MINIMAL ISCMETRIC DILATIONS OF OPERATOLR COCYCLES*

B V. HAJARAMA EHAT.

We obtain existence, unignenesd results for minimal ispmetric diladans of contrac-
tive cocvcles of semigroups of unital s-endomorphisms of B(#). This generalizes
the result of Sz, Nagy oo minimal isometdc dilaticns of semigronps of contrackive
operatons on 4 Hilbert space. In a similar fashion we explore cesults analogas to
Sarason’s characterization thar subspaces to which compressions of semigroups
are wEAln SEMIZroups are semi-tnvariant subspaces, io the conlext of covveles ancd
guantum dynamnical semigroops.

1 Imtroduction

Lot H b2 a complex separable Hilbert space. Let B{H) be the von Neumano algebrs of
all bounded aperators on H. An gg-semigroup f on B{H) s o one paramecer semigroun
8 ={th:0<1t < oc} of normal +-endomaorphisms of B{H}, suck that for each X € B(H) the
map t = #{ %) s continnons ia strong (eouivalenthy weak) operator topology, Ttis said to he
an Ep-semiigroup if each 8 is unital. A family R = {Ry: 0 =t < o} of bounded operatmns on
H i said to he & (def) coepede  with respect o an eg-semieroup 8 if By = I Fop = RAURD
for ail 6,1 and the map ¢ — B, is continuens in strong operator topology, The cocvele &£ &
said to be contractive, isometoe, unitary, positive, or projection coevele if cach &y has the
propercy. It is said to be locad 3f for every t, {A,} commutes with 6,(X) for all X.
Cocyeles adapéed to Fock [tration is a recursing theme in the thecry of Quanture
Stochastic Frocesses (JAM], [LW], [Pa]). Here wsually there are two kinds of rocyoles namely
cucyeles made up of s-homomorphising and those made up of operators. We will be talking
about operator cocyeles only. For us cocyrles are important as they zive us new semizronns.
Endeed if B is an isemetzie lefi cocyele of an ep-semigroup @, then s = {m ;0 = < w2,
defined by
wlX) = BG(XTR for X £ BIH) e,
iz anorher eg-semigroup. 1o zeneral whenewvor B ois a left cocvele of & ¢ defined by {7.10
1% & semigronp of complecely positive maps. Semigroups of completely positive maps play
an mporiant role in quantem theory as they describe lireversible dynamics and are kiown
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as quantum dynamical smnigroops. We will restrict our attencion ro guantern dewsioiea
semigroups consisting of pormal maps and which are continuens in strong opeeator topolygy.

If § iz the identiey semipronp (#( %) = X then irs eocveles are nothing bt seg-
groups of bounded operators. Thanks ta Sz Nagy we know that ammigroups of contractios
on a Hilbert space ran be dilated to a semigronp of isometries and under a minimality cou.
dition the dilation is unique up to unitary equivalence. Here we bave a similar vesult on
dilation of courraclive lefl cocyeles of peneral Fg-semigronps to jsometric cocyeles.

We recall that every contractive quantutn dynamical sernigroug dilates to an o-
semigroup (sec [Bh2], [Bh3]). Here too ihe dilation i unigque [up to conjugarion by
unitary) under a minimality assumption. Now if +, f are as m (1.1) it s natural to ask as to
whetber the minimal dilatior ¥ of 7 can be drastically different from & This guestion can
be better fprmulated as follows. Powers [Pod4] has divided Ep-semigroups into three types
The type 1 Ey-semigroups are well understood. Fhere are a host of type 11 11T exaraples (e
[Po2], [Po3t, [Tsl], [Ts2!). We have partial understanding of trpe I Epsemizroups. Bur
except for their existence we kmow very little about type [II Eypsemigrenps. With chis ic
mind we ran ask as to whether types of © and § can be different. Flenty of cocyeles of type
[ Bp-sermizroups have been construeted by many authors nsing quantum stochastic calonlys
and other means (see [Jo|, Fal, {LW], {MS], Pal). It would have been nice if we could have
got type 11 or type 111 Ep-semigroups with the help of thess cocycles. Buf in Section 4 we
will see that this is not pos¥ible because if # is of type I ther 5o iz . VWe also show thas in
general indes (+) = index {6, here by index we mean the numerical index Arveson attaches
as an invariant for eg-semigroups.

Fractically alb the resulis we peove have discrets tlme versions where we ronsider
powerz of a single normal #-endomorphizm tor completoly positive map) as the semigroup.
It & not clear as to how far the results can be pushed o cocyeles of serwizrovss of endomnor-
phisms of general {*-algebras to study product systems of Bilbert modules (see [B3)).

