THE RECOVERY OF INTER-BLOCK INFORMATION IN
INCOMPLETE BLOCK DESIGNS

By K. R. Nar
Statistisal Laboraloy, Calenlia

IxTRODUCTION

Non-orthagonal designs involving blocks with fewer plots than the number of treat-
ments have been developed by Fisher, Yates, Base, Nair, Kishen and Rao,  The designs given
by Fisher and Yates are variounly called confounded designas, quasi-factorinl designs end
balanced incomplete block designa.  These druigns have been generalized into what is known
s “partially balunced incomplete block designs® by some of tho Iater workers, For a given
number of thero [s & idersble varicty of al ive partially balanced incom-
plete block designa to choosa from.  But desiyne whoso blocks separate into replication-groups
{which ray be catled resolvable designs) will bo the moat suitable for practical experimenta-
tion. An exhaustive enumerstion of ench designa is now under way in the Caleutta Statistical
Laboratory.

In the statistical analysis of the partially balanced deaigna discussed in the earlier
papers only the intra-block informotion was utilised for estimating treatment differences.
Recently, Yates showed that the efficicney of non-orthogonal designa could bemuch increased
If block differences are taken Into account in estimaling treatment diffcrences. He has

idcred only the bal d i plete block and the quasi-factorial designa and their
counterparts in Latin square arrangements,

In the prescnt paper, Yates' ideaa have been extended to cover the more genersl
class of partially belanced incomplete block designs. In fact the method of extracting both
intra-block and inter-block information can be applied to sny gencral two.way non-ortbo-
gonal dats, 80 that, when incomplete block desiyns loso some of their combinatorial pro-
pertics, owing to accidental occurronces of missing plots, there will not be any difficulty in
recovering both types of information.

TREATHEST DIrrERERCES IN PARTLALLY Baranceo INcomrLETE BLock
Drsioxs.

The combinatorisl properties of these designs bave been fully discussed in earlier
papers” 0. Thero aro v each replicatad In r plota distributed over b blocks, each
eonldnl.ng k plots. No mntmcnt will occur more than onos in a block. With respect to
every t the fall in m jate closses of n,, %y, ..., Ny the
members of the {-th class occurring with the initlal treatment in A; blocks. The A’e nced
not all be unequal. If A = ), = ... = Aa we get balanced incomplete block designs. The

number of to the j-th lates of sny 6 and tha k-th associa-
tes of & treatment ¢, where ¢ and ¢ are th lves §-th iates, is tant and is deno-
ted by p's. The follawing relationa oxist.
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If by Q; wo denoto the sum of the ylelds of treatment i minus the sum of the
corresponding block meaas ; and by @, the tatter sum minus # times the gencral mean, the
intra-block and Inter-block esti of diff will depend on Q and Q'
respectively &a shown in earlicr papera® ', Separste inter-block esth aro obviomly not
oblainablo unlcss 3 2 v.

1n partially balanced devigne b can bo lcsa then o and that is one of their main practi-

cal nd ges.  In genera), therefore, besides the intra-block estimates based on Q) we can
get only pooled estimates basod on both Q and Q.. In terma of treatment cffecta: w, we have

Q‘-'(l—_:_)',— ka_ 0= e — —5;— 0. ®)

Gimr( )t (B Jont 4 (e

1f o and o' are the standard errors per plot for intra.block and inter.block compari-
s0ns, tho pooled eatimating equations for v, can be shown to depend on ¥Q, 4 0'Q’j where
1)w = o* and 1/’ = 0"?, Then we bave

Ho @+ Q=lrtk=1) wtr(1— ) ot (-2 ot (a0 Lf_) ©) 0t o
Hodawt (= 2 )0 30 a0
Hoe 3Qu+ Q1= (- %, g ok my (A== )] webirk (= 2w)

—tr+5a p' ) (-] ot [ —2h Pt = IR e Jenet..

