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Abstract

This paper examines the problem of measuring deprivation in an economy with more than one
attribute. The income-based methods falls short in situations where for some attribute market do
not exist. In this case, we explore suitable methods of measuwring commodity specific and
aggregate personal deprivation directly based on the distribution of attributes. This paper also
characterizes simple class of deprivation measures for different possible situations. These
measures would be helpful in practice, as they are simply parametrized. We also define deprivation
orderings, both commedity specific and aggregate. Finally we provide a numerical illustration of
our measures and orderings.
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1. Introduction

A person’s feeling of deprivation in a sociely arises out of comparing his situation
with those of better off persons. Using the example of promoton, Runciman {1966)
illustrated the feeling of deprivation of an individual and argued that the extent of
deprivation felt by an individual who is not promoted increases with the number of
promoted people. Sen (1976) was the first person to introduce this notion of deprivation
in the income distribution literature. He posited that an individual’s level of deprivation
is an increasing function of the number of persons who are better off than the person in
question. Yitzhaki (1979) considered the feeling of deprivation in terms of income or
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lack thereof and showed that the product of mean income and the Gini coefficient could
be one plausible index of deprivation in a society. Later on, Hey and Lambert {1980)
provided an aliemative characterization of the Yitzhaki index. Their demonstration
hinges on Runciman’s (1966) remark “The magnitude of a relative deprivation is the
extent of the difference between the desired situation and that of the person desiring it”
{op. cit. pl0). Temkin (1986} also argued that aggregate inequality in a society should
be measured in emms of such differences. The size of someone’s complaint depends on
“how she fares relative o all of the other people who are better off than she™ (op. ciL.
pl05) and such complaints can be used to formulate inequality. (Amiel and Cowell
(19943 and Chakravarty (1990, 1999) provide further discussions along this line) A
discussion on the different relative and absolute measures of deprivation using social
satisfaction functions and their relationships is provided in Chakravary and Mukheree
(1999a)”

Although discussion and measurement of deprivation has received fair attention in the
literature, most of it has been only in terms of the income distribution. The feeling of
deprivation, however, is essentially a multifaceted phenomenon. Income being only one
of the many attributes in enms of which a person may feel deprved. In fact, income
may nol always be sufficient in reflecting a persons aggregate feeling of deprivation.
While it 15 true that an merease in the purchasing power enables a person 10 assuage his
feeling of deprivation in other commodities also, but this may not always be possible.
Specially when a market for certain attributes do not exist. This is true for the public
goods m particular. An example 15 access to the malavia prevention programme 10 many
underdeveloped countries.”

In this context, a very imporant issue is how o choose the relevant basket of
attributes. This should include all basic need items (e.g., food stff, clothing items, fuel
and light, charmactenstics of dwelling, health facilities, sanitation, etc.) and some non-
basic commodities, the choice of which would depend on the society or culture of the
economy under consideration (e.g., whisky may be relevant for the Scots but not for
Indians, for whom pan and wbacco may be relevant).

Another mool question in this regard is whether or not o include income as one of the
attributes under consideration. If income is included, then all the marketable attributes in
the basket should be assigned lower weightage 1o mitigate double counting. We should
not drop them altogether, because, meent empirical studies (Behmian and Deolalikar,
1988) have shown that an increase in income do nol necessarily resull in increased
consumption of even the basic need ilems even though they are available in the market.
Hence, the inclusion of income, which seems reasonable, should be dealt with particular
care.

Measurement of such multidimensional nawre has been atlempled in the literature in
terms of inequality. See Sen (1992) for a discussion on this. These issues are ably

"Sen (1973, 1997) also interpreted the Gini coefficient from a quite similar perspective,
*See ulun the mferences cited therein,
'See Streeten (1951) for an extensive discussion on related issnes,
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surveyed in Tsui (1995, 1999, Mulidimensional poverly measurement is discussed in
Tsui (19964, 1998), Zheng (1997) and Chakravarty et al. (1998). Tsui (1996) and
Chakravarty and Mukherjee (1999b) take up the issue of multidimensional measurement
of well-being.”

In this paper, it is our aim to address the measurement of deprivation in terms of many
atiributes and formulate plavsible measures for this purpose in terms of ethical
jLi:dg:m:nL:1 To this end, we initiate our discussion on how 1o measure a person’s feeling
of deprivation in terms of a particular commodity in Section 2. We characterize and use a
simple vadant of the vsual income-based measure of relative deprvation for this
purpose. In Section 3 we go on o devise suitable methods of aggregating such
commodity specific deprivation into aggregate personal deprivation index. This section
considers the varous possibilities of the atiributes being substitutes or complements.
Evidently, such considerations affect a person’s aggregate feeling of deprivation 1o a
large extent. This section also provides simple characterization results of such aggregate
personal deprivation measures.

