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Chapter 0O

Introduction

The theme of this thesis lies on the interface of two areas of the so called “ noncommuta-
tive mathematics ”, namely noncommutative geometry (NCG) a la Connes, cf [17] and
the theory of ( C*-algebraic ) compact quantum groups (CQG) a la Woronowicz, cf [67]
which are generalizations of classical Riemannian spin geometry and that of compact
topological groups respectively.

The root of NCG can be traced back to the Gelfand Naimark theorem which says
that there is an anti-equivalence between the category of (locally) compact Hausdorff
spaces and (proper, vanishing at infinity) continuous maps and the category of (not
necessarily) unital C* algebras and #-homomorphisms. This means that the entire
topological information of a locally compact Hausdorff space is encoded in the com-
mutative C* algebra of continuous functions vanishing at infinity. This motivates one
to view a possibly noncommutative C* algebra as the algebra of “functions on some
noncommutative space”.

In classical Riemannian geometry on spin manifolds, the Dirac operator on the
Hilbert space L%(S) of square integrable sections of the spinor bundle contains a lot of
geometric information. For example, the metric, the volume form and the dimension of
the manifold can be captured from the Dirac operator. This motivated Alain Connes to
define his noncommutative geometry with the central object as the spectral triple which
is a triplet (A, H, D) where H is a separable Hilbert space, A is a (not necessarily closed)
x-algebra of B(H), D is a self adjoint (typically unbounded) operator ( sometimes called
the Dirac operator of the spectral triple ) such that [D, a] admits a bounded extension.
This generalizes the classical spectral triple (C*° (M), L?(S), D) on any Riemannian spin
manifold M, where D denotes the usual Dirac operator.

On the other hand, quantum groups have their origin in different problems in math-
ematical physics as well as the theory of classical locally compact groups. It was S.L.

Woronowicz, who in [66] and [67] was able to pinpoint a set of axioms for defining
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compact quantum groups (CQG for short) as the correct generalization of compact
topological groups.

The idea of a group acting on a space was extended to the idea of a CQG co-
acting on a noncommutative space (that is, a possibly noncommutative C* algebra ).
Following suggestions of Alain Connes, Shuzhou Wang in [60] defined and proved the
existence of quantum automorphism groups on finite dimensional C* algebras. Since
then, many interesting examples of such quantum groups, particularly the quantum per-
mutation groups of finite sets and finite graphs, were extensively studied by a number of
mathematicians (see for example [1], [2], [3], [4], [5], [61] and references therein ). The
underlying basic principle of defining a quantum automorphism group corresponding
to some given mathematical structure (for example a finite set, a graph, a C* or von
Neumann algebra) consists of two steps: first, to identify (if possible) the group of auto-
morphism of the structure as a universal object in a suitable category, and then, try to
look for the universal object in a similar but bigger category, replacing groups by quan-
tum groups of appropriate type. However, most of the work done by them concerned
some kind of quantum automorphism group of a ‘finite’ structure, for example, of finite
sets or finite dimensional matrix algebras. It was thus quite natural to try to extend
these ideas to the ‘infinite’ or ‘continuous’ mathematical structures, for example classi-
cal and noncommutative manifolds. With this motivation, Goswami ( [30] ) formulated
and studied the quantum analogues of the group of Riemannian isometries called the
quantum isometry group. Classically, an isometry is characterized by the fact that its
action commutes with the Laplacian. Therefore, to define the quantum isometry group,
it is reasonable to consider a category of compact quantum groups which act on the
manifold (or more generally on a noncommutative manifold given by a spectral triple)
with the action commuting with the Laplacian, say £, coming from the spectral triple.
It is proven in [30] that a universal object in the category ( denoted by Q. ) of such
quantum groups does exist (denoted by QISO¥) if one makes some mild assumptions
on the spectral triple all of which are valid for a compact Riemannian spin manifold.
The work of this thesis starts with the computation of the quantum isometry group in
several commutative and noncommutative examples ( [6], [7]).

However, the formulation of quantum isometry groups in [30] had a major drawback
from the view point of noncommutative geometry, since it needed a ‘good’ Laplacian to
exist. In noncommutative geometry it is not always easy to verify such an assumption
about the Laplacian, and thus it would be more appropriate to have a formulation in
terms of the Dirac operator directly. This is what is done in [8] where the notion of
a quantum group analogue of the group of orientation preserving isometries was given
and its existence as the universal object in a suitable category was proved. Then, a

number of computations for this quantum group were done in [8], [9] and [10].



Now we try to give an idea of the contents of each of the chapters. In chapter 1, we
discuss the concepts and results needed in the later chapters of the thesis. For the sake
of completeness, we begin with a glimpse of operator algebras and Hilbert modules, free
product and tensor products of C* algebras and some examples. The next section is
on quantum groups which we start with the basics of Hopf algebras and then define
compact quantum groups (CQG) and give relevant definitions and properties including
a brief review of Peter Weyl theory. After that, we introduce the quantum groups
Uu(2),SU,4(2), Au(Q) and U, (su(2)). We end this section by introducing the notion of
a (™ action of a compact quantum group on a C* algebra and giving an account of
Shuzhou Wang’s work in [60]. The next section is on Rieffel deformation where we
recall a part of the work done in [46] and [62] which are relevant to us. We describe
some important examples which are going to appear in chapter 4. The 4th section is
on classical Riemannian geometry which includes, among other things, the definition
and properties of Dirac operator which will serve as a motivation for the definition of *
spectral triple’ in the 5th section. This section also contains a subsection on isometry
groups of classical Riemannian manifold in which the characterizing property of an
isometry, in the form given in [30], is given. In the 5th section, we define spectral triples,
give examples of them, introduce the Hilbert space of forms (as in [29]), noncommutative
volume form and the notion of Laplacian in noncommutative geometry.

Chapter 2 is on the Laplacian-based approach to quantum isometry groups as pro-
posed in [30]. Here we recall the formulation of quantum isometry groups from [30] and
then compute them for the space of continuous functions on the classical 2-spheres, the
circle and the n-tori. In each of these cases, the quantum isometry group turns out to be
the same as the classical ones, that is, C(O(3)), C(S! >125) and C(T" >1(Z} ><1S,,))
respectively ( S,, being the permutation group on n symbols ).

Chapter 3 deals with the quantum group of orientation preserving isometries. The
classical situation is stated clearly, which will serve as a motivation for the quantum
formulation. Then, the quantum group of orientation-preserving isometries of an R-
twisted spectral triple is defined ( see [31] for the definition of an R-twisted spectral
triple ) and its existence is proven. Given an R-twisted spectral triple (A%, H, D) of
compact type, we consider a category Q' of pairs (Q,U) where Q is a compact quantum
group which has a unitary (co)-representation U on H commuting with D, and such
that for all state ¢ on Q, (id ® ¢)ady maps A> inside A . Moreover, let QR be a
subcategory of Q' consisting of those (Q,U) for which ady preserves the R-twisted
volume form. In section 3.2, we have proved that Q'p has a/Egversal object to be
denoted by QISO} (D). The Woronowicz C* subalgebra of QISO% (D) generated by
elements of the form (ady(a)(n® 1), ' ® 1)

, . L
GI50%(D) where 7,7’ are in H, a is in A



Chapter 0: Introduction 6

and (., .)leoﬁ(D) denotes the QISOF%(D) valued inner product of H ® QISO%(D)
is defined to be the quantum group of orientation and volume preserving isometries of
the spectral triple (A*°,H, D) and is denoted by QIS OE(D). The next section explores
the conditions under which the action of this compact quantum group keeps the C*
algebra invariant and is a C* action. Moreover, we have given some sufficient conditions

under which the universal object in the bigger category Q' exists which is denoted by

QISO* (D) and the corresponding Woronowicz C* subalgebra as above is denoted by
QISO™ (D). After this, we compare this approach with the Laplacian-based approach
in [30]. We obtain the following results:

( 1) Under some reasonable conditions, QISO} (D) is a sub-object of QISO* in
the category Q.

(2) QISO* is isomorphic to a quantum subgroup of QI SO}F corresponding to the
Hodge Dirac operator coming from D.

( 3) Moreover, under some conditions which are valid for compact spin manifolds,
QISO* and the QISO;r of the Hodge Dirac operator are isomorphic.

The next section is on examples and computations. To begin with, the compact
quantum group U,,(2) is identified as the QISO™ of SU,(2) corresponding to the spectral
triple constructed by Chakraborty and Pal in [13]. Then we derive that QISO™ for the
classical spectral triple on C(T?) is C(T?) itself. We end the chapter by showing that
QISO™ of spectral triples associated with some approximately finite dimensional C*
algebras arise as the inductive limit of QISO™ of the constituent finite dimensional
algebras. The results of this chapter are taken from [8] and [9)].

Chapter 4 is about the QISO% and QIS OE of a Rieffel deformed noncommutative
manifold. We first discuss the isospectral deformation of a spectral triple, followed by
the proof of some preparatory technical results which will be needed later. Then in the
final section we prove that QIS OE and QISO* of a Rieffel deformed ( noncommutative
) manifold is a Rieffel deformation of the QISOF and QISO* ( respectively ) of the
original ( undeformed ) manifold.

In chapter 5, we compute the quantum group of orientation preserving isometries
for two different families of spectral triples on the Podles spheres, one constructed by
Dabrowski et al in [24] and the other by Chakraborty and Pal in [14]. We start by
giving the different descriptions of the Podles spheres ( as in [43], [24], [37], and [50] )
and the formula for the Haar functional on it. Then we introduce the spectral triples
on the Podles spheres as in [24] and show that it is indeed SU,(2) equivariant and R-
twisted ( for a suitable R ). After this, the compact quantum group SO, (3) is defined
and its action on the Podles sphere is discussed. In the 3rd section, the computation
for identifying SO,(3) as QI SOE for this spectral triple is given. In the 4th section,
the spectral triple defined in [14] is introduced and then the corresponding QISO™



is computed. In particular, it follows that QISO™ in general may not be a matrix

quantum group and that it may not have a C* action.
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Chapter 1

Preliminaries

1.1 Operator algebras and Hilbert modules

We presume the reader’s familiarity with the theory of operator algebras and Hilbert
modules. However, for the sake of completeness, we give a sketchy review of some basic
definitions and facts and refer to [56], [39] for the details. Throughout this thesis, all

algebras will be over C unless otherwise mentioned.

1.1.1 (" algebras

A C* algebra A is a Banach *-algebra satisfying the C* property : |z*z| = |lz||* for
all z in A. The algebra A is said to be unital or non-unital depending on whether it
has an identity or not. Every commutative C* algebra A is isometrically isomorphic
to the C* algebra Cy(X) consisting of complex valued functions on a locally compact
Hausdorff space X vanishing at infinity( Gelfand’s theorem ). An arbitrary ( possibly
noncommutative ) C* algebra is isometrically isomorphic to a C*-subalgebra of B(H),
the set of all bounded operators on a Hilbert space H.

For z in A, the spectrum of z, denoted by o(x) is defined as the complement of
the set {z € C: (21 —x)"! € A}. An element z in A is called self adjoint if z = z*,
normal if 2*z = x2*, unitary if 2* = 27!, projection if = 2* = 2 and positive if
x = y*y for some y in A. When z is normal, there is a continuous functional calculus
sending f in C(o(z)) to f(x) in A. where f — f(z) is a * isometric isomorphism from
C(o(z)) onto C*(z).

A linear map between two C* algebras is said to be positive if it maps positive
elements to positive elements. A positive linear functional ¢ such that ¢(1) = 1 is
called a state on A. A state ¢ is called a trace if ¢(ab) = ¢(ba) for all a,b in A
and faithful if ¢(z*x) = 0 implies x = 0. Given a state ¢ on a C* algebra A, there
exists a triple (called the GNS triple) (Hy, 7y, &s) consisting of a Hilbert space Hy, a *
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representation g of A into B(Hg) and a vector &, in H, which is cyclic in the sense
that {mg(x)&y : v € A} is total in Hy satisfying

P(z) = (€pr mp(2)Ep) -

For a two-sided norm closed ideal Z of a C* algebra A, the canonical quotient norm
on the Banach space A/7 is in fact the unique C* norm making A/Z into a C* algebra.

Here we prove two results which we are going to need later on.

Lemma 1.1.1. [30] LetC be a C* algebra and F be a nonempty collection of C*-ideals
( closed two-sided ideals ) of C. Then for any = in C, we have

supre [ + 11| = |z + Iol|,

where Iy denotes the intersection of all I in F and ||x + I|| = inf{||lz —vy|| : y € I}

denotes the norm in C/I.

Proof : It is clear that supsc £ ||z + I|| defines a norm on C/Iy, which is in fact a C*
norm since each of the quotient norms ||. 4+ I|| is so. Thus the lemma follows from the

uniqueness of C* norm on the C* algebra C/Ij. O

Lemma 1.1.2. Let C be a unital C* algebra and F be a nonempty collection of C*-
ideals (closed two-sided ideals) of C. Let Iy denote the intersection of all T in F, and
let pr denote the map C/Zy > x+Zop— x+ 1 € C/T for T in F. Denote by Q the set
{wopr,T € F, w state on C/Z}, and let K be the weak-* closure of the convexr hull
of QU(—=Q). Then K coincides with the set of bounded linear functionals w on C/Zy
satisfying ||lw|| = 1 and w(z* + o) = w(z + Ly).

Proof : We will use Lemma 1.1.1. Clearly, K is a weak-* compact, convex subset of
the unit ball (C/Zy)7 of the dual of C/Zy, satistying —K = K. If K is strictly smaller
than the self-adjoint part of unit ball of the dual of C/Zy, we can find a state w on
C/Zy which is not in K. Considering the real Banach space X = (C/Zy)Z, and using
standard separation theorems for real Banach spaces (for example, Theorem 3.4 of [49],

page 58), we can find a self-adjoint element z of C such that ||z 4+ Zy|| = 1, and

sup W' (z + Zp) < w(z + Zp).

w'eK
Let 7 belonging to R be such that sup,cpw'(z +Zp) < v < w(z +Zp). Fix 0 < € <
w(r+Zp)—", and let Z be an element of F be such that ||z +Zo||—§ < ||z+Z| < ||z+Zol.
Let ¢ be a state on C/Z such that ||z + Z|| = |¢(x + Z)|. Since z is self-adjoint, either
d(x+7Z) or —¢p(x +7T) equals ||z + Z||, and ¢’ := £¢ o pz, where the sign is chosen so
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that ¢'(x +Zp) = ||z +Z||. Thus, ¢' isin K, so [|[z+Zp|| = ¢'(z+Z) < v < w(z+Zy) —e.
But this implies ||z + Zo|| < ||z +Z|| + § < w(z +Zp) — § < ||z + Zo|| — € (since w is a

state), which is a contradiction completing the proof. O

For a C* algebra A ( possibly non unital ), its multiplier algebra, denoted by M(.A),
is defined as the maximal C* algebra which contains A as an essential two sided ideal,
that is, A is an ideal in M(A) and for y in M(A), ya =0 for all a in A implies y = 0.
The norm of M(A) is given by [[z|| = sup,c 4 q<1{llzall, llaz|}. There is a locally
convex topology called the strict topology on M(.A), which is given by the family of
seminorms {||.||, ,a € A}, where ||z||, = Max(||zal|,||az]), for z in M(A). M(A) is the
completion of A in the strict topology.

We now come to the inductive limit of C* algebras . Let I be a directed set
and {A4;}ier be a family of C* algebras equipped with a family of C* homomorphisms
@ Aj — A; ( when j < i) such that ®;; = ®;,®;; when j < k£ < i. Then there
exists a unique C* algebra denoted by lim;A; and C* homomorphisms ¢; : A; — lim;A;
with the universal property that given any other C* algebra A’ and C* homomorphisms
Vi + Ay — A’ satisfying ¢; = 1;®;; for j < 4, then there exists unique C* homomorphism
x @ lim;A; — A’ satisfying x¢; = ;. lim; A; is called the inductive limit C* algebra
corresponding to the inductive system (A;, ®;;). Inductive limit of a sequence of finite
dimensional C* algebras are called approximately finite dimensional C* algebras or AF

algebras.

A large class of C* algebras are obtained by the following construction. Let Ay
be an associative k-algebra without any a-priori norm such that the set F = {7 :
Ay — B(Hy) * —homomorphism, H, a Hilbert space} is non empty and |.||,, defined
by |lall, = sup{||7(a)|| : # € F} is finite for all a. Then the completion of Ap in ||.||, is

a C* algebra known as the universal C* algebra corresponding to Ajp.

Example 1: Noncommutative two-torus

Let 0 belongs to [0, 1]. Consider the * algebra Ay generated by two unitary symbols
U and V satisfying the relation UV = €™V U. It has a representation 7 on the Hilbert
space L2(S') defined by n(U)(f)(z) = f(e*™?2), n(V)(f)(z) = zf(z) where f is in
L3(SY), zisin S'. Then ||al|, is finite for all a in Ag. The resulting C* algebra is called

noncommutative two-torus and denoted by Ajy.

Example 2: Group C* algebra
Let G be a locally compact group with left Haar measure p. One can make L'(Q)
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into a Banach *-algebra by defining

(f*xg)(t /f _1tdﬂ()

TNOESNORIIGE

Here f, g are in L'(G), A is the modular homomorphism of G.
LY(G) has a distinguished representation e, on L*(G) defined by meq(f) =
[ f()m(t)du(t) where m(t) is a unitary operator on L?*(G) defined by (w(t)f)(g9) =
f(t71g) (f € L*(G), t,g € G). The reduced group C* algebra of G is defined to be
X — 1A BLA(G)
Cr(G) i= mreg(LN(G)) :

Remark 1.1.3. For G abelian, we have C}(G) = Co(G) where G is the group of

characters on G.

One can also consider the universal C* algebra described before corresponding to
the Banach *-algebra L!(G). This is called the free or full group C* algebra and denoted
by C*(G).

Remark 1.1.4. For the so-called amenable groups ( which include compact and abelian
groups ) we have C*(G) = C}(G).

1.1.2 von Neumann algebras

We recall that for a Hilbert space H, the strong operator topology ( SOT ) , the
weak operator topology ( WOT ) and the ultra weak topology are the locally
convex topologies on B(H) given by families of seminorms Fi, Fa, F3 respectively where
Fi={pe: £ € H}, Fo=A{pen:&n€HY, F3={p,:pis a trace class operator on H}
and pe(x) = ||2€]|, peq(x) = [(x€ )|, pp(x) = [Tr(xp)| ( where Tr denotes the usual
trace on B(H)).

Now we state a well known fact.

Lemma 1.1.5. If T, is a sequence of bounded operators converging to zero in SOT,

then for any trace class operator W, Tr(T,,W) — 0 as n — oo.

For any subset B of B(H), we denote by B’ the commutant of B, that is, B’ = {x €
B(H) : b = bx for all b € B}. A unital C* subalgebra A C B(H) is called a von
Neumann algebra if A = A” which is equivalent to being closed in any of the three
topologies mentioned above.

A state ¢ on a von Neumann algebra A is called normal if ¢(x,) increases to ¢(z)

whenever x,, increases to z. A state ¢ on A is normal if and only if there is a trace class
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operator p on H such that ¢(z) = Tr(pzx) for all z in A. More generally, we call a linear
map ¢ : A — B ( where B is a von Neumann algebra ) normal if whenever x,, increases
to = for a net z, of positive elements from A, one has that ®(x,) increases to ®(z) in
B. It is known that a positive linear map is normal if and only if it is continuous with
respect to the ultra-weak-topology. In view of this fact, we shall say that a bounded
linear map between two von Neumann algebras is normal if it is continuous with respect

to the respective ultra-weak topologies.

1.1.3 Free product and tensor product

If (A;)ier is a family of unital C* algebras, then their unital C* algebra free product
x;c74; is the unique C* algebra A together with unital *-homomorphism v; : A; — A
such that given any unital C* algebra B and unital x-homomorphisms ¢; : A; — B there

exists a unique unital *-homomorphism ® : A — B such that ¢; = ® o 1);.

Remark 1.1.6. [t is a direct consequence of the above definition that given a family of

C* homomorphisms ¢; from A; to B, there exists a C* homomorphism *;¢p; such that
(*i¢i) 0 Yy = ¢ for all .
Remark 1.1.7. We recall that for discrete groups {G;}icr, C*(xic1Gi) = *ie1C*(G)).

For A and B two algebras, we will denote the algebraic tensor product of A and
B by the symbol A ®q4 B. When A and B are C* algebras, there is more than one
norm on A ®gq4 B so that the completion with respect to that norm is a C* algebra.
Throughout this thesis, we will work with the so called injective tensor product, that is,
the completion of A®g,B with respect to the norm given on A®q B by || Y1, a;®b;|| =
sup|| > it m1(ai) ® m2(bi) |3, @H,) Where a; is in A, b; is in B and the supremum
runs over all possible choices of (71, H1), (w2, Ha) where Hy, Ho are Hilbert spaces
and m @ A — B(H;) and m : Ay — B(Hz2) are s-homomorphisms. When A C
B(H1), B C B(Hz) are von Neumann algebras, then by the notation A ® B, we mean
the von Neumann algebra tensor product, that is, the WOT closure of A ®g; B in
B(H1 ® Ha). We refer to [56] for more details.

We now prove a useful general fact.

Lemma 1.1.8. Let A be a C* algebra and w,w; (j =1,2,...) be states on A such that
wj — w in the weak-x topology of A*. Then for any separable Hilbert space H and for
all Y in M(K(H) ® A), we have (id ® w;)(Y) — (id ® w)(Y) in the strong operator
topology.

Proof: Clearly, (id ® w;)(Y) — (id ® w)(Y) (in the strong operator topology) for
all Y in Fin(H) ®ag A, where Fin(H) denotes the set of finite rank operators on H.
Using the strict density of Fin(H) ®as A in M(K(H) ® A), we choose, for a given Y in
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M(K(H) ® A), £ in H with ||| = 1, and § > 0, an element Y in Fin(H) ®aie A such
that ||(Y — Yp)(J€¢ >< £ ®1)|| < 0. Thus,

[(id ® w;)(Y)€ — (id @ w) (V)]
= [[[d®w)(Y(|§><{®1)§ - (i[dew)(Y(]§ >< @ 1)K|
< ld®@w;)(Yo(l€ >< &l ®@1))€ — (id @ w)(Yo(|€ >< ¢l @ 1))¢]|
+ 2y = Yo)(I§ >< ¢l @ 1)
< (d @ w;)(Yo(l§ >< & @ 1))§ — (id @ w)(Yo(|€ >< ] ® 1))E]| + 29,

AN

from which it follows that (id ® w;)(Y) — (id ® w)(Y') in the strong operator topology.
O

Let A and B be two unital x-algebras. Then a linear map T from A to B is called
n-positive if T ® Id,, : A ® M,(C) — B ® M,(C) is positive for all & < n but not
necessarily for k = n + 1. T is said to be completely positive ( CP for short ) if it is
n-positive for all n. It is a well known result that for a CP map T : A — B(H), one has

the following operator inequality for all ¢ in A:
T(a)"T(a) < || T()|| T(a*a). (1.1.1)

Tensor product and composition of two CP maps are CP. The following is an useful

result about CP maps.

Proposition 1.1.9. If A and B are C* algebras with A commutative, ¢ is a positive
map from A to B, then ¢ is CP. The same holds if ¢ is from B to A.

1.1.4 Hilbert modules

Given a x-subalgebra A C B(H) ( where H is a Hilbert space ), a semi-Hilbert A module
E is a right A-module equipped with a sesquilinear map (. , .) : E x E — A satisfying
(z,y)" = (y,z), (x,ya) = (z,y)a and (z,z) > 0 for x,y in E and a in A. A semi
Hilbert module is called a pre-Hilbert module if (z,z) = 0 if and only if z = 0. It is
called a Hilbert module if furthermore, A is a C* algebra and E is complete in the norm
T ||<ac,a:>||% where ||.|| is the C* norm of A.