HUsQut o’ SQua)=(— ma da o na(ham T2 ) ) ot~ S Platio—w)— 22 iy

+ o k= )= DA ) (0wl ()

The ket and right hand sides of tho (m+ 1) equations (7.0) to (7.m) separately add up
0 0. They do not therefore aupply uniquo estimates of v, But the sum of tha cocficients of
the o's in any equation is als0 0. Wo can therefore reduce the unknowns in the equations to
E0, =R, 81, S0 =N, 9, ... I0,u—R, #). Theso m unknowns may bo uniquely solved from the
last m equations (7.1) to (7.m), for sake of symmetry. In fact, if tho v equations of the form
(7.0) wero written down, & sot of v—1 dilferences between say v, and tho others, like v, —o,,
9~ .. ¥, —0, could be uniquely estimated from v—1 of the equations. From thess differ-
ences all possiblo differences bet pairs of ¢ ta could bo obtained. As v is nsually

384




INTER-BLOCK INFORMATION

Inrgo, the solutioa of & sot of v — 1 lincar equations will bo rthor labori It will be con-

venicnt, therefore, to soiva oy, XBy, +v.. Xvw from m + | independent equations. The

miasing Independer lon is weuslly provided by the arbitrary condition ;:v. -0, Of
1

courso, whatever the form of this orbitrary constraint, cetimates of 5, — o) will bo unaffec-
ted. The solution for v, will now bo

0 1
| wiQutu ¥ rk (= 2 ) _prpna p) (=) rk(—

1
'
3

= (=M p) (-1

wEQum+1w XQ' e rl‘( —-‘Tf")—(:‘\. Pa) (w=v') ....rb(w— "T"')
—(r+2h Pom) (0—0))
N I T T W I T W I Tt Bt W ey py W R

=X 2= T Aa) (W=W) oy rh 0= (P XM PR — g M) (W)

(8

By putting 1o’ = 0 in (8) we got the intra-block catimate of v, and by putting w=0
wa get the inter-block estimato, if ono exists. By putting w = w’, we get o == (Q,+Q")/r
= tregtment mean—gencral mean, which will ba called tho unadjusted estimats of b,.

AccURACY or EstiaTes oy TREATSEXT DIFFERENCES

Tho sampling variance of & treatment eflect, say, vy, as estimated by (8) aud the
covariance betwoen two effects, ) and w aro given by Cy and C;; respectively which are
tho solutions of v, and v; when wQ, + w'Q’, Is replaced by 1 — 1jo and all other (xQ +
©'Q’)'s by — 1fv In (7). Tho variance of the difference between two trcatment effects is
2(C,1—Cy,) and is derived easily, for two s-th ansociutes, by replacing the (s41)-th element of
the first column of the upper determinant of (8) by —2 and all other elements in this column
by 0. Tho mean variance for all the v(v—~1)/2 treatinent differences ia 2, /(1 — 1/v), which
involves both w and w'. By putting ©° = 0 in it, we get the mean variance for intra-block
comparisons and can find out the gain in y schioved by ring the inter-black
inforroation. If o = o, C), = a¥(1fr — 1jer).

If the partially balanced [ncomplets block design ia resolvablo {as, for instance, quasi-
factorial and confounded designs) with n blocks pee replication, so that v=nk, b=nr, and if
the lay-out was arranged in the ficld in compact areas for each separate replication, the deaign
oould bo analyscd a4 an ordinary randomized block experiment. The varianco of each treat-
mont differonco should bo token as same, namecly, 2/r times crror varinnce within
blocks of v plots and can ho oxpressced In terma of o anid o', Thue tho (v — 1) degreea
of freedom within a singlo replication eplits Into & sct of n — 1 degrees of freedom
with variance @? and & socond sot of a{k — 1) degrocs of freedom with variance of, giving an
averago plat variance of {{v—E)e” + v{k—1)o’]/i{v—1). Tbo mean varianco of tecatment
diffurences is 2/r times this average plot variance. Tho effici of tho weighted st of
trestmont differences of resolvablo partially bal 1 designs Is therefore [(o? — atjv) +
(o't — @")/k)irC,; which i greater than or oqual L unity aceording as @ and o* are unoqual or
not. DBut @ cannot bo greater than o from a priori considemtion
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ESTINATION OF @ AND o

If thero had been no real treatment diffcrences, tho analyais of variance of all the plot
wiclds will resolve into a ‘between block’ variance with b — 1 degrees of freedom and a within
block” varianco with b{k~1) degrees of freedom. The expeetations of these variances are, by
definition, ¢ and 2 respectively. If the ficld is complotely random?®, so that, yickds of pairs
of plota are uncorrelated, whatever be the distance between them, then o = . Agricultural
ficlls are scldom random ln this sense.  On the other hand pairs Dfpbi.l arc positively correls-
tod with d ing i ity as the dist between them increases. Tho actual values of
this correlation will depend on a number of other factors also. o” will bo a function of o, k
and the various corrclations between cach of the k(k — 1)/2 pairs of plots. \When correls.
tions are pouitive, o' ia greater than o, so that tho plots of different blocks have different ex-
pectations. Let us denoto by z, the yicld of the i-th plot of the j-th block. Let E{z,)=
biorx, b 4 4. Let V(eyy) = Aand Vib) = B. Then ot = A and o't == kB + A.