In this article our Hilbert spaces will be complex, separable with an inner praduct
{,-4, which ix antilinear in the first variable. For any two vectors u, v in the Hilbert space
by |uife|, we will denote che operator which sends any vector w o {v, @i

2  Sarason’s Theorem

fn this Bection ¥ i3 a cloged subspace of a Hilberr space X and we denote the erthogonal
prejection of £ onto H by P. Note that here and threaghout this paper we identify operators
X on B(H) with operators PXF on 8B(K), and this we do for any two Hilbert space %, X
with H C X without warning., For instance, the :dentity operator 14 is alse the projection
of X2 onto H,

Suppose ¥ = {1} : 0 = ¢ < o} i5 4 semigroap of bounded operators on K snd
FB={E:0<t< x}is the compression of ¥ onuo M, defined by,

== PP, Ot <on

Then a famous resubt of Sarason {[Sa], see also [Pi] for vadous versions of chis chemam)
states that B is a semiproap in its own right i€ snd only i H is semi-invariant for 17, tluat
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i, P=I5 — B whkere F| = & are projections on X suck chat their rangos are invartaur
under all 15, We wish to prove a similar result for left cocveles of Ey-semigroups. Xote
that when 1) is a contraction the condition that ) is invariant {or 1] is eguivaient bo saving
VAV £ P

THEGRENM 2.1 Let o be an Eg-semigrour on BIX] such that 4, [Pl = F for every £, where
P ig the prikogonad projection fo o subspace H. Let 8 be the Ey-semigroup of BIH) defined
by (X)) = W [X) for every X € B{H). Now suppose V = [} is o confractive left nocgele
of . Jts eompression B = [0 ;0 <8 < ool defined by By = PVE, is a left covyele of § of
and enly if P = Py — Py for some projeciions Fy 2 By 3uc that {};{Pl} = Pg,wrf[l%j = P
where o 1o the quanttrn dimamical serigroup defined by o, (2} = V(215 2 € BIKL

Proof: Seppose P = F) ~ F; a5 above, First we claim thai for every ¢, ¥, maps H = range
{F] into range (P, that is, WP = AV, Por {1 — P)11P = 0. This is clear as,

1

{1 Pk P((1 =~ PV P (1 - R)VPY(1 - A}
(Lol :ﬂ't[P}V'[l )
(1~ RuiP)1 - Py}

(1 —PI}"'J";{Pl (1Pt)
(1—-A)Al-5A)

0.

nn

14 b

il

We also claim, PV BV P) =0 for all 2,t. "This is a similar computation. Fndeed,

PVl (RWF PV, RV PYo( BV PV RNSF
WPV PVl (PRI F
i PV“[lP%{Pz

| FePy
4.

TR FLS P Y

Now for 0 < 5,1 < oo,

Ronp = PV = PHbWE = PV (W) (F)
PVl (Vi P) = PV [P P)

= PVith,(PV.P)+ PV, (PViP)

= PV (PViP} = PV,6,(R))

= PV,PO,{H) = R8(R).

I

The continuity of £ — R, in strong operator topology =5 obvions, Henee R is & left cocvele
of 8,

Conversely suppode K is a left cocyele of 8. Let B be the projection onto H, =
Fpan{Vu uceH,0<t=<x}and B =F — P Then for § € v, 5 < co, and u, v € A,

DV (Valt = Ve (V7 e VIV = Vgl b1V, = Irx;--.uz'f"t(|ﬂ>':"'*'|:|1"-;-|-:-
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As Beffudiv|) £ ByH], the opersior 1-',._-r¢£3,|: wpiti 17, & BUH, L Then it is clear Lhat il e
BIH,) For every 17 & BiH ). Thevefore v P < Py, Now range () = span{iu~ Mo €
Hil<t<ochandfor b2 rms ! < otn,v € H,

[T — Rew){ by — Rial)P
= Plag (Ve — Faulle - BT P
= Pl wiie| VO P - Pl iRl &V P
PV Ve |uh { oo V0F + PV | Rowp{ Rov) i) P
= Hepu[uh ()R — Bed ([ By — Boofel|ed wJ L, — Foadfellu) (o),
= 1

Therefore 9/ ¥) € BIH. X)) for all ¥ € BIH, 2 H), avd hence w (5} £ A 2

Ve may agk as co whether a similar resulé helds for quancim dynarmical semiprou)es,
Ome raay appeal to vector space or Dunach space versions of Sarason's Theoeetr directs Far
this we need to comsider general subspaces of the Banach space B{X) and not just ‘curners’
FPRIKIE definecd Ly projections. We do not wish to do i here, instead we have a sumewhas
weaker, bur perkaps more useful siatement.

THEGREM 2.2 Lef 8 be a condroctive quaniury dynamical semdgrovp on B{EY Lat P e o
profection to o subspace H of K and let oo = {en 1 00 £ £ < oo be fhe compression of 5,
wd X = PEIXOVF, for X € B{HL Then (1) & i8¢ wnibud quontun dynamicnd semigrong ©F
and only if (P = P, (i) P = — I%, whers Py = Py ave progecfions such that G(F;) <
B Sl B < By if and only i ¢ ds 0 guantum disemical semigroup ent S Q@ P1E <
Jorall g%, where Y= L — F, )

Proocf: The ‘prly it part of {i} is abvious, The i wart follows from (#) by uking P =1
and B =1 — P. To prove (i) suppose P has the decowmposition as deseribed, Cousides
0<X<P< P Then D€ &(X) < &P £ 2(A) < A. and therefore

