A new class of PT-symmetric Hamiltonians with real spectra.
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Abstract

We investigate complex PT-symmetric potentials, associated with quasi-exactly solvable
non-hermitian models involving polynomials and a class of rational functions. We also look for
special solutions of intertwining relations of SUSY Quantum Mechanics providing a partnership
between a real and a complex PT-symmetric potential of the kind mentioned above. We inves-
tigate conditions sufficient to ensure the reality of the full spectrum or, for the guasi-exactly
solvable systems, the reality of the energy of the finite number of levels.
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1. Introduction

While it is known that particular complex potentials have real spectra, irrespectively
LL] [Z] [‘{] of PT-invariance, it is a widespread belief that PT-symumnetric complex po-
tentials have in general real spectra. Within the general ongoing discussion of complex
PT-symmetric potentials with real spectrum® [4] (and references quoted therein) we study
with special attention quartic and sextic polynomial potentials and their generalizations
incorporating additional rational functions. In our discussion we will make use of alge-
braic techniques, of construction of quasi exactly solvable (QES) models [5]. [6]. [7] and
methods of Supersymmetric Quantum Mechanics (SUSY QM) [8]. [d].

We will not study exactly solvable non-hermitian models as done for example in f_lfl]
F11] but our main goal is to show rigorous examples which are not exactly solvable for
which a fixed amount of levels has real energies. In the line of the study of the sextic
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potentials in [I_lz] we investigate both quartic and sextic generalized potentials, also in-
cluding complex inverse square barriers [L). ﬁ We provide also explicit constructions
of models, which again are not exactly solvable, but where the full spectrum of a non-
hermitian potential is real. for example. due to SUSY isospectrality with a real potential
[. B. [7. InSection 2 we discuss generalized quartic potentials. In Section 3 the sextic
case is analyzed.

The main new results of this paper are:

- we have obtained a new class of quartic complex PT-svinmetric potentials which are
quasi-exactly solvable with a finite number of levels with real energies;

- we have also discovered a generalized complex PT-symmetric quartic potential with
a real SUSY partner thus ensuring the reality of the full spectrum;

- we found a generalized complex PT-symmetric sextic potential including an inverse
square complex barrier with solvable ground state or ground and first excited states with
a real SUSY partner and thus with fully real spectrum.

2. Quartic oscillator.

Within the general framework of complex potentials with real spectrum we want
to discuss some conditions sufficient to ensure that a complex generalized polynomial
potential of fourth order has indeed a completely real spectrum.  As outlined in the
Introduction, we will try to use different approaches in order to obtain complex potentials
with real spectrumn.

The elementary algebraic approach, based on a complex shift of coordinate, will apply
straightforwardly to a strict polynomial case. More elaborated quasi-exactly solvable
PT-symmetric quartic potentials have been investigated in [[§] with special attention to
the reality of the QES-part (of finite dimensionality) of the spectrum, here we find a
much simpler quartic analogue of the celebrated [J. Bl []. [[9. QES sextic potential
V = 2% — (8j + 3)2% Finally, based on the intertwining relations of SUSY QM [, [H.
E]._ we can demonstrate that the full spectnun of a modified quartic complex potential
is real.

For a pure quartic case a sufficient condition for reality of its spectrum is provided if
one canshow that the complex potential can be reexpressed as a polvnomial of &, = (x+ie)
with real coeflicients, preserving PT-invariance. When this is the case the complexity of
the potential is related only to the complex shift of coordinate.

The general PT-symunetric quartic complex potential reads:

Vilz) = px! + iax® + be* + ez, (1)
where p = +1 and a, b, ¢ are, in general, arbitrary real parameters. We study the restric-
tions on the values of these parameters which are sufficient to ensure the real character

of the spectrum. The condition can be expressed in a compact form as:

Vi(z) = pxl + Azl + B (2)

o . . . . . . . . .
“The PT-symmetric harmonic potential, inchiding a complex barrier, has been investigated in [L5].
For a recent discussion of such potential in the contex of shape-invariance, of. .



with A, B— real. The appearance of only even powers follows from the simultaneous
requirement of PT-invariance and of the reality of the spectrum. The Eq.(B]) leads to the
constraints for EA{.@} 2

1 .5
= —qafa” + 4 b
£ (a poh)

and ¢ in Eq.(B) takes the value ¢ = %pr.r..