The simplest examples of Hilbert A modules are the so called trivial .4 modules of
the form H ® A where H is a Hilbert space with an A valued sesquilinear form defined
on HQaug Aby: (§®a, & ®@d)=(£¢)a*d. The completion of H ®,1s A with respect
to this pre Hilbert module structure is a Hilbert A module and is denoted by ‘H ® A.

We recall that for a pre Hilbert 4 module E ( A is a C* algebra ), the Cauchy
Schwarz inequality holds in the following form: 0 < (z,y) (y,z) < (z,z) |[{y, )| -
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Let F and F be two Hilbert A modules. We say that a C linear map L from F to F'is
adjointable if there exists a C linear map L* from F' to E such that (L(x),y) = (z, L*(y))
for all x in E, y in F. We call L* the adjoint of L. The set of all adjointable maps
from E to F is denoted by L(E,F). In case, E = F, we write L(F) for L(E, E). For
an adjointable map L, both L and L* are automatically A-linear and norm bounded
maps between Banach spaces. We say that an element L in L(E, F)) is an isometry if
(Lx, Ly) = (z,y) for all z,y in E. L is said to be a unitary if L is isometry and its range
is the whole of F. One defines a norm on L(E, F) by [|L|| = supycp, o<1 [|1L(2)] . L(E)
is a C™ algebra with this norm.

There is a topology on L(E, F') given by a family of seminorms {|.[[,,[l.|l, : = €
B, y € F} (where ||t], = H<m,m>% and [[t]], = H(t*y,t*y>%H ) known as the strict
topology. For z in E, y in F, we denote by 0, , the element of L(E,F) defined by
02y(2) = y(x,z) ( where z is in E ). The norm closure ( in L£(E, F') ) of the A linear
span of {0, : v € E, y € F} is called the set of compact operators and denoted
by K(E,F) and we denote IC(E, E) by IC(E). These are not necessarily compact in

the sense of compact operators between two Banach spaces. One has the following

important result:

Proposition 1.1.10. The multiplier algebra M(K(E)) of K(E) is isomorphic with
L(E) for any Hilbert module E.

Using this, for a possibly non-unital C* algebra B, we often identify an element V' of
M(K(H) ® B) with the map from H to H ® B which sends a vector £ of H to V(£ ® 1)
in H® B.

Given a Hilbert space H and a C* algebra A, and a unitary element U of M(K(H)®
A), we shall denote by ay(= ady) the x-homomorphism ay(X) = U(X ® 1)U* for
X belonging to B(H). For a not necessarily bounded, densely defined (in the weak
operator topology) linear functional 7 on B(H), we say that ag preserves 7 if oy maps
a suitable (weakly) dense *-subalgebra (say D) in the domain of 7 into D ®,1, A and
(1 ®@id)(ay(x)) = 7(x).14 for all z in D. When 7 is bounded and normal, this is
equivalent to (7 ® id)(ay(x)) = 7(x)14 for all x belonging to B(H).

We say that a (possibly unbounded) operator 7" on H commutes with U if T'® [
(with the natural domain) commutes with U. Sometimes such an operator will be called

U-equivariant.

1.2 Quantum Groups

In this section, we will recall the basics of Hopf algebras and then define compact

quantum groups ( as in [67], [66] ). After that, we will discuss a few examples of
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quantum groups and the concept of an action of a compact quantum group on a C*
algebra. For more detailed discussion, we refer to [37], [35], [15] [42] and references
therein. In this thesis, we will be concerned about compact quantum groups only. For
other types of quantum groups, we refer to [37], [38], [58] etc.

1.2.1 Hopf algebras

We recall that an associative algebra with an unit is a vector space A over C together
with two linear maps m : A ® A — A called the multiplication or the product and 7 :
C — A called the unit such that m(m®id) = m(id®m) and m(n®id) = id = m(id®mn).

Dualizing this, we get the following definition.

Definition 1.2.1. A coalgebra A is a vector space over C equipped with two linear

maps A : A — A® A called the comultiplication or coproduct and € : A — C such that

(A®id)A = (id® A)A,
(e®id)A =id = (id ® €)A.
Definition 1.2.2. Let (A, A4, €e4) and (B, Ap,ep) be co algebras. A C linear mapping
¢: A— B is said to be a cohomomorphism if
Apog=(d®p)Aa

€A=€po¢

Let o denote the flip map: A® A — A® A given by 0(a®b) = b® a.
Definition 1.2.3. A coalgebra is said to be cocommutative if o o A = A.
Definition 1.2.4. A linear subspace B of A is a subcoalgebra of A if A(B) C BRB.

Definition 1.2.5. A C linear subspace I of A is called a coideal if A(T) C AQT+IRA
and €(Z) = {0}.

If 7 is a coideal of A, the quotient vector space A/Z becomes a coalgebra with

comultiplication and counit induced from A.

Sweedler notation

We introduce the so called Sweedler notation for comultiplication. If a is an element
of a coalgebra A, the element A(a) in A ® A is a finite sum A(a) = >, a1; ® ag;
where a4, ag; belongs to A. Moreover, the representation of A(a) is not unique. For

notational simplicity we shall suppress the index ¢ and write the above sum symbolically
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as A(a) = a(1) ® a(p). Here the subscripts (1) and (2) refer to the corresponding tensor

factors.

Definition 1.2.6. A vector space A is called a bialgebra if it is an algebra and a coalge-
bra along with the condition that A : A — A® A and e : A — C are algebra homomor-

phisms ( equivalently, m: A® A — A and n: C — A are coalgebra co-homomorphisms
).

Definition 1.2.7. A bialgebra A is called a Hopf algebra if there exists a linear map
k: A— A called the antipode or the coinverse of A, such that mo (k ® id)A =noe =
mo (id® k) o A.

Dual Hopf algebra

Let us consider a finite dimensional Hopf algebra A. Then the dual vector space A’ is
an algebra with respect to the multiplication fg(a) = (f®g)A(a). Moreover, for f in A,
one defines the functional A(f) € (A®.A) by A(f)(a®b) = f(ab), a, bin A. Since A is
finite dimensional, (A® A)" = A’ ® A’ and so A(f) belongs to A’ ® A’. Then the algebra
A’ equipped with the comultiplication A, antipode k defined by (kf)(a) = f(k(a)),
counit €4 defined by e (f) = f(1) and 14 (a) = €(a) gives a Hopf algebra. This is
called the dual Hopf algebra of A.

Definition 1.2.8. A Hopf x-algebra is a Hopf algebra ( A, A, k,e ) endowed with an
inwvolution * which maps a to an element denoted by a* satisfying the following proper-
ties:
1. For all a,b in A, a,3 in C, (aa+ Bb)* = aa* + Bb*, (a*)* =a, (a.b)" = b*a*.
2. A: A — A® A is a x-homomorphism which means that A(a*) = A(a)* where
the involution on A® A is defined by (a ® b)* = a* ® b*.

Proposition 1.2.9. In any Hopf x-algebra ( A, A, k€ ), we have
1. e(a*) = €(a) for all a in A.
2. k(k(a*)*) =a for all a in A.

We recall that the dual algebra A’ of a Hopf *-algebra A is a x-algebra with involution
defined by

[*(a) :W, for fin A’

Dual Pairing
A left action of a Hopf x-algebra ( U, Ay, Ky, €y ) on another Hopf #-algebra (
A, A, kq,€4 ) is a bilinear form > : U x A — C if the following conditions hold:

(D) f v (ar1a2) = Dy (f) > (a1 ® az), (fife)>a=(fi ® f2) > Aa(a);
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(2)fl> lA = 6u<f), 1u[>a = EA(a);

B)f*ra= frra(a) (equivalently f>a* = ky(f)* >a)

for all f, f1, fo in U and a, a1, as in A.

Similarly, a right action of a Hopf s-algebra ( U, Ay, ki, € ) on another Hopf -
algebra (A, A4, k4,€4 ) is a bilinear form < : A x U — C if the following conditions
hold: ajaz<f = (a19f))(a2<f(2)), a<d(fife) = Aala)a(f1®f2), 1asf = eu(f), adly =
eala),a< f* = kg(a)" < f (equivalently a* < f = a<ky(f)*) for all f, f1, fo in U and
a,ai,as in A.

U = A’ gives a particular case of this duality pairing.

1.2.2 Compact Quantum Groups: basic definitions and examples

Definition 1.2.10. A compact quantum group (to be abbreviated as CQG from
now on) is given by a pair (S,A), where S is a unital separable C* algebra equipped
with a unital C*-homomorphism A : S — S ® S (where ® denotes the injective tensor
product) satisfying

(ai) (A ®id) o A = (id ® A) o A (co-associativity), and

(aii) each of the linear spans of A(S)(S®1) and of A(S)(1®S) are norm-dense in S®S.

It is well-known (see [67], [66]) that there is a canonical dense *-subalgebra Sp of S,
consisting of the matrix elements of the finite dimensional unitary (co)-representations
(to be defined shortly) of S, and maps € : Sy — C (co-unit) and k : Sy — Sy (antipode)
defined on Sy which make Sy a Hopf *-algebra.

The following theorem is the analogue of Gelfand Naimark duality for commutative

CQG s.

Proposition 1.2.11. Let G be a compact group. Let C(G) be the algebra of continuous
functions on G. If we define A by A(f)(g,h) = f(g.h) for f in C(G), g,h in G, then
this defines a CQG structure on C(QG).

Conversely, let (S,A) be a commutative CQG. Let H(S) denote the Gelfand spec-
trum of S and endow it with the product structure given by xx' = (x @ X')A where x, x’
are in H(S). Then H(S) is a compact group.

Remark 1.2.12. In [57], A Van Daele removed Woronowicz’s separability assumption

(in [67] ) for the C* algebra of the underlying compact quantum group. We remark
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that although we assume that CQG s are separable, most of the results in this thesis go

through in the non separable case also.

Definition 1.2.13. Let (S, As) be a compact quantum group. A vector space M is said
to be an algebraic S co-module (or S co-module) if there exists a linear map o : M —
M ®a1g So such that

1. a®id)a = (id ® As)a,

2. (id ® €)a(m) = m for all m in M.

In the notations as above, let us define @: M @S — M ®S by a = (ild@m)(a®id).
Then we claim that & is invertible with the inverse given by T'(m®q) = (id®k)a(m)(1®
q), where m is in M, ¢ is in S. As T is defined to be Sy linear, it is enough to check
that aT'(m® 1) =m ® 1.

al'(m®1)
= a(ma) ® k(m))1)
= may) @muerne)
= (de@m(id® k)A)a(m)
= (id®e().1)a(m)
= m®1L

Similarly, Ta = id. Thus,
T=at (1.2.1)

Definition 1.2.14. A morphism from a CQG (S1,A1) to another CQG (S2,A3) is a

unital C* homomorphism w : 81 — Sy such that

(7T®7T)A1 = AoT.

It follows that in such a case, ™ preserves the Hopf x-algebra structures, that is, we
have

77((81)0) g (82)0, TK1 =— R2T, €T = €71,

where k1,€; denotes the antipode and counit of S; respectively while kg, €2 denotes
those of Ss.

Definition 1.2.15. A Woronowicz C*-subalgebra of a CQG (S1,A) is a C* subal-
gebra Sz of Sy such that (S2, Als,) is a CQG such that the inclusion map from Sa — S1
is a morphism of CQG s.

Definition 1.2.16. A Woronowicz C*-ideal of a CQG (S,A) is a C* ideal J of S
such that A(J) C Ker(m ® w), where w is the quotient map from S to S/J.
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It can be easily seen that a kernel of a CQG morphism is a Woronowicz C*-ideal.

We recall the following isomorphism theorem.

Proposition 1.2.17. The quotient of a CQG (S,A) by a Woronowicz C*-ideal Z has
a unique CQG structure such that the quotient map ™ is a morphism of CQG s. More
precisely, the coproduct A on S/T is given by A(s +1I) = (1 @ 7)A(s).

Definition 1.2.18. A CQG (S',A’) is called a quantum subgroup of another CQG
(S,A) if there is a Woronowicz C*-ideal J of S such that (S',A") = (S,A)/ .

Let us mention a convention which we are going to follow. We shall use most of the
terminologies of [59], for example Woronowicz C* -subalgebra, Woronowicz C*-ideal etc,
however with the exception that we shall call the Woronowicz C* algebras just compact
quantum groups, and not use the term compact quantum groups for the dual objects
as done in [59].

Let (S,A) be a compact quantum group. Then there exists a state h on S, to be
called a Haar state on S such that (h ® id)A(s) = (id ® h)A(s) = h(s).1. We recall

that unlike the group case, h may not be faithful. But on the dense Hopf *-algebra Sy

mentioned above, it is faithful. We have the following result.

Proposition 1.2.19. Let i : S — Sy be an injective morphism of CQG s. Then the
Haar state on 51 is the restriction of that of So on Si.

Remark 1.2.20. In general, the Haar state might not be tracial. In fact, there exists a
multiplicative linear functional denoted by f1 in [66] such that h(ab) = h(b(f1 <a®> f1)).
Moreover, from Theorem 1.5 of [67], it follows that the Haar state of a CQG is tracial
if and only if K? = id.

Co-Representations of a compact quantum group

Definition 1.2.21. A co-representation of a compact quantum group (S, A) on a Hilbert
space H is a map U from H to the Hilbert S module H ® S such that the element U
belonging to M(K(H) @ S) given by U(E@b) = U(€)(1®b) (& in H,b in S) satisfies

(id® AU = [7(12)&(13)7

where for an operator X in B(H1®Hz) we have denoted by X(12) and X (13 the operators
X ® Iy, in B(H1 ® Ha ®@ H2), and Ya3X(19)X23 respectively and Yoz is the unitary on
H1 ® Ho ® Ho which flips the two copies of Ho.

If U is an unitary element of M(K(H) © S), then U is called a unitary co-

representation.
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From now on, we will drop the term co in the word co-representation unless there

is any confusion.

Remark 1.2.22. Let © be a CQG morphism from a CQG (S1,A1) to another CQG
(S2,Ag). Then for every unitary representation U of S1, (id ® m)U is a unitary repre-

sentation of So.

Following the definitions given in the last part of subsection 1.1.4 and a unitary
representation U of a CQG on a Hilbert space H, and a not necessarily bounded,
densely defined (in the weak operator topology) linear functional 7 on B(H), we will
use the notation oy and the terms “ay; preserves 77 and “ U equivariant ” throughout
this thesis.

A CQG (S8,A) has a distinguished representation which corresponds to the right
regular representation in the group case. Let H be the GNS space of S associated with
the Haar state h, & be the associated cyclic vector and K be a Hilbert space on which
S acts faithfully and non-degenerately. There is a unitary operator v on H ® K defined
by u(a& ®n) = A(a)(o ® n) when a is in S, 1 is in K. Then u can be shown to be an
element of multiplier of JC(H) ® S and called the right regular representation of S.

Let v be a representation of a CQG (S, A) on a Hilbert space H. A closed subspace
H; of H is said to be invariant if (e ® 1)v(e ® 1) = v(e ® 1), where e is the orthogonal
projection onto this subspace. The representation v is called irreducible if the only
invariant subspaces are {0} and H. It is clear that one can make sense of direct sum of
(co)-representations in this case also. Moreover, for two representations v and w of a
CQG (S, A) on Hilbert spaces H; and Ha, the tensor product of v and w is given by the
element v(13yw(23). The intertwiner between v and w is an element x in B(H1,Hz) such
that (z®1)v = w(x®1). The set of intertwiners between v and w is denoted by Mor(v, w).
Two representations are said to be equivalent if there is an invertible intertwiner. They
are unitarily equivalent if the intertwiner can be chosen to be unitary.

Just like the case of compact groups, CQG s have an analogous Peter Weyl theory
which corresponds to the usual Peter Weyl theory in the group case. We will give a
sketch of it by mentioning the main results and refer to [41], [66] and [67] for the details.

Let v be a unitary representation of (S,A) on H. If H; is an invariant subspace,
then the orthogonal complement of H; is also invariant. Any non degenerate finite
dimensional representation is equivalent with a unitary representation.

Every irreducible unitary representation of a CQG is contained in the regular rep-
resentation. Let v be a representation on a finite dimensional Hilbert space H. If we
denote the matrix units in B(H) by (epq), we can write v = ) epq ® Upq. Upq are called
the matrix elements of the finite dimensional representation v. Define v =} e,, ® vy,
Then v is a representation and is called the adjoint of v. It can be shown that if v is

a finite dimensional irreducible representation, then v is also irreducible. Moreover, for
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an irreducible unitary representation, its adjoint is equivalent with a unitary represen-
tation.

The subspace spanned by the matrix elements of finite dimensional unitary repre-
sentations is denoted by Sp. Firstly, Sg is a subalgebra as the product of two matrix
elements of finite dimensional unitary representations is a matrix element of the tensor
product of these representations. Moreover, as the adjoint of a finite dimensional uni-
tary representation is equivalent with a unitary representation, Sy is * invariant. We
note that 1 is in Sg as 1 is a representation. Now, we will recall some basic facts about
the subalgebra Sy. We will denote the Haar state of S by h.

Proposition 1.2.23. (1) Sy is a dense x-subalgebra of S.

(2)Let {u® : o € I} be a complete set of mutually inequivalent, irreducible unitary
representations. We will denote the representation space and dimension of u® by He
and n(a) respectively. Then the Schur’s orthogonality relation takes the following form:

For any « in I, there is a positive invertible operator F“ acting on H,, such that for
any o, B in I and 1 < j,q <n(a), 1 <i,p <n(f)

h((ug,) uy) = Sasdpe P

(3) {up, € I,1 <p,q < n(a)} form a basis for Sp.

(4) Moreover, A maps Sy into So ® So. In fact, A is given by A(up,) =352 ugy @

Ul A counit and an antipode are defined on Sy respectively by the formulae,

6(upq) = 510117 E(u;q) = (U?p)*-

It follows that So becomes a Hopf *-algebra.

A compact matrix quantum group is a CQG such that there exists a distin-
guished unitary irreducible representation called the fundamental representation such
that the x-algebra spanned by its matrix elements is a dense Hopf *-subalgebra of the
CQG.

We now discuss the free product of CQG s which were developed in [59]. Let
(S1,Aq) and (S2, Ag) be two CQG s. Let i1 and is denote the canonical injections of Sy
and Sy into the C* algebra Sy * Sa. Put p1 = (i1 ® i1)A; and py = (ia ® i2)Ag. By the
universal property of S * Sa, there exists a map A : S %Sy — (S1 % S2) ® (S1 % Sa) such
that Ai; = p1 and Aiy = ps. It can be shown that A indeed has the required properties
so that (S, A) is a CQG.

Let {8, }nemw be an inductive sequence of CQG s, where the connecting morphisms

Tmn from S, to Sy, (n < m) are injective morphisms of CQG s. Then from Proposition
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3.1 of [59], we have that the inductive limit Sp of S,, s has a unique CQG structure with
the following property: for any CQG S’ and any family of CQG morphisms ¢,, : S,, — &’
such that ¢ mmn = ¢n, the uniquely defined morphism lim,,¢,, in the category of unital
C* algebras is a morphism in the category of CQG s.

Combining the above two results, it follows that the free product C* algebra of an
arbitrary sequence of CQG s has a natural CQG structure.

Moreover, the following result was derived in [59].

Proposition 1.2.24. Let I';,T's be a discrete abelian groups. Then the natural isomor-
phisms C*(T'y) = C(ﬁ) and C*(I'y) x C*(T'y) =2 C*(I'y * I'y) are isomorphism of CQG

S.

Let i1 and 49 be the inclusion of CQG s & and S into 81 x Ss. If Uy and Us
are unitary representations of CQG s &1 and S, on Hilbert spaces H; and Hs respec-
tively, then the free product representation of U; and Us is a representation of
the CQG &1 x S on the Hilbert space Hi @ Ho given by the S1 % So valued matrix

(id ® i1)Uy 0
0 (d @)Uy |-

Similarly, the free product representation of an arbitrary sequence of CQG repre-

sentations are defined.

The inductive limit of an arbitrary sequence of CQG s has the structure of a CQG.
The following lemma is probably known, but we include the proof ( taken from [9] ) for

the sake of completeness.

Lemma 1.2.25. Suppose that (Sp)nen is a sequence of CQG s and for each n,m in
IN, n <m there is a CQG morphism Ty, m : Sp — Sy with the compatibility property

Tk © Tnom = Tk, NS M S k.

Then the inductive limit of C*-algebras (Sp)new has a canonical structure of a CQG.
It will be denoted Soe or limy,e v Sy, It has the following universality property:

for any CQG (S, A) such that there are CQG morphisms my, : S, — S satisfying for all
m,n € IN, m > n the equality my o Ty m = Ty, there exists a unique CQG morphism
Too : Soo — S such that T, = Moo 0 T oo for all n € IN, where we have denoted by my, oo

the canonical unital C*-homomorphism from S, into Seo.

Proof:
Let us denote the coproduct on S, by A,. We consider the unital C*-homomorphism

Pt Sp — Soo ® S given by pp, = (Tn,00 ® T oo) © Ay, and observe that these maps do
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satisfy the compatibility property:
Pm © TTnom = Pn Vn < m.

Thus, by the general properties of the C*-algebraic inductive limit, we have a unique
unital C*-homomorphism Ay : Soo — Soc ® Soo satisfying Asg 0 Ty 00 = pp, for all n.
We claim that (Seo, Aso) is a CQG.

We first check that A, is coassociative. It is enough to verify the coassociativity
on the dense set U,y oo(Sy). Indeed, for s = m, o (a) (a € Sy), by using A 0 T oo =

(TTh,00 ® Tn0o) © Ay, we have the following:

(Aso ®1d)Ane(Tn,00(a))
(Aco ®1d)(Tn,c0 ® Tn,00) (An(a))
(Ttn,00 @ Tn,00 @ Tn,00) (An @ 1d)(An(a))
(Th,00 ® T oo @ Tnoo) (id @ Ap)(Ap(a))
= (Moo @ (Tn,00 @ M 00) © An)(An(a))
(00 ® Do © Tnoo) (An(a))
(id ® Aco) (Tn,00 © Tn,00) (An(a)))
(id @ Aoo) (Aco(Tn,00(a)))

which proves the coassociativity.

Finally, we need to verify the quantum cancellation properties. Note that to show
that A (Seo)(1®S) is dense in Soo @ Soo it is enough to show that the above assertion
is true with Sy replaced by a dense subalgebra (J,, Tn,00(Sn).

Using the density of A,(S,)(1® S,) in S, ® S;, and the contractivity of the map
Tn,co We note that (T 00 ® Tn.00) (An(Sn)(1 ® Sy)) is dense in (7,00 ® T 00) (Sn @ Sp).
This implies that (75,00 ® Tn 00 ) (An(Sn)) (1 @ Tp,00(Sy)) is dense in my, o0 (Sp) @ Tp 0o (Sn)
and hence Ao (Tp,00(Sn)) (1 ® Tp 0o (Sy)) is dense in 7y, 00 (Sn) ® Tp,00(Sy). The proof of
the claim now follows by noting that 7, o0 (Sp) = Tm,coTn,m(Sn) € Tm,0o(Sm) for any
m > n, along with the above observations. The right quantum cancellation property
can be shown in the same way.

The proof of the universality property is routine and hence omitted.

We note that the proof remains valid for any other indexing set for the net, not

necessarily IV.



25 Quantum Groups

1.2.3 The CQG U,(2)

We now introduce the compact quantum group U,(2). We refer to [37] for more details.

As a unital C* algebra, U,(2) is generated by 4 elements w11, w12, u21, uz satisfying:

UI1U12 = pU12U11 (1.2.2)
U1U21 = JU21U11 (1.2.3)
Ul2U22 = [U22U12 (1.2.4)
U21U22 = [U22U21 (1.2.5)
U12U21 = U1 U12 (1.2.6)
upuge — uzouiy = (p— p” Huraug (1.2.7)

U i
and the condition that the matrix v = 2

u21  U22
matrix u is the fundamental unitary for U,(2).

The CQG structure is given by

) is a unitary. Thus, the above

A(uw) = Z Uik & Ukj, /@(uij) = uji*,e(uij) = 0;j. (1.2.8)
k=1,2

The quantum determinant D,, is defined by

~1
D, = uituge — puiaUol = Uouil — [ U12U21. (1.2.9)

Then, D,*D,, = D,D,* = 1. Moreover, D,, belongs to the centre of U,(2).