Giae(X) = PSadX)P = PEIS(XNE = PE(PS(X)P)P

= PE{P+ P)GIX)P = PP

H

Clearly P{ 25 X1 PP < Pl FIFP < PRyP = 0. Now Kadison's inequalicy 5017 £.017)
< B,(¥" ¥ apptied to the contractive completely positive map . with I = PSP vields

Pa P S IPIA PO X IPIP < PAIPAIX)PPELX PR < PR(FIP £ PRP =1

Henre P (P34 (X1F: = 0. Similarly 5, PRIX) 5P = 0. Therelore we obtain a4,( V) =
PEAPZLIPIP = o log (X)), Also 3IQ5(PIQ) < 3(Q5(A)Q) £ 8{QPL = 3P £
B g

Fl

In the converse dizection, lake By as the projection omto Hy = spiR{S{ X 0 =
t <o, X 2 BUHL 1 € XL (Tt = importani to note that here we have talen all = € X and
not st s e ) For0 € s o0, XY e B(H). 2,02 K

A0 X )2 (RlY )y = ﬂr(-xillm:' e aa P
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Thar it is clear thal any operator of the form S (XNZE(Y), £ € BIK) s in BH ;. We
wish to show that this implies that 8. [X) € B(H;) for X € BIH), Far ¢ > 0 ralie 2, =
(& (F1+el7t. Theu as e decreases to zera £,5-(F) converges to the support projection G of
A.(F) in norm and as G3.(X)G = S (X0 it follows thae SN0 Z50P) converges o J.(Y).
Therefore 8.0 X)) € BIH:). Wow for any 2 € B(K) and 0 £ @ < oz by repeatod anplicating
of Kadison's iusgralicy

.ﬂ:':-fi',-l:,if]Z],S;{Z‘ﬁ,.l[ﬁ"]j = -‘Bi{ﬁr[ﬂ!'::lzz'ﬂ,-l:_t‘j]
O (4 AP AR T AR A )

< 12846, (X X))

= || ZY Fearl X XY € B(H,).

Consequently (1~ PSS X)12) = 0. [n a similar way ${Z3. {501 — B =T Tt fallows
ihat foranvy 0 S vo8f <00, XY € B(H). v e K,

Bi(|3-(X) 20 (Vi) € BiH, )

and hence %120 € B(Hy) [or £ € B(H,) andin particylar %(P) £ P Nowiake B, = B - F.
We wish to prove that 5[B) < Fp. We already have $(F) < 3B < B, Therefore it is
snongh to show that PHIRP = 0. Now asrange (B) =5pan (@5 (X)z: 0 Srv <o X &
B{H),z € K}, P3{Py)P = 0 follows from

PE|Q8 X ) {26, (¥l )P =0,

for all v 6,8, X, ¥, 2,y as above, This follows by yet another applicarion of Kadison's in.
equality. Take Z = |234@25. (¥ )y|. Then '

PEIQS(XVZ)P(PAIQE(X)Z)PY £ P&IQS(X)ZZ'51X"Q)F
| ZIFPAIQE (X X)) P
| Z|P X P38 (PP

0.

LI U F A Y

CorROLLARY 2.3 Det § 3 on ep-semiprouy of B{K) and suppose o i3 ¢ eompression of § by
& profection P with rengs P = M) os in THEGREM £.2. Then v 48 an ég-seaiqrang of and
srby if for every X & BiH) end t = 0, 5(X) leoves H dnvariant and P = P| — By, where
P, = Pp are profections such that 3i{P.) < P, and I,(F) < Py.

Proof: Taking 7 =<1 — P, we have

afX*X) = PHIXYP+QG(X)P
el X o (X)) + PRIXIQQE{X) P.

]

From this relation it iz clear that o is a +-endomorphism if and anly if @32 = 0. that
ig, S0 lewves H imvariant for al] X.
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e i e 15 alsn an eg-somigroup, we have

Gypt[ P PA(0ENE = PE((F + QU FIF + Q1) F
PH(FPE(PIPIF + PE{QS(PHIF
ﬂfs{m[P” +Pﬁ5['@5t'[P:|Q:|P

Therafore PA{25:( PGP = 0, o 5,((25( P2 < . So we obtain the decompusition of P
from THEQEEX 2.2 {ii). The couverse statement is another simple application of the same
resuli. |

There do exist quantum dynamical semigrovps &, 3, with projections P =1~ F
guch that a is 4 compression of by P, but PH{QE, (PO is von-zero for some 5.t 50
that (e, 2 do not come under the purview of THEOREM 2.2 (ii).