In order o develop an ordering among income distributions in terms of deprivation,
Kakwani (1984) plotted the sum of income share shortfalls of different individuals from
richer individuals against the cumulative proportion of persons o generate the relative
deprivation curve (RDC). He also showed that the area under the curve is the Gini
coefficient for the society” In Sections 2 and 3, we also define the RDC in terms of each
commodity and in aggregate and define an ordering between two populations in terms of
these curves.

Following Chakravarty ( 1999) and Chakravarty et al. (1998), in this paper, we discuss
the problem of aggregating the measures of deprivation for each person in the sociely ©
amrive al a social measure of deprivation. We briefly recount a few such measures in
Section 4. In this context, we also consider an egalitarian principle in terms of the
comelation among the atribute holdings considered by Atkinson and Bourguignon
[ 1982).

Our mode of discussion is essentially a three-step approach that moves from the
disaggregated Lo the aggregate value of deprvation. Alternatively, one can start with the
social deprivation function and do a disaggregation analysis by adopting suitable
decomposability axioms. This method can also lead o interesting results, but we do not
explore this possibility in the present paper.

Section 5 provides a numercal illustration for the commodity specific and aggregate
personal deprivation values using a sample data on households from two distrcets in the
state of West Bengal, India. We also caleulate the social deprivation and plot all relevant
RDCs for the purpose of demonstrating our definitions. Finally, Section 6 concludes the
paper.

“Sen (1985, 1987); Kakwani {1993) discusses the single dimensional issues,

"We encounge the rader to look at Dutta and Pattanaik (1999), a recent and highly interesting empirical study
in a similar vein.

“For a detailed discussion of these issues, see Chakravarty and Mukherjes {1999),
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2, Preliminaries and commoditywise personal deprivation

The purpose of this section is 1o lay down the preliminary definitions and postulates
for the measurement of a person’s feeling of deprivation with respect to a particular
attribute. To this end, we consider an economy with 7 persons and & commodites (n and
koare inegers, =2). Let B stand for the nonnegative orthant of the Euclidean m-space
R"™. For the set of n persons, the ith one possesses a k-vector X, =(x,,.....x, ) ER, of
attributes. M" be the set of all n % &k matrices whose entries R, . A typical XEM"
shows an arangement of values of & atiributes possessed by n persons in a matrix form.
The ith row of X is x,. The jth column of X, x', shows the distribution of atribute j
among the n persons in the society. The (i, f)th entry of X is x,, the quantity of the jth
attribute possessed by the person i Let M= U _ M", where N is the sel of natural
numbers. Define the mean of the vector x', or the average jth commodity holding in the
economy, by g, = (1/n)Zx.

We define the ith person’s deprivation in the jih commodity in general as

d, =d (X)
where d M" = R, To pindown a specific class of mdices, we assume the following.

(A1), The deprivation &, felt by person i in commodity j is a function of the population
size n and the nomalized shortfall of person i's jth commodity holding from that of
persons having higher holding of the jth attibute. Or, we can say

XX X,i — X

- i l. S ) L. S
I!'u—ﬂ'”fde{ ,{}},...,Mux{ 5 ,{]'},n]l (13

So, we are assuming that the extent of deprivation in the jth commodity is
independent of the distribution of other commodities. This assumption is similar o the
assumptions like factor decomposability discussed in the inequality and poverty
literature (see Chakravarty et al., 1998). (A1) is strong, but here we want w focus on
strongly decomposable measures which are wvery useful in practice for ease of
comparison. The division by g is o make the measure of deprivation scale free. This is
done for two reasons. First, we do not want comparison 1o be distorted by a change of
units (e.g. weight in kg mther than m Ib). Second, and more imporant, we need the
measure o be unit free so thal we can aggregate across commodities in a cardinally
meaningful way o artive at the aggregate personal deprivation to be discussed in the
nexl section.

We are also ignonng the interrelation of the deprivation of different commodities at
this stage, it would make our analysis intractable. This will be considered when we
aggregate across commodities.

