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Abstract

In estimating the proportion @ of people in a given community bearing a sensitive characteris-
tic 4, in order to protect the respondent’s privacy, various techniques of generating randomized
response {RR) rather than direct response are available in the literature. But the theory con-
cerning them is developed only for samples selected by “simple random sampling” (SRS) “with
replacement” or at most by SRS without replacement method. llusteating two such RR devices
we show how an estimator along with an estimated measure of its error may be developed if the
sample of persons may be drawn adopting a complex survey design involving unequal selection
probabilities with or without replacement.
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1. Introduction

Warner (1963) introduced a technigque of generating “randomized response’ (RR) as
a device to protect a respondent’s privacy when one intends o derive an unbiased
estimator for the proportion 1 of people bearing a sensitive characteristic, say, A, like
habitual tax evasion, drunken driving, drug addiction, ete. Horvie et al. (1967), Green-
berg et al. (1969), Mangat and Singh (1990), Kuk (1990), Mangat {1992), Mangat
et al. (1992), Moors (1997) among many others applied modifications on Wamer’s
ploneering technique in order to promote respondent co-operation, mprove upon the
accuracy levels of the estimators and in general o advance the relevant theory and
technique of RR. But one common limitation of these devices is that the sample in
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cach case must be drawn following the scheme of simple mandom sampling (SRS)
with replacement {WR). In each case it 15 required to use the fact that while sam-
pling on every dmw from a given population of individuals, N i number, labeled
U={l.....6,....N), say, ‘the probability that a selected person bears 4 15 0y =N /N,
here Ny 15 the unknown number out of these &V individuals who bear the stigmatzing
characteristic A, If the sample s drawn with unequal selection probabilities “with or
without replacement” this “probability” will be different and the methods of estimation
have to be drastically revised. In what follows, we show how this may be achweved by
illustratng with (1) Mangat’s (1992) RR device and (2) another one with a modifica-
tion thercupon. Similar modifications may be brought upon the other cases mentioned
as well. But we omit details about them here.

2. Two specific RR devices and related estimation procedures

Mangat (1992) essentially considers the following RR deviee applying a modification
on those by Warner (1965), Horvitz et al. (1967 ) and Greenberg et al. { 1969). Suppose
from a given population of & individuals of whom an unknown proportion 1y bears
A, an “individual” s selected at ‘random’ and # such independent draws are made.

Each sampled person, following a given device, say, a table of random numbers or a
pack of cards identical in all respects but differing only by certain “distinguishing marks’
is required, unnoticed by the interviewer, to (1) divulge tuthfully, with a pre-assigned
probability T (0 < T < 1), whether he/she bears 4 or the complementary characteristic
A% 1e. whether the adopted random device ‘matches’ or “mismatches” his/her true
characteristic; and (1) with a complementary probability (1 — T') to apply Horvite
et al.’s (1967) or Greenberg et al.’s (1969) deviee of giving out the RR inoa way
described below.

From a box of ‘cards” marked cither 4 or B in known proportions p : 1 — p
{0 < p = 1), the sampled person 15 to randomly choose one card and truthfully divulge
if the “card mark’ matches (or mismatches ) his/her own true chamcteristic 4 or B (A%
or B — the corresponding complementaries). This is Mangat’s (1990) ‘two-stage” RR
scheme.

Here B 15 a charactenstic which need not be a stigmatizing one like 4 or even
related noany way to ity for example, 8 may stand for “vegetanan®, “flower lover’,
‘bespectacled” or some such innocuous features. This exercise s supposed to be done
‘independently” by the individuals 1f sampled.

Mangat (1992) assumed that 7z, the proportion of people m the community beanng
the characteristic B, is ‘known'. Then, he observed that the probability that a person
chosen at ‘random” from U may report that there 15 a “match’ between his/her rue “A4
or B charactenstic and the “type’ of card-mark is

A=Ty+ {1 =T phy +{1— pittg]
=C04 +(1 = TY1 — p)ia,
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where C=T +(1 — T)p. This is true for every person in the SRSWR chosen on any
of the »n draws.

Assuming C # 0 and writing m for the number of ‘matches’ reported from the
sample of 7 SRSWR draws, an unbiased estimator given by Mangat (1992) for 04 1s

3 m .
0i= % - -1 - p}uﬂ]/c. (2.1)

Mangat (1992) also noted that its variance is
. Al —4)
iy Rttt ot
{. .-1} HE.-_:
and
{min)(l —m/n)

()= e

15 an unbiased estimator for l"{t}_., 1.

In order to develop estimators for () along with vartance or mean square error (MSE)
estimators for them when the sample is chosen differently but the RRs by Mangat's
two-stage scheme are used, let us proceed as below, first observing the following.

Let us wnte
vi= 1 1f a person labelled i bears 4; 0 if i bears 4%,
x;=11f a person labelled i bears B; 0 af i bears 5°,

I =1 1f a person labelled i announces “mateh’™; 0, else.

Then, 0y=3% vi/N. g =% x/N; and for Mangat's (1992) scheme of RR, no matter

how a person labelled 15 chosen, we have
Pril;=1)=Tyi +(1 =T ) py; + (1 — phx;] = Epl L)
=Cy;+d;, wheredi=(1-T)1— phx;.

Let #;=(f; —d;)/C, assuming O # 0 and Ey, Iy the operators generically for expec-
tation and vanance with respect o any RR device.