We mention the following result for future use.
Proposition 1.2.26.

-1

k(un) = ueD, ", K(uz) = —p~"

u1aD, Y, K(ug1) = —pugi Dyt k(uga) = un D},

Proof : By [37] ( Proposition 10, Page 314 ), we have that x(u;;) = u;; D, where

“w
uj; is the (i, j)th entry of a matrix u satisfying uu = wu = D,I>. One can easily
-1
U —pu U
check that the matrix ( 22 pote ) satisfies this equation and this proves the
—pHu21 U1l

Proposition. O
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1.2.4 The CQG SU,(2)

Let p belongs to [—1,1]. The C* algebra SU,(2) is defined as the universal unital C*
algebra generated by «,~ satisfying:

afa+ vty =1, (1.2.10)
aa® + pPyyt =1, (1.2.11)
¥y =", (1.2.12)
uyo = avy, (1.2.13)
uwy o= av*. (1.2.14)

*

The fundamental representation of SU,(2) is given by : ( « ) :
7 o«

There is a coproduct A of SU,(2) given by :
Ala)=a®@a—upy" ®7y, A(Y)=78@a+a"®y

which makes it into a CQG. Let h denote the Haar state and H = L?(SU,(2)) be the
corresponding G.N.S space.

Haar state on SU,(2)

We restate the content of Theorem 14, Chapter 4 ( page 113 ) of [37] in a convenient
form below. For all m > 1,n,l,k > 0,k" # k",

* 1_M2 m_*n * *n k! xk
h((v*9)*) = Gl ) =0, Ay =0, h(y*¥' ") = 0. (1.2.15)

( Co )- representations of SU,(2)

For each n in {0,1/2,1,.....}, there is a unique irreducible representation 7" of
dimension 2n + 1. Denote by ¢ the ¢j th entry of 7™. They form an orthogonal basis
of H. Denote by e7; the normalized ¢} s so that {e% :n=0,1/2,1,...... i, = —n,—n+
1,....n} is an orthonormal basis.

We recall from [37] that

1/2 1/2 1/2 1/2

12 =@ iyanje = MY ts app =0 tpgp =0 (1.2.16)

Moreover, if we define

fri = a(n, i)™yt (1.2.17)
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where a(n,i) s are some constants as in [37], then {f,; :n =0, %, 1, %, ..... , —n <
i < n} is an orthonormal basis of SU,(2) and A(fn:) =D 25__,, fak @t} ;.

The following recursive relations will be useful to us.

Proposition 1.2.27.

(1/2
il+1/2
= 611(i7l)7*t2+1/271 + c12(3, l)a*tﬁ_l/ll —1+1/2<i<l-1/2,
= 021(i7l)7*t5'+1/2,z i=-1-1/2,
= 631(2‘,1)04*15271/2’[ i=1+1/2,
(1.2.18)
and for j <1,
1+1/2
2
= ol oty g 10+ LDV g 510 —l+1/2<i<l-1/2,
1 1
_ . l U P . __ .
= d(l,j)atly j iy +d (1 5)Y t—l,j—% i=—-1—-1/2, —1+ 3 <j<l-— 3
. ) . 1
= d”(l,])atéJrl/Q,jH/Q i=—-1-1/2,j :_l_i’
= e,V 12012+ e(l,j)a tz;%’ji% i=1+1/2,
(1.2.19)
where Cpq(il), c(l,4,7),d(l, j), df,j, d"(l,7),e(l,7),€(l,7) are all complex numbers.
Proof : It can be easily seen that
fl—o—%,i = c(, i)afl,i+% (1.2.20)

for some constants ¢(1,1).

wl+i+1

Moreover, from ( 1.2.17 ) we have v*f,; = a'(l,i)a! "ty for some constant

a’(l,7). This means that

. a'(l,i
Y i = (1,9)
a

Ly Dbt (1.2.21)

We have fl+%,l+% =a(l+ 5,0+ %)V*HH and f;; = a(l,1)y** which implies that

al+3,1+3)

fiptipr = iy ! fui (1.2.22)

Now, we proceed to prove ( 1.2.18 ). Applying coproduct on ( 1.2.22 ) and using (
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1.2.17 ) and ( 1.2.21 ), we have

I+3

> f1+2,k®tkz+
k=—(1+1)
a(l + 3,1+ 1)

. * * * !
= W(V ®a +a®y )(kz;lfl,k@)tk,z)

al+L 1+ [, . !
B (a(2ll)2) Dk ®atty + Y afir®©
’ Lk=—1 k=—1

a(l + 3,1+ 3) [ k)fl+§,k+§ ® O‘*tfk,l l fl—&-%,k—% ® V*téal

_ 2
a(l,1) _k:zl a(l+ 3, k+1) c(l,k—3)

k=—1

1 _1
_oltthird | R TR DA 00 R Sk O ey,
- a(l, l) (l + i, k) (l7 k)

k=—l+% k=—1—1

Let —1 + 1 < k <1 — 5. Then comparing coefficient of f,, 1 +1k We have ¢

a(l+% 1+ )[ ’(lk ) ot
a(l,l) a(l+3 k) k=11

1
+3
kl+3

+ W’Y*tiwr%,l] which proves the first equation of ( 1.2.18 ).

1 a
Applying the same procedure for k = —[ — %, we have tijlj_% _ l+a%lj+g [c(l k)ﬂy*tl ]
which proves the second equation of ( 1. 2 18 ).
Similarly. for k — I h _a(l+3,43) (d'(Lk—3) ol hich
imilarly, for k = [ + 1, we have tk l+§ =~ [a(l—i—%,k) t ! l] which proves

the third equation of ( 1.2.18 ). This completes the proof of ( 1.2.18 )
Next, to prove ( 1.2.19 ), we apply coproduct on ( 1.2.20 ) and use ( 1.2.17 ) and (
1.2.21 ) to have

I+3 )
I+1
> fin®t,’
k=—(+3)
!
= cla@a—py @N(Y_ fir®@t;,1)
k=1

l n

= c(l,9)( Z afir® atﬁmqr% - Z Y fir ® M7t271+%)
k=—1 k=—n
! I o

. 1 I
= C(Z,Z) z; c(lT—%)fl‘i_%’k_% ®atk,i+ l ) Z l—|- 2,k+ )fl+17k+% &®
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-3 +3 1
. 1 1 . a(l7 k — §)
=c(l,9) k ZI Ry © Oy — el ) k ZW o+ Ty Tid®
=772 )

et
T %1+l

. . I+1
For —I + % <k < I- %, by comparing coefficient of f; 1, we have t,:;? =
27 I

(L) o clalih=d)

R Mo 1 41 i , which proves the first equation of ( 1.2.19 ).

k—2i+1
Comparing coeflicient of f;, 1 1, we have tl—% ()
Itg,=l=3 —l—-%i  c(l,—1—3%)
we get the second and the third equation of ( 1.2.19 ).
1 .
Comparing coefficient of fl+%7l+%, we have tiigl = _%/ﬂt;,i%
we get the last equation of ( 1.2.19 ). O

Oétl_ from which

Li+s

from which

We recall the following multiplication rule from Page 74, [37] which we are going to

need :

l N
tit) = Z cr(lyi, 5,1, )tiﬂ./’jﬂ,/ (1.2.23)
k=|1—1/2],....14+1/2

(ck(l,4,7,4',7") are scalars).

1.2.5 The Hopf x-algebras O(SU,(2)) and U,,(su(2))

We define the Hopf *-algebra O(SU,(2)) following the notations of [37].
O(SL,(2)) is the complex associative algebra with generators a,b, c,d such that

ab = pba, ac = pca, bd = pdb, c¢d = pde, be = cb, ad— pbe = da—p~tbe = 1. (1.2.24)
The coproduct is given by
Ala)=a®@a+b®c, Ab)=a®b+b®d,

Alc)=c®a+d®c, A(d)=c®b+d®d.

The antipode is
Finally, the counit is

For all p in R, there is an involution of the algebra O(SL,(2)) determined by

a*=d, b"=—pc. (1.2.25)
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The corresponding Hopf *-algebra is denoted by O(SU,(2)).

Proposition 1.2.28. O(SU,(2)) can be identified with (SU,(2)),, i-e the Hopf x-algebra
generated by the matriz elements of irreducible unitary representations of SU,(2), via

the isomorphism given on the generators by
a—a, y—ec o —d v -t (1.2.26)

Proof : (SUL(2)), is generated by the matrix elements of the fundamental unitary
of SU,(2), that is, the *-algebra generated by a and 7. On the other hand, inserting (
1.2.25 ) in ( 1.2.24 ), we have that O(SU,(2)) is generated by 4 elements a, b, ¢, d such
that ac = pca, ac* = pc*a, cc* = c*c, a*a+c*c =1, aa* + p?c*c = 1. Comparing with
the defining equations of SU,,(2), that is, ( 1.2.10 ) - ( 1.2.14 ), it is clear that the above

correspondence gives the required isomorphism. O

Next, we recall from [51] the Hopf * algebra U, (su(2)) which is the dual Hopf -
algebra of O(SU,(2)). It is generated by elements F, E, K, K~! with defining relations:

KK '=K'K=1, KE=uFEK, FK = uKF, EF —FE = (u— p )"} (K* - K72)
with involution £* = F, K* = K and comultiplication :
AE)=E®QK+K'@FE AF)=FoK+K '®F AK)=K®K.

The counit is given by €(E) = ¢(F) = ¢(K —1) = 0 and antipode x(K) = K%, k(E) =
—pE, k(F)=—pu'F.
There is a dual pairing (.,.) of U,(su(2)) and O(SU,(2)) given on the generators by

(K*L,0%) = (K¥,a) = p*3, (B,7) = (F,—py*) = 1

and zero otherwise.

The left action > and right action < of U, (su(2)) on SU,(2) are given by:

fox= <f,x(2)>a:(1), rdf = <f,:c(1)> T(9), T € O(SUL(2)), f € Uu(su(2)) where
we use the Sweedler notation A(z) = z(1) ® 2(2).

The actions satisfy :

(Foa)’ = k(1) bat, (@a ) = o <w(f)', Foay = (foy>a)(fa>y), ayaf =
(<9 f) (W< fiz)

The action on generators is given by :
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*

Eva=—uy Epbvy=a, Epv~* =0, Eva* =0,
Fo(—my*) =« Fra*=-, Fra=0, Fr~y=0, (1.2.27)
Kba:/uféa, Ko (v") :u%’y*, KD’y:/uf%’y, Kva* :u%a*.

v<FE = a, of<qFE =—puy*, a<FE=0, v*<aE =0
adF =7, —y*<F=a*  ~y<aF =0, a*<F =0, (1.2.28)
a<1K:,u7%oz, W*QKZLF%V*, ’y<1K:,u%'y, a*QK:u%a*.

1.2.6 The Wang algebras

Let us now recall the universal quantum groups as in [61], [59] and references therein.
For an n x n positive invertible matrix @ = (Q;;). let A, ,(Q) be the compact quantum
group defined and studied in [60], [61], which is the universal C*-algebra generated by
{ugj, k,5=1,...,n} such that u := ((ugj)) satisfies

wuet =1, = v'u, W'QuQ =1, =QuQ 'u. (1.2.29)

Here u' = ((u;;)) and @ = ((u];)). The coproduct, say A, is given by,
5 n
Auij) = Zug ® u,%
k=1

It may be noted that A, ,(Q) is the universal object in the category of compact quan-
tum groups which admit an action on the finite dimensional C* algebra M,,(C) which
preserves the functional M,, > z +— Tr(Q"x),( see [63] ) where the notion of a CQG and
that of preservation of a functional by an action are as in subsection 1.2.7. We refer
the reader to [61] for a detailed discussion on the structure and classification of such

quantum groups.

Remark 1.2.29. It was proved in [59] that in the case where Q = I, R(UZI]) = u]I;‘ and
hence k2 = id holds for Ay, (I).

1.2.7 Action of a compact quantum group on a C* algebra

We say that the compact quantum group (S, A) (co)-acts on a unital C* algebra B, if
there is a unital C*-homomorphism (called an action) o : B — B ® S satisfying the

following :
(bi) (a®id) o = (id ® A) o o, and
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(bii) the linear span of (B)(1 ® S) is norm-dense in B® S.

It is known ( see, for example, [60] , [44] ) that (Dbii) is equivalent to the existence
of a norm-dense, unital *-subalgebra By of B such that a(By) € By ®alg So and on By,
(id ® €) oa =1id.

We shall sometimes say that « is a ‘topological’ or C* action to distinguish it from

a normal action of von Neumann algebraic quantum group.

Definition 1.2.30. Let (S,«) has a C* action o on the C* algebra B. We say that the
action « is faithful if there is no proper Woronowicz C*-subalgebra S1 of S such that

a is a C* action of S1 on B.

Definition 1.2.31. Let (S,«) has a C* action o on the C* algebra B. A continuous

linear functional ¢ on B is said to be invariant under « if

(p®@id)a(b) = ¢(b).1s.

Now, we recall the work of Shuzhou Wang done in [60]. One can also see [4], [5].
The quantum permutation group QU, is defined to be the C* algebra generated
by ai; (1,7 =1,2,...n ) satisfying the following relations:
2 *

aij = aij = Q,;.

n
E Ai5 = 1, 1= 1,2, ...,
J=1

n

Y ag=1i=12,.n

i=1

The name comes from the fact that the universal commutative C* algebra generated
by the above set of relations is isomorphic to C(S,,) where S,, denotes the permutation
group on n symbols.

Let us consider the category with objects as compact groups acting on on a n-point
set X,, = {1,292, ...,zy}. If two groups G and G2 have actions o and a9 respectively,
then a morphism from G; to G is a group homomorphism ¢ such that as(¢ xid) = ag.
Then C(S,,) is the universal object in this category. It is proved in [60] that the quantum
permutation group enjoys a similar property.

We have that C(X,,) = C*{e; : €2 = ¢; = ¢}, Y.r_je, = 1,i = 1,2,...,n}. Then

3 77

QU,, has a C* action on C'(X,) via the formula:

n
a(e;) = Zei ® aij,j =1,2,..n.

=1
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Proposition 1.2.32. Consider the category with objects as CQG s having a C* action
on C(X,) and morphisms as CQG morphisms intertwining the actions as above. Then

OU,, is the universal object in this category.
Now we note down a simple fact for future use.

Lemma 1.2.33. Let « be an action of a CQG S on C(X) where X is a finite set. Then

a automatically preserves the functional T corresponding to the counting measure:

(r @id)(a(f)) = 7(f)1s-

Proof:
Let X = {1,...,n} for some n € IN and denote by 0; the characteristic function of
the point i. Let a(d;) = > ;d; ® ¢ij where {g;; : i,j = 1...n} are the images of the
canonical generators of the quantum permutation group as above. Then T-preservation
of a follows from the properties of the generators of the quantum permutation group,

which in particular imply that Zj gGj =1=> ;. O

Wang also identified the universal object in the category of all CQG s having a C*
action a; on M, (C) ( with morphisms as before ) such that the functional 2Tt is kept
invariant under . However, no such universal object exists if the invariance of the
functional is not assumed. The precise statement is contained in the following theorem.

Before that, we recall that M, (C) = C*{e;; : e;jers = 0jkeir, e5; = €jiy o e =
1,4,7,k, 1l =1,2,..n}.

Proposition 1.2.34. Let QLIMR((C)’;Tr be the C* algebra with generators aff and the

following defining relations:

1S9

n

kv vl kl . .
Z%arsz jrQis, U gk lrs=1,2,...n,
v=1

n
sr ji si - - .
Zalvavk = jrapy, 1,5,k Lrys = 1,2,...,m,
v=1
* . .
Q= gtk 1,5,k 1=1,2,...,n,

n
Zafﬁ =0, k,1=1,2,...n,
r=1

n
E a’,;’l" = 5k17 k?,l = 1, ey N
r=1

Then,
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(1) QUM,L(C),%Tr is a CQG with coproduct A defined by A(af}) =D rem1 atl ®
a;sy 4,7,k 1=1,2,..n.

(2) QUMn(C)’%Tr has a C* action oy on My,(C) given by ai(ei;) = > 31—y e ®
af}, 1,7 = 1,2,...,n. Moreover, QuMn((C),%TY is the universal object in the category of
all CQG s having C* action on M, (C) such that the functional %Tr 1s kept invariant
under the action.

( 8 ) There does not exist any universal object in the category of all CQG s having

C* action on My(C).

Proposition 1.2.35. Since, any faithful state on a finite dimensional C* algebra A is
of the form Tr(Rx) for some operator R, it follows from Theorem 6.1, ( 2 ) of [60] that
the universal CQG acting on any finite dimensional C* algebra preserving a faithful

state ¢ exists and is going to be denoted by QU4 4.

Notations:

We conclude this section on quantum groups by fixing some notations which will be
used throughout this thesis. In particular, given a compact quantum group (S, A), the
dense unital Hopf *-subalgebra of S generated by the matrix elements of the irreducible
unitary representations will be denoted by Sy. Moreover, given an action v: B — B® S
of the compact quantum group (S,A) on a unital C*-algebra B, the dense, unital *-
subalgebra of B on which the action becomes an action by the Hopf x-algebra Sy will be
denoted by By. We shall use the Sweedler convention of abbreviating v(b) € By®a1gSo by
b(1) ® b(z), for b in By. This applies in particular to the canonical action of the quantum
group S on itself, by taking v = A.

Moreover, for a linear functional f on S and an element ¢ in Sy we recall the
‘convolution’ maps f <c := (f ®id)A(c) and c> f := (id ® f)A(c). We also define
convolution of two functionals f and g by (f < g)(c) = (f @ 9)(A(c)).

1.3 Rieffel deformation

In this section, we recall the notions of Rieffel’s formulation of deformation quantization
([46] ) as well as Rieffel type deformation of CQG s due to Rieffel and Wang ( as in [47]
and [62] ).

We begin with Rieffel deformation ( as in [46] ) from action of R™ on a C* algebra.
In the following discussion and henceforth, the symbol e(z) will stand for 2™, Let V be
a real vector space of dimension n and « be its strongly continuous isometric action on
a complex Frechet space A. Let {[|||;} denote the family of seminorms which determine

the topology of A. It is assumed that « is isometric for each of the given seminorms on

A.
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Let A% denote the space of smooth vectors for the action «, that is, A = {a €
A:v— ay(a)is CF}.

Let {X1, X9, .ccue.n. , Xn} be a basis of V and J; denotes the operator of partial dif-
ferentiation on A in the direction of Xj.

For any multi index p = (p1, g2, .....bn), we will let §#* = JHF1oH2 gH» pul =
pilepnly pl = 300 g We will equip A% with the semi norms: [laf|;, =

5l
SUPi<j Llul<k gt

Let Cy(V,.A) denote the Frechet space of continuous bounded functions from V to A,

equipped with the semi norms || f||,, = supyev || f(v)||,, - There is also a natural action of
V on Cy(V,.A) by translation and let C,(V,.A) denote the largest subspace of Cy(V,.A)
on which this action is strongly continuous and let BA(V) denote the space of smooth
vectors with respect to this action.

Let W =V x V. Then BA(W) makes sense and for F in BA(W), one can define the
oscillatory integral [ [ F(u,v)e(u.v)dudv ( where u.v denote the usual inner product )
in the following way:

We choose a basis of W and let L denote the lattice of points of W which have
integer co-ordinates w.r.t this basis. Moreover, choose a positive ¢g in C2°(W) such
that & = Zpe 1, ¢p vanishes nowhere on W where ¢, denotes the translate of ¢ by p
belonging to L. Let ¢ = %.

It can be shown ( [46] ) that for F' in BA(W), > per S (Fép)(u,v)e(uw.v)dudv con-
verges absolutely in A and [ [ F(u,v)e(u.v)dudv is defined to be this sum. Moreover,

this sum is independent of the choice of lattice and of ¢. Thus,

/ / F(u,v)e(u.v)dudo =Y / (Fyp)(u, v)e(u.v)dudv. (1.3.1)

peEL

For more details of oscillatory integral, we refer to [46] and references therein.

We will need the following results from [46].

Proposition 1.3.1. ( Corollary 1.12, [46] ) Let F be a function in BAV x V') which
depends only on the first variable, so that it is essentially an element of BA(V). Then
[ [ F(uw)e(u.v)dudv = F(0). The same is true if instead F depends only on the second

variable.

Proposition 1.3.2. ( Proposition 1.14, [46] ) Let S be a continuous linear transfor-
mation from A into a Frechet space C. Let F belongs to BA(W). Then S o F belongs to
BE(W) and S([ [ F(u,v)e(u.v)dudv) = [ [ S(F(u,v))e(u.v)dudv.

Now, let A be a Frechet algebra. Fix a skew symmetric matrix J on V. Then for all
a,bin A%, ag,(a)a,(b) belongs to BA(W) and a new product x  is defined on A by
declaring a x ;b = [, [}, aju(a)ay(b)e(u.v)dudv.
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If the Frechet algebra has an involution * which is continuous and if « acts by *

automorphisms, then * is also an involution for the deformed product x ;.

Proposition 1.3.3. ( Lemma 2.20, [{6] ) Let f,g belongs to BA and let g have the

lattice L as a period lattice so that g can be viewed as a smooth function on the compact
group H =V/L. Then [ [ f(u)g(v)e(u.v)dudv = >, f(p)( [y g(v)e(p.v)dv). A similar

statement holds if instead it is f which is periodic.
Corollary 1.3.4.
//6(021)6(22)6(2’1.ZQ)ledZQ =e(—0).
Proof : We have,
//e(Gzl)e(zg)e(zl.zz)dzldzg
= St [ ele)elpzz)dz)

pEZ St
= Y e(p)dyp
pEZ
= e(-0).

Now, we will define the C* algebra constructed by Rieffel corresponding to the data
(A, V, «, J) where A is also assumed to be a C* algebra and « a C* automorphism.

Let SA be the space of A valued smooth functions on V such that the product of
their derivatives with any complex valued polynomials on V are bounded under the
supremum norm of S#. Then S# is a pre Hilbert right A module with A valued inner
product defined by

MQM=AJ®EMM,

for f,g belonging to SA.
Then, for a in A, one defines the operator Lz on S# by

La(f)(m):/‘//‘/oszrJu(a)f(:E+U)e(u.v)dudv,

where f belongs to SA. Then

Proposition 1.3.5. ( Theorem 4.6 of [46] ) L is a bounded operator having an adjoint
on the pre Hilbert module S* and a — Lz is a * representation of the algebra (A, x )
into the C* algebra of bounded operators on S™.
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Now, by defining
lall; = [ILall,

we have a pre-C* norm ||| ; on A endowed with the new product x ;.
The completion of this pre C* algebra is the deformed C* algebra and is denoted by
Aj.

One has a natural Frechet topology on A%, given by a family of seminorms {|/[|,, ;}

where ||aHn7J — E\u\in Haxl;%

We recall the following Proposition from [46].

Proposition 1.3.6. ( Proposition 4.10, [46] ) Let J be fized. Then for large enough k

there is a constant ¢y, such that for all a in A%, we have ||al| ; < ci ||ally, -

Proposition 1.3.7. ( Proposition 7.1, [46] ) Let o be an action of V' on the C* algebra
A, with A its subalgebra of smooth vectors. Let J be a skew-symmetric operator on
V, and let a also denote the corresponding action of V. on Aj. Then the subalgebra of

smooth vectors in Ay for o is exactly A*. Moreover, (Ay)_; =
Corollary 1.3.8. A® and AT coincide as topological ( Frechet ) spaces.