(A2). Rank preserving transfers of jih commodity between two persons who has higher
jth commodity holding than person i do not effect d,;. (Due to (Al), this also holds
trivially for two persons having less than person i.)

This assumption imposes a transfer insensitivity on the class of admissible indices.
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The consequence of (A2) is a generalized linearity (see Aposiol, 1969, for details) on the
d;, function (more on this later). To establish the connection, consider the following
lemmata.

Lemma L. If d, satisfies (A2) then it satisfies the following condition.

dd,  ad,

]

ey  Ax

7 : e
if both x; ;.x, ; =x,.

Proof. The axiom (A2) implies that the function o satisfy the following condition:

o > R
:!UfMux{—U J,ﬂ},...,Max{—’l J,ﬂ}: 1l
Hy H,

Fir— .1"1; Yup — .FU
=d (Max{— 0 ... . Max{———— 0 ¢:n),
4 Hy H,
=X = X5k

where vy, = x;, forall /=1, .. .nexcept for !, and [, such that X 1 = Xy Y -
h and y, =x ,—h with h= 0 being so that the transfer preserves ranks. Now
considering the difference between the two d; values in the above equation divided by h
and letting h—0 we get the desired resull. [

We now take recourse to the following result assuming that o is differentiable with
respect 1o each of ils arguments.

Lemma 2. (Theorem 9.1, p. 285, Apostol, 1969) Let g be a differentiable function on R
and let f-R™— R be defined by the eguation

fie, vy = gibx — ay), (2)

ab constant, not both zero. Then [ satisfies the first order partial differential equation
df df

ﬂi + bi =) (3
dx dy

evervwhere in R™. Converselv, every differentiable solution of (3) necessarily has the
Sform (2) for some g O

Now considering o in place of f as a function of two arguments x; .x, =~ and taking
a= —1 and b =1, we have the desired result. More specifically,

-5 Xp —X;
dy= GU(Z If'«vhix{M~ ﬂ'}: n),
I=1 .M

whene EIU:R*_ “N—=R,_.
We lurther assume that
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(A3). d,; is population replication nvariant. If we replicate the distribution X € M" p
times to get X' € M™, the d;; values do not change. This forces d,; to be of the form

Tem Xy —Xy
d, =gu(;2 Mux{T,{}}). (4)

f=1 i

Here g :R | —>E+.?

We now look at the effect of transfer between a person having more than person i and
someone having less than person . We postulate

{A4). Rank preserving transfers of jth commodity from a person having more than
person @ o someone having less decreases du' This assumption forces g, o be
increasing in ils argument.

(A3) and (Ad) are standard in the literare of deprivation. (A3) allows one 1o extend
this discussion for an n-person economy 1o one with a continuum of individuals, which
is important for empirical purposes. Al this stage, we would like to note that replication
invariance is at odds with Runciman’s orginal idea of relative deprivation. The way he
visualized it, deprivation of an individual depends upon the group the person is
compared with. This works best within some small community or group one belongs w
and knows aboul. For a large group, say a country hke India, there would be severe
informational construints” (See also Yitzhaki, 1982.)

The somewhal restrictive assumption (A2) s postulated to simplify the measurement
issue. Allowing for tansfer sensitivity would lead o a non-linear aggregation rule o
arrive at d . For example, if we think that the feeling of deprivation becomes less severe
per unit distance as we move up the amount of attribute holding ladder, then one might
postulate o, to be of the form

1 = X T ¥
d, =gu(;_%,l [Max {T,ﬂ}] ), D<y<l.

We do not go into this complication in the present paper.
The measure in (4) with gL =0, in addition w {(A1)—{A4) also satisfies the following.

(AS5). d,, is symmetric in the normalized shortfalls. Any permutation of the vector x do
not effect d;. this amounts to anonymity in the economy.

(A6). d, satisfies scale nvariance. If all the jth atribute holdings are measured in a new
unit, the value of d;; remains unchanged (e.g., weight is measured in Ib instead of kg,
ete.).

"The proof of this statement follows that of Theorem 4 in Shorrocks { 19800
"We thank an anonymous referee for this point,
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We can easily check that the deprivation function d;; given by (4) satisfies the
postulates (AS) and (A6) also. The simplest example of such a d;; function is

Z Max{(x, — x,).0}. (5)

From the above discussion we have the following proposition.

Proposition 1. (a) the deprivation function d | satisfies the axioms (A1)—(A4) if and only
if it is owdinally equivalent to the form of d, given by (3). (b) the deprivation function
given by (5) satisfies the avioms (AS) and (AB).