I

H

EXAMPLE 2.4 First consider o discrete time esemple, Toke K = €2, with standerd ortho-
narmal boois ey, 0t Toke M = Ce;. Define § by

ﬁ([a 5 1[2(n+d]—[b+cj u] 2.1)

ch]=E a i

whera V¥ iz a suitable positive soalar fo moks 8 contraoctive. 1 fa exsily verified thol 3 s
completely positive on B(E) end

AFHIEHON

with T = 2(o+d) — {b+c), for n = 2. Let o be the compression of § 1o B(H):

{ e 0. _ E a 0
oo N|laof
We see that o™ sa the compressfon of 3% for ofl n. Clearly §f P is the projection onde H,

gnd i = 1 — F, 3IQA(MQ) = @ does net hold. A continuous fime axomple con be go! by
considering contractive completely positive semdgroups

L= ll:d—.’rf],,ﬁ =! E:':E_M':I fﬂ.’l" t=>10,

where M i3 & stitalie pogitive scalar 9 meke r, 7 confroctive. Clewrly r s @ compression ef
. Making vse of (2.1}, (22) we have

! o b -t a b i I O I, = _E 21
wf S hee S el (2 ¢ | Buteae | B )
and then it is tmmediate thal (G (P& < & does not hold, in gererl

This example also reveals a subtle poime tn the dilation theory of contractive quan-
tur dynamical semiproups. Let # be an ep-somigroup of 5(X). Suppose that it is & dilativn
of & contractive quantum dvnamical semigronp T of B(H) {# C X). Consider

H o= gparld,, (Y- (Yuim e 220 k... YL eBHL ucHn = {1}
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and the compression 1 of & to B{}) defined by
ol X) = 1ady (X)L, X € BR).

The question we want to ask & whether 1 is the minimal diletion of 7.

First suppose T is unital. Then from the relation P = P& (FP)L. we have 2 =<
BP) = &(P) for 0 < & = ¢, whete P is the projection of X onto . By first conaidertng
vectors &, £, f3 of the form 8. (T))---&, (Yo)u, with vy 2 -+~ 2 7, 2 0, it i5 epsily seen
that B(|51) (616 & H for &, 8,85 € ?1', It follows that EzliX ‘} leaves H imvariant for every
X & B(H). Furthermore considering an orthonermal basis {ex @ 1 € £ < oc} of #. fo
Ti ::"':_brm:_}tzf'm+12"'27'n:iu~

By (01) 0 B (Yol = zﬂrlﬁ"ﬂ"'9rm{1”ﬁ}9{|ﬁk}{ﬁt|]9rm+1(3"m+1]" B, (Tafus
= % &{Z ),
%

whers Z, = ||54,l__t SRR ,m,_,{'r deeter| fe = By (Yoapeh--- B (Y5 }u Therefore 3pan
820 Z € BiH). ¢ € H} = H. Hence 1; wfellgliy = 1y and &{l5} = 1. So s this
zase 7 ts an ep-semigroup (make use of COROLLARY 2.3) a.nd it 15 the mmmal dilation of
T (See [Ard] for an alterpative argument).

If T i= contractive but not unital it is possible that 8 (X)), X € B(¥) does not lzave
H invartant. In such cases by CORQLLARY 2.3 1] 15 not an gg-semigroup and hence nor the
minimal dilation of m. An example of this kind is got by taking 4 as the minimal dilation of
the guantum dynamical semigroup v of BEXAMPLE 2.4, Note that ¢ is then a dilation of T
as wetl, We wizh to show that 7 defined for the patr [, #) i3 not the minjinal dilation of r.
From [Bh3] we know that if 7 is the mindmal dilation of r then

WS{JYW"'?* P W&(T{Tt— E} :J:'P

far 0 % 5 22 <o XY € BlH] In particular, 5, (Pig(P)P = piPr_iF))F rrom
COROLLARY 2.3, if 7 s an eg-semigroup & X'} must lewve # invarian for all X & Bi#H).1 =
0. Now recalling the definition of p we obtain, 8,( P18 (PP = &, Pr_, [P P. We arrive as
a comiradiction by showing that this equality is not troe for some 0 < 5 < £ < oo, Cousider

HAPIB PP — 8P P11 P[0, (P10 PIF — 8:(Pros [P} P
= PH.(P)8. (P8, PVP — Péy(L)8.( Pl (P\P}P
—F8,(P8y_{ PYPYO,( PIP + PO, P8, ,(F)Ph_{P)F)P

Mow this i3 computable in terms of v as § i5 the minimal dilation of v, and P € B © 8IK),
and we ohtaia

P 1ie d P)P 105 P) = 10-s P)Precs[PYP — P ol P)P1e_ o P) ++ s (PP P)PIF,

which can be seen to be Don-Zero.
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3 Isometric Dilation

Desmrriod 3.1 Let A = {F.}ipa be a igft cooyels with respect to an Eg-semigroup 9 =
{8:Fsan on B{H). Suppose K is o Hilbert spoce conteining H and o = {¥hep 5 an £-
semigroup of B(K) smch that iy (X = &, (X)X € B[H)Lt =0 {5 is or ezlension of B 4
faft cocyele V= {1i}uo of o iz soid to be o dilation of B if (o, Viv) = {u, Bl uv € H.t 2 U
or equivialendly

A, = PI;F. i3.1)
{P being the projection of K onto W It &5 said to be omerric if aned Ty s fsometric and
is zaid to be minimat Ff FwesVu € H 02t < ol =K

Throughout this section we assume that we have a contractive lelt cocyele i with cespect
to an Ey-semigroup & on B(X). The aim is <n study mdstence, vnigqieness properties o
minirnal isgmetric dilations of &. 'Uhe first step In this direction & the following lemne.