When real treatment differcnces are suspected, E(zy)) =< w + b, when the 1-th plot
{s the plot occupied by tho i-th treatment. Differences among the o's stand for treatment
differences within blocks. Let V(o) = C.

Caleulating Q;. and Q., as indicated In an earlicr paper?, we bave the analynis of
variance given in Table (1).

TABLE (1). ANaLYS1S of Vamaxce ov IncoxriLeTE BLOCR Desions

D. F. Obsotved Sum of Squares Expectod Valua of Sum of Squarvs
Blocks -1 (250,53 b1 Qu wr=1) BA(b=DA
Trestmenta v—1 .-;-. Que :-;(-.—-.) Q. BE=1) C+(e=1) A
Error wobovtl | zzemtn QST [(rmboostin
Total w—1 zeet,;~ 0% tlo=1)Chd—1) B(w—1) A

Each sum of squares in the above Tablo has to bo calculated scparstoly.

Wo noto that no independent estimates of ¢ and o’ can be obtained from Tablo (1).
Unbiassed estimates of them or of v and w’ can, b be obtained by equaling the
observed error and block variances, M and M’ with their respeetive expectations. Thus

v(r—1)
'Sﬂ'lnd o - B=Tr=m=hY

When the design is resolvable (v = nk,b = ar), the b — 1 degrecs of frecdom for
blocks of Tablo (1) splits into a aet of (v — 1) degrees of freedom for replications and (b—v)
degreca of freedom for blocke within replicatl For a plot belonging to i-th in
the j-th block of the p-th replication, we now have E(z),))mv4djy+7,. Let B = V(b,),
D = V(r,). Tben wo havo tho analysis of variance for the block sum of equares as in
Tablo (2).

* A full dincomion o Randum and Non-random fieds will bo found in & fupcr on Largo feako

Bamplo Burveys' by P. C. Mshalanobis which will shortly bo publishcd in Philoeophio T of
the Hoyal Sociely, Lomdon,
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Taser (2). Avauvsts or Block Vamaxcs or Reroivasix Dewuaxs

D.7. | Olserved cum of squares | Expoctod Vales of meca of squares
Reptisthme r=1 | = woh=oiiw | r=by D+ A}
.
ks withia replications | =7 ? (o= r=1) B4 ~nA
Bieks | b1 ‘:'A.o..- 10-80, |-(v-nnm-m'-nnm-m
d

 Obtained by suntracuoa.

‘The treatmont and error sums of squares for resolvable desiyma will bo tho same as in Table (1).
11 31° b tho abserved variance for blocks within replications, extimate of o’ Is
O LY o) N
=ny —o=—H¥ m -)l
and estimato of w = + a4 before.
\\Mmm-)l‘w M* happens to be kees than M, wo shall esume that 3 = Qor w = »’,
and uso the Jj mecans for estimating went differences.

1( the resolvablo designs are trested as ondinary randomized blocks, the analysts of
variance wifl be as in Table (3).

Tavrx (3). AvaLvsis ov Resovaspe Di A9 O R. Buocks
D. ¥, Obwerved sum of squares Expeetad Valus of nun of squarvs
1
Replications r=1 XR%fo=Qfv {r=1) (D +A)
Trestrents o1 TV r—Q'fer (9=1) (\C+A) 4 (=21
Error (o=} (r=1y 1 (o=h) r=1) B4{o=1) #=D)A
Touwl -—1 —I 2 2ah,~0for Cotr—1) Dt r{om1) CHEb=r) B {w=1)A

 Obtained by sublractica.