In the following discussion, for the sake of simplicity, we will only consider
deprivation function 4 of the form given by (5). Note that, when we have only one
altribute, 1.e., k=1, the form of :!U in Eq. ( 3) reduces o the usual individual deprivation
function discussed in Chakravarty and Mukhegee (1999a).

Before we conclude this section, we briefly define the relative deprivation curves
{RDCs) for the & commodities/atributes under consideration. Fur the jih commodity,

we first order the d,; values non-increasingly, say a e =d, = e “}duu The RDC

associated with the th commodity is defined as the plot of 4, = “M['h'. ) against the
cumulative proportion of population i/n, where i=1,. .. 1.

Hence, we can now define the deprivation ordering, in commodity j, between two
distributions X and ¥ € M in the following way:
X dominates ¥ by the deprivation criterion in the jth commodity, X = B, ¥ for shon, if
:Iffa}_d,:”, fori=1,....n This amounts o saying that the RDC of X w_umjmg Lo the
Jth commodity lies nowhere below and somewhere strictly above that of ¥,

3. Agpregaie personal deprivation

Once we have settled the guestion of the form a commodity specific personal
deprivation function, the next logical step would be to devise suitable methods w
ageregale these deprvation values across commodities and across individuals in a
meaningful and consistent way. To this end, we first consider the problem of aggregating
the deprivation values across commodities. Otherwise, if we aggregate across individuals
first, we would be throwing away the information we have, in X, on individual
substitution /fcomplementation effects across commodities. Needless o say, this is
necessary only if £ =2, ie., we have al least two attributes. We take up the issue of
aggregating personal deprivation values across individuals in the next section.

We define the ith person’s deprivation function d, as

d,=did, . ..oy, (6)

where d:R', = R,. To impose some structure on the function d,, the main task now
would be o propose suitable properties that the d, function should satisfy. So, we
propose the following:
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{B1). Minimum value of d, will be achieved when d; = 0 for all j, that is, When person i
has no feeling of deprivation for any commodity (he has maximum amount of each). We
propose the minimum value to be 0. So we will have d, =4,(00, ... =10
Similarly, when person j has zero amount of each of the commodities, or d; =1 for
all j, then 4, is maximum (=1, say). So, then d, =d(1,1,....1)= L
So, we will always have 0=d = 1.

The following assumptions on marginal effects of d;; values on d, are reasonable:

(B2). dd fdx; =0 for all j. That is, if the holding of the jth attribute by person i
increases, keeping all other things constant, in aggregate, deprivation musl nol increase.

(B3). ad, /ax; =0 for [ #i and for all j (= if x; =x,; =0, otherwise). That is, if the
holding of the jth attribute by some other person [ increases, keeping all else constant,
person i's aggregate deprivation must not decrease. If the holding of person [ is above
that of person i, then d, must increase.

(B2) and (B3) are very reasonable in the sense that they match with our intuitive
notion of deprivation. If any good is a *good’, then more of it should always decrease
our deprivation and if someone else has more of i, then deprivation cannot decrease. We
hawve,

dd, i, o
—_— _— =
il v dx,

for | #1, Xy =X, (=0 otherwise) and

i, nl dd,
_—— —

-~ dx, n g dd,’

where nj=number of {1 =!=n|x, =x} So, again dd,/dd,; =0 for all j. Therefore,
(B2) and (B3) force r’.l.r!'la"r'l.r!’U to be={ for all j. That is, we must have function o,
increasing in each argument.

We now propose allemative postulates on substitution effects among commodities.
Consider the following.

{B4). o EIIJ.I’FJ.-.'U dx, =( =)0 if commodity & and j (k=) are substitutes (complements).

While considering commodity specific deprivation, we ignored the interrelation of
deprivation between different commodities. This enabled us o do our analysis in a
simple manner. We now attempt 1o capture this in (B4). This posilate is akin to the law
of DMRS. If j and k are substitutes, then rate of change in deprivation due to changes in
x; (rate of change <0) will become slower (increase) with increase in x,,. This is
because substitution will make the marginal valuation of x, smaller as x; increases.
Mow, we have



I Mukherjee ! Mathematical Socal Sciences 42 (2000 ) 233-251 241

8 d, 1 # d,

2

dxy, dx,, iR " oo i, dd,

for x, =x, and x, =x, (=0 otherwise) and

2 & 2
"2 4 "2
i d, nn, i d,

2

dx, dx, TR e B, del, od

It follows that H:IIJ.I"HIIUHI!M_ must be =(=) 0, il commodities & and j (k=) are
substitutes (complements).