Then, Ex(r)) =y; and  Vr(r) = Er ()1 — Er(£))/C = Vi, say,

=a;y; + b, say, where

ai=(1—C—2d;)/C, b=di(l—d;)C*
are known constants assuming x; 15 known. Later we shall relax the requirement of x;
being known. It follows that o; = air; + by satisfies Ep(e;) =V
Let ¥ =3 yj; then 0y = ¥ = ¥/N. Let P denote any sampling design and P(s) be
the probability of selection of any sample 5 of distinet units from U, Let
t=t(s, Y} = Z_“'b.w'f s

be an estimator for ¥ with b,; chosen suitably as constants free of ¥=(y,. ., vi...ovw )
Li=1ifies; 01 i¢s i case y; were available as DR's from the individoals 1 s
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Then, with respect to the design P the expectation of 1 is E(1) =3 yiE,(b,l;) and
its MSE is M, (1) = E,(1 — ¥ ) which becomes the variance Vol if Ey(r) equals ¥ for
every ¥ oin which case ¢ 15 unbiased for ¥, Writing

M =ErC+ L L yyCy
i
with . Cy determined by £y P(s). let there exist an my(f) =mu(s. ¥ )=3%" vl
ZZ;;} vV il gp with Ly = Tl d g d g;"s as constants free of ¥ such that
-Erj{d.u'f.u'] o E},Eﬂ'[ﬂl_.,,_'l.{\-,:..'}l = C-J_,l

The literare has plenty of examples of such choices.
We shall restrict ourselves to the use of a P oand a ¢ such that E,(r) =1 then my(1)
15 an unbiased vanance estimator for £ Let us take

€= er'b.u'j:w'
=e(w. R), where R=(r,....r.....rx) (2.2)

Then, Ep(e)=1t and E () = }_r; = R, say. Then, the overall expectation of ¢ is
Ele) = E,Ep{e)= Y =EpE,(e), whem £E=EFE =EE,

In this sense ¢ is an unbiased estimator for ¥ oand hence & = e/N is a required
unbiased estimator for ¥ =i,

Then the variance of & is (&)= F(e)/N>. where V' as the over-all vanance operator,
Now, F(e)=E,Enle— Y =E,Epl(e—1)+(t— Y} =E, Y Vibily+ V(1) = ERE,[(e —
R)+ (R - 1”}]” = E|{[ZJ'T?£'; + ZZ;-,{,.‘ rirCy]l + 3 ¥ Let myle) = erd_u-f_.,-,- +
.2 iy tiridailaj. Then, Eumy(e) = er Ci + Y3 rnCy oand Egmy(e) = my(1) +
Z Fl'd.\'.:'-‘l:u'-

Then, it follows that

H’!{E’}I — f.i‘!_r_.{_f::l + ZL‘,{.I’J% = d.-.u' }I.u' {2-3}
satisfies Em{e) = Fie) and
m(e)=mple) + ¥ vibaly (24)

satisfies Em*(e) = Vie).

Then, m(&) = m(e)/N? and m*(&) = m*(e)/N? are two unbiased estimators for the
vanance of £.

Let us next consider a modification of Mangat’s (1992) RR technique when (g 1s
unknown — this s a realistic situation in practice, though in the book Chaudhurn and
Mukerjee (1988) there 1s a description about how a 0y may be conveniently created.

In our procedure we just really need correspondingly a modification avoiding the
requirement of the knowledge of x;°s. This 1s achieved i the following way.

Let everything else in Mangat’s (1992) RR device remain the same except that
instead of one there are two boxes. In the first box the A-marked and B-marked cards
are mixed in proportions gy - 1 — pyp (0= pp < 1) In the second box they are mixed
in proportions pa o 1 — pa (0= ps < 1, py # pa) Let cach sampled person labelled 1
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be required to “independently’ draw 2 cards from both the boxes and truthfully divulge
whether the “card mark” matches his/her true charactenstic 4 (or 4%) or 8 {or 8%). Let

I 0] relate to the two draws from the first box and JoJ] the same for the second box.

Then
E(E)=Tyi+(1 = T)[piyi+(1 — pi1 )] = Erl(d)
and

Er(Ji) =Ty + (1 =T pryi + (1 — pa)xi] = Er(J)).

f e (1 —p i —(1— p )% W (1 — ) —{1— p )J}
' (m— pa) C (P — p2) '
It follows that Eg(r]) = v = Ep(r] ). Also,
(1 — pa)*Velds) + (1 — p1 P Vrl(J;)
(p1— p2¥

k]

Vr(r]) =

= Ay ] o A i
ety = 0= PYVRUD + (1= piY ()
(A — p2)

Frid) = Vr(d]) = Ep(5; X1 — Er(5;))

Vr(Ji) = Ve(Jf) = En (S X1 — Ex(J)).
S0, V[{{rl.'} = P'r{{r]f'} =W, say.

¢ i
r.+r.
Letri=-4_"1.

then Epir)= v
W;
Frir) = g Vi, say.
Then,
('Y

= g satisfies Epl ;) = Vi
So, with these choices of # and v wsed generically in (2.2)—({2.4) an unbiased
estimator for 1y along with two unbiased variance estimators follow immediately.
Since x; need not be known here, it is this second modified RR technique that we
recommend for application m survey sampling practice.
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