“The trestmont diffcrences will now be ot (rom the wnadjusted wmeans. For
tho null-bypothesis that treatment differences aro not prescnt, in which case Cm0, expecta.
tion of the treatment and ervor variances of Tabls (3) bave the samo value, namcly,
(o — B)/(» = 1)]B + A. Tho analyam of Table (3), therefore, provides a valid extiniate of
tho averaye ervor variance of treatment differences. I tho dewign b actually laid out in
the Beld In compact areas for each replication, the analyuis of variance of Table (1) bocomes
valid for testing intra-block cstimates of treatment differcnces.  The inter-block estimates (if
they exist) can aleo be similarly teated.  For resolvable dusigne the inter-Llock estimates can
exist only if bZv+4r—1. Ananalysis of variance for tho unadjusted block sum of squares
as shown in Tablo (4) gives a perfectly valid test for inter-block cetimates of treatment
differences.
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Taseg (4). Vamiaxce Ratio Texr vor Inter-stock Esrivaves or Treansst
Dirvznrexoks yor RusoLvamie Desioxs

D.F. | Obecrved Kum of Squarcs | Kaperted Vahue of Sum uf Bqoares
Treatments —1 QL 1b—9) C+(v—1) (iB ¢ A)
Erme (intor-block] [EPICY Bov-r+ N EBFA)
nb—n-awh.epn..u...l o-r ::r.,,n — SRy l (b=r) (C+ED 4 AY
yObtaiaed by subtraciion.

‘alucs of o' can be oblained from equations (7) by putting w = 0. The inter-block
variance with b — ¢ — 7 4 § degrees of frecdom gives & direct estineate of o, independent
of the estimated Intra-block variance, M.

When the design la not resolvable, inter-block estimates may exist ifd S v. The
analysis of varlance of Tablo (3) provides & valid test,

‘Tams {3). Vanaxcz Ratio Test rom Ixter-szock Estivares or Tazamazxr
irrzacxens ror Nox-apwivasex Desans

D. P Observed Bum of Rquairs Exported Volus nf Sum of Bquares
Treatmests =1 fz2Q =1} C'4(e=1) (1B +A)
Error (lnter-black) [ t b= B +A)
Blorks =1 | 2Tk~ %' U—n C+0-1) 4B+A)
by sebtractioa.
Non-rewolvablo designa cannot bo analysed sa ordinary randomized blocks, as the

lications canmot be sep d in the flold. Only possibility iv to regard them sa completely
ruldnnbduprhmu. The analysis of variance will then be as in Tablo ().

TasLg (6). AwALYsis oF NoX-RE¥OLVABLE DESIINS AS COMPLETELY taNDOMIZED

ARRANCRVEXTS
| D. P Observed Bum of Bquares | Exp. Valus of Sum of Bquarcs
Treatmeats [ -t T, jr—Ctfer (o=1) (r C+A)+(v—1)B
Within treatments l wr=1) vir—1) (B+A)
Total [ e o~ 110+ k(b= 1B+ (w—1)A
T Obtaled by subtractlon.

In tho null-bypotheshs, C = 0, but the expectations of the treatment and erroe varian-
ces do not becomo equal (unless & = 1) and 20 no valid estimate of tho average varianco of
unadjusted treatment differcnces ln possible. No exact test of significance is avaitable

for comparing cither the adjusted estl given by () or the unadjustcd ones.

Incouriers Brocx Dasions witkt Brocus or Unequat Six
The designs considered above havo same block size, namely, £ plots.  But the quax.
factorial dewign given by Yates, whon v=pg, has blocks of pand g plots. Again the desiyne
deveioped by Kishon hias, in genoral, w differont block sives ky, by, oo kae



INTER-BLOCK INFORMATION

For recovering botb intra-block and inter.block informatio In these cancs, we havo
to conskier m different intra-block plot variances Ay, A,, ... Ay and s different block varian.
e Iy, B,. ... B 50 that 1/e,m Ay, §/w'ymk, B,t-A, (im1, 2, ...m).

With the mi number of reph usually used for these dexigna it i not
poraible to catimato the A's and B's, in every easo.  But wo may, as & first approximation,
assume that _.!r. = Ay = A and 1w, = k, B4A, which will ba Justified to » great extent if
by, ... by are nearly equal 10 one ancther,

Ixcoxriyrz Brock Dmstows witR Cowstant Brock Size poT
RAYING SEVERAL Mpmixa Proti.

Hero the number of plots in the various blocks will be k,, ky, . .. but the known plots
of any block will be seattcred over a spaca originally occupisd by a compact block of & plota.
e will therefore be perfectly justified in ing that A; = A and B; = B.

The dats when arranged in a two.way form for blocks and treatments may be dealt
with as the goneral non-orthogonal data with x,)(=] or 0 in thin case) obscrvations in the
ool for I-th treatment and f-th block {sce Nair ). Without loss of generality we may assume
that none of the blocks or treatmentas Is totally mixsing, so that i 1t0 9, j = 1 to b.