Under (B1)~(B4) we have some resulting restrictions on the form of the deprivation
function o . For instance, we are not allowing an additive deprivation function. We now
consider a few examples of such deprivation functions.

Example 1. We consider the two commodity case (k=2).

ia) Suppose the two commodities are gross subslitutes with constant substitution
effect. Then the functional form of &, might be &, =d, d,..

(b) Conversely, il we assume that the commodities are complements then one
example of a d, function might be & =4/3[1 - 1/(1+4d W1 +d )]

Example 2. Now let us consider the three commodity case (k= 3). Here one might
consider one of the following functional forms.

(a) d, = 1/2]d, \d ., +d]. here goods 1 and 2 are substilutes with constant substitu-
tion effect.

ib) d, =1/2[d,, +d.ld ;, pair of attributes (1,3) and (2,3} are substitutes.

(ehd, =4/7d,, — 111 +d, N1 +d;)] etc.

MNote that we have

a'd, a:::,( s 42 . a'd, 1 a'd,
= ] . an
ax;  ad; \

L) A .
dey,  (np) od)

So, these two own second derivatives also has the same sign (<0 7). Structure imposed
on the deprivation function through these might also help us in getting some insight into
the possible forms it might take.

But, even with all these assumptlions we do not gel enough restrictions on the form of
the function d, that give us a particular functional form or a small class of functions that
is casily parmmetrizable. For the purpose of comparing two distdbutions X, ¥ €M, we
have the necessary apparatus in the form of the above assumptions and consequent
restrictions. Even then, for the sake of analytical completeness, below we suggest a few
stronger assumptions that could be imposed on the functional form of 4 and
demonsirate the consequence of these assumptions in the form of resulting specific
functional form for &,
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First we propose the following postulate.
(BS). 8°d,/od,, od, dd, =0 for all distinct j,.j,.j, €{1.... &}

This very awkward looking assumption s actually guite simple when we look at it
terms of substitution effect. This assumption says that the amount held of any third
commodity do not affect the substitution/complementation effect between two other
commodities. Thus, we are essentially neglecting third order interactions which are most
often negligible and difficull 1o interpret in empirical literature anyway. We incorporate
this feature into our deprivation function mainly for analytical simplicity, but this
assumplion does not impose oo much on the form of the deprivation function. We still
retain a fairly rch class of admissible functions that contains all the simple functions we
have considered and which are most likely to be useful in practice. For instance, this
assumplion is satisfied by a class of functions similar to the popular class of utility
functions known as the CES (Constant Elasticity of Substitution) utility function

fz l:::l 1ir
i=]

where elasticity of substitution between any two commodities is a constant. This class is
given by

4
al al d ~ !
2.2.(.-:: +.rj}|'”.
Lj =1
As a consequence of (B5) we can easily obtain the following lemma.

Lemma 3. If the deprivation function defined in (6) satisfies (B1)—(B3), then it must be
of the form

.
did dy....d )= 2' a’:-;hh:-d:-ulh:-mu L,ﬂ’”‘}, (7)

P RS Bl A B B B
where e, |, are arbitrary positive constants satisfying (B1). The derivatives of d,,

has the signs postulated by (B2)-(B4).

Proof.”

To simplify notation, consider the function v =fix,, v, ....x). In temms of this
function, (BS) implies o ff ix,dx, dx, = 0 for distinet i,jl €{1... ..k}

Now consider j=1, /=2 and i=3. Then we have a/dx (8’ f/dx,dx,)=0 for i=
3, ...k By mepeated integration we get,

A xa, oo ) =fla o xa) H kgl ..o uxg),

where & is an arbitrary constant of integration. Note that (x .x,) plays no special role,

“The theory of integration applied here is explained in Apostol (1969, Chapter 11, pp. 353-416).
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this relation is wue for any pair of varables. Generalizing to all possible pairs we have
the solution as given by (7). O

That is, we can see that the consequence of the assumption (B5) is that the function
becomes pawrwise strictly separable in the o varables. Now that we have broken down
the form of the function «, with any arbitrary number of commodities into a number of
two variable functions, we can focus on the pairwise interaction lerms or the dyy i
functions and look for refinements of (B4) in order 1o realize some specific forms for
these functions which we call the pairwise deprivation functions. On these, we might
impose the following stricter version of (B4).