Lentia 2.2 Let M Do the eartesion product F, <« H. Defina Ko At x M = 0, by

TR if 5=1,
I TTH ) - I
w, G vy if s =i

{
K{{s.ub.tiu)) = { fu
(o

Then K i3 a pasitive definite kernel

Prooi: For oo, .. oon €, (w200, (B, i) S M we want io show that
3 Gt ), (a5, wyd 2 0.

Without loss of generality we can assume 0 = gy = -+ S & < oo Then positive definitensss
of K follows easily if we show that block mairix operators 4 = [y, defined by
¥ =,
Ay = { BlRyp} I i<,

I 6

are positive for all 0 < sy = -+ = &y < =0, We prove this by induetion on n, The resuld is
rovial for m =1, For n = 1, we decompose 4 as

A=DBr - FE ey

where

B, (Bpee) 1§ i1=1,5=2
iy = { b aeherwizne.
B g 0 iff=1, ar j=1,
¥ T ] Ay otherwise.
By = { - H‘il:Has—aLR:z—h:' if i=lji=1
o= 0 otherwise.
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, 15 a contractioon.

Here I is positive oy induction bypotlesis and £ s positive as B, .
Finally (3.2} can be verified as follows:
|:.D.H.D"_I‘:I-L_ll = E D:'J'BM{D“]” = E D-,';_-_JJ.HD;,:.
P Py

Hiz1,7» 1 (D8], = medadudpy = Ay Hi=1,i=1(DBD");, = D 4,00, =
'slal[Ri-z—.nRH :]. If'!. = 1!_']' ) 1!

k=)

(DED*Y; = Diadedy =8, [Rdg_a._)ﬂﬁl:ﬂaj_h:l
'gn [RS"—J;E.Sg'—.'Eil:HEJ —.'r;] = g.ﬂ [Rsf—ﬁ;} = -'q-:'_'l'-

i

Similerly 5§ i > 1, § = 1, (DBD"); = Ay a
Lat A be the GRS Hilbert space of positive delinite kerne! {see Section 15 of [Pa] )
K of LEMMA 3.2 . with associsted embedding & : M — H satisfying

(Al{z. ubd, AL 0Dy = K (s, u), (£, )],
for (2,u). (t,v) € Ad, and 5pET {A{(s e} 0 < s <oo,ue H} = H. As
140z, 0] = AP = Jul® + (o)l = (u, fa{ R} — (o 80 R, )0}

for 5 = ¢, by making use of the joint continuity of the map (4, X1 — 8,05 on Fi. »x B(#H),
with usial topology ot Ry and g-wealk topology on B{H) (see Lermma 3.3 of [AM]) we can
see 1hat the mapping A - IR, x H = H is continuous. Then it is clear that the Hilbart space
H iz scpacable, Far ¢ > 0, define By 0 H — H by R = Al w), v € H. Toen it follows that
R, are isometries | satisfving

b if s=t,
BB = { Balk,) if s<t
iy i et
Moregver 5pan {Bu: 0 €5 < og,u € B} =H and the map ¢ — Ry is continuous in strony
opsratoy topology. _
Making uwse of the family of operatocs {R;} we will construct an eg-scmigroau: on

B{#}. For this purpose we need to recall some constructious from “Bh2 and [Bhd!. Fix
¢ € H with {uf| = 1. Take P, = range ty{|a}{a[). Define W, : H @ P, — M by setting

Wilu @ &illa){al]v] = &llujlally, for w,v ¥,
and extending linearly. Then W is o nudtary opermtor, Movegver
Fef X)) = Wol X @ 19, Wy, %X & B{H).

Thue #; is expressed ag the identicy represearation with multiplicity. We will eall ¥ as
eononical implementing vnifary of 8, with ground vecior a.
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Further if &y denotes the restriction of W5 o domaiu Py & P: and range P, . 1Liu
it is a nnitary opetator. Morcowor for v, 5,8 2 0,

(5 W@ Ip,) = Wopelln @ L),

[ﬂ::l er,.s-k![l':l".. Al U.s,f.:l = er-l-s,f':'-r-';:l',s = ]-:cr]'

The Hilbert spaces {2} with unitaries L7, form a contbmous tensor product system of
Hifbert spaces. This s anti-isomorphic to the product syatern Arveson associates with the
Ep-seraigroup &. This sonstruction of maps {W, 1, {0} and product svstem [P} also works
for eg-semigroups. the only difference heing that maps {#.} are no longer unitaries bas jast
isoraetries.