Proof : The proof is essentially contained in the proof of Proposition 7.1 in [46] (
Proposition 1.3.7 above ). By Proposition 1.3.6, we know that there is a constant c

such that for any a in A* and for any p,
1 X" all; < e[| X ally, < c llall;

for j = |u|+ 2k and a new constant ¢j.. Thus, the inclusion of A into A% is continuous
for their Frechet topologies. Similarly, using (Ay)_; = A, we deduce that the inclusion

of A% into A is continuous. This proves the result. O

Examples

The Noncommutative Torus

Let A = C(T"). For v = (v1,v2, ...,v,) in R", & = (z1, 22, ...,xy,) in T", fin C(T"),
the action a of R™ on A is given by ay,f(xz) = f(z1e(v1),x2e(ve),...xpne(vy)). Let 0
be a n x n skew symmetric matrix and J = g. Then Aj; can be seen to be equal to
the noncommutative n tori Ty, that is the universal C* algebra generated by unitaries
Ui, i = 1,2,...,n satisfying U;U; = e(0;;)U;U; where 6;; denotes the (i, j) th entry of
the matrix §. We will denote T2 by the notation Ajg.

The Rieffel deformed spheres
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For a skew symmetric matrix 6, we recall from [19] ( see also [69] ), the definition
of Sy.
Let u, v =1,2,...n. Let M = %« where 6, is the (u,v) th entry of the matrix

Sg"_l is the universal C* algebra generated by 2n elements z#, z# with relations:

22 = NV 2T = MR, (1.3.2)
ZHV — AVMzV§M7 (1.3.3)
(ZN)* — 2#7 (134)

n

D et =1 (1.3.5)
p=1
It can be easily seen that 5’92"71 is obtained by the Rieffel deformation of C'(S?*~!) using
the 2n x 2n skew symmetric matrix .J whose (u, ) th entry is 25~ and the R?" action
on C(8?"~1) given by a, f(x1, ..., m2n) = f(x1e(v1), ..., Tone(vayn)) (v = (v1,...,v9,) is in
R?" fisin C*°(S?n~1)).

Sg” is the universal C* algebra generated by 2n + 1 elements {z¥, Z¥ z : p =
1,2,..,n} where z#, Z¥ satisfy ( 1.3.2 ) - ( 1.3.4 ), = is a self adjoint element satisfying
the relations zz# = z#x for all p =1,2,...n and Zzzl M o = 1.

527 is the Rieffel deformation of C'((S?") by the action of R*"™! on C(5?") similar
to above and a (2n+1) x (2n + 1) matrix J' such that (J'), , = A if < 2n, v < 2n

and 0 otherwise.

1.3.1 Rieffel Deformation of compact quantum group

Here we describe the Rieffel deformation of a CQG as in [62].

Let (A, A) be a CQG with C(T™) as a quantum subgroup. Let 7w be the correspond-
ing CQG morphism from A to C(T").

Let 1 be the canonical homomorphism from R™ to T" given by n(x1, xo, ...... ,Tp) =
(e(x1),e(x2),.....e(xy,)) and ev, be the state on C(T™) obtained by evaluation of a func-
tion at the point x in T".

Now, put

A

= (ev,(_gyT ®id)A, (1.3.6)

n(s) n(=s)
P(u) = (id® 6vn(u)ﬂ')A. (1.3.7)

We will use the notation Q(u) for evy .
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Then there is a R?" action on A defined by

X(su) = A77(5)pn(u)' (138)
Fix a skew symmetric matrix J on R™ and put
J=J&(=J).

Then, by the prescription of Rieffel as described above, we have a C* algebra Aj;.
Shuzhou Wang showed in [62] that A5 can be made into a CQG.

The *x-algebra generated by the matrix elements of unitary irreducible representa-
tions of A ( denoted by A ) is dense in the space A* of smooth vectors of the action
x under the Frechet topology and hence is dense in the C* algebra A5 under the C*
norm of Az On Ag, the Hopf *-algebra structure remains unchanged and this extends
to a CQG structure on Aj.

We quote the following result ( Remark 3.10 ( 2 ), [62] ) which will be used later.

Proposition 1.3.9. The Haar measure hy of Ay is still the same as the Haar measure

on the common subspace Ay.

Lemma 1.3.10. The Haar state (say h) of A coincides with the Haar state on A5 (

say hy ) on the common subspace A>, and moreover, h(a x 7b) = h(ab) for a,b in A>.

Proof : We recall ( Proposition 1.3.9 ) that h = hy on Ay. By using h(Q(—s)®id) =
Q(—s)(id ® h) and h(id @ Q(u)) = Q(u)(h ®id), we have for a in Qy,

h(xsu(a))

= Q(—s)(id ® h)A(id ® Qu))A(a)
= Q(=s)(h((id ® Q(u))A(a))1)

= h((id® Q(u))A(a))

(u)(h(a).1)

(a).

o
s D

Therefore,
hxsu(b) = h(b) for all b in Q. (1.3.9)
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Now,
h(ax ;)
_ / / h(x 3, (0)x0(b))e(w.v)dudy
_ / / M, (a)h))e(uv)dudy
_ / / h(xe(a)b)e(s.t)dsdt,

where s = —u,t = Ju — v, which by Proposition 1.3.1 equals k(xo(a)b) = h(ab). That
is, we have proved

(a,b); = (a,b) Ya,be Qp, (1.3.10)

where (-,-); and (-,-) respectively denote the inner products of L?(h;) and L?(h). We
now complete the proof of the lemma by extending ( 1.3.10 ) from Qp to Q°, by using
the fact that 9 is a common subspace of the Hilbert spaces L?(h) and L?(h;) and
moreover, Qg is dense in both these Hilbert spaces. In particular, taking a = 1 in Qy,
we have h = hy on Q. O

Remark 1.3.11. Lemma 1.3.10 implies in particular that for every fixed a1, as in Qp,
the functional Qo > b+ h(a1 X 7b x7a2) = h(b X yaz x5 (f19a1> f1)) ((where f1 is as
in Remark 1.2.20 ) = h(b(ag X 7 (f1 <a1> f1))) extends to a bounded linear functional
on Q.

Let e be the identity of T?" and U,, be a sequence of neighbourhoods of e shrink-
ing to e, f, smooth, positive functions with support contained inside U,, such that
Jr2n fn(2)dz =1 for all n.

Let us denote the action of T?" action on A% induced by x by X. Define Ay, (a) =
Jp20 X=(a) fa(2)dz. Then, we have the following result:

Lemma 1.3.12. X, (a) belongs to Q> and

/ X:(a)fn(2)dz — a as n — oc.
TQ'IL

Proof : We note that, by using the translation invariance of Haar measure, for
all g in T?", Xg(Af,(a)) = [pon fa(g ' h)Xn(a)dh. Therefore, Xq(As,(a)) — Ag,(a) =
Jpon (fa(g™th) = fn(h))Xn(a)dh which proves the first part.

Now we prove the second part. As [r, fn(2) =1 for all n and supp (fn) C Uy, we
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have

_ / (@ falz) —a | falz)dz
T2n

T2n

— | [ G - ez

2n

=

— | [ Gela) - apaz)az.

Now, using the fact that the map z — X,(a) is continuous for all a, we deduce that
for all € > 0, there exists n such that for all z in U,, |[X.(a)— Xxo(a)|| < €, that is,
IXz(a) —all <e

Hence,HfTQn Az(a) fn(z)dz — a” < € Jpon fu(z) = € which proves the lemma. O

Lemma 1.3.13. If h is faithful on Q, then hy is faithful on Q5.

Proof : Let a > 0,€ Q5 be such that hy(a) = 0. Let Ay, be as defined above.
Then,

_ /T h(%-(a)) fu(2)dz
_ / h (@) fu(2)dz

']T27l
by (1.3.9))

I
o —~

)

so we have h(Ay, (a)) = 0, since h and h; coincide on Q> by Lemma 1.3.10 and Ay, (a)
belongs to Q°°.

Now we fix some notation which we are going to use in the rest of the proof. Let
L?(h) and L*(hy) denote the G.N.S spaces of Q and Q3 respectively with respect to
the Haar states. Let ¢ and i; be the canonical maps from Q and Q7 to L?(h) and
L?(hy) respectively. Also, let IT; denote the G.N.S representation of Q;. Using the
facts h(b* x 7b) = h(b*b) for all b in Q> and h = h; on Q> ( by Lemma 1.3.10 ) ,
we get [[7(D)l|72n,) = 1i(0)[I72(n for all b in Q. So the map sending i(b) to i,(b) is
an isometry from a dense subspace of L?(h) onto a dense subspace of L?(h), hence it
extends to a unitary, say I' : L?(h) — L?(hy). We also note that the maps i and i
agree on Q.

Now, a > 0 means that Ay, (a) is positive in Q5 and therefore, Ay, (a) = b* x 7 b for
some b in Q5. So h(\y,(a)) = 0 implies h (A, (a)) = 0 and therefore HiJ(b)H%Q(hJ) =0.
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Therefore, one has I1;(b*)is(b) = 0, and hence i;(b*b) = i;(A,(a)) = 0. It thus follows
that T'(i(Ay,(a))) = 0, which implies i(As, (a)) = 0. But the faithfulness of h means
that i is one one, hence A, (a) = 0 for all n. Thus, recalling Lemma 1.3.12, we have

a = limy,—sAy,(a) = 0, which proves the faithfulness of h ;. O

At this point, we note a useful implication of the Lemma 1.3.10. Let us make use of
the identification of Qg as a common vector-subspace of all Q7. To be precise, we shall

sometimes denote this identification map from Qg to Q 7 by pJ.

Corollary 1.3.14. Let W be a finite-dimensional (say, n-dimensional) unitary repre-
sentation of Q, with 1% belonging to M, (C)®Qy be the corresponding unitary. Then, for
any J, we have that Wy := (id®pJ)(W) is unitary in Q3, giving a unitary n-dimensional
representation of Q5. In other words, any finite dimensional unitary representation of

Q is also a unitary representation of Q7.

Proof:
Since the coalgebra structures of Q@ and Q 7 are identical, and W 7 1s identical with W
as a linear map, it is obvious that WJ gives a nondegenerate representation of Q7.
Let y = (id® h)(WjWJ) It follows from the proof of Proposition 6.4 of [41] that y is
invertible positive element of M,, and (y% ® 1)W J(gf% ®1) gives a unitary representation
of Q7. We claim that y = 1, which will complete the proof of the corollary. For
convenience, let us write W in the Sweedler notation: W = w(;) ® wy). We note that

by Lemma 1.3.10, we have

(id® h)(WJWJ)
= w(l)w h(wi"2 Xj”lU(Q))
= w(l)w(l h(wa)w(g))

= (doh)WW)=(doh)(lsl)=1

Example The Rieffel deformed orthogonal groups

Let 0 be a n x n skew symmetric matrix. C'(T") sits inside C(O(n)) as a quantum
subgroup. It can be easily seen that Og(n) is obtained by Rieffel deformation from
C(O(n)) by using the induced R?" action as given in the equation ( 1.3.8 ) and consid-
ering the matrix J =—J®J when n is even and —J’ @ J’ when n is odd where J and

J' are the matrices introduced while giving the definition of the 6 deformed spheres.
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1.4 Classical Riemannian geometry

In this section we recall some classical facts regarding manifolds which will be useful to

us later on.

1.4.1 Classical Hilbert space of forms

Let M be an n dimensional Riemannian manifold and Q*(M) ( k = 0,1,2,..n ) be
the space of smooth k-forms. Set QF(M) = {0} for k& > n. The de-Rham differential
d maps QF(M) to QF1(M). Let Q = Q(M) = ©QF(M). We will denote the Rieman-
nian volume element by dvol. We recall that the Hilbert space L?(M) is obtained by
completing the space {f € C°(M)} with respect to the pre-inner product given by
(f1, f2) = [3y J1fadwol.

In an analogous way, one can construct a canonical Hilbert space of forms. The
Riemannian metric (., .),, ( for m in M ) on 7,,M induces an inner product on the
vector space T, M and hence also AFT}; M, which will be again denoted by (., .), .
This gives a natural pre-inner product on the space of compactly supported k-forms by
integrating the compactly supported smooth function m — (w(m),n(m)),, over M. We
will denote the completion of this space by H¥(M). Let H = @yHF(M).

Then, one can view d : Q2 — 2 as an unbounded, densely defined operator ( again
denoted by d ) on the Hilbert space H with the domain Q. It can be verified that it is

closable.

1.4.2 Isometry groups of classical manifolds

Let M be a Riemannian manifold of dimension n. Then the collection of all isometries of
M has a natural group structure and is denoted by ISO(M). Let C' and U be respectively
a compact and open subset of M and let W(C,U) = {h € ISO(M) : h.C C U}. The
compact open topology on I.SO(M) is the smallest topology on ISO(M) for which the
sets W(C,U) are open. It follows ( see [34] ) that under this topology, ISO(M) is a
closed locally compact topological group. Moreover, if M is compact, ISO(M) is also
compact.

We recall that the Laplacian £ on M is an unbounded densely defined self adjoint
operator —d*d on the space of zero forms H°(D) = L*(M,dvol) which has the local

expression

J det(g) 4

L(f) = 22,7

1 0,
——— ) (¢
Vdet(g) ]Zl Ox;

for f in C*°(M) and where g = ((gi;)) is the Riemannian metric and g=! = ((¢%)).

It is well known that on a compact manifold, the Laplacian has compact resolvents.
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Thus, the set of eigenvalues of L is countable, each having finite multiplicities, and
accumulating only at infinity. Moreover, there exists an orthonormal basis of L?(M)
consisting of eigenvectors of £ which belong to C°°(M). It can be shown ( Lemma 2.3
of [30] ) that for a compact manifold, the complex linear span of the eigenvectors of £

is dense in C*°(M) in the sup norm.

The following result is in the form in which it has been stated and proved in [30] (

Proposition 2.1 ).

Proposition 1.4.1. Let M be a compact Riemannian manifold. Let L be the Laplacian
of M. A smooth map ~v: M — M is a Riemannian isometry if and only if v commutes

with L in the sense that L(f o) = (L(f)) o~ for all f in C*°(M).

Using this fact, we give an operator theoretic proof of the fact that for a compact
manifold, ISO(M) is compact. As the action of I.SO(M) commutes with the Laplacian,
it has a unitary representation on L?(M). As the action preserves the finite dimensional
eigenspaces of the Laplacian, ISO(M) is a subgroup of U(d;) x U(dz) X .......... ( where
{d; : i > 0} denote the dimension of the eigenspaces of the Laplacian and U(d) denotes
the group of unitary operators on a Hilbert space of dimension d ) which is a compact
group. As ISO(M) is closed, it is a closed subgroup of a compact group, hence compact.
We will see that this technique can be generalized in the noncommutative set-up in the
chapters 2 and 3.

Proposition 1.4.1 has the generalization in a more general context.

Let us fix some notations. Let Y be a compact metrizable space and 0 : M xY — M.
Let & : M — M defined by &,(m) = 6(m,y). Let o : C(M) — C(M) @ C(Y) =
C(M xY) be defined by a(f)(m,y) = f(6(m,y)) for all y in Y, m in M. For a state
¢ on C(Y), denote by g, the map: (id ® ¢)a : C(M) — C(M). Lastly, let AF° be the
span of eigenvectors of the Laplacian £ of M.

Then, we have the following( Lemma 2.5 of [30] ):

Proposition 1.4.2. The following are equivalent:
a. For every y in'Y, & is smooth isometric.
b. For every state ¢ on C(Y'), we have ay(AF) C AF° and ayl = Lag on AP.

Example 1.4.3. 1. The isometry group of the n-sphere S™ is O(n+1) where the action
is given by the usual action of O(n + 1) on R™1. The subgroup of O(n + 1) consisting
of all orientation preserving isometries on S™ is SO(n + 1).
2. The isometry group of the circle S' is S >1Z5. Here the Zo ( = {0,1} ) action
on St is given by 1.z = Z where z is in S' while the action of S is its action on itself.
3. ISO(T") = T™ ><(Zy ><S,) where S, is the permutation group on n sym-

bols. Here an element of Sy, acts on an element (21,22, ...,2n) € T™ by permutation.
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If the generator of i-th copy of Z% s denoted by 1;, then the action of 1; is given by
Li(215 22, ey 2n) = (21 ooy Zie1y Ziy Zit 1y ooy 2n) Where (21,22, ..., 2n) € T™. Lastly, the ac-

tion of T™ on itself is its usual action.

1.4.3 Spin Groups and Spin manifolds

We begin with Clifford algebras. Let ) be a quadratic form on an n dimensional vector
space V. Then CI(V, Q) will denote the universal associative algebra C equipped with
a linear map 7 : V. — C, such that (V) generates C as a unital algebra satisfying
i(V)?=Q(V).1

Let 5 : V. — ClV,Q) be defined by ((zr) = —i(x). Then, CI(V,Q) =
C(V,Q) & CI'(V,Q) where CI%(V,Q) = {« € CUV,Q) : A(x) = a}, CI(V.Q) =
{z € CLUV,Q): B(z) = —x}.

We will denote by C, and CS the Clifford algebras CI(R", —z? — ... — x2) and
ClL(C™, 22 + ... + 22) respectively.

We will denote the vector space c2l?] by the symbol A,. It follows that CC =
End(A,,) if n is even and equals End(A,,) & End(A,,) is n is odd. There is a represen-
tation CS — End(A,,) which is the isomorphism with End(A,,) when n is even and in
the odd case, it is the isomorphism with End(A,,) @ End(A,,) followed by the projection
onto the first component. This representation restricts to C,, to be denoted by k, and
called the spin representation. This representation is irreducible when n is odd and for
n even, it decomposes into two irreducible representations which decomposes A, into a
direct sum of two vector spaces A" and A, .

Pin(n) is defined to be the subgroup of C, generated by elements of the form {x :
|lz|| = 1,2 € R"}. Spin ( n ) is the group given by Pin(n)N C°. There exists a continuous
group homomorphism from Pin(n) to O(n) which restricts to a two covering map A :

Spin(n) — SO(n).

Let M be an n-dimensional orientable Riemannian manifold. Then we have the
oriented orthonormal bundle of frames over M ( which is a principal SO(n) bundle )
which we will denote by F.

Such a manifold M is said to be a spin manifold if there exists a pair (P,A) (
called a spin structure ) where

(1) Pisa Spin( n ) principal bundle over M.

(2) Ais amap from P to F such that it is a 2-covering as well as a bundle map
over M.

(3) A(p5) = A(p).g where A(§) = g.

Given such a spin structure, we consider the associated bundle S = P Xg,i(n) An

called the ¢ bundle of spinors °.
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1.4.4 Dirac operators

We follow the notations of the previous subsection. On the space of smooth sections of

the bundle of spinors S, one can define an inner product by

(51,52 = /M (s1(2), 52()) dvol(z)

The Hilbert space obtained by completing the space of smooth sections with respect
to this inner product is denoted by L?(S) and its members are called square integrable
spinors. The Levi Civita connection on M induces a canonical connection on S which

we will denote by V*.

Definition 1.4.4. The Dirac operator on M is the self-adjoint extension of the fol-

lowing operator D defined on the space of smooth sections of S :

n

(Ds)(m) =Y _ ki (Xi(m))(V%,5)(m),
i=1
where (X1, ...Xy) are local orthonormal (with respect to the Riemannian metric ) vector
fields defined in a neighborhood of m. In this definition, we have viewed X;(m) belonging
to Ty, (M) as an element of the Clifford algebra Clc(T,, M), hence k,(X;(m)) is a map
on the fibre of S at m, which is isomorphic with A,. The self-adjoint extension of D is

again denoted by the same symbol.
We recall three important facts about the Dirac operator:

Proposition 1.4.5. (1 ) C®(M) acts on S by multiplication and this action extends
to a representation, say w, of the C* algebra C(M) on the Hilbert space L?(S).
(2 ) For f in C°(M), [D,n(f)] has a bounded extension.

( 8 ) Furthermore, the Dirac operator on a compact manifold has compact resolvents.

As the action of an element f in C°°(M) on L?(S) is by multiplication operator, we
will use the symbol My in place of 7(f).

The Dirac operator carries a lot of geometric and topological information. We give
two examples.

( a ) The Riemannian metric of the manifold is recovered by

d(p7 Q) = Sup¢>€C°°(M), H[D’M¢]HS1 |¢(P) - Qb((])‘ . (141)

tD?

( b ) For a compact manifold, the operator e~ is trace class for all £ > 0. Then
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the volume form of the manifold can be recovered by the formula

Tr(Mfe_tDQ)

/M fdvol = ¢(n)lim_,o Tr(e D7)

where dimM = n, c¢(n) is a constant depending on the dimension.

1.5 Noncommutative Geometry

In this section, we recall those basic concepts of noncommutative geometry which we

are going to need. We refer to [17], [40], [22] for more details.

1.5.1 Spectral triples

Motivated by the facts in Proposition 1.4.5, Alain Connes defined his formulation of

noncommutative manifold based on the idea of a spectral triple:

Definition 1.5.1. A spectral triple or spectral data is a triple (A, H, D) where H
is a separable Hilbert space, A is a x subalgebra of B(H), ( not necessarily norm closed
) and D is a self adjoint ( typically unbounded ) operator such that for all a in A,
the operator [D,a] has a bounded extension. Such a spectral triple is also called an odd
spectral triple. If in addition, we have v in B(H) satisfying v = v* =~y~1, Dy = —yD
and [a,y] = 0 for all a in A, then we say that the quadruplet (A, H, D,~) is an even
spectral triple. The operator D is called the Dirac operator corresponding to the spectral

triple.

Furthermore, given an abstract %-algebra B, an odd ( even ) spectral triple on B is
an odd ( even ) spectral triple ( w(B),H,D ) ( respectively, ( m(B),H,D,~ ) ) where
7 : B — B(H) is a *-homomorphism.

Since in the classical case, the Dirac operator has compact resolvent if the manifold
is compact, we say that the spectral triple is of compact type if A* is unital and D

has compact resolvent.

Definition 1.5.2. We say that two spectral triples (71 (A), H1, D1 ) and ( wa(A), Ha, Do
) are said to be unitarily equivalent if there is a unitary operator U : H1 — Ha such
that Dy = UDU* and m(.) = Um(.)U* where 7;,j = 1,2 are the representations of A

in H;, respectively.

Next, we will give two examples of spectral triples in classical geometry and a non-

classical example. We will give more examples in chapters 3 and 5.
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Example 1.5.3. Let M be a smooth spin manifold. Then from Proposition 1.4.5, we
see that ( C°(M),H,D ) is a spectral triple over C*°(M) and is of compact type if M
18 compact.

We recall that when the dimension of the manifold is even, A, = Af © A, . An L?
section s has a decomposition s = s1 + so where s1(m), so(m) belongs to A} (m) and
A (m) ( for all m ) respectively where A (m) denotes the subspace of the fibre over m.
This decomposition of L*(S) induces a grading operator -y on L*(S). It can be seen that

D anticommutes with ~.

Example 1.5.4. This ezample comes from the classical Hilbert space of forms discussed
in subsection 1.5.2. One considers the self adjoint extension of the operator d + d* on
H = @pHF(M) which is again denoted by d + d*. C°°(M) has a representation on
each Hk(M) which gives a representation, say m on H. Then it can be seen that (
C*®(M),H,d+ d* ) is a spectral triple and d + d* is called the Hodge Dirac operator.
When M is compact, this spectral triple is of compact type.

Remark 1.5.5. Let us make it clear that by a ‘classical spectral triple’ we always mean
the spectral triple obtained by the Dirac operator on the spinors (so, in particular, man-
ifolds are assumed to be Riemannian spin manifolds), and not just any spectral triple

on the commutative algebra C*°(M).

Example 1.5.6. The Noncommutative torus

We recall from subsection 1.1.1 that the noncommutative 2-torus Ag is the universal
C* algebra generated by two unitaries U and V satisfying UV = e2™VU where 6 is a
number in [0, 1].

There are two derivations di and dy on Ag obtained by extending linearly the rule:
di(U)=U, di(V) =0,

do(U) = 0, do(V) = V.
Then di and do are well defined on the following dense *-subalgebra of Ay :

mFnlam,

g =1 Z U™ V" 2 sup,, < oo for all k,l in IN}.

m,ne”Z

There is a unique faithful trace on Ag defined as follows:
T(Z amnUTV"™) = agp.