(B4').
fa) ﬁlzd]“meﬁl.rtulr’.l.r!u: = =1L That 15, we are mmposing a constant substitution
effect.
2 . 5
(by a°d,,  Mod, dd, = —y<(. That is, constant complementation effect.

: X ;
(¢) d°dy, ,,/od,; od; = —id,, ;,)"<0. This postulate says that the complementa-
tion effect increases with the level of pairwise deprivations. This assumplion is
consonant with a very simple form of deprivation function, which is guile intuitive, as
we will see below.

Note that (B4')a) and (b)=s(B5). These alemative assumptions in {B4") results in
several choices of pairwise deprivation functions.

Lemma 4.
{a) I dij i functions as defined in (7) also satsfy (B4") (a) then it must be of the
form
Ay =AWy )+ Bld, )+ ydy d

where A"B' =0, and A8 satisfies some boundary conditions at 0 and 1 imposed by
(Bl), .z AD)+B0)=0, A(N+B(1=1—H=0=y<1).
[ satisfies (B4') (b) then it must be of the form

Wigdad

d =AW, )+Bd,)+yd, +d, )—vd,d, .

ih S iz
where A’ B’ = 0. Similarly, here we also need A{D) + B(0) =0, A(1)+ B(l)=1-
H=0=y<1)
(c) (B4') (c) is satisfied by

1
::J.:JLJJ:' - [-IHJ +d1)| }f]ﬂI‘ +{!U1::|s

where B and f are such that the measure satisfies (B1). This measure is analogous
o the one discussed in Example 1.
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Prool. The proof of this kemma uses techniques similar o that wsed in Lemma 3. Here
also, repeated integration gives us the desired results. For illustration, we prove the case
(a).

We have, again using simplified notation, o fix, x,)/dx,dx, = 7. Inegration with
respect o x, gives

dfix,, x,)
T e i)

and, integrating again
Jix ox)=9yx, x, + K (x,) +p,.
Now, reversing the order of inlegration we get
Six =, 0, + K x )+ p,.
where p,.p, are arbitrary constants of integration. From (B1) we have p, = p, = (). Since
the two integrals have to be identical, we have the desired result

S ox )=y, o, + Koy )+ K j(xy)

where KK, are strctly increasing due to (B2) and (B3). O
From Lemmata 3 and 4 we can conclude the following simple characterzation.

Proposition 2. If the deprivation function &, is as given in (7), that is, it satisfies
(B1)—(B5). and

{a) if all commodity puirs satisfy the axiom (B4') (a), then d, must be of the form

ﬂl ZA fﬂlu} +2|Z?5n'dudu fﬂ}

I j=1

(b if all commodity pairs satisfy (B4') (b) then d, must be of the form

ZA Jid,) +ZaﬁrU 2,2«,5::,.::,,, (9)
Imi=1

where § = ﬁf}fu,}ay vres¥ig)s
() Consider the set C={(j. j")|1 =j.j' =k and attributes j and j' are complements},
This is the set that contains all the pair of attributes that are complements 1o each
other. Call the corresponding set of substitute as §. Also define C, ={j|(jj" ) € C for
some 1=j" =4k }. If all the pair of attdbutes in C satisfy (B4') (b) and those in §
satisfy (B4') (a), then &, must be of the form

:
d=2AMd)+ 2 y,did,~ 2 %,d.d, +Za:: (10)

i=1 (- da VES U EC

Proof. The proof of this result follows from combining the Lemmata 3 and 4. The
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particular form of the function d, follows from combining the forms of the pairwise
deprivation functions obtained from Lemma 4. [

The above proposition essentially gives a simple class of deprivation functions as a
consequence of the axioms postulated. The functional forms A () and the constants §, in
the Egs. (8)—(10) determine the relative importance of the commodities undLr
consideration. The y parameters show the degree of substiution or complementation that
is present between the elements of any pair of attributes. The particular choices that are
exercised in practice would often indeed be one of these as they are simply parametrized
and hence easy W mmplement.

Precise choice of any form is essentially a matter of value judgment. But, this is
eminently a non-trivial task. One has o decide uwpon the extent of substimtion/
complementation between each pair of chosen attributes. Also, some of the attributes are
not perfectly divisible (e.g., access w0 malaria prevention programme is either 0 for
denied or 1 for accessed). They must be measured on a suitably defined scale.