We can now compare the potential ([I]) restricted by the condition above with the
quartic QES potential of and find that they are not compatible with quasi-exactly
solvability conditionf] Since the condition we have discussed is only sufficient, this does
not imply that the spectrum of can not be completely real.

Let us now consider pure quartic potentials in the framework of SUSY QM [{. [H).
If one considers the simplest ansatz for the superpotential W = pr? one can recognize
that the ground state normalizability is lost for real values of p. Furthermore p can not
be anyvmore real if one requires PT-invariance. Indeed

W2+ W' = p*at + 201,

is PT-invariant only for pure imaginary p and this is inconsistent with E{{.{E}.n We are
thus unable to show that the full spectrum is real, but we can at least show that a QES
version (with (27 + 1) levels) of this model can be constructed following the approach of

We study the PT-symmetric potential of the form:

V(z) = —a! — 2iAx, + Bj (3)

with A, B - real constants and j = (,1/2,1... It is useful to consider a peculiar "gauge”
transformation of the wave functions:

U(x,) = expliz? /3)®(x,) (4)

for which the Schroedinger equation takes the form:

[-6* — 2ix20 — 2ix (A +1) + Bj — E]®(x,) = 0; ad= n:—i (5)
da:
The corresponding non-hermitian operator () for A = —(2j+ 1) can be written in terms
of generators [20] of the algebra si(2) :
[—(J7) = 2iJ* + Bj — E|®(z) = 0; (6)
J =8 Jt=u8-2z, J'=z8-7 (7)
[, =x0% [0, 0] =2J° (8)

4 With the notations of corresponds to the case for J = 0.
10ne can easily chedk that with imagnary p one can have a normalizable pround state wave function
for one of the superpartners.



As usual [, B]. []. polynomials Py, (x,) of degree (2j + 1) will provide a basis for
the solutions ®(x,) of the Schroedinger equation (). In our case the polynomials will be
complex and will have coeflicients which respect PT-svmmetry, i.e. all the odd coeflicients
are imaginary when all the even are real. One can explicitly check that all (27 + 1) lowest
eigenvalues are real.

Within SUSY QM one can investigate, independently on the idea of the shift © — =z,
the partnership between hermitian and non-hermitian Hamiltonians [I]. [, [7. For
reader’s convenience we present the relevant condition ﬂm which expresses the above men-
tioned partnership with real V_ = W2 — W is given hy:

exp f 2(ReW (x))dx = k(ImW (x)), (9)

where & is an abitrary real integration constant. PT-invariance ﬁ furthermore requires
(ReW(x)) to be parity odd and (ImW (z)) to be even.

We will consider polynomial superpotentials with addition of the logarithmic derivative
terms Py (x)/ Puy(x) with lowest degrees of polynomials Pyy M = 1,2, for which the
integration in (J]) is trivial. Guided by an ansatz discussed, for example, in ], we
investigate the PT-invariant superpotential (with all constants 3, f, g - real):

2fe g

Wix) =ix" + i3 + -
Sl ' 1+ fa2  1+4igr

(10)

in order to construct two SUSY partner potentials of generalized quartic class. We will
pay attention to a suitable choice of parameters which will make one partner real and the
other partner complex. One partner potential:

V_(z) = Wiz) - W'(x) = —2' — 282" — 32 + E {18:‘ a o
1 f?‘f 2f(3¢° — f)
—[diz(-1+3f — —=) + SA.
{1+f:::-}[ i sf f‘_y‘z} - ]
2fq°
e ; 11
1—|—u,u[ y+ g e yg}]- (11)
can be made real by the requirements:
, fa
! 2f g
__+r'3y— — ={}‘ 13
g f—g? (13)

The constant f should be positive to avoid singularities of V_ and the constraints ([T3). ([T3)
can be solved for f and [ in terms of the arbitrary nc:galtiwﬂ constant g. It is instructive to
verify that equivalent constraints arise if one calculates exp [ 2(ReW (x) )dz and imposes
that it should be equal to &(fmW (x)).