THEOREM 3.3 There exists uninue sg-semigroup 0 of B{H} satisfying
BENE = B B XA, VX €BHILst20 i3.3
FProof: Define & lincar map W, from H 2P to H b,
Wik, u @ a(|a)alv) = Baof (o) ia)iv

forf € s <oo,u e H Hiseasily verified chat W, as defined is isoenetric and as”&_pan{ ‘E'?'-""f
0<s<oo,ue X =%, W extends uniquety to an isametry from X % P, to A, Define 4,
by
hiZ) = WlZ® 1,047, Z < B(H).
Clearly each . i3 o normal =-endomorphism. Wo claim that they form a semigeoup. Ir &
Easy to soe that - )
Wi W, 8 1p) = Wos(l; & Doy

on H @ P, @ F,, and so

Bl Z) = WoklZ®In, JWo,

= Woelly @ U (2@ 1p, @ 1s) (15 ® U7 )W),

= WU, 215)(2 ® 1s, @ 1, {7 & 10,107

= 8elb;(Z))-

Ciontinuity in weal: operator topolegy of maps t — éﬂ;z], follosws from measurabilioe
of maps ¢ - {8, (2 for 2,9 £ H. Z € B{H) and messurability can he proved directly,
bt this approach seems 1o be rather tedious, nstead one can also prove this by making use
of continpity of £ — 14 in THEOREM 3.5,

We abw nole that

Wi Rew 3 Oclladatie) = Reeslludlolle = R Biln ® BilJa (alo)-

Iy [oflows ehat cn H & F s .
Wik, ®1p) = N, T,
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alul therefore (3.3) is satisfied. The unigneness is clear on mank one operators X = juj{e |
u, & H, a8 apa:n{}? will€s<eousHl = K, and due to normatity assumpTion on &
i5 determined by its action on rank one operators, n

Wote thar {fﬁ} do not Form a eocyele because they are maps [rom H to H aud
oot from H to H. 50 we must extend their definition and alsc to talk of cocvcles we ol
Eg-semigroups on B[#}. This is quite unlike che sitnation of scmizroups of operators where
we are having the erivial (identity) semigroup as gur Speselnigroup and we naturally extend
it to the identity semiigroup. An immediate consequence of mext lemma is chai HL m H
is infinite dimensional {anless all {K,} are ometrie and in which cave we peed not dilate
them). So theve are plenty of Ey-semigroups on B{H) which extend . For example identiby
H with # & & for some infinite dimensionat Hilbert space £ and identify H with M 2 & far
sorne unit vector e of X, 50 as to have B C K. Then taking @ = % & déd. we have & as an
Ey-sernigroup extenston of §.

LEMMA 3.4 Lat () be the projection ondo HY. Then @ =4 if cnd ondy if {F.} is tsomeatrie
foremerpt, FQEOHen >0, =8N >0, forl<s<t <o

Prooft Il 2 = O thea B, = B, and hence K, is isometric. On the other hand if A, is
isoretric for every t, we see (hag

{ R, B = K{{s,ul, (o)) for 0= 5, oo,

where JU t8 che positive definite kernel of LERMMA 2.2, Then by nnigueness of GNS cou-
struction the Hilbert space # 15 same az H.

Now assume @ # [ First we claim that (@) < Q. This follows by arguments
similar to the last part in the proof of THEOREM 2.1, by first showing:

Fa| By = BB — B[P = 0,
for e s oo, aXH, P=1—Q. Hence for 0 < 5 < ¢t < og,
Q=& 2 8@ =0 (3.4)

I € = &, () for some tg > 0 we have @ = &) = &,{Q), for € £ ¢ < 1,
and hence ¢ = 8 {2} for all ¢ We claim that this is not pus-uhle Indeed it ¢ = &(()
then P = 6,(P) = BPR}, aud therefore QR,PRQ = 0 or QB,P = 0. That & £, loaves
# mvariant for every £ 5o we obtain H = H, contradicting the asmmprion @ # 0. Now
recalling that every non-trivial endomorphisin of B(#) is injective we obtain strict Inequality
in [3.4). [

Here is our main thearer,

THEORENM 3.5 Let & = {f3,: U< ¢ < oo} be a left cocycle with respect do.un Ey-semigrenp #
of BIH) und let H be the Hidbert space constructed before with associated sperafors (B, 1 1 <
t = oo}, Let & be en Ey-semigroup of BIH), such that (X} = (X)) for X € B{3),.4 = 0.
Then there exists o trdgue ssomedric leff cooycle 1V = £ 1 0 €4 < oo} of ¥ such thai

Vor= B, uweH0<t<on
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{In pardieulor 17w o minima! tsometric dilation of R Furthermors, Drespectoos of e
rhiices of

bin( 20V = h[Z),  ¥Z £ B(#H),
where B is the eg-zemigroup of THEQREM 2.5,

Firunf: Fix a € H, with |la! = 1, and consider P, W), W, as before, Define tnear maps
Wi HeD = H by

iz @ avielv = wul|xv ek, seH,veH
Clearly W, are iroplementing unitasies for the Er-semigronp ), and therefore
Wl T =W lZ @ 10, Y2 e BlHL.