Let H = L(7)@® L?(7) where L*(1) denotes the GNS Hilbert space of Ay with respect
a 0

a

to the state 7. We note that Ag° is embedded as a subalgebra of B(H) by a —
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dy + id
Now, we define D = 0 1+12>.

dy — idsy 0
Then, (A, H, D) is a spectral triple of compact type. In particular, for 6 = 0, this

coincides with the classical spectral triple on C(T?).

1.5.2 The space of forms in noncommutative geometry

We start this subsection by recalling the universal space of one forms corresponding to

an algebra.

Proposition 1.5.7. Given an algebra B, there is a ( unique upto isomorphism ) B — B
bimodule QY (B) and a derivation § : B — QY(B) ( that is, §(ab) = §(a)b+ ad(b) for all
a,b in B ), satisfying the following properties:

(i) QY(B) is spanned as a vector space by elements of the form ad(b) with a,b be-
longing to B; and

(ii) for any B — B bimodule E and a derivation d : B — E, there is an unique B—B
linear map 1 : Q*(B) — E such that d = 1o 4.

The bimodule Q!(B) is called the space of universal 1-forms an B and § is called the
universal derivation.

We can also introduce universal space of higher forms on B, Q¥(B), say, for k =
2,3, ..., by defining them recursively as follows: Q*1(B) = QF(B) @5 Q' (B) and also set
Q% (B) = B.

Now we briefly discuss the notion of the noncommutative Hilbert space of forms
which will need noncommutative volume form for a spectral triple of compact type. We

refer to [29] ( page 124 -127 ) and the references therein for more details.

Definition 1.5.8. A spectral triple (A, H,D) of compact type is said to be O-
summable if e~tD? s of trace class for all t > 0. A ©-summable spectral triple is called
finitely summable when there is some p > 0 such that t5 Tr(e~*P*) is bounded on (0, d)
for some § > 0. The infimum of all such p, say p' is called the dimension of the spectral

triple and the spectral triple is called p'-summable.

Remark 1.5.9. We remark that the definition of ©-summability to be used in this thesis
is stronger than the one in [17] ( page 390, definition 1. ) in which a spectral triple is
called ©-summable if Tr(e P*) < .

12
Tr(Te” X7

For a ©-summable spectral triple, let o)(T) = ( _1D2)) for A > 0. We note that
e A

A +— o(T) is bounded.
Let

1 d
™ (T) / au(T)Zufor A>a>e.
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Now consider the quotient C* algebra Bo, = Cp([a,00))/Co([a,>0)). Let for T in
B(H),7(T) in B be the class of A — 7\(T).
For any state w on the C* algebra Boo, Tr,(T) = w(7(T)) for all T in B(H) defines

a functional on B(H). As we are not going to need the choice of w in this thesis, we will

_p?
suppress the suffix w and simply write Limtﬂw% for Tr,(T). This is a kind
o - Tr(Te~tD%)
of Banach limit because if hthmW

Lim;_,o+. Moreover, Tr,,(T') coincides ( upto a constant ) with the Dixmier trace ( see

exists, then it agrees with the functional

chapter IV, [17] ) of the operator T'|D|? when the spectral triple has a finite dimension
p > 0, where |D| " is to be interpreted as the inverse of the restriction of |D|? on the
closure of its range. In particular, this functional gives back the volume form for the
classical spectral triple on a compact Riemannian manifold.

Let QF(A>) be the space of universal k-forms on the algebra A which is spanned
by apd(ai)---d(ar), a; belonging to A, where § is as in Proposition 1.5.7. There
is a natural graded algebra structure on Q = @, OF(A>), which also has a natu-
ral involution given by (d(a))* = —d(a*), and usiig the spectral triple, we get a x-
representation I :  — B(H) which sends apd(a1) - - - d(ax) to apdp(ar) - - - dp(ay), where
dp(a) = [D,a]. Consider the state 7 on B(H) given by, 7(X) = Limt_,mw

Tr(e—tD?) ’
where Lim is as above. Using 7, we define a positive semi definite sesquilinear form on

OF(A>) by setting (w,n) = 7(II(w) T(n)). Let K* = {w € QF(A®) : (w, w) = 0},
for k > 0, and K~ := (0). Let @ be the Hilbert space obtained by completing the
quotient Q2%(A>)/K* with respect to the inner product mentioned above, and we define
’H’B = P,CL@, where P denotes the projection onto the closed subspace generated by
S(K*1). The map D' :=d +d* = dp + d}, on Hyrar = P> HE has a self-adjoint
extension (which is again denoted by d + d*). Clearly, 'HIB has a total set consisting
of elements of the form [agd(ay)---d(ag)], with a; in A% and where [w] denotes the
equivalence class ij-(w + K*) for w belonging to Q2%(A>). There is a *-representation
Tavar + A = B(Hapar), given by masa(a)([aod(ar) -+ 3(ax)]) = [aaod(as) - o).
Then it is easy to see that

Proposition 1.5.10. (A, Hyig+,d + d*) is a spectral triple.

1.5.3 Laplacian in Noncommutative geometry

Now, we discuss the notion of Laplacian in noncommutative geometry as introduced
in [30]. Let (A*,H, D) be a spectral triple of compact type. To define the Laplacian
in the noncommutative case ( as in [30] ), we need the following assumptions on the
spectral triple.

Assumptions

1. (A, H, D) is a compact type spectral triple.
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2. It is QC®, that is, A and {[D,a], a € A®} are contained in the domains of
all powers of the derivation [| D], -].

3. The unbounded densely defined map dp from HY, to H}, given by dp(a) = [D, a]
for a in A, is closable.

4. L := —dpdp has A* in its domain, and it is left invariant by L.
Under assumption 2., 7 defined by 7(X) = Limtﬂo%
the C*-subalgebra generated by A> and {[D,a]: a € A>}.

5. We assume that it is also faithful on this subalgebra.

is a positive trace on

Then, £ = —d},dp is defined to be the Laplacian for the spectral triple (A, H, D).
It coincides with the Hodge Laplacian —d*d (restricted on space of smooth functions)
in the classical case, where d denotes the de-Rham differential.

The linear span of eigenvectors of £, which is a subspace of A>, is denoted by A,
and the x-subalgebra of A generated by A3 is denoted by Ao.
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Chapter 2

Quantum isometry groups:

approach based on Laplacian

The idea of quantum isometry group of a noncommutative manifold (given by a spec-
tral triple), which has been defined by Goswami, is motivated by the definition and
study of quantum permutation groups of finite sets and finite graphs by a number of
mathematicians (see, e.g. [1], [2], [60], [61] and references therein).

In this chapter, we first recall the definition of quantum isometry groups as proposed

in [30] and then compute it for some examples.

2.1 Formulation of the quantum isometry group

2.1.1 Characterization of isometry group for a compact Riemannian
manifold

Let M be a compact Riemannian manifold. Consider the category with objects be-
ing the pairs (G,a) where G is a compact metrizable group acting on M by the
smooth and isometric action a. If (G1,a) and (Gg, ) are two objects in this cate-
gory, Mor((G1,a), (Geg,[3)) consists of group homomorphisms 7 from G; to G2 such
that § o7 = a. Then the isometry group of M is the universal object in this category.

More generally, the isometry group of a classical compact Riemannian manifold,
viewed as a compact metrizable space ( forgetting the group structure ), can be seen to
be the universal object of a category whose object class consists of subsets ( not generally
subgroups ) of the set of smooth isometries of the manifold. Then it can be proved that
this universal compact set has a canonical group structure. Thus, motivated by the
ideas of Woronowicz and Soltan ( [53], [68] ), Goswami considered in [30] a bigger
category with objects as the pair (S, f) where S is a compact metrizable space and
f: S8 x M — M such that the map from M to itself defined by m +— f(s,m) is a

53
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smooth isometry for all s in S. The morphism set is defined as above ( replacing group
homomorphisms by continuous set maps ).

Therefore, to define the quantum isometry group, it is reasonable to consider a
category of compact quantum groups which act on the manifold (or more generally,
on a noncommutative manifold given by spectral triple) in a ‘nice’ way, preserving the
Riemannian structure in some suitable sense, which is precisely formulated in [30], where
it is also proven that a universal object in the category of such quantum groups does

exist if one makes some natural regularity assumptions on the spectral triple.

2.1.2 The definition and existence of the quantum isometry group

Let (A, 'H, D) be a ©-summable spectral triple of compact type. We recall from section
1.5 the Hilbert spaces of k-forms H’fj, k =0,1,2,... and also the Laplacian £ = —d}dp.

To define the quantum isometry group, we need the following assumptions:

Assumptions

1. dp is closable and A*° C Dom(L) where A% is viewed as a dense subspace of
Y.

2. £ has compact resolvents.

3. L(A®) C A>.

4. Each eigenvector of £ ( which has a discrete spectrum, hence a complete set of
eigenvectors ) belongs to 4.

5. ( connectedness assumption ) The kernel of £ is one dimensional, spanned by the
identity 1 of A%, viewed as a unit vector in HY.

6. The complex linear span of the eigenvectors of £, denoted by A3° is norm dense
in A%,
Definition 2.1.1. We say that a spectral triple satisfying the assumptions 1. - 6.
admissible.

The following result is contained in Remark 2.16 of [30].

Proposition 2.1.2. If an admissible spectral triple (A>, H, D) satisfies the condition
N Dom(L") = A%, and if a : A — A® S is a smooth isometric action on A> by a
CQG S, then for all state ¢ on S, ag(= (id ® ¢)a) keeps A invariant.

In view of the characterization of smooth isometric action on a classical compact
manifold ( Proposition 1.4.1 and Proposition 1.4.2 in Chapter 1 ), Goswami gave the
following definition in [30].

Definition 2.1.3. A quantum family of smooth isometries of the noncommutative man-

ifold A ( or more precisely on the corresponding spectral triple ) is a pair (S, «) where
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S is a separable unital C* algebra, o : A — A® S ( where A denotes the C* alge-
bra obtained by completing A in the norm of B(HY)) is a unital C* homomorphism,
satisfying the following:

a. Spla(A)(1e8)=Ax S

b. oy = (Id® @) maps AF° into itself and commutes with L on A, for every state
¢ on S.

In case, the C* algebra has a coproduct A such that (S,A) is a compact quantum
group and o is an action of (S,A) on A, we say that (S, A) acts smoothly and isomet-

rically on the noncommutative manifold.

Notations

1. We will denote by QF the category with the object class consisting of all quan-
tum families of isometries (S, «v) of the given noncommutative manifold, and the set of
morphisms Mor((S, «), (§’,’)) being the set of unital C* homomorphisms ¢ : S — &’
satisfying (id ® ¢)a = /.

2. We will denote by Q). the category whose objects are triplets (S, A, «) where
(S,A) is a CQG acting smoothly and isometrically on the given noncommutative mani-
fold, with « being the corresponding action. The morphisms are the homomorphisms of

compact quantum groups which are also morphisms of the underlying quantum families.

Let {A1,Ag,...} be the set of eigenvalues of £, with V; being the corresponding (
finite dimensional ) eigenspace. We will denote by U; the Wang algebra A, 4,(1) (
as introduced in the chapter 1 ) where d; is the dimension of the subspace V;. We

fix a representation 3; : V; — V; ® U; on the Hilbert space V;, given by f;(e;;) =
>k €ik ®ul(jj) for j = 1,2,...d;, where {e;;} is an orthonormal basis for V;, and ud) = ul(;j)

are the generators of ;. Thus, both u(? and u( are unitaries. The representations f3;

canonically induce the free product representation 8 = *;3; of the free product CQG
U = x;U; on the Hilbert space H% such that the restriction of 4 on V; coincides with j3;
for all i.

The following Lemma ( Lemma 2.12 of [30] ) will be needed later and hence we

record it.

Lemma 2.1.4. Consider an admissible spectral triple (A, H, D) and let (S, ) be a
quantum family of smooth isometries of the spectral triple. Moreover, assume that the
action is faithful in the sense that there is no proper C* subalgebra Sy of S such that
a(A®) CA® ® Si. Thena : A @S — A® ® S defined by a(a ®b) = afa)(1 ®b)
extends to an S linear unitary on the Hilbert S module HY, ® S, denoted again by a.
Moreover, we can find a C* isomorphism ¢ : U/T — S between S and a quotient of U
by a C* ideal T of U, such that o = (id ® ¢) o (id ® II7) o B on A>® C HY,, where Iz
denotes the quotient map from U to U/T.
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If furthermore, there is a CQG structure on S given by a coproduct A such that o
is a C* action of a CQG on A, then the map a : A — A® @ S extends to a unitary
representation ( denoted again by o ) of the CQG (S, A) on HY,. In this case, the ideal
7 is a Woronowicz C* ideal and the C* isomorphism ¢ : U/ZT — S is a morphism of
CQaG s.

Using this, the following result has been proved in [30], which defines and gives the
existence of QISOF.

Theorem 2.1.5. For any admissible spectral triple (A®, H, D), the category Q* has a
universal object denoted by (QIS’Oﬁ,ao). Moreover, QISO* has a coproduct Ay such
that (QISO*, Ag) is a CQG and (QISO*, Ay, ap) is a universal object in the category
Q.. The action ag is faithful.

We very briefly outline the main ideas of the proof. The universal object QISO* is
constructed as a suitable quotient of U. Let F be the collection of all those C*-ideals 7
of U such that the composition I'r = (id ® II7) o § : AT — AF ®Ralg (U/T) extends to a
C*-homomorphism from A to A® (U/Z). Then it can be shown that Zy (= NzerZ ) is
again a member of F and (U/Zy, I'z,) is the required universal object. Thus,

Remark 2.1.6. QISO¥ is a quantum subgroup of the CQGU = *i Ay d,(1). As Ay q,(1)
satisfies k2 = id, ( by Remark 1.2.29 ) the same is satisfied by QISO* so that by Remark
1.2.20, QISO* has tracial Haar state.

Remark 2.1.7. It is proved in [30] that to ensure the existence of QISO*, the as-
sumption (5) can be replaced by the condition that the action o is T preserving, that
is, (T ® id)a(a) = 7(a).1. In [30] it was also shown ( Lemma 2.5, b = a ) that for
an isometric group action on a not necessarily connected classical manifold, the volume
functional is automatically preserved. It can be easily seen that the proof goes verbatim
for a quantum group action, and consequently we get the existence of QISO* for a (

not necessarily connected ) compact Riemannian manifold.

Unitary representation of QISO* on a spectral triple
We shall also need the following result proved in section 2.4 of [30].

Proposition 2.1.8. QISO* has a unitary representation U = Uy on Hp such that U
commutes with d+ d*. Let § be as in subsection 1.5.2. On the Hilbert space of k-forms,
that is. HIB, U 1is defined by:

U(lags(ar) - (ax)] @ q) = [a{V5(al) - 5(aM)] @ (aPal? - a(P)q,
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where q belongs to QISO*, a; belongs to AG°, and for x in Ay, ( the x-subalgebra
generated by the eigenvectors of L ) we write in Sweedler notation o(x) = W @ z? ¢
Ao @ (QISO%)y (o denotes the action of QISO* ).

2.2 Computation of QISO*

Here we compute QISO* for three commutative examples, viz: the sphere, the circle
and the n tori. In Chapter 4, we will be able to compute it for two noncommutative

examples, namely Ay and Sy by using Theorem 4.4.7.

2.2.1 The commutative spheres

Let QISO* be the quantum isometry group of S? and let a be the action of QISO*
on C(S?%). Let £ be the Laplacian on S? defined as
0? 0 1 92

_ 7 L9
£=50 Tz 520 v

where the cartesian coordinates x1, 2, x3 for S? are given by 1 = rcossinf, xg =
3 92

rsinysiné, 3 = rcosf. In the cartesian coordinates, L =7 , e
7

The eigenspaces of £ on S? are of the form
Ep =Sp{(a1 X1+ X+ 3X3)" 1 ¢;€Ci=1,2,3, > =0},

where k > 1. Ej, consists of harmonic homogeneous polynomials of degree k on R?
restricted to S?( See [33], page 29-30 ).

We begin with the following lemma, which says that any smooth isometric action
by a quantum group must be ‘linear’.

3

Lemma 2.2.1. The action o satisfies a(z;) = D54

QISO*,i=1,2,3.

z; ® Qi; where Q;; belongs to

Proof : Since « is a smooth isometric action of QISO* on C(S?), « has to preserve
the eigenspaces of the Laplacian £. In particular, it has to preserve F; = Sp{ciz; +
cowg +c3ry ¢ €Ci=1,2,3, 2?21 c? = 0}.

Now note that x1 + ixe, 1 — ixy are in E7, hence x1,x2 are in F4. Similarly x3
belongs to Ej too. Therefore E; = Sp{x1, 2,23}, which completes the proof of the

lemma. O

Now, we state and prove the main result of this section, which identifies QISO*
with the commutative C* algebra of continuous functions on the isometry group of 52,
that is O(3).
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Theorem 2.2.2. The quantum isometry group QISO* is commutative as a C* algebra,
and hence QISO* = C(O(3)).

Proof : We begin with the expression

3
Oé(l’l) = ZIL‘J' X Qij, 7= 1,2,3,

Jj=1

and also note that 1, xs, z3 form a basis of By and {23, 23, 23, 2129, 123, 7273} is a

basis of Ep. Since z; = ; for each ¢ and « is a *-homomorphism, we must have Q7; = Qi;

for all 4, j = 1,2,3. Moreover, the condition z? + 22 + 22 = 1 and the fact that « is a
»J s 4y ) 1 2 3

homomorphism gives:

QL +Q3+Q3 =1, Vj=1,23.

Again, the condition that x;,z; commute for all 4, j gives

QirQji + QuQjr = QjrQi + QQik- (2.2.2)

Now, it follows from the Lemma 2.1.4 that & : C(S?) ® QISO* — C(S?) ® QISO*
defined by &(X ®Y) = a(X)(1®Y) extends to a unitary of the Hilbert Q1.SO*-module
L?(58%) @ QISO* (or in other words, a extends to a unitary representation of QISO*
on L%(S?)). But a keeps V = Sp{z1, 72, 23} invariant. So « is a unitary representation
of QISO* on V, that is Q = ((Q;;)) belonging to M3(QISOF) is a unitary, hence
Q' = Q* = Q7 since in this case entries of Q) are self-adjoint elements.

Clearly, the matrix @ is a 3-dimensional unitary representation of QISO*. From (
4 ) of Proposition 1.2.23, the antipode x on the matrix elements of a finite-dimensional

unitary representation U® = (u$:

oq) 18 given by w(ug ) = (ug,)”.

qp
So we obtain

#(Qig) = Q' = Q) = Qji. (2.2.3)

Now from ( 2.2.1 ) , we have Q;;Qr; = Qk;Qsj. Applying £ on this equation and using
the fact that & is an antihomomorphism along with ( 2.2.3 ) , we have Q;;,Q;; = Q;;Q;k
Similarly , applying x on ( 2.2.2 ), we get

QUi Qri + Qi Qui = Quirj + QriQij V1,7, k, 1.

Interchanging between k£ and ¢ and also between [, j gives

QjQik + QuQjr = QjkQiu + QinQji V1,7, k, 1. (2.2.4)
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Now, by (2.2.2 ) - ( 2.2.4 ), we have

[Qik, Q1] = [Qj1, Qir)s

hence

(Qir, Qj] = 0.

Therefore the entries of the matrix ) commute among themselves. However, by
faithfulness of the action of QISO~, it is clear that the C*-subalgebra generated by
entries of Q (which forms a quantum subgroup of QISO¥ acting on C(S?) isometrically)
must be the same as QISO¥, so QISO* is commutative.

So QISO* = C(G) for some compact group G acting by isometry on C'(5?) and G is
clearly universal in the category of compact metrizable groups acting on S? isometrically,
so that G = O(3). O

Remark 2.2.3. Similarly, it can be shown that QISO(S™) is commutative for alln > 2.

2.2.2 The commutative one-torus

Let C = C(S') be the C*-algebra of continuous functions on the one-torus S'. Let
us denote by z and z the identity function (which is the generator of C(S')) and its
conjugate respectively. The Laplacian coming from the standard Riemannian metric
is given by L£(z") = —n22", for n in Z, hence the eigenspace corresponding to the
eigenvalue —1 is spanned by z and Z. Thus, the action of a compact quantum group
acting smoothly and isometrically (and faithfully) on C(S*) must be linear in the sense
that its action must map z into an element of the form z® A+Z® B. However, we show
below that this forces the quantum group to be commutative as a C* algebra, that is it

must be the function algebra of some compact group .

Theorem 2.2.4. Let « be a faithful, smooth and linear action of a compact quantum
group (Q, A) on C(SY) defined by a(z) = 2@ A+2z® B. Then Q is a commutative C*

algebra.

Proof : By the assumption of faithfulness, it is clear that Q is generated (as a unital
C* algebra) by A and B. Moreover, recall that smoothness in particular means that
A and B must belong to the algebra Qg spanned by matrix elements of irreducible
representations of Q@ . Since 2z = zZz = 1 and « is a *-homomorphism, we have
a(z)a(z) = aZ)a(z) =1 1.

Comparing coefficients of 22,%Z% and 1 in both hand sides of the relation a(z)a(z) =
1® 1, we get

AB* = BA* =0, AA*+ BB*=1. (2.2.5)
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Similarly, a(Z)a(z) =1 ® 1 gives

B*A=A*B=0, A*A+B'B=1. (2.2.6)

Let U=A+B,P=A*A,Q = AA*. Then it follows from (2.2.5) and (2.2.6) that

U is a unitary and P is a projection since P is self adjoint and
P2 = A*AA*A =A*A(1-B*B) = A*A—-A*AB*B = A*A =P.

Moreover |,

(A+ B)A*"A = AA"A+ BA*A = AA*A
( since BA* =0 from (2.2.5))
— A(l-B'B) —A-ABB = A

Thus,A:UP,B:U—UP:U(l—P)EUPL,so Q=C*A,B)=C*"(U,P).
We can rewrite the action o as follows:
a(z) =20 UP+zQ UP*.

The coproduct A can easily be calculated from the requirement (id ® A)a = (o ® id)«

, and it is given by :

A(UP)=UP®UP+PU '@ UP*, (2.2.7)
A(UPY) =UP*®UP+PU ' @ UP*. (2.2.8)

From this, we get
AU)=UUP+U 'oUPt, (2.2.9)
A(P)=AUHYAUP)=P2P+UPU ' P (2.2.10)

It can be checked that A given by the above expression is coassociative.
Let h denote the right-invariant Haar state on Q. By the general theory of compact
quantum groups, A must be faithful on Q. We have (by right-invariance of h):

(idoh)(P®P+UPLU ' ® Pt) = h(P)1.

That is, we have
h(PHYUPLU! = h(P)P*. (2.2.11)
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Since P is a positive element in Qy and h is faithful on Qy, h(P) = 0 if and only if
P = 0. Similarly , h(P+) = 0, that is h(P) = 1, if and only if P = 1. However, if P
is either 0 or 1, clearly @ = C*(U, P) = C*(U), which is commutative. On the other
hand, if we assume that P is not a trivial projection, then h(P) is strictly between 0
and 1, and we have from ( 2.2.11 )

UPJ_U—I _ h’(P)

=1’

Since both UP+U~! and Pt are nontrivial projections, they can be scalar multiples
of each other if and only if they are equal, so we conclude that UP+U~! = P, that is

U commutes with P+, hence with P, and Q is commutative. O

2.2.3 The commutative n-tori

Consider C(T™) as the universal commutative C* algebra generated by n commut-
ing unitaries Uy, Us,.....U,. Tt is clear that the set {U{”U}-l : myn € Z} is an
orthonormal basis for L?(C(T"),7y), where 7y denotes the unique faithful normal-
ized trace on C(T") given by, 70(3_ amnU/"U}') = ago which is just the integration
against the Haar measure. We shall denote by (A, B) = 19(A*B) the inner prod-
uct on Hy := L%(C(T"), 7). Let C(T™)™ be the unital -subalgebra generated by
finite complex linear combinations of U™V"™, m,n € Z. The Laplacian £ is given by
LUM....UM) = —(m3 + ..m2)U™ ...UM and it is also easy to see that the al-
gebraic span of eigenvectors of £ is nothing but the space C (’]I‘”)ﬁn, and moreover, all
the assumptions 1. - 6. in subsection 2.1.2 required for defining the quantum isometry
group are satisfied.