The superpotential W should be odd under PT transformation, like 8.

SThe constant g must be negative because it can be written as g = —(fg)2(f — g2~



The other partner potential with the above substitutions remains complex:

2
o(x) = Wiz) + Wi(z) = —2' — 2827 — 3% + = + dix +

2f(f+9°) 29
(f=g )1+ fz*) (1 +dgx)
Thus we realize an isospectrality between a complex V (x) and real V_{x) potential.

The ground state of the superHamiltonian is the normalizable ground state wave
function [} associated to the real potential V_ :

(14)

|1+ igx|

11+ fa2| L5}

3

‘IJ':‘,_ }{:::} = exp (— f Wix)dx) = exp{ t[-f-}-;- + Bzx|}

As a final comment to the above construction, we give a particular explicit solution of

the constraints ([[3). [@F): f = 3g¢ = —471 = 2Y8. 3718 1t is possible to generalize the

quartic potential taking into account additional terms of more complicate structure of the
tyvpe Py(x)/Pa(x) with Py a complex PT-invariant polvnomials.

One can also try to include an inverse square barrier by considering a PT-odd super-

potential:

W(z) =iz* — 1/, (16)
leading to the pair of isospectral potentials:
V_(z) = =z — dizx. (17)
3 4, 2
Vi(z) = —zi + = (18)
a2

The potential Vi (x) is physically well defined for ¢ — 0 on the half line where it is
real. The most straightforward application of this isospectrality between complex and
real superpartners applies therefore for the so called radial problem .

3. Sextic potential

While the sextic potential has been studied thoroughly both from algebraic and an-
alvtic points of view, including PT-symmetry ﬁ._ ._ ._ no syvstematic study in an
algebraic framework included an inverse square barrier. Here an attempt is made to ac-
complish this. We discover that a rather general complex sextic potential with a barrier of
the form 2/2? has fully real spectrum though only (2 + 1) levels are known analytically.
In order to match the discussion of the quartic potential of the previous Section. let us
start considering a complex PT-symmetric potential:

Vo(z) = px® + 3taz® + b + ica® + da® + iex, (19)

"It & relevant to remark that this zero energy hound state of the real potential V_ has a double
degeneracy, corresponding to 11;1':]‘]__ ‘l’}:]_]x._ which are not proportional to each other becawse of the z-
dependent phase.
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where one can take p = &£ and a, b, ¢, d, e are again, in general, arbitrary real parameters.
The restrictions, sufficient to ensure the real character of the spectrum, read:

o) = pxb + Axt + B2? 4+ C (20)

with A, B, C - real. Eq. {@} leads to the determination ¢ = % o and to two constraints in

Eq.([[T) :

e = 5a’ + 2pab
e =a® + pab + pad.
The additional constraint (see [23])

By B Ty
leads to quasi-solvability of the model ([[J) for (2j + 1) levels with real energies.

While in the quartic case }.. discussed in the previous Section, we could only ensure
that the QES levels have real energies, for the sextic case {]E} we can build a QES model,
which not only has (27 + 1) levels with real energy, but has the full real spectrum. The
reason is that for the sextic potential the limit ¢ — 0 does not lead to any problem.