Take ¥, = W, 7, for 0 < ¢ < oo, Ohviously W, i3 same as W, on H @ Pb. Aleo recail that
t‘f‘rg it 2 unitary from W ® P, to H. Hence for w £ H, there oxists £ € 'H & T, such chat
Wil = WL =« Thorelore For w £ A,

Vi = TS = Wit = (R @ 15,)¢ = R = A

(By = 1z Bvidently &2} = Vah(Z17, ¥Z e B(H) We need to show that {11} = a
cocvele for o, ¥We have

Vol [V = W WK @ in, ) W

= W (W, @l )W)

= W W@ ls) (W, 21,107

= Wiellg® lhi(ly @ 07 )W0,
=t Wg e = Vo

It is alsa easly verdfied thal W17 = &{1). and 10T = (1) = 1 In view of [l
Proposition 2.3, (also sez the Appendix A of [Bh4) to show the concinuity of the man
¢ =3 ¥, it guffees to show weal measurability, i.e, the measurability of the map t — {y. 1y2),
for alty, z € H. Clearly it suffices to consider ¢, 7 in a totel set. If 2 = (R @k, abin .
for some 5 2 0.2 € H. v € H, then

Viz = W s Ry @ 6 adal)n) = Wil Roe ® Gy lad (afin) = Ripi(izhialin
and the measnrability of & — {y, 52) g clear.

Cinally we need to prove the unigueness of V. Ter 4 = {4, 0 <t < oo} he
anather cocyele of 1 such that Ay = R forw € K. Now for ros = LX £ BIH)

At [B. X EDA A A X A7) A

Aryetbe X5

Al VAT
= R0 X)R;.
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Hence by unicueness of @,

Bi¥) = A ()AL = Vi 1)1 (3.3
where {4:}, {17} are sometsic cocycles of . This implies A, = VLA, for a local neitany
cocyele U = (T4} of @y Indeed wuke U = ¥4, then elementary computations usiag {3.5)
zaud the abservation 4,47 = TRV = 8,(1), show this famt. In the presear contenn we alsy havs
Apls = Vily, and we wish to show that this forces U, = 1774, to be che identin operaar
for every ¢

Mow [7 i Jocal for o) and Lence 07 = IeTf}[lﬂ & ﬂ’tji-’ﬁ-';“, for some anitary I, & B(T.).
Henco
Vile = 4 = AW 1y 915,190

ViU W (g @ L, 2V

= ViWl(ly @ 13, )W Willy @ 1, )67

= VW.(ly o 0w

= VW (ln @ Lp T,
Also, Vil = Vil (Ly @ 1p YWy, Hence

Vi {1y @ DW= VW1 ® 1p )WY,

fl

or {1z & L) = 15 @ 15, 2od bence T = 1p,, consequently 4, = V4, for all ¢, [
An intaresting consequence of LEMMA 3.2 is the following sesult which ssys that
85 block matrix operator with sespect o the decomposition B = H &L, ¥ kas the lorm

V= [ % ‘?]?
- -
just a= it happens for $he usual Sz Nagy dilation of conlraction semizeoups.
REMARE 3.6 Let ¥, be the minimal dsemetiic difodion as in TTEQREM 2.8 Then V7
tequza W inparicnd for avery £,
Prooft For [ < t < oo, we have §,(0) < 3. Hence
Wl £ &,
W < 4,
FVQVTP <
Therelore QI F =10. -

4  Application

The most hasic goal of the study of ep-semigroups is their classification. The fivsé step in
thiz dicection = Lo define coeyele vonjugacy for Ey-semigroups {Earlier this concept used n
be called as outer conjugacy, see [Arl], (Pel], Pod)l, We may extend this notion to inelide
gp-seregrones a8 fullows,
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DEFRITION 4.1 Lot a3 b2 tws agesemigroup: on BE] Then o J are goid £ be coonele
comjugate if there caists o leff cocyele V= {1V 0 £t < e} of £ osueh it

af Ay = MAXW ¥X e BH) 120
aad Vet = o {15 1715 = 8010 for all ¢ 2 0. This & denotad by o ~ J,

Note that i e ~ 3 are Ep-semigroups then they are coryele conjugate throcgl
unitacies hut in general we are having partial isometries. For example in THEQREM 3.3 ¢
and  arn eocyels tonjugate through isometries [1). It is ezsy to see that cocyele conjugacy
is an equivalence relation. Exiending Arveson's vesult 1ATH we see that two g-sanigronps
on B(H) are cocyele conjugate if and cunly i they have isomorphic predurt systers.

At times two ep-Sermigrouns one wishes io compare could be aeting oo operators
of two Jifferent Hilbert spaces. I tie two Hilbert spaces are of swme dimension then we
gan still talk of cocvele conjuzacy by first identifving twe Hilbert spaces throngh a unisary
isomorphizen or equivalently by first replacing ane of the sp-semigroups by & unitary conjugatbe
o heve both the ep-semigroups acting on 2 commaon space. Of course in either approach it
doesn't matter which unitary we choose. Two gg-semigroups are cooyvele canjugate if ~md
anly if basic Hilbert spaces are of same dimension and the prodnct systems are momecrphic
(Te finire dimensions only gp-semigronps we Lave are serigronps of antomorphisms and thae
have crivial produce swslems.)