Let QISO¥* be the quantum isometry group coming from the above Laplacian, with
the smooth isometric action of QISO* on C(T™) given by « : C(T") — C(T")®QISO*.
By definition, o must keep invariant the eigenspace of L corresponding to the eigenvalue

—1, spanned by Uy, .....U,, Ufl, ....... ,U~1. Thus, the action « is given by:
n n
a(Us) =) Uj® A+ Y U; ' @ By,
Jj=1 Jj=1

where A;;, B;; are in QISO~, i,j =1,2...n. By faithfulness of the action of quantum
isometry group, the norm-closure of the unital x-algebra generated by {A;;, Bjj : 1,7 =
1,2,....n} must be the whole of QISO¥*.

Next we derive a number of conditions on A;;, B;;,1,j = 1,2,...n using the fact that

a is a * homomorphism.
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Lemma 2.2.5. The condition U*U =1 =UU* gives:

Z(Afinj + B};Bij) = 1, (2.2.12)
J
BjjAi, + B} Aij =0 V) # k, (2.2.13)
A};Bij, + Ay Bi; = 0 V5 # k, (2.2.14)
Aj;Bij = BjjAi; =0, (2.2.15)
> (A A5+ BijBj;) = 1, (2.2.16)
J
AiBj; + Aij B, = 0 V) # k, (2.2.17)
Bix A + Bij Ay, = 0 V) # k, (2.2.18)
Ai;B}; = BijAj; = 0. (2.2.19)

Proof : We get (2.2.12) - ( 2.2.15 ) by using the condition U;U; = 1 along with the
fact that o is a homomorphism and then comparing the coefficients of 1, U;U;, U j_lU I L
(for j # k), U2, U

Similarly the condition U;U; =1 gives ( 2.2.16 ) - (1 2.2.19 ). O

Now, for all i # j, U;jU;,U;U; and U;U; belong to the eigenspace of the Laplacian
with eigenvalue —2, while U,f, U, 2 belong to the eigenspace corresponding to the eigen-
value —4. As a preserves the eigenspaces of the Laplacian, the coefficients of U,g U 2
are zero for all k in o(U;Uj), a(U;U7), a(U;Uy) for all i # j.

We use this observation in the next lemma.

Lemma 2.2.6. For all k and for all i # j,

BixAjk = Ay Bjk =0, (2.2.20)
AixBjr, = BixAj), = 0, (2.2.21)
A Aj), = By Bjj, = 0. (2.2.22)

Proof : The equation ( 2.2.20 ) is obtained from the coefficients of U2 and U, >
in o(U;U;) while ( 2.2.21 ) and ( 2.2.22 ) are obtained from the same coefficients in
a(U;U7) and a(U;Uj) respectively. O

Now, by Lemma 2.1.4 it follows that & : C(T") ® QISO* — C(T") ® QISO*
defined by (X ®Y) = a(X)(1®Y) extends to a unitary of the Hilbert Q1 SO*-module
L*(C(T™),7) ® QISO* ( or in other words, a extends to a unitary representation of
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QISO* on L?(C(T"),7)). But a keeps W = Sp{U;,U; : 1 < i < n} invariant. So « is
a unitary representation of QISO* on W. Hence, the matrix ( say M ) corresponding
to the 2n dimensional representation of QI.SO* on W is a unitary in Mo, (QISO%).
Aij BZ*]

Bij A

Since M is the matrix corresponding to a finite dimensional unitary representation,

A*. B*
Jt 7 3' ) (K is the antipode

From the definition of the action it follows that M =

using ( 4 ) of Proposition 1.2.23, we have (k(My;)) = <

of QISO* ).
Now we apply the antipode k to get some more relations.

Lemma 2.2.7. :
For all k and i # j,

Proof : The result follows by applying x on the equations A;;A;r = BiyBji =
B Aj, = A5 By, = Ay Bji, = Bik:A;k = 0 obtained from Lemma 2.2.6. O

Lemma 2.2.8. :

Ay is a normal partial isometry for all 1,1 and hence has same domain and range.

Proof : From the relation ( 2.2.12 ) in Lemma 2.2.5, we have by applying x,
Z(A;fiAji + BjiB;i) = 1. Applying Aj; on the right of this equation, we have

Al A A + 3750 (A5 A5 Ay + By BiAy) + 325 BBy A = Ais.

From Lemma 2.2.6, we have A;;4;; = 0 and B;Z-Ali = 0 for all j # I. Moreover, from
Lemma 2.2.5, we have B};A;; = 0. Applying these to the above equation, we have

AL A Ay = Ay (2.2.24)

Again, from the relation Zj (AijAj; + BiyBj;) = 1 for all 7 in Lemma 2.2.5, applying
and multiplying by Aj; on the right, we have A;Aj; A}, + Zj# Ajz‘A;iAZ + B, Bii A}, +
> iz BjiBjiAl; = Aj;. From Lemma 2.2.6, we have A;Aj; = 0 for all j # [ ( hence
A;fiAfi =0 ) and Bj;A}; = 0. Moreover, we have Bj; Aj; = 0 from Lemma 2.2.5. Hence,
we have

Ay AL AT = Aj (2.2.25)

From (2.2.24), we have
(A7 AL) (AiiAgy) = Aii Ay (2.2.26)
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By taking * on (2.2.25), we have
A A A = Ay (2.2.27)
Using this in (2.2.26), we have
A Al Ay = AR A, (2.2.28)

and hence Aj; is normal.
SO, Ali = A;;AllAh ( from ( 2.2.24 ) ) = AlZA?;Ah
Therefore, Aj; is a partial isometry which is normal and hence has same domain and

range. O

Lemma 2.2.9. :

By; is a normal partial isometry and hence has same domain and range.

Proof : First we note that Aj is a normal partial isometry and AjB;; = 0 for
all j # [ ( obtained from Lemma 2.2.6 ) implies that Ran(A};) C Ker(B;;) and hence
Ran(Aj;) C Ker(B};) which means B};Aj; = 0 for all j # [.

To obtain Bj;By;Bj; = By;, we apply x and multiply by Bj; on the right of ( 2.2.16
) and then use A;;Bj; = 0 from Lemma 2.2.5, A;;B;; = 0 for all j # [ ( from Lemma
2.2.6 which implies B};A;; = 0 for all j # [ as above ) and Bj;Bj; = 0 for all j # [ from
Lemma 2.2.6 .

Similarly, we have By; Bj; B;; = Bj; by applying « and multiplying by B;; on the right
of (12.2.12 ) obtained from Lemma 2.2.5 and then use A;B}; = 0 ( Lemma 2.2.5 ),
Bj;A%; =0 for all j # [ and By;Bj; = 0 for all j # ( Lemma 2.2.6 ).

Using B[:Bj;;B;; = By; and By BB}, = Bj; as in Lemma 2.2.8, we have Bj; is a

normal partial isometry. O

Now, we use the condition «(U;)a(U;) = o(U;)a(U;) for all 4, j.

Lemma 2.2.10. :

For all k #£ 1,
AigAji + Ag Ay = Aj A + A Ay, (2.2.29)
Ay Bj + ByAj, = Bjj Ay, + Aji By, (2.2.30)
BipAj + AyBji, = Aj By, + Bj Ay, (2.2.31)
BirBj + ByBjy = Bji By, + BjpBy. (2.2.32)

Proof : The result follows by equating the coefficients of U,Uj, UkUl_l, U, U, and
U U (where k #1) in o(U;)a(U;) = a(Uj)a(U;) for all i, j.
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Lemma 2.2.11. :
Aik:le = BﬂAik fO’/’ all i 7& j, k 75 l.

Proof : From Lemma 2.2.10, we have for all k # [, A;, Bji— Bji Aiy, = Aji By — By Ajy,.
We consider the case where i # j.

We have, Ran(A;;Bji — BjiAir) € Ran(A;,) + Ran(Bj;) C Ran(BJ’-‘lle + A5 Air) (
using the facts that A;; and Bj; are normal partial isometries by Lemma 2.2.8 and 2.2.9
and also that B;.‘Zle and A A;;, are projections ).

Similarly, Ran(A;, By — ByiAji) € Ran(B}; By + A’;kAjk).

Let
Ty = Ay Bj — BjiAgy, (2.2.33)
Ty = Aj By — ByAjg, (2.2.34)
T3 = Bj Bji + Ajy Ai, (2.2.35)
Ty = BBy + A Aji.. (2.2.36)

Hence, T7 = T, RanT; C RanTs , RanT, C RanTjy.

We claim that TyT5 = 0.

Then Ran(73) C Ker(Ty).

But RanT} C RanT3 will imply that RanT; C KerTy. Hence, Ran(T) C Ker(Ty) =
Ran(I}) = Ran(Ty) But Ran(T3) C Ran(T}) which implies that Ran(T3) = 0 and

hence both T5 and T} are zero. Thus, the proof of the lemma will be complete if we can

prove the claim.
TyTs = (BB + Aj Aji) (B Bji + A Air) (2.2.37)

From Lemma 2.2.6, we have for all i # j, B; Bj; = 0 implying BilB;l =0as Bjjisa
normal partial isometry.

Again, from Lemma 2.2.7 for all k # [, B;jA;z; = 0. Then A;; is a normal partial
isometry implies that B; A}, = 0 for all k # [.

Similarly, by taking adjoint of the relation Bji A%, = 0 for all k # [ obtained from
Lemma 2.2.7, we have AjkB;fl = 0.

From Lemma 2.2.6, we have A, A;;, = 0 for all i # j. A;;, is a normal partial isometry
implies that A, A% = 0 for all ¢ # j.

Using these, we note that 7,75 = 0 which proves the claim and hence the lemma. O

Lemma 2.2.12. :
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AgBjr =0 = Bjp Ay, (2.2.39)
ApiBrj = 0 = By Ay (2.2.40)
for all i # j and for all k.

Proof : By Lemma 2.2.6, we have A;;Bjr = 0 and B, A% = 0 for all @ # j. The
second relation along with the fact that A;; is a normal partial isometry implies that
BjkAz'k: =0 for all ¢ 75 j

Thus, AikBjk =0= BjkAik for all ¢ 75 j

Applying x on the above equation and using By, and Ay, are normal partial isome-
tries, we have Ay; By = 0 = By Ag;.

O

Lemma 2.2.13. : AikBik = BikAik fOT' all i, k.

Proof : We have A;'}-Bij =0 = B;}AU from Lemma 2.2.5. Using the fact that
Bi; and A;j are normal partial isometry we have A% B! = 0 = B;Af; and hence
AijBi]‘ = BijAZ‘j. |
Lemma 2.2.14. :

AikAjl = Aleik: fOT’ all i 75 j, k 75 l.

Proof : Using ( 2.2.29 ) in Lemma 2.2.10, we proceed as in Lemma 2.2.11 to get
Ran(AikAﬂ—AﬂAik) - Ran(AﬂA;‘l—i—AzkA:‘k) and Ran(AjkAil—AﬂAjk) - Ran(AilA;‘l—i—
AjkA;.k).

We claim that (A, A%, + Ale;l)(AjkA;fk + A Ay) = 0.

Then by the same reasonings as given in Lemma 2.2.11 we will have : Aj; Ay =
AiAjp.

To prove the claim, we use A;;Aj, = 0 for all i # j from Lemma 2.2.6 ( which implies
A;kaik =0 for all i # j as A; is a normal partial isometry ), A5 A% = 0 for all k # [
from Lemma 2.2.7 ( which implies A} A;, = 0 for all k& # [ as A;;, is a normal partial
isometry ) and A;Aj = 0 for all i # j from Lemma 2.2.6 ( which implies A;lAil =0 for
all i # j as A}, is a normal partial isometry ).

O

Lemma 2.2.15. :

AikAil = AzlAzk for all & 7é l, (2241)

AikAjk = AjkAikaI‘ all ¢ 75 j (2.2.42)



67 Computation of QISO~

Proof : From Lemma 2.2.6, we have Ay; A;; = 0 for all k # 1.

Applying « and taking adjoint, we have A;zA; = 0 for all k # [. Interchanging k
and [, we get A;;A;r, = 0 for all k£ #£ [. Hence, A;p Ay = A Ay for all k # 1.

From Lemma 2.2.6, we have A;;Aj;, = 0 for all ¢ # j. Interchanging ¢ and j, we have
AjkAik =0 for all 7 75 7- O

Remark 2.2.16. Proceeding in an exactly similar way, we have that B;j’s commute

among themselves.

Theorem 2.2.17. The Quantum isometry group of C(T™) is commutative as a C*

algebra and hence coincides with the classical isometry group C(T"™ >1(ZY ><1Sy,)).

Proof : Follows from the results in lemma 2.2.11 - 2.2.15 and the remark following
them. O
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Chapter 3

Quantum group of orientation

preserving Riemannian isometries

3.1 Introduction

The formulation of quantum isometry groups in [30] had a major drawback from the
viewpoint of noncommutative geometry since it needed a ‘good’ Laplacian to exist. In
noncommutative geometry it is not always easy to verify such an assumption about the
Laplacian, and thus it would be more appropriate to have a formulation in terms of the
Dirac operator directly. This is what we aim to achieve in the present chapter.

The group of Riemannian isometries of a compact Riemannian manifold M can
be viewed as the universal object in the category of all compact metrizable groups
acting on M, with smooth and isometric action. Moreover, let us assume that the
manifold has a spin structure (hence in particular orientable, so we can fix a choice of
orientation) and D denotes the conventional Dirac operator acting as an unbounded
self-adjoint operator on the Hilbert space H of square integrable spinors. Then, it can
be proved that a group action on the manifold lifts as a unitary representation on the
Hilbert space H which commutes with D if and only if the action on the manifold is an
orientation preserving isometric action. Therefore, to define the quantum analogue of
the group of orientation-preserving Riemannian isometries of a possibly noncommutative
manifold given by a spectral triple (A, H, D), it is reasonable to consider a category
Q' of compact quantum groups having unitary (co-) representation, say U, on H, which
commutes with D, and the action on B(H) obtained by conjugation maps A into its
weak closure. A universal object in this category, if it exists, should define the ‘quantum
group of orientation preserving Riemannian isometries’ of the underlying spectral triple.
It is easy to see that any object (S,U) of the category Q' gives an equivariant spectral
triple (A*°,H, D) with respect to the action of S implemented by U. It may be noted

69
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that recently there has been a lot of interest and work (see, for example, [13], [18], [23])
towards construction of quantum group equivariant spectral triples. In all these works,
given a C*-subalgebra A of B(H) and a CQG Q having a unitary representation U on H
such that ay (= ady) gives an action of Q on A, the authors investigate the possibility
of constructing a (nontrivial) spectral triple (A, H, D) on a suitable dense subalgebra
A% of A such that U commutes with D ® I, that is, D is equivariant. Our interest here
is in the (sort of) converse direction: given a spectral triple, we want to consider all
possible CQG representations with respect to which the spectral triple is equivariant;
and if there exists a universal object in the corresponding category, that is, Q', we
should call it the quantum group of orientation preserving isometries.

Unfortunately, even in the finite-dimensional (but with noncommutative A) situation
this category may often fail to have a universal object, as will be discussed later. It
turns out, however, that if we fix a suitable densely defined ( in the WOT ) functional
on B(H) (to be interpreted as the choice of a ‘volume form’) then there exists a universal
object in the subcategory of Q' obtained by restricting the object-class to the quantum
group actions which also preserve the given functional. The subtle point to note here is
that unlike the classical group actions on B(H) which always preserve the usual trace,
a quantum group action may not do so. In fact, it was proved by Goswami in [31] that
given an object (Q,U) of Q' (where Q is a compact quantum group and U denotes its
unitary co-representation on H), we can find a positive invertible operator R in H so
that the given spectral triple is R-twisted in the sense of [31] and the corresponding
functional 7r (which typically differs from the usual trace of B(H) and can have a
nontrivial modularity) is preserved by the action of Q. This makes it quite natural to
work in the setting of twisted spectral data (as defined in [31]).

Motivated by the ideas of Woronowicz and Soltan ( [68], [53] ), we actually consider a
bigger category called the category of ‘quantum families of smooth orientation preserving
Riemannian isometries’. The underlying C*-algebra of the quantum group of orientation
preserving isometries (whenever exists) has been identified with the universal object in
this bigger category and moreover, it is shown to be equipped with a canonical coproduct
making it into a compact quantum group.

In this chapter, we discuss a number of examples, covering the classical spectral triple
on C*(T?) as well as the equivariant spectral triples constructed recently on SU,(2). It
may be relevant to point out here that it was not clear whether one could accommodate
the spectral triples on SU,(2) and the Podles’ spheres S? . in the framework of [30],
since it is very difficult to give a nice description of the space of ‘noncommutative’ forms
and the Laplacian for these examples. However, the present formulation in terms of the
Dirac operator makes it easy to accommodate them, and we have been able to identify

U,(2) and SO, (3) as the universal quantum group of orientation preserving isometries
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for the spectral triples on SU,(2) and Sic respectively (the computations for Sﬁc have
been presented in Chapter 5).

We conclude this section with an important remark about the use of the phrase
‘orientation -preserving’ in our terminology. We recall from Remark 1.5.5 that by a
‘clagsical spectral triple’ we always mean the spectral triple obtained by the Dirac op-
erator on the spinors. This is absolutely crucial in view of the fact that the Hodge
Dirac operator d + d* on the L2-space of differential forms also gives a spectral triple
of compact type on any compact Riemannian (not necessarily with a spin structure)
manifold M, but the action of the full isometry group ISO(M) (and not just the sub-
group of orientation preserving isometries ISO™ (M), even when M is orientable) lifts
to a canonical unitary representation on this space commuting with d + d*. In fact, the
category of groups acting on M such that the action comes from a unitary representa-
tion commuting with d + d*, has ISO(M), and not ISO™ (M), as its universal object.
So, one must stick to the Dirac operator on spinors to obtain the group of orientation
preserving isometries in the usual geometric sense. This also has a natural quantum

generalization, as we shall see in section 3.3.

3.2 Definition and existence of the quantum group of

orientation-preserving isometries

3.2.1 The classical case

We first discuss the classical situation clearly, which will serve as a motivation for our
quantum formulation.

We begin with a few basic facts about topologizing the space C*°(M, N) where M, N
are smooth manifolds. Let € be an open set of R". We endow C'*°(Q2) with the usual
Frechet topology coming from uniform convergence (over compact subsets) of partial
derivatives of all orders. The space C*°(2) is complete with respect to this topology,
so is a Polish space in particular. Moreover, by the Sobolev imbedding theorem (
Corollary 1.21, [48] ), Np>oHk(Q) = C®(Q) as a set, where Hy(€2) denotes the k-
th Sobolev space. Thus, C*°(2) has also the Hilbertian seminorms coming from the
Sobolev spaces, hence the corresponding Frechet topology. We claim that these two
topologies on C*°(2) coincide. Indeed, the inclusion map from C*°(Q) into N Hy (),
is continuous and surjective, so by the open mapping theorem for Frechet space, the
inverse is also continuous, proving our claim.

Given two second countable smooth manifolds M, N, we shall equip C*°(M, N) with
the weakest locally convex topology making C*°(M,N) > ¢ — fo¢ € C°(M) Frechet

continuous for every f in C°°(N).
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For topological or smooth fibre or principal bundles F, F' over a second countable
smooth manifold M, we shall denote by Hom(FE, F') the set of bundle morphisms from
FE to F'. We remark that the total space of a locally trivial topological bundle such that
the base and the fibre spaces are locally compact Hausdorff second countable must itself
be so, hence in particular Polish ( that is, a complete separable metric space ).

In particular, if E, F' are locally trivial principal G-bundles over a common base, such
that the (common) base as well as structure group G are locally compact Hausdorff and
second countable, then Hom(F, F) is a Polish space.

We need a standard fact, stated below as Lemma 3.2.2, about the measurable lift of
Polish space valued functions.

Before that, we introduce some notions.

A multifunction G : X — Y is a map with domain X and whose values are nonempty
subsets of Y. For A CY, we put G~1(A) = {z € X : G(z) N A # ¢}.

A selection of a multifunction G : X — Y is a point map s : X — Y such that s(z)
belongs to G(z) for all x in X. Now let Y be a Polish space and ox a o-algebra on X.
A multifunction G : X — Y is called ox measurable if G~1(U) belongs to ox for every
open set U in Y.

The following well known selection theorem is Theorem 5.2.1 of [55] and was proved

by Kuratowski and Ryll-Nardzewski.

Proposition 3.2.1. Let ox be a o algebra on X and Y a Polish space. Then, every ox

measurable, closed valued multifunction F': X — Y admits a ox measurable selection.
A trivial consequence of this result is the following:

Lemma 3.2.2. Let M be a compact metrizable space, B, B Polish spaces such that
there is an n-covering map A : B — B. Then any continuous map € : M — B admaits
a lifting € : M — B which is Borel measurable and Ao & = £. In particular, if B and B
are topological bundles over M, with A being a bundle map, any continuous section of

B admits a lifting which is a measurable section of B.

We shall now give an operator-theoretic characterization of the classical group of
orientation-preserving Riemannian isometries, which will be the motivation of our def-
inition of its quantum counterpart. Let M be a compact Riemannian n dimensional
spin manifold, with a fixed choice of orientation. We recall the notations as in subsec-
tion 1.4.3. In particular, the spinor bundle S is the associated bundle of a principal
Spin(n)-bundle, say P, on M which has a canonical 2-covering bundle-map A from
P to the frame-bundle F' (which is an SO(n)-principal bundle), such that locally A
is of the form (idys ® A) where A is the two covering map from Spin(n) to SO(n).
Moreover, the spinor space will be denoted by A,,. Let f be a smooth orientation pre-

serving Riemannian isometry of M, and consider the bundles £ = Hom(F, f*(F')) and
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E = Hom(P, f*(P)) (where Hom denotes the set of bundle maps). We view df as a
section of the bundle E in the natural way. By the Lemma 3.2.2 we obtain a measurable
lift df : M — E, which is a measurable section of E. Using this, we define a map on
the space of measurable section of S = P Xgpinn) An as follows: given a (measurable)
section £ of S, say of the form £(m) = [p(m),v], with p(m) in P,,v in A,, we define
U¢ by (U&)(m) = [df (f~*(m))(p(f~'(m))),v]. Note that sections of the above form
constitute a total subset in L?(S), and the map ¢ +— U¢ is clearly a densely defined
linear map on L?(S), whose fibre-wise action is unitary since the Spin(n) action is so
on A,. Thus it extends to a unitary U on H = L?(S). Any such U, induced by the
map f, will be denoted by Uy ( it is not unique since the choice of the lifting used in

its construction is not unique ).

Theorem 3.2.3. Let M be a compact Riemannian spin manifold (hence orientable ,
and fix a choice of orientation) with the usual Dirac operator D acting as an unbounded
self-adjoint operator on the Hilbert space H of the square integrable spinors, and let S
denote the spinor bundle, with T'(S) being the C°°(M) module of smooth sections of
S. Let f : M — M be a smooth one-to-one map which is a Riemannian orientation
preserving isometry. Then the unitary Uy on'H commutes with D and UfM¢U;J = Mgyoy,
for any ¢ in C(M), where My denotes the operator of multiplication by ¢ on L?(S).
Moreover, when the dimension of M is even, Uy commutes with the canonical grading
v on L3(8S).

Conversely, suppose that U is a unitary on ‘H such that UD = DU and the map
ay(X) = UXU™! for X in B(H) maps A = C(M) into L=°(M) = A", then there
is a smooth one-to-one orientation-preserving Riemannian isometry f on M such that
U = Uy. We have the same result in the even case, if we assume furthermore that

Uy =~U.

Proof: From the construction of Uy, it is clear that U fM¢Uf_1 = Mgyor. Moreover,
since the Dirac operator D commutes with the Spin(n)-action on S, we have UyD =
DUy on each fibre, hence on L?(S). In the even dimensional case, it is easy to see that
the Spin(n) action commutes with v ( the grading operator ), hence Uy does so.