For j = () supersymmetrization is straightforward:

Wi(z) = p' ’f"i:;:f: o (22)

— I,
20112 £

and the ground state wave function of the corresponding supersvmmetrical hamiltonian
takes the form:

Yo(x) = exp(— f Wiz)dz) = r::::p{—% p gt — ; ij-“' 2 22); (23)

This wave function is obviously normalizable for positive values of p, taking the arith-
metic determination of the root. For larger values of j quasi-solvability amounts to add
additional terms of the form P);/FP); in a superpotential {@}

Methods based on Lie algebra [J. [ [{] to construct QES complex polynomial po-
tentials have been developed in @] Here we apply this method to a sextic (in terms of
x.) potential which can accomodate a 2/(2?) barrief] [[).

Let us start with the potential

f_3
2

V(r) =2 + aaz? + ap2? + -
o

(24)

where ay are real. It is convenient to define the superpotential

W(zx.) = 2 + az. + :L (25)

€

8This construction can not be directly generalized to a generic strength of the barrier with the same

structure for W as in l[



=1

with real values for the constants a, 4. After the "gauge” transformation

Uz, ) = exp(— f Wz, )dx)d(x,) (26)

the Schroedinger equation takes the form:

[—8 + 2W (2)8 + (V(z) = Wi(z) + W (z.) — E)]p(z) = 0. (27)
By the substitutions z = 22 and y(2) = ¢(x.) and by the requirement:

o6 =042 v(y+1)=a_s, (28)

it can be further transformed to:
b

d* . 1
{—-izj + (42*% + daz + 4y — 2}% + (a2 +3—a% - 29)2 4+ a — 2ay — E}x(z) = 0. (29)

Introducing the same sl(2) generators as in the previous Section

il o d i
T Yo Peg— ] é
= dz’ J dz 2z T z (30)
which satisfy ({), the Schroedinger equation [29) finally can be cast in algebraic form as:
(=4J°T +4JF + (47— 2—- 45)J ™ + 4aJ® + E)x(2) = 0, (31)

where £ =a — E — 2a~ + 4aj and
g = I"PJ': l,-"l = SJ -3+ 2":
Thus the potential of (1) becomes:
_ | . T |
V() = 2° + 2ax? + (a® — 8§ — 3 + 29)2? + ¥ (32)

and is QES for j = 0,1/2,1,... The corresponding wave functions can be written as:

W(ae) = Pz exp(— [ W(a)da). (33)
Notice that for § = 0 the potential
V=V_4+a(l=29)=W? =W +a(l —29)
has the ground state
Wo(z) = exp(~ [ W(z)da). (34)

with energy given by E, = a(1—2v). Taking v = +1, the partner potential V, = W2+W",
has no barrier term and is a polynomial with real coefficients. Thus the spectrum of §3)
for j =0 is real though only one level is known analytically.

For j = 1/2 one can also obtain the reality of the full spectrum using SUSY techniques
7] as follows. Starting from
2fx, (35)

: ¥
Wiz) =z} +azx. + - — 35

re 1+ fa2
it is easy to show that W2 — W’ coincides with potential (B3) for j = 1/2 and v = 1 apart
from a constant for f = a + /a2 — 2. If a > /2. the partner potential W? + W' has no
barrier term and, having a well defined ﬂ behaviour for ¢ — (), has real spectrum.

9 f is positive.



4. Conclusions.

In this paper we have discovered a new class of PT-symmetric quartic and sextic
potentials with real energy spectrum. We have found a class of quartic potentials which
have a real superpartner, thus ensuring real spectrum for them. A PT-symmetric sextic
potential with a 2/2? barrier term can be accomodated in our scheme of quasi-exactly
solvable PT-symmetric potentials with a full real spectrum. As an outlook on future
perspectives we would like to point out that it is possible to formulate an innovated
SUSY framework where the two superpartners live in two different half planes of the
complex r—plane achieving thereby normalizability of both superpartner wave functions.
This approach should be particularly interesting for the quartic tvpe L{{{E}} hecause it
would enlarge the class of PT-symmetric potentials with real spectrum. An interesting
feature of this approach will be the violation of the Witten criterion similarly to higher

order SUSY QM 3.
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