Throogh ot this Section we consider the sel up of Seerion 3 with T as the vondractive
quanturn dynamical semizioup, X = RO X on BlH), where M is a telt cocvels of
an Eyp-sermigroup & of B(H). Then we see that & of THEOREM 3.3 t5 a dilation of +. Ous
may agk as to whether § i the minimal ditation of . In genersl this is not the case. in
fart &z we witl see, usnally the minimal dilation ¥ of 7 and @ have non-isomorphic prodoct
gystems, whereas & and & have isemorphic product svsiems. The product system of + s 2
‘snh-system’ of that of 4.

The following proposition i a surprise in view of the ‘non-mintnal’ exarpls toweards
the end of Section 2.

ProrosrrloN 4.2 Suppose
H = men{f. (1) ---§,n[3;]u i E e, 20T, L e B(HLvEeH, 8 2 0]
Let 7 be the comprassian of & to B{HY. Then iz the minimal dilation £ of 7.

Proof:  We observe thar for o, e 2 0, and X, ¥, T £ Bi'M)

o n %ﬂ-{Xﬁll—ﬂ{Y]]éc{Z} ifthze>c
B.(X)B(¥)8a(Z) = § Bul X Wu[-e(Y)Z) HbZ 2o
Bl X al¥}2) Hbza=rc

For mstance if b > a = o,

GLIXIEIYI6(Z = Vel (W WA VA2,
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= VS (AR )0V )6 R L2007
U 0 el B 6l ¥ 80 e LRV ES VL2717
Vaa X mo{F N RS2

By Xm (Y18, 2).

fl

This shows that 6,{ X'} leaves H mvarfant for ¢ = 0, X © B(H), and henve on % rhe
actinn of m{ X} is same as that ol 15'“}';} Morcover we are sble te compute (see [Bhi]) inacs
products between vectors of the form &, N STRRRE 6 20 U P I ST V. E
BiH}lu € H,n = § and we see that

{é!'z [},l:l |5| li n::”-[ 'Hm[?l.l E fn[zﬂ]?-":' = ':"2 (}r] {.rm(};'-::ms":a:{zl] L--.]T-Clu[zi'-]?l:::'

Thea the result i3 clear due to unigueness of the minimal dilatiog. [ 1
Mow we claim that the product systems of 8 and § are somorphic. Fix s & X, witl
[la]i = 1, and take
P, = range &(|aila)), Q= range §.{a)inld.

Take 4; = Vi, (|o} ;). Then as Vit {|ui{aly = dlioi(a)1, 4 meps B to Q. ¢ 4, is notking
bt the restriction of 15 to domain P, and range ¢, [t is elementary to ses that A, delines
arl {somorphism between producs systems {7}, {Q.} of 8,6. [n particular if ¥ s infinite
dimensional, so that dim H = dim H, then 6, § are ecocvele conjnzate.

TEEOREM 4.3 Suppose thet H & infinite dimensional  Then the product system of © i
isgmerphic to o suheystem of that of § and ¥ is cocyele congugate o 840E, whers By s a
local profection cocyele of 8. If & L of type £ then so s T IF 6 iz of fype [T then 7 s of type
Tor I If 8 is of type f1I then 50 is ¥, o genernt indez 7 < indes 6.

Proof: In view of PROPUSITION 4.2 we may take 7 = 5. Now if W, are implementing
unitaries for & with ground vertor o. Teking B = range &{|a}{a|), we have

HY) = WY @ 1, )W,
fur ¥ £ B{‘?—E} lodifving the domain of definilion we rale
RZ) = Wid @ 1 )W

for Z € B(H). Then we scc that ¥ 35 enother ep-semigroup {See ihe notisa of induced
sernigronp in ‘Bhd]) and il i cocycle conjugate to 7 as they have identical produrt systems.
Clearly,

T Z) = 8 Z)F,

whera F; is the local projection cocvile given by Fy = F{1). Now inc first clatm follows
easily from cocycle conjugacy of @ and 4. Projection [ocal comyeles of type I By-semigroups
have bean described ecplicitly in [Bhd], combining it with the results here, it follows that
F also must he of type 14 & is of type 1. As the product system of 7 is isomorphic to a
subgystemn of that # every unic of # ghves us & unit of . Therefore if & s of type IE then
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500k T Fing lh we show that £ or eguivelentiv # has o unit then # also moust bave aceas
one uadt. Tai would seidle the type II caze, and we also ger che Snequality for indices us
the prodact system of ¥ is isomorphic 1o a subsvsrem of that of . Here it 5 cemeuicot
to view unite 85 one parameter semigroups of incertwining operatars (Ses [Acl], Sertion 6
of [Bh4l]. Suppese I = {T1} is a unit of A, that i, 7 & a one parameter semigrouy
th(&)0; = 022 for all ¢, Z. Then taking V' = (W}, where 17 = KU, it is easily seen that 1
is a semigroup as FUFL, = RO RO = Fuy Ui, and eack V) intertwines with 4 ay

R(Z1V = B ZVRLL = F&{EW, = Bz, .
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