For the converse, first note that oy is a unital *-homomorphism on L*°(M, dvol)
and thus must be of the form ¢ — ¢ o f for some measurable f. We claim that
f must be smooth. Fix any smooth g on M and consider ¢ = g o f. We have to
argue that ¢ is smooth. Let ép denote the generator of the strongly continuous one-
parameter group of automorphism 3;(X) = P Xe #*P on B(H) (with respect to the
weak operator topology, say). From the assumption that D and U commute it is clear
that ayy maps D :=(),,~; Dom(d}) into itself and since C*°(M) C D, we conclude that
ay(My) = Mpog belong_s to D. We claim that this implies the smoothness of ¢. Let m

belongs to M and choose a local chart (V) at m, with the coordinates (z1, ..., ), such
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that 2 = ¢ (V) C R™ has compact closure, S|y is trivial and D has the local expression
D= Z'Z;LZI w(e;)V;, where V; = V o denotes the covariant derivative (with respect to

B:EJ

the canonical Levi Civita connection) operator along the vector field % on L?(2) and
p(v) denotes the Clifford multiplication by a vector v. Now, ¢po~! € L>®(Q2) C L?(Q)
and it is easy to observe from the above local structure of D that [D, M) has the local
expression iMa%j‘b ® pu(ej). Thus, the fact My € (1,5, Dom(d7) implies ¢ o Pl is

in Dom(d;, ...d;, ) for every integer tuples (ji, ..., jx), ji € {1,...,n}, where d; := %. In
other words, ¢ o ¢! is in H*(Q) for all k > 1, where H*(2) denotes the k-th Sobolev
space on {2 (see [48]). By Sobolev’s Theorem (see, for example. [48],Corollary 1.21, page
24) it follows that ¢ o1 is in C°°(1Q).

We note that f is one-to-one as ¢ — ¢ o f is an automorphism of L*°. Now, we shall
show that f is an isometry of the metric space (M,d), where d is the metric coming

from the Riemannian structure, and we have the explicit formula ( 1.4.1 )

d(p, q) = supgeceo(ar), | (p,0,)| <1 (P) — ¢(q)]-

Since U commutes with D, we have |[[D, Myorl|| = ||[D,UMuU*]|| = [|[U[D, My|U*|| =
I[D, Myl|| for every ¢, from which it follows that d(f(p), f(¢)) = d(p,q). Finally, f is
orientation preserving if and only if the volume form (say w), which defines the choice
of orientation, is preserved by the natural action of df, that is, (df A .... Adf)(w) = w.
This will follow from the explicit description of w in terms of D, given by (see [65] Page
26, also see [20] )

w(odpr...den) = T(eMy,[D, My, |...[D, My, 1),

where ¢y, ..., ¢, belong to C°(M), ¢ = 1 in the odd case and ¢ = ~ ( the

grading operator ) in the even case and 7 denotes the volume integral. In fact,
Tr(e*tD2X)
Tr(e—tD?

T(UXU*) = 7(X) for all X in B(H) (using the fact that D and U commute). Thus,

7(X) = Limy_o+ ( where Lim is as in subsection 1.5.2 ), which implies

w(goo f d(¢rof)...d(¢no f))
= 7(eUMy,U*U[D, My, |U*...U[D, My, |U*)
= 7(UeMy,[D, My,]...[D, My, |U*)
= 7(eMyy|D, My,]...[D, My,])

= w(odgr..ddn).
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Now we turn to the case of a family of maps. We are ready to state and prove the

operator-theoretic characterization of ‘set of orientation-preserving isometries’.

Theorem 3.2.4. Let X be a compact metrizable space and ¢ : X x M — M is a map
such that 1, defined by 1¥(m) = ¥ (x, m) is a smooth orientation preserving Riemannian
isometry and x +— P, € C®(M,M) is continuous with respect to the locally convex
topology of C°°(M, M) mentioned before.

Then there exists a ( C(X)-linear ) unitary Uy on the Hilbert C(X)-module H ®
C(X) (where H = L?(S) as in Theorem 3.2.3) such that for all x belonging to X, U, :=
(id ® evy)Uy is a unitary of the form Uy, on the Hilbert space H commuting with D
and U, MgU;t = M .,—1- If in addition, the manifold is even dimensional, then Uy,
commutes with the grading operator .

Conversely, if there exists a C(X)-linear unitary U on H ® C(X) such that Uy :=
(id ® evy)(U) is a unitary commuting with D for all x, ( and Uy commutes with the
grading operator v if the manifold is even dimensional ) and (id ® ev,)ay (L (M)) C
L (M) for all x in X, then there exists a map ¢ : X x M — M satisfying the conditions
mentioned above such that U = Uy.

Proof: Consider the bundles F' = X x F and P = X x P over X x M, with fibres
at (x,m) isomorphic with F,,, and P, respectively, and where F' and P are respectively
the bundles of orthonormal frames and the Spin( n ) bundle discussed before. Moreover,
denote by ¥ the map from X x M to itself given by (x,m) — (z,¥(x,m)). Let mx :
Hom(F, ¥*(F)) — X be the obvious map obtained by composing the projection map
of the X x M bundle with the projection from X x M to X, and let us denote by B
the closed subset of the Polish space C'(X, Hom(E, U*(F))) consisting of those f such
that for all 2, 7x(f(z)) = . Define B in a similar way replacing F by P. The covering
map from P to F' induces a covering map from B to B as well. Let d;p : M — B be
the map given by &, (m)(z) = d,(z,m) = diz|m. Then by Lemma 3.2.2 there exists a

measurable lift offi\;f, say d;p from M into B. Since dy,(x,m) € Hom(Fin, Fy(z,m)), it i
clear that the lift d;(z,m) will be an element of Hom(Fy,, Py (zm))-

We can identify H ® C(X) with C(X — H), and since H has a total set F (say)
consisting of sections of the form [p(-), v], where p : M — P is a measurable section of P
and v belongs to A,,, we have a total set F of H®C/(X) consisting of F valued continuous
functions from X. Any such function can be written as [E,v] with 2 : X x M — P,
v € A, and E(z,m) € P,,, and we define U on F by U[Z,v] = [0, v], where

O(x,m) = (., " (m)) (2w, ¥ * (m))).

It is clear from the construction of the lift that U is indeed a C(X)-linear isometry
which maps the total set F onto itself, so extends to a unitary on the whole of H®C/(X)
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with the desired properties.

Conversely, given U as in the statement of the converse part of the theorem, we
observe that for each x in X, by Theorem 3.2.3, (id ® ev,)U = Uy, for some v, such
that 1, is a smooth orientation preserving Riemannian isometry. This defines the map
Y by setting ¢ (x,m) = 1,(m). The proof will be complete if we can show that z —
Yy € C°(M, M) is continuous, which is equivalent to showing that whenever z,, — z
in the topology of X, we must have ¢o1),,, — o1, in the Frechet topology of C*° (M),
for any ¢ € C°°(M). However, by Lemma 1.1.8, we have (id ® ev,, )ay([D, My]) —
(id ® evy)ay ([D, Myg)) in the strong operator topology where o/ (X) = UXU 1. Since

U commutes with D, this implies
(d @ evs, )ID @ id, au(My)] = (id ® ev,)[D ® id, ap(My))
that is, for all £ in L?(9),
L2
(D, Mgoy,, 1§ = [D, Mgoy, ]S

By choosing ¢ with support in a local trivializing coordinate neighborhood for S,
and then using the local expression of D used in the proof of Theorem 3.2.3, we conclude
that di(¢ohy,) R di(¢ o)) (where dj, is as in the proof of Theorem 3.2.3). Similarly,
by taking repeated commutators with D, we can show the L? convergence with dj,
replaced by dg, ...dy,, for any finite tuple (ki, ..., k). In other words, ¢ o ¢, — ¢ o1,
in the topology of C*°(M) described before. O

3.2.2 Quantum group of orientation-preserving isometries of an R-
twisted spectral triple

In view of the characterization of orientation-preserving isometric action on a classical

manifold ( Theorem 3.2.4 ), we give the following definitions.

Definition 3.2.5. A quantum family of orientation preserving isometries for the (
odd, compact type ) spectral triple (A*, H, D) is given by a pair (S,U) where S is a
separable unital C*-algebra and U is a linear map from H to H®S such that U given by
UE@b) =UE)(1®b) (€ inH, binS ) extends to a unitary element of M(K(H)®S)
satisfying the following:

(i) for every state ¢ on S we have UyD = DUy, where Uy := (id ® 0)(U);

(i) id ® @) o ay(a) € (A>®)" for all a in A>® and state ¢ on S, where ay(z) =
Uz ® 1)U* for x belonging to B(H).

In case the C*-algebra S has a coproduct A such that (S,A) is a compact quantum
group and U is a unitary representation of (S,A) on H, we say that (S,A) acts by
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orientation-preserving isometries on the spectral triple.
In case the spectral triple is even with the grading operator v, a quantum family of
orientation preserving isometries (A, H, D,~) will be defined exactly as above, with

the only extra condition being that U commutes with .

From now on, we will mostly consider odd spectral triples. However let us remark
that in the even case, all the definitions and results obtained by us will go through with
some obvious modifications. We also remark that all our spectral triples are of compact
type.

Consider the category Q = Q(A>,H,D) = Q(D) with the object-class consist-
ing of all quantum families of orientation preserving isometries (S,U) of the given
spectral triple, and the set of morphisms Mor((S,U), (8',U’)) being the set of unital
C*-homomorphisms ® : § — &’ satisfying (id ® ®)(U) = U’. We also consider an-
other category Q' = Q'(A*>, H, D) = Q'(D) whose objects are triplets (S, A, U), where
(S,A) is a compact quantum group acting by orientation preserving isometries on the
given spectral triple, with U being the corresponding unitary representation. The mor-
phisms are the homomorphisms of compact quantum groups which are also morphisms
of the underlying quantum families of orientation preserving isometries. The forgetful
functor F : Q" — Q is clearly faithful, and we can view F(Q’) as a subcategory of Q.

Unfortunately, in general Q' or Q will not have a universal object. It is easily seen
by taking the standard example A* = M,(C), H = C", D = I. Any CQG having
a unitary representation on C" is an object of Q'(M,(C),C", I). But by Proposition
1.2.34, there is no universal object in this category. However, the fact that comes to our
rescue is that a universal object exists in each of the subcategories which correspond to
the CQG actions preserving a given faithful functional on M,,.

On the other hand, given any equivariant spectral triple, it has been shown in [31]
that there is a (not necessarily unique) canonical faithful functional which is preserved
by the CQG action. For readers’ convenience, we state this result (in a form suitable to
us) briefly here. Before that, let us recall the definition of an R-twisted spectral data
from [31].

Definition 3.2.6. An R-twisted spectral data ( of compact type ) is given by a quadruplet
(A, H, D, R) where

1. ( A, H,D ) is a spectral triple of compact type.

2. R a positive (possibly unbounded) invertible operator such that R commutes with
D.

3. For all s € R, the map a +— os(a) := R™*aR?® gives an automorphism of A (not

necessarily *-preserving) satisfying supsc(_p, n) llos(a)|| < oo for all positive integer n.

We shall also sometimes refer to (A%, H, D) as an R-twisted spectral triple.
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Proposition 3.2.7. Given a spectral triple (A, H, D) (of compact type) which is Q-
equivariant with respect to a representation of a CQG Q on H, we can construct a
positive (possibly unbounded) invertible operator R on H such that (A, H, D, R) is a
twisted spectral data, and moreover, we have

ay preserves the functional Tr defined at least on a weakly dense x-subalgebra Ep of
B(H) generated by the rank-one operators of the form |§ >< n| where &, 1 are eigenvec-
tors of D, given by

Tr(z) =Tr(Rz), x € &p.

Remark 3.2.8. When the Haar state of Q is tracial, then it follows from the definition
of R in Lemma 3.1 of [31] and Theorem 1.5 part 1. of [67] that R can be chosen to be
1.

Remark 3.2.9. If V) denotes the eigenspace of D corresponding to the eigenvalue, say
A, it is clear that Tr(X) = e Tr(RetP* X) for all X = |¢ >< n| with &, belonging to
Vi and for any t > 0. Thus, the ay-invariance of the functional TR on Ep is equivalent
to the ay-invariance of the functional X +— Tr(XRe*tDQ) on Ep for each t > 0. If,
furthermore, the R-twisted spectral triple is ©-summable in the sense that Re~tD? g
trace class for every t > 0, the above is also equivalent to the ay-invariance of the

bounded normal functional X — Tr(X Re~*P*) on the whole of B(H). In particular,
Tr(xRe’tDQ)

this implies that ay preserves the functional B(H) 3 x +— Limy_ o4 Te(Re D7)

, where

Lim is as defined in subsection 1.5.2.
This motivates the following definition:

Definition 3.2.10. Given an R-twisted spectral data (A, H, D, R) of compact type,
a quantum family of orientation preserving isometries (S,U) of (A%, H, D) is said to
preserve the R-twisted volume, (simply said to be volume-preserving if R is understood)
if one has (Tp ® id)(ay(z)) = Tr(z).1s for all x in Ep, where Ep and Tr are as in
Proposition 3.2.7. We shall also call (S,U) a quantum family of orientation-preserving
isometries of the R-twisted spectral triple.

If, furthermore, the C*-algebra S has a coproduct A such that (S,A) is a CQG and
U is a unitary representation of (S,A) on H, we say that (S,A) acts by volume and
orientation-preserving isometries on the R-twisted spectral triple.

We shall consider the categories Qr = Qr(D) and Qy = Qxr(D) which are the full
subcategories of Q and Q' respectively, obtained by restricting the object-classes to the

volume-preserving quantum families.

Remark 3.2.11. We shall not need the full strength of the definition of twisted spectral
data here; in particular the third condition in the definition 3.2.6. However, we shall
continue to work with the usual definition of R-twisted spectral data, keeping in mind

that all our results are valid without assuming the third condition.
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Let us now fix a spectral triple (A, H, D) which is of compact type. The C*-
algebra generated by A* in B(H) will be denoted by A. Let A\g = 0, A1, A2, - - be the
eigenvalues of D with V; denoting the ( d;-dimensional, 0 < d; < oo ) eigenspace for \;.
Let {ei;,7 = 1,...,d;} be an orthonormal basis of V;. We also assume that there is a
positive invertible R on H such that (A, H, D, R) is an R-twisted spectral data. The
operator R must have the form R|y, = R;, say, with R; positive invertible d; x d; matrix.
Let us denote the CQG A, 4, (RZT) by U;, with its canonical unitary representation (3; on
V; = C%, given by Bi(eij) = > eir ® ukR;T Let U be the free product of U;,i = 1,2, ...
and J = %;0; be the corresponding free product representation of i/ on H. We shall also
consider the corresponding unitary element 3 in M(K(H) @ U).

Lemma 3.2.12. Consider the R-twisted spectral triple (A>, H, D) and let (S,U) be a
quantum family of volume and orientation preserving isometries of the given spectral
triple. Moreover, assume that the map U is faithful in the sense that there is no proper
C*-subalgebra S1 of S such that U belongs to M(K(H) ® S1). Then we can find a C*-
isomorphism ¢ : U/T — S between S and a quotient of U by a C*-ideal T of U, such
that U = (id ® ¢) o (id ® IIz) o 3, where IIz denotes the quotient map from U to U/T.
If, furthermore, there is a compact quantum group structure on S given by a coprod-
uct A such that (S,A,U) is an object in Q’y, the ideal I is a Woronowicz C*-ideal and

the C*-isomorphism ¢ : U/Z — S is a morphism of compact quantum groups.

Proof : Tt is clear that U maps V; into V; ® S for each i. Let v,(;]) (j,k=1,...,d;) be
the elements of S such that U(e;;) = >, €ir ® 1),(;]) Note that v; := ((v,(:]))) is a unitary
in My, (C)®S. Moreover, the x-subalgebra generated by all {v,glj),z >0,,7,k > 1} must
be dense in S by the assumption of faithfulness.

Consider the x-homomorphism «; from the finite dimensional C* algebra A; =
Mg, (C) generated by the rank one operators {|e;; >< eix|, 7,k = 1,....,d;} to 4; ® S
given by o;(y) = U(y ® 1)U*|y;. Clearly, the restriction of the functional 75 on A,
is nothing but the functional given by Tr(R; -), where Tr denotes the usual trace of
matrices. Since «a; preserves this functional by assumption, we get, by the universality
of U;, a C*-homomorphism from U; to S sending u,(;]) = ukR]’T to v,(fj), and by definition
of the free product, this induces a C*-homomorphism, say II, from & onto S, so that
U/T =S, where Z := Ker(II).

In case S has a coproduct A making it into a compact quantum group and U is a
quantum group representation, it is easy to see that the subalgebra of S generated by
{v,(c?, i>0,7,k=1,..,d;} is a Hopf algebra, with A(v,(;j)) => v,(:l) ® ’ul(;). From this,
it follows that II is Hopf-algebra morphism, hence 7 is a Woronowicz C*-ideal. O

Theorem 3.2.13. For any R-twisted spectral triple of compact type (A, H, D), the

category Qr of quantum families of volume and orientation preserving isometries has a
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universal (initial) object, say (G,Up). Moreover, G has a coproduct Ay such that (G, Ag)
1§ a compact quantum group and (,C’j, Ao, Up) is a universal object in the category Q.

The representation Uy is faithful.

Proof : Recall the C*-algebra U considered before, along with the representation
B and the corresponding unitary E belonging to M(K(H) ® U). For any C*-ideal
Z of U, we shall denote by II7 the canonical quotient map from U onto U/Z, and let
I'7 = (id®Ilz)of. Clearly, I'z = (id®mnz)of3 is a unitary element of M (K (H)®U/T). Let
F be the collection of all those C*-ideals Z of U such that (id®w)oar, = (Id®w) oadp-
maps A into A" for every state w (equivalently, every bounded linear functional) on
U/Z. This collection is nonempty, since the trivial one-dimensional C*-algebra C gives
an object in Qg and by Lemma 3.2.12 we do get a member of F. Now, let Zy be the
intersection of all ideals in F. We claim that Zj is again a member of F. Indeed, in the
notation of Lemma 1.1.2, it is clear that for a in A, (id ® ¢) o I'z,(a) belongs to A”
for all ¢ in the convex hull of Q(J(—). Now, for any state w on U/Zy, we can find,
by Lemma 1.1.2, a net w; in the above convex hull (so in particular ||w;|| <1 for all j)
such that w(z + Zy) = lim; w;(z + Zp) for all  in U /Zy.

It follows from Lemma 1.1.8 that (id®w;)(X) — (id®w)(X) (in the strong operator
topology) for all X belonging to M(K(H)®U/Ly). Thus, for a in A, (id@w) oag, (a)

is the limit of (id ® w;) o oF (a) in the strong operator topology, hence belongs to A”.
0

We now show that (G := U /Ty, I'z,) is a universal object in Qr. To see this, consider
any object (S,U) of Qr. Without loss of generality we can assume U to be faithful,
since otherwise we can replace S by the C*-subalgebra generated by the elements {v,(;y)}
appearing in the proof of Lemma 3.2.12. But by Lemma 3.2.12 we can further assume
that S is isomorphic with /Z for some Z belonging to F. Since Zy C Z, we have a
C*-homomorphism from U/Zy onto U/Z, sending x + Zy to x + Z, which is clearly a
morphism in the category Qpg. This is indeed the unique such morphism, since it is
uniquely determined on the dense subalgebra generated by {ug]) +Zy, 1 >0, j,k > 1}
of G.

To construct the coproduct on C7 = U /Ty, we first consider U @ H-oH g & C;
given by

U® = (I'z)a2)(Tz0) (13);

where Uj; is the usual ‘leg-numbering notation’. It is easy to see that (§® §, U(z)) is an
object in the category Qg, so by the universality of (G, I'z,), we have a unique unital
C*-homomorphism Ag : G-G®G satisfying

(id ® Ag)(I'g,) = U@,
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Letting both sides act on e;;, we get

Zeil ® (71, ® T1,) (Z ugl? X u,i?) = Z el ® Ag(?‘rzo(ul(;))).
k l

l

Comparing coefficients of e;, and recalling that A(ul(;.) ) = Dk ul(,? ® USJ) (where A

denotes the coproduct on i), we have
(7TIO®7TIO)OA:A()O7TIO (321)

on the linear span of {ugzk?,z >0, j,k > 1}, and hence on the whole of &. This implies
that A maps Zy = Ker(mz,) into Ker(rz, ® 77,) = (Zo ® 1+ 1® Zp) CU @ U. In other
words, Zy is a Hopf C*-ideal, and hence G=Uu /Zp has the canonical compact quantum
group structure as a quantum subgroup of Y. It is clear from the relation (3.2.1) that
Ay coincides with the canonical coproduct of the quantum subgroup U/Zy inherited
from that of U. It is also easy to see that the object ((j , Ao, I'z,) is universal in the
category Q;, using the fact that (by Lemma 3.2.12) any compact quantum group (S, U)
acting by volume and orientation preserving isometries on the given spectral triple is
isomorphic with a quantum subgroup U /Z, for some Hopf C*-ideal Z of U.

Finally, the faithfulness of Uy follows from the universality by standard arguments
which we briefly sketch. If G; C 5 is a x-subalgebra of § such that ﬁa is an element of
M(K(H) ® G1), it is easy to see that (G, Up) is also an object in Qr, and by definition
of universality of G it follows that there is a unique morphism, say j, from G to G;. But
the map 7 o j is a morphism from G to itself, where 7 : G — G is the inclusion. Again

by universality, we have that 10 j = idg, so in particular, 7 is onto, that is,. G; = G. O

Consider the s-homomorphism ag := ay,, where (G,Up) is the universal object
obtained in the previous theorem. For every state ¢ on G , (id ® ¢) o ap maps A into
A”. However, in general og may not be faithful even if Uy is so, and let G denote the
C*-subalgebra of G generated by the elements {(f ®id) o ag(a) : f € A*,a € A}.

Remark 3.2.14. If the spectral triple is even, then all the proofs above go through with

obvious modifications.

Definition 3.2.15. We shall call G the quantum group of orientation-preserving isome-
tries of R-twisted spectral triple (A, H, D, R) and denote it by QISOE(AOO,H, D,R)
or even simply as QISOE(D). The quantum group G is denoted by Q/IEEE (D).

If the spectral triple is even, then we will denote G and G by QISOE(D,'y) and

QISOE (D,~) respectively.
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3.2.3 Stability and topological action

In this subsection, we are going to use the notations as in subsection 3.2.2, in particular
g ,G, Uy, agp. It is not clear from the definition and construction of Q1.5 OE(D) whether
the C* algebra A generated by A is stable under «g in the sense that (id ® ¢) o ag
maps A into A for every ¢. Moreover, even if A is stable, the question remains whether
ap is a C*-action of the CQG QISOE(D). In chapter 5, subsection 5.4.2 we have given
an example of a spectral triple for which the *-homomorphism «g is not a C* action.
However, one can prove that ag is a C* action for a rather large class of spectral triples,
including the cases mentioned below.

(i) For any spectral triple for which there is a ‘reasonable’ Laplacian in the sense
of [30]. This includes all classical spectral triples as well as their Rieffel deformation
(with R=1).

(ii) Under the assumption that there is an eigenvalue of D with a one-dimensional
eigenspace spanned by a cyclic separating vector £ such that any eigenvector of D
belongs to the span of A®¢ and {a € A : af is an eigenvector of D} is norm-dense

in A ( to be proved in subsection 3.2.4 ).

Now we prove the sufficiency of the condition (i).
We begin with a sufficient condition for stability of A% under ag. Let (A, H, D)
be a (compact type) spectral triple such that

(1) A and {[D,a], a € A®} are contained in the domains of all powers of the deriva-
tions [D,-] and [|D|,].