Note that, though we have suppressed the 7 suffix in the statement of (B4') and
Proposition 2, the form of d| in each of Egs. (8)—( 1) are actually individual specific. So
we are not restricting all individuals 1o have identical preferences.

Here also, one can define the RDC in terms of aggregate personal deprivation id,)
values and deprivation ordering in lerms of this curve in a manner similar o the attribute
wise RDCs defined in Section 2.

4. Social deprivation

After we have pinned down a specific form for the personal deprivation function o,
the next logical step is o aggregate these deprivation values across individuals. So, in
this section, it is our aim o devise suitable methods for measuring social deprivation as
some aggregate function of the personal deprivation values. Note that, once we have
aggregated across commodities, the form of these functions are identical to their
single-attribute counterparts. In the literature, some indices has been proposed. Chak-
ravarty and Mukherjee ( 1999a) provides a survey on this opic. We will now discuss a
few of these here to illustrate the social deprivation function. We define a social
deprivation function o as

d=did d,....d:R, >R, (11}

where d is (Cl) continuous, (C2) increasing along the ray of equality and each
deprivation contour crosses the ray of equality, (C3) symmetric and (C4) quasi-concave.

The continuity and symmetry assumplions are quite standard in the deprivation
literature. The second assumption ensures that as the individual deprivation values
merease, the social deprivation will also merease. Quasi-concavily 15 requiring that the
deprivation contours are convex o the origin. This assumption is reasonable in that i
demands the social deprivation function o be more sensitive o the deprivation of poorer
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persons (in terms of aggregate deprivation). In this section, we will only consider those
social deprivation functions that satsfy (C1)—(C4).

To illustrate the general formula in (11) ket us consider the following examples:

() symmetric mean of order r

1 253 1ir
(;Zdj)  r=1r#0

(Imd)'™, r=0.

do ey, o)) (12)

The parameter r in (12) determines the curvature of the social deprivation contours.
As r decreases, d in (12) becomes more sensitive Lo the deprivation of the poorer
persons. For r=1, d becomes the Gini deprivation function (Kakwani, 1984)

1 %=
d il vnad )= = 2

n

(b) Kolm-Pollak type

S —Rd;
&

1
dd,,...d,)=——5log=— 08=0. (13)

Again # determines the curvature of deprivation contours. As # =0, d, — Gini
deprivation function (Yitzhaki, 1979).

Many other measures of social deprivation can be derived along this line. Here our
aim was to give only a few for the purpose of illustration. The choice of a particular
social deprivation function is a subjective issue.

We now consider an important aspect of mulidimensional measurement of depriva-
tion, namely, the comelation among attributes. the properly we now introduce general-
izes an egalitarian principle considered by Atkinson and Bourguignon (1982). The
Atkinson—Bourguignon (AB) study focuses on the welfare mnking of matdces € M"
using the additively separable social welfare function:

W(X) = Ulx,) + Ulx,) + - - - + Ulx,).

This property explores the possibility of the correlation among the x' vectors affecting
deprivation. Let us consider the following simple example of switching some amount of
one attribute from one person W another. We consider n=3 and £ =2.

2 1 21
A=|3 5|—=|3 2|=8.
7 2 T .3

The switch is in atiribute 2 from person 2 1o person 3 resulting in person 3 having more
of both attributes than person 2. This results in an increase in correlation among the two
columns of the distribution mawix. We call this a correlation increasing switch. AB
explored the mestnction on U7 so that we have WiA) = WiB), or, in general, WX )= Wil)
whenever ¥ is obtained from X by a correlation increasing switch.

In the context of deprivation measurement, it seems intuitively reasonable 1o argue
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that the aggregale deprivation o, should not be higher in A than in B. the following
axom captures this property.

(C5). Let X and ¥ be two matrices €M such that x, =x, =---=x,, and
Vi =¥y =+ =y, Then for any deprivation function &, &{X)=d(Y) whenever ¥ is
obtained from X by a sequence of correlation increasing swilches in the attribute

distribution vectors.