Toe intra-block Information for treatment dificrences come from the quantities
2, — % and the inter-block information from T, — .., where ¥.)-ia the mean of the jth
block which has n.) plots.  E{x,,—¥.)) is free from block paramcters, whereas in E(F.,—Z..)
they are prescnt, but will bo ignored for the prevent purpose. Thus

E(zj—%,))mv,— £

' v
™ 'l'=('l"t)‘_—'“§"'u('.—!'.) (9)

E@)~F.)= x (&L—L) =i (2 "l— 22 (o—v) (10)

=g
For proportional coll frequencies, that is, where -.,_"--T’f"'-l.z: will be naticed that

E(F.,—%..) docs not Involve the o’s. The data will then be called ‘orthogonal’ and no.inter-
block information can be extracted from such data.

To get pooled intra-block and inter-block csti of thev—1 differences
(v —v,) (f =2,...7) wo minimiso the following weighted sum of squarcs with respect to
"=

‘: E‘ 5 [’ll—'n‘('l'—'nH'! ('1"%)]’4' I lm‘ E)—z.—

My _
g, (-;_f ) =il ()
Tboncrmnleqmuomnm

T‘z milm—2 )+ ,—5_, (—"'J-— =) @~5)
'[_'(" -i5 )"',.. A_ﬂ, (2 =2)] e
e S (A £ i (-2 (2-30)]

(v —v1) (12)
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Wlien there are no missing plots, n.y == &, n,c=rin (0) to (12).

Sussany

Tn agricultural fickd experiments, it has been found that, unless lhu field is very hetero
gencous, the adoption of incomplete block designs leads 10 incflied of
differences, if tho whols of tho apparent block differences by eliminated from such extimatea.
When the fertility differences between blocks are not big, the cfickney of tho estimates of
treatment differences ean bo Jmproved by pooling the Intra-block and inter-block information.
The process of doing this has been worked out in this paper for partinlly balanced incompleto
block designa, of which the quasi-factorial and confounded designa are special cases. The
situntions when somie plots of these dexigns are missing has alo been discusscd.

Revxmmncen
L Dosr, R, C. awp Nais, K. R. (1829) 1 Partlally Balanced Incomplete Blork Dedigma. Sankhyd,
IV, 337.372
4. Rosz, R. C. axp Kisuxw, K. {1940) 1 On the Problems of Confounding in the Genoral Bymmetrical
Factorial Design, Santhpd, V, 2138,
3 Fisher, R. A, (1035) 1 Draign of Experimente.  Thinl edition 1942. Oliver and Boyd Lid, Fdinburgh.
4. Kiswrw, K. (1941) t  Symmotrics) Unequal Block Arrangemonts. Saakiyd, V, 329-344.
8, Naix, K. R. (103R) ¢t On a Method of geiting Confounded Arranguments in the Gencral Symmetrioat
Type of Experiment. Sanbhyd, IV, 121138,
& —— (1941)1 A Note on the ‘Mcthod of Fitting of Constants' for Analysis of Non-orthogonal Data
arranged in & Double Clamification. Santhyd, V, 317.324.
1, ——(1943) : Cenain R pe among tho Combi F of X &
Bluck Designa MAM. V1, 258.259.
8. Nam, K. R. avp Ra0,C. R. (1042a) 1 A Geneeal Class of Quasi-factorial Dewigns keading to Confoun.
ded Designe for Factorial Experimrnia.  Science & Cultiarv, V11, 457.430,
9, ——— (194%5) 1 A Note on Partially Belaaced Incompicte Blork Designs.  Sciencs & Culnese, V11,
508.500.
10— (IM%) 1 Block Deeisgna for Expori Involving Beveral Groups of Vasictics.
Seience & Cullure, V11, 813816,
11, Yares, F.(1836a)1 A New Method of Asranging Varicty Trials involving a Largo Number of Varie-
tios. J. Agri, 8., 28, 424-485,
12, ———— {1834b) 1 Incomplete Randomised Blecka. Anncls of Eugenice, V1L, 121140,
18, ~—— (1939) 1 Tho Recovery of Intor.block Information s Va oty Trials strunged in Throe
Dimensional Lattices, Aumale of Eugenies, 1X. pp. 138154
4. ——— (18408) ¢ Lattire Reuarcs, J. Agvi, So., 30. 672.687,

1S, ——— (1840b) s Tl Rocovery of Inter-block Information in Balancod Incomplote Block Designa,
Annals of Ewgenica, 10, 317323,

Paper received : 1 September, 1943

b



	001
	002
	003
	004
	005
	006
	007
	008

