)) +2 3 Cov(g" (X1 ).g"(X;41)). (4.52)
J=1
& = Var(f*(¥1)) + 2 X Cov(f*(¥1). f* (1)), (4.53)
J=1

Proof., Note that

EUna =E@(X1, Y1) = Eg"(X) = Ef*(Y). (4.54)
Since U, , has finite varance, we have
Eg*(X)) = E[$(X1. V)X, V)] < o, (4.55)
and
Ef*(¥)) = E[$(X1. V) (X2, ¥1)] < 0. (4.56)
Let
blx. ¥) = dlx.y) — g"(x) — £*(¥) + Eg"(X)). (4.57)

Then ¢ is square integrable and degenerate.
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Let U, be the U-statistic based on (,Er Then, from Theorem 4.2, (mn)"20,.,
converges in distribution. Furthermore, using (4.54) and (4.57)

a ar

'L'Im,.ll — EU L= T ZZ{(}H*{;}. } *‘Yh }-.l}_}'

J|,l

. 1
=+ =) Z{q“{}f ) — Eg (X))}
L
+= L) - Eff () (4.58)
i=l

Therefore,

ml.z{um.u — EUpn} =m|-'-";_}m“ 1..-"{_ Z{fj (&) — Eg™(X:)}

+(2)" ,_,}*r«.. :.;;r_l{f*u;-} —Ef(H)). (459)
Therefore, from Theorem 4.2 we get
m"20,,, 50 asmn— oq (4.60)
= S g () — B (0} SNQ.0?) asn — oo, (4561)
and .
Z{j{y}_gj{}y}qu{}aj} asn — oo, (4.62)

v"_

The result now follows from relation (4.59).

5. Vstatistics

Let ixi.....xg) be a reabvalued function symmetric m s arguments. Let
Elf{x;.....x, )" = oo for some positive integer ». Then, the U-Statistic of degree
k based on [hi: kernel o 15 defined as

U= o7 2 P05 520, ) (5.1)
I:i: :I {eh
where Z{” denotes the summation over all subsets 1<i; <--- <fi=n of {l.....n}.

A Westatistic (Von Mises, 1947) based on the symmetne kemel v of degree £ 1s
defined by
St ZIZI 176, 0. o5 } (52)
n= =
Then, one can express ¥, as follows (sece Lee, 1990, pp. 183 )
¥, ek i\ ﬂ_g;..fr (f: ) U,‘.'H’ (5.3)

=1
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where [} is a U-statistic of degree j, S.i-” are Stirling's numbers of the second kind
{see, cg., Abramowitz and Stegun, 1963).
Also note that

k .
wt=3 st (") (54)
=1 g

so that

k .
iV, — M=% j1s (j ) (UL — 0y, (5.5)

i=1
The following theorem proves the asymptotic equivalence of the U-statistes and the
W-statistics.

Theorem 5.1. Let {X,, nz1} be a stationary associated sequence. Let Uy and V,
be the Usstativtic and the V-statistic, respectively, based on a symmetric kernel
Wixy,...xg) of degree k. Assume that ixy, ... x0) i monotonic in x. Further
suppose that

E[(Xe,. .. X ¥ <00 farr=2, 80, (5.6)
and
M, =2 i;l Cov((X, o X WX prtse o AR )
= (J:I[\:‘“"‘—’ Wr+d)1248 ). (5.7)
Then
E|U, — V" = O(n™"), (5.8)

Proof. Let k=1 and p = [n/k], the greatest mieger < n/k.
Define

1
H'I{_-Tlv'- wXg )= ;{U‘I’{_IH' caXg )+ E;f{.T,{;+| RS ] Y o SRR o I;f{_.fq_r_._ Ipht-Tse oes Xk }}

(59)

Then
T WXy, ) =k — KN T W e oo, ) (5.10)
{arh (k)
where 3 1s the summation over all the ! permutations (vy.....v,) of {1,....n} and
Z{"‘M is summation over all the (§) subsets (4y.....0) of {1.....«0}
Then, 1t 15 casy to see that
1
Us—0==3 {W(Xy,....X,.)— O}. (5.11)
B2y

By Minkowski's inequality and the symmetry property of B, we have
E[|U, — 0" )= E[|W(X... X)) = 0] (5.12)
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Since 15 monotone component wise, WX, X, 15 an avermge of p associated
random vanables.
Then, using (5.6), (5.7) and the moment inequalities in Birkel (1986), we have

E[U, —0"]1=0(p™")
=Q(n~"?), (5.13)
From (5.5}, we get that
(ﬂ—m=imwﬁ—m

i=1

J18L (_‘;)

a; = ————=—,
i o

where

Usimg Minkowski’s inequality, and (5.13), we have
k

HH—WQ{ZWWMrmT}

F=1

.
k

= E{Z ﬂ_l.-ﬂ_lz}
J=1

& i
= Cn~"? {Z a_,} . (5.14)

=l
It 15 casy to see that

;= Sli"'.'{}{n""“ 1.

Therefore,

k v k "

Y a; € max S0 3 o

=1 l=i=k =1

£ ¢ max St
I ==k

Hence,

E|V, — 0 =O(n—""). (5.15)

The result follows using (5.13) and (5.15) by the Ce-inequality (Loeve, 1963).

Remark 5.2, 1f v is partially differentiable with bounded partial derivatives, then
following Birkel (1988), condition (5.7) can be written as

K k ik
Z Z Z (.'nv{)[}._,}[}} =(}{_H_|{"'_3H"+‘”] 3‘1}. {Slﬁ}l

J=at1 i=1 == 1+
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Remark 5.3. The condition on component-wise monotonicity of ¢ can possibly be
dropped by extending the results of Shao and Yu (1996) to functions of rmandom
veetors of associated random variables.
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