Suppose a cormelation mereasing swilch in the jth commaodity (in concordance with
the fth commodily) lakes place between persons @ and i, That 1s, x, 7 =X s ,{ X

and the amounts after swilch is v, 1 = Xiyy <X ;= ¥, Now one can casily LhULIr. that
only person i, and i,'s deprivations are affected by this switch. So the net change in

social deprivation is {ignoring things that remain constant)
aled; (x; oy hody (x5 00 00— dfdjlf.-.'] NE.791 TR 7 | B (14}

AB condition stipulates that the expression in (14) be = 0. Now using a little algebraic
manipulation and the fact that ad fix, =0, one can show that, in the case when the
commodities j and [ are %ubf-‘,ulu[u, [hlh is true if the deprivation contowrs are convex o
the ongin. When the two commodities are complements, actually the reverse phenom-
enon occurs. Person i being more deprived in both commodities becomes socially better
than the two persons i, and i, feeling deprived in one commodity each. This is due 10
the fact that the feeling of deprivation, in two commodities that are complements, has an
overall mitigating effect. Hence, we have the following proposition.

Proposition 3. For the class of deprivation measures we consider here, the AB
condition iy auwtomatically satisfied when the correlation increasing switch occurs
inveltiing two commaodities that are substitutes. The reverse is seen when they are
complements.

5. Numerical illustration

The illustration provided here is based on survey data on basic needs collected by
Rudr et al. (1995). This survey was conducted in December 1990-May 1991 covering
five districts of the state of West Bengal, India. A total of 2598 houscholds was surveyed
and data collected on 17 baske need atmibutes. For our purpose, we chose three
attributes: (i) number of *sards” per adult female in the household, where sand is the chief
garment for an Indian woman (SR), (i) the mof height of the dwelling (RH) and (iii)
number of months for which the household members had two square meals a day
throughout the last year (365 days) (FU). We chose data from two of the districts,
namely Darjeeling and Jalpaigun. A small sample of 81 (99) households for the district
of Darjecling (Jalpaiguri) were uwsed. We ploted the RDC according to the three
attributes for the two distdets in Figs. 1 and 2.
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Fig. 1. District Darjesling.

To aggregate the commodity specific deprivations to amrive al the personal deprivation
value, we make use of the formula [Example 2ia)]

d, =é [ din + di5].
where 1.2 and 3 denote SR, EH and FU, mespectively. We also plot the RDC according
to aggregale deprivation for the two distdets in the same figures.

To aggregate the personal deprivation values to get the aggregate social depnvation,
we use the symmetric mean of order r considered in (12) where r=1/2. Mo
specifically, to compule d, we use the following:

d ey ogpd
dd, d, .. .. ;:“:l=(g}_;:_,”-) .
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Fig. 2. District Jalpaiguri.

These values are also eported in the two fligures,

From the two figures, we can see that the RDCs according o the attnbute SR are gquite
strmilar for the two districts. On the other hand, comparing the RDCs according to RH. 1t
15 eastly observable that the proportion of population with high depnvation in RH s
much more in Darjeeling than in Jalpaigurt. A somewhat similar picture s also seen for
FU. Consequently, the aggregate RDC for Darjeeling also shows a more sudden drop at
the end (very low proportion of people with low deprivaton) than that for Jalpaguri.

We do not make any general statements about the comparative deprivation situation of
the two districts because our calculations are sample and choice of measure specific.
Any conclusions based on these sort of computations are highly susceptible w such
choees, Our calculations and consequent observations no way lead o any sort of policy
statements. These should only be considered in the light of helping 0o make our concepls
and definitions easier w0 understand.
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6. Conclusion

A person feels deprived if someone in the society has more of an attribute than this
person. This feeling of deprivation has been modeled in the literature as a function of the
difference of holdings between these two persons. Most authors have focussed on
measuring deprivation in terms of income only. Bul the feeling of deprivation is
essentially a multifaceted phenomenon. So, in this paper, we have wied o devise
measures of a person’s and society’s feeling of deprivation in terms of many attributes
which are considered necessary in the society. We have first modeled a person’s feeling
of deprivation in terms of a single commodity only and provided a simple characteriza-
tion of such measure. This measure is guite similar o the income based measure of
deprivation for a single person. The paper goes on o propose suitable measures of a
person’s ageregate deprivation combining the commodity wise deprivation values. We
also characterize a few allernative measures using intuitive and plausible axioms.
Finally, we define a benchmark by which two multi-attribute distribution matrices can be
compared in terms of a partial order. We call this the deprivation order, both in wenns of
a single atribute and also in ageregale.

The next problem that we tackle is how o aggregate the personal deprivation of all
persons in the society o wrive at a social deprivation function. We discuss the desirable
properties a social deprivation function should have and give a few illustrations. In this
context, we also discuss an egalitarian principle referred 1o as the AB condition and
relate this to our social deprivation measures. The empideal illustration helps o clarify
our proposed definitions and orderdngs.
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