We will denote by 7} the one parameter group of *-automorphisms on B(H) given
by Ti(S) = P Se~D for all S in B(H) which is clearly continuous in SOT. We will
denote the generator of this group by ¢. For X such that [D, X] is bounded, we have
d(X) =4[D, X] and hence

|70 - x| = | [ Tutio. xpas

< ¢[[D, X]|.
Let us say that the spectral triple satisfies the Sobolev condition if

A® = A" (1] Dom(6").

n>1

Then we have the following result, which is a natural generalization of the classical
situation, where a measurable isometric action automatically becomes topological (in

fact smooth).
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Theorem 3.2.16. (i) For every state ¢ on G,

(id ® @) o ap(A>) belongs to A” ﬂ Dom(d").

n>1

(i) If the spectral triple satisfies the Sobolev condition then A ( and hence A ) is

stable under ag.

Proof: Since Uy commutes with D ® I, it is clear that the automorphism group
JN} commutes with ag’ = (id ® ¢) o a, and thus by the continuity of aq in the strong

operator topology it is easy to see that, for a in Dom(J),

Thus, ag leaves Dom(d) invariant and commutes with §. Proceeding similarly, we prove

(i). The assertion (ii) is a trivial consequence of (i) and the Sobolev condition. O

Let us now assume

(2) The spectral triple is ©-summable, that is, for every ¢ > 0, e~tP? is trace-class

2
and the functional 7(X) = Limtﬂo% ( where Lim is as in subsection 1.5.2 ), is a
positive faithful trace on the  algebra, say S, generated by {T,(A), Ts(A®)([D, d]) :

a€ A*}.

The functional 7 is to be interpreted as the volume form ( we refer to [29], [30] for
the details ). The completion of S in the norm of B(H) is denoted by S, and we
shall denote by ||la||2 and || - ||s the L?norm T(a*a)% and the operator norm of B(H)
respectively.

From the definition of 7, it is also clear that T; preserves T, so extends to a group of
unitaries on A/ := L2(8%, 7). Moreover, for X such that [D, X] is in B(H), in particular

for X in §°°, we have

~ 2
Ts(X) _XH2

= 7(To(X) (To(X) = X)) + 7(X*(X — To(X)))
2 |[x - 70| _I1X1,
2| [D, X][loo[| X 2,

IN

IN
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which clearly shows that s — JN’S(X ) is L?-continuous for X belonging to S, hence (by
unitarity of f.;) on the whole of NV, that is, it is a strongly continuous one-parameter
group of unitaries. Let us denote its generator by 5, which is a skew adjoint map, that
is, 46 is self adjoint, and T, = exp(td). Clearly, 6 = 6 = [D,-] on 8.

We will denote L2(A>,7) C N by HY and the restriction of § to HY (which is a
closable map from ’HOD to V) by dp. Thus, dp is closable too.

We now recall the assumptions made in chapter 2, subsection 2.1.2 for defining
the ‘Laplacian’ and the corresponding quantum isometry group of a spectral triple
(A, H, D).

The following conditions will also be assumed throughout the rest of this subsection:

(3) A* C Dom(L) where L = Lp := —d},dp.

(4) £ has compact resolvent.
(5) Each eigenvector of £ ( which has a discrete spectrum , hence a complete set of
eigenvectors ) belongs to 4.
(6) The complex linear span of the eigenvectors of £, say A5° ( which is a subspace of

A by assumption (5) ), is norm dense in A>.

It is clear that £ maps (Ag°) into itself. The %-subalgebra of A> generated by Ag°
is denoted by Ag. We also note that £ = PyLP,, where £ := (i0)? (which is a self
adjoint operator on N') and Py denotes the orthogonal projection in N' whose range is

the subspace HOD.
Theorem 3.2.17. Let (A, H,D) be a spectral triple satisfying the assumptions

(1) — (6) made above. In addition, assume that at least one of conditions (a) and

(b) mentioned below is satisfied:

(a) A” CHY,.
(b) ag(Aoo) C A for every state ¢ on G = QISO} (D).

Then ag is a C*-action of QISOF (D) on A.

Proof : Under either of the conditions (a) and (b), for any fixed ¢, the map ag’ maps
A into the subset H% of A. Since ozg also commutes with [D, -] on A, it is clear
that ozg) maps S into N. In fact, using the complete positivity of the map ag and the

ap-invariance of 7, we see that

7(0¢(a) 0 (@) < r(af(a*a)) = (id ® ¢)((r ® id)ag(a*a)) = T(a*a).1

which implies that ag) extends to a bounded operator from N to itself. Since Uy com-

mutes with D, it is clear that 0485 (viewed as a bounded operator on N') will commute
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with the group of unitaries ﬁ, hence with its generator 6 and also with the self adjoint
operator £ = (i),

On the other hand, it follows from the definition of G = QISO} (D) that (7 ®
id)(ap(X)) = 7(X)1g for all X in B(H), in particular for X belonging to S, and thus
the map S ®.1,G 3 (a®q) — ag(a)(1®q) extends to a G-linear unitary, denoted by W
(say), on the Hilbert G-module N'®G. Note that here we have used the fact( which that
for any ¢, (id ® ¢)(W)(S* Qg G) € N, since ag)(SOO) C N. The commutativity of ozg
with T} for every ¢ clearly implies that W and T, ® idg commute on N ® G. Moreover,

ag maps HOD into itself, so W maps HOD ® @G into itself, and hence (by unitarity of W) it

commutes with the projection Py ® 1. It follows that 048’ commutes with Py, and (since
it also commutes with [3) commutes with £ = PyLP, as well.

Thus, ozg preserves each of the (finite dimensional) eigenspaces of the Laplacian
L, and so is a Hopf algebraic action on the subalgebra Ag spanned algebraically by
these eigenvectors. Moreover, the G-linear unitary W clearly restricts to a unitary
representation on each of the above eigenspaces. If we denote by ((gi;)) ;) the G-valued
unitary matrix corresponding to one such particular eigenspace, then by Proposition
1.2.23, ¢;; must belong to Gy and we must have €(g;;) = d;; (Kronecker delta). This
implies (id®e€)oap = id on each of the eigenspaces, hence on the norm-dense subalgebra

Ag of A, completing the proof of the fact that «g extends to a C* action on A. O

Combining the above theorem with Theorem 3.2.16, we get the following immediate

corollary.

Corollary 3.2.18. If the spectral triple satisfies the Sobolev condition mentioned before,
i addition to the assumptions 1 — 6, then QISO}L(D) has a C*-action. In particular,
for a classical spectral triple, QISOF (D) has C*-action.

Remark 3.2.19. Let us remark here that in case the restriction of T on A is normal,
that is, continuous with respect to the weak operator topology inherited from B(H), then
HY, will contain A", which is the closure of A> in the weak operator topology of B(H),

so the condition (a) of Theorem 3.2.17 (and hence its conclusion) holds.

Remark 3.2.20. In a private communication to us, Shuzhou Wang has kindly pointed
out that a possible alternative approach to the formulation of quantum group of isome-
tries may involve the category of CQG which has a C*-action on the underlying C*
algebra and a unitary representation with respect to which the Dirac operator is equiv-
ariant. However, we see from Corollary 5.4.17 of chapter 5 that the category proposed

by Wang does not admit a universal object in general.
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3.2.4 Universal object in the categories Q or Q’

We shall now investigate further conditions on the spectral triple which will ensure the
existence of a universal object in the category Q or Q’. Whenever such a universal
object exists we shall denote it by Q%*’(D), and denote by QISO™ (D) its largest
Woronowicz subalgebra for which o on A% (where U is the unitary representation of
QISO+(D) on H) is faithful.

Remark 3.2.21. If Q/I_§6+(D) exists, then by Proposition 3.2.7, there will exist some
R such that QISO* (D) is an object in the category Qz(D). Since the universal object

in this category, that is, QISO}(D), is clearly a sub-object of Q7§5+(D), we have
QISO*( ) = QISOE( ) for this choice of R.

Let us state and prove a result below, which gives some sufficient conditions for the
existence of QISO+(D).

Theorem 3.2.22. Let (A®,H, D) be a spectral triple of compact type as before and
assume that D has an one-dimensional eigenspace spanned by a unit vector £, which is
cyclic and separating for the algebra A°. Moreover, assume that each eigenvector of
D belongs to the dense subspace A*XE of H. Then there is a universal object, (QN, Up).
Moreover, G has a coproduct Ag such that (§, Ap) is a compact quantum group and
(C:, Ao, Up) is a universal object in the category Q.

If we denote by G the Woronowicz C* subalgebra ofg generated by elements of the
form (ay,(a)(n® 1), n' @ 1)g where n,n" are in H, a in A* and (., .)z denotes the G
valued inner product of H ® g, we have g ~ G« C(T).

Proof: Let V;, {ei;} be as before, and by assumption we have e;; = x;;¢ for a unique
zi; in A®. Clearly, since { is separating, the vectors {g;; = x;fjf,j = 1,...,d;} are
linearly independent, so the matrix Q; = (((€i;, @»)?szl is positive and invertible.
Now, given a quantum family of orientation-preserving isometries (S, U), we must have
U (£®1) =€ ®yq, say, for some ¢ in S, and from the unitarity of U it follows that gisa
unitary element. Moreover, U leaves V; invariant, so let U (€i; ®@1) =", eix ®v,(;]) But

this can be rewritten as
(6% (xm f X q Z xzké X Ukj

Since ¢ is separating and ¢ is unitary, this implies oy (zij) = > ) Tik ® v,(g) *, and thus

we have

U(?j(@l):aU(xm £®q Z$zk£®q Uk] q—zezk®q Uk‘j
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Taking the S-valued inner product (-,-)s on both sides of the above expression, and

using the fact that U preserves this S-valued inner product, we obtain

<ﬁ'j, eij/>.1
U 1), Ueyel))

Z zk®qvk q7 Zezk’@)qvk// >

k

S

Il
/\

= €k » @) q" v,i]?q Q(v;(g/)j/) q.

/

bl
i

)

This implies,

S ol (e, @) (v

kK

Thus,

*

ZU (Q4) s ( Uk’)'> .
k,k!
Hence, we have Q; = v,Q;7; (where v; = ((v,(;])))) Thus, Q; 'vQ; must be the (both-
sided) inverse of ;. Thus, we get a canonical surjective morphism from A, 4,(Q;) to the
C* algebra generated by {v,(;y) : J,k = 1,2,...d;}. This induces a surjective morphism
from the free product of A, 4,(Q;), i = 1,2,... onto S. The rest of the arguments for
showing the existence of G will be quite similar to the arguments used in the proof of
Theorem 3.2.13, hence omitted.
Now we come to the proof of the last part of the theorem. For a in A%, U(a®1) =
au(a)U(€ ® 1) = ay(a)(€ @ q). Now, recalling that Span{aé : a € A>} is dense in H,
it is clear that G = G % C*(q) = G x C(T). O

Remark 3.2.23. Some of the examples considered in section 3.4 will show that the con-
—~— +
ditions of the above theorem are not actually necessary; QLSO (D) may ezist without

the existence of a single cyclic separating eigenvector as above.

Let (A%, H, D) be a spectral triple of compact type satisfying the conditions of
the above theorem. Let the faithful vector state corresponding to the cyclic separating
vector £ be denoted by 7. Let Agg = span{a € A™ : af is an eigenvector of D}.

Moreover, assume that Agg is norm dense in A,

Let D : Agy — Ago be defined by :

D(a)¢ = D(ag).

This is well defined since £ is cyclic and separating.
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Definition 3.2.24. Let A be a C* algebra and A>* be a dense x-subalgebra. Let
(A, H, D) be a spectral triple of compact type as above.

Let C be the category with objects (Q, a) such that Q is a compact quantum group
with a C* action o on A such that:

1. « is T preserving (where T is as above ), that is, (T ® id)(«a(a)) = 7(a).1.

2. o maps Ay inside Agp ®qig Q.

3. aD = (D @ Ia.

Corollary 3.2.25. There exists a universal object Q of the category C and it is iso-
morphic to the Woronowicz C* subalgebra G = QISO+(D) of 5 obtained in Theorem

Proof : The proof of the existence of the universal object follows verbatim from the
proof of Theorem 2.1.5 replacing £ by D and noting that D has compact resolvent. We
denote by @ the action of @ on A.

Now, we prove that @ is isomorphic to G.

Each eigenvector of D is in A by assumption. It is easily observed from the proof
of Theorem 3.2.22 that ay, maps the norm-dense *-subalgebra Agg into Agg ®q1g Go,
and (id®e)oay, = id, so that ayy, is indeed a C* action of the CQG G. Moreover, it can
be easily seen that 7 preserves oy, and that agy, commutes with D. Therefore, (G, o)
is an element of Obj((A?) and hence G is a quantum subgroup of Q by the universality
of @

For the converse, we start by showing that & induces a unitary representation W of
oxC (T) on H which commutes with D, and the corresponding conjugated action ayy
coincides with a.

Define W (a) = a(a)(§)(1 ® ¢*) for all a in AJ where ¢ is a generator of C(T).

Since we have (7 ® id)(a(a)) = 7(a).1, it follows that W is a (Q % C(T)-linear)
isometry on the dense subspace Agp{ Ralg Q and thus extends to H ® (@ *x C(T)) as an
isometry. Moreover, since a(A)(1 ® Q) is norm dense in A ® O (by the definition of a
CQG action) it is clear that the range of W is dense, so W is indeed a unitary. It is
quite obvious that it is a unitary representation of oxC (T).

We also have,

WD(af)

= W(D(a)§) = a(D(a))(€)(1 @ q")
= (Deh@adleq)=(DeW(ak),

that is, W commutes with D.
Moreover, it is easy to observe that ay = a. This gives a surjective CQG morphism
from C7 =G+ C(T) to @ « C(T), sending G onto @, which completes the proof. O
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3.3 Comparison with the approach of [30] based on Lapla-

cian

Throughout this section, we shall assume the set-up of subsection 3.2.3 for the existence
of a ‘Laplacian’, including assumptions 1 — 6. Let us also use the notation of that
subsection.

We recall from chapter 2 that a CQG (S, A) which has an action « on A is said
to act smoothly and isometrically on the noncommutative manifold ( of compact type
) (A*,H, D) if (id ® ¢) o a(AF°) C AF° for every state ¢ on S, and also (id ® ¢) o «
commutes with the Laplacian £ = Lp on A§° ( where AZ° is the complex linear span
of the eigenvectors of £ ). One can consider the category QILD of all compact quantum
groups acting smoothly and isometrically on A, where the morphisms are quantum
group morphisms which intertwin the actions on A. We make the following additional

assumption throughout the present section:

(7) There exists a universal object in QILD ( the quantum isometry group for the
Laplacian £ = Lp in the sense of [30]), and it is denoted by QISO* = QISO*P

The following result now follows immediately from Theorem 3.2.17 of subsection 2.3.

Corollary 3.3.1. If (A*,H, D) is a spectral triple ( of compact type ) satisfying any
of the two conditions (a ) or (b ) of Theorem 3.2.17, then QISOF (D) is a sub-object
of QISO*P in the category Q-

Proof: The proof is a consequence of the fact that QI.SO} (D) has the C*-action ay
on A, and the observation already made in the proof of the Theorem 3.2.17 that this

action commutes with the Laplacian Lp. O

Now, we will need the Hilbert space of forms H 4+ corresponding to a ©-summable
spectral triple (A%, H, D) as discussed in subsection 1.5.2. We recall that one obtains
an associated spectral triple (A%, Hgyq+,d 4+ d*). We assume that this spectral triple is
of compact type, that is, d + d* has compact resolvents.

We will denote the inner product on the space of k forms coming from the spectral
triples (A, H, D) and (A%, Hgyiq+, d +d*) by (, >H’B and (, >H§+d* respectively,
k=0,1.

We will denote by mp, m44+q4+ the representations of A% in H and H g4+ respectively.

Let Ug4q+ be the canonical unitary representation of QISO7 (d + d*) on Hgy g+

Hgrq+ breaks up into finite dimensional orthogonal subspaces corresponding to the
distinct eigenvalues of A := (d+d*)? = d*d+dd*. It is easy to see that A leaves each of
the subspaces HiD invariant, and we will denote by V), ; the subspace of Hzl g~ Spanned
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by eigenvectors of A corresponding to the eigenvalue A. Let {e; ;}; be an orthonormal
basis of V) ;. Note that Lp is the restriction of A to ’H%.

Now we recall Proposition 2.1.8. It was shown there that QISO*? has a uni-
tary representation U = Uz on H%% such that U commutes with d + d*. Thus,
(A®, Hgige, d+ d*) is a QISO*P equivariant spectral triple. Moreover, by Remark
2.1.6, QISO*P has tracial Haar state, which implies, by Proposition 3.2.7 and Remark
3.2.8 that ay keeps the functional 77 invariant. Summarizing, we have the following

result:

Proposition 3.3.2. The quantum isometry group (QISO*P, Ug) is a sub-object of
(QISOF (d + d*), Ugyqr) in the category Qi(d + d*), so in particular, QISO*P is
isomorphic to a quotient of QISO}F (d+d*) by a Woronowicz C* ideal.

We shall give (under mild conditions) a concrete description of the above Woronowicz
ideal.
Let Z be the C* ideal of QISO] (d + d*) generated by
U)\GU(A){<(POJ‘ ® id)Ug g (ej/\O)v €jxi’ & 1> i > 1},

where Py is the projection onto H%, (., .) denotes the QISO; (d + d*) valued inner
product and o(A) denotes the spectrum of A.

Since Uy, g+ keeps the eigenspaces of A = (d + d*)? invariant, we can write

+d(€jx0) = 0 A0 i X
Ua d(eA)_ZekA @ Grjxo + Z eknir @ Gk jair
k i1 #0,k/

for some qkjixos Qk/j i’ in QISO;F(d + d*)
We note that gy is in Z if i’ # 0.

Lemma 3.3.3. 7 is a co-ideal of QISO} (d + d*).

Proof : It is enough to prove the relation A(X) € Z®@ QISO] (d+d*)+QISO; (d+
d*) ®T for the elements X in Z of the form ((P;" ® id)Ugyas(€jx0), €jaiy ® 1) . We have:
A(((Pf @ id)Uara(emro)s €30 © 1))

= <(P0J' (029 id)(id & A)Uder* (€m)\0), €jxip & 1® 1>)

= <(PoL ® id)U12)U(13)(emao); €jxip ® 1 @ 1>
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= <(Pd_®id)U(12)(Zek/\0®1®ka>\0) , ein0®1®1>
%

+ Z < Py @id)Ung)(eni @ 1@ qunrir) 6in0®1®1>
10,1

= Z <(PoL ®@id)(erro @ ka0 @ Gkmro) > €jxip @ 1 ® 1>
Kok

+ Z <(Pol ® id)(errrnir @ Qe k2’ @ QGkmro) > €jxip @ 1 ® 1>
140, ke, K

+ Z < Py ®@id)(epxi ® quinie @ Qmrir) Ejxip @1 ® 1>
0, 1, I

+ Z <(PoL ®@id)(eprair @ quinir @ Qmxit) + €jrip © 1 ® 1>
i £0, i7£i, 1, 1

= Z (erxir @ Qrrgair @ Qkmao 5 €jaip © 1 @ 1)
i'£0, K/, k"

+ Z (erxir @ quini @ Qmxit > €jxip ® 1 ® 1)
0, 1, I

+ Z (ernir @ quinin @ Qumair » €jxip @ 1@ 1),
i'£0, i"£i, i 40, 1, 1

which is clearly in Z ® QISO?(d +d*)+ QIS’O;r (d+d*)®I, as qujxy is an element of
T for i' # 0. O

Theorem 3.3.4. If ay,, ;. is a C* action on A, then we have QISO*P =~ QISO}"(OH-
d*)/T.

Proof : By Proposition 3.3.2, we conclude that there exists a surjective CQG mor-
phism 7 : QISO} (d + d*) — QISO*P. By construction ( as in Proposition 2.1.8 ), the
unitary representation Uz of QISOFP preserves each of the Hﬁj, in particular HOD. It is
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then clear from the definition of Z that 7 induces a surjective CQG morphism (in fact,
a morphism in the category Q(d + d*)) 7' : QISO; (d + d*)/T — QISO*P.

Conversely, if V = (id ® pz) 0 Ugtq+ is the representation of QISO; (d + d*)/T on
Hata+ induced by Ugig- (where pr : QISOS (d + d*) — QISOF (d + d*)/T denotes the
quotient map), then V preserves H?, (by definition of Z), so commutes with Py. Since
V also commutes with (d+ d*)?, it follows that V must commute with (d +d*)?Py = L,
that is,

V(d'd Py®1) = (d*dPy @ 1)V.

It is easy to show from the above that ay (which is a C* action on A since ay, qv 1880
by assumption) is a smooth isometric action of QISO} (d 4+ d*)/Z in the sense of [30],
with respect to the Laplacian £. This implies that Q1.5 O;“(d +d*)/Z is a sub-object of
QISO*P in the category Q,ED’ and completes the proof. O

Now we prove that under some further assumptions which are valid for classical
manifolds as well as their Rieffel deformation, one even has the isomorphism QISO*P =
QISOF (d+d¥).

We assume the following:

(A) Both the spectral triples (A%, H, D) and (A*®°, Hgyq-, d + d*) satisfy the
assumptions (1) — (7), so in particular both QISO*P and QISO*D’ exist (here D' =
d+d*).

(B) For all a,b in A, we have

<CL, b>H% = <a, b>H0D’ y <dDa, dDb)'HlD = <dD/a, dD/b>H1DI.

Remark 3.3.5. For classical compact spin manifolds these assumptions can be verified
by comparing the local expressions of D? and the ‘Hodge Laplacian’ (D')? in suitable
coordinate charts. In fact, in this case, both these operators turn out to be essentially

same, upto a ‘first order term’, which is relatively compact with respect to D* or (D')?.

By assumption (B), we observe that the identity map on A* extends to a unitary,

say X, from HOD to HY,. Moreover, we have
Lp=Y"LpY,

from which we conclude the following:
Proposition 3.3.6. Under the above assumptions, QISO*P = QISO*r’ .

We conclude this section with the following result, which identifies the quantum
isometry group QISO*P of [30] as the QISO} of a spectral triple, and thus, in some

sense, accommodates the construction of [30] in the framework of the present article.
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Theorem 3.3.7. If in addition to the assumptions already made, the spectral triple (
of compact type ) (A, Hp:, D) also satisfies the conditions of Theorem 3.2.17, so that
QISO;F(D’) has a C*-action, then we have the following isomorphism of CQG s:

QISOFP = QISOF (D) = QISO*r'.

Proof : By Proposition 3.3.2 we have that QI SO*? is a sub-object of QISOf (D) in
the category Q(D’). On the other hand, by Theorem 3.2.17 we have QISO} (D') as a
sub-object of QI SO*P’ in the category Q’ED,. Combining these facts with the conclusion

of Proposition 3.3.6, we get the required isomorphism. O

Remark 3.3.8. The assumptions, and hence the conclusions, of this section are valid
also for spectral triples obtained by Rieffel deformation of a classical spectral triple, to

be discussed in details in chapter 4.

3.4 Examples and computations

In this section we compute the quantum group of orientation preserving isometries for
spectral triples on SU,(2) and C(T?). The computations for the Podles’ spheres and

Rieffel deformed manifolds are given in chapter 5 and Chapter 4 respectively.

3.4.1 Equivariant spectral triple on SU,(2)

We recall from subsection 1.2.4 that by ¢}, s, we will denote the (i,7) th matrix element
of the (2n+1) dimensional representation of SU,(2) and €7, s will denote the normalized
( with respect to the Haar state h ) t7';s. We consider the spectral triple on SU,(2)
constructed by Chakraborty and Pal ( [13] ) and also discussed thoroughly in [18] which
is defined by (A*,H, D) where A> is the linear span of ¢}, s, H = L*(SU,(2)) and D
is defined by :
D(es)

= (2n+1ej, n#1i

= —(2n+1)efl, n=1i.

Here, we have a cyclic separating vector lgy, (2), and the corresponding faithful
state is the Haar state h. Thus, we are in the set up of the subsection 3.2.4, and as
¢ =1, Agp = A in this case. Therefore, an operator commuting with D ( equivalently
with D ) must keep V6= Span{téj tj=—l [} invariant for all fixed [ and ¢ where

D is the operator as in subsection 3.2.4.
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In the notation of Corollary 3.2.25 , we have Agy = Span{téhj 1=0,1/2,......... b=
A in this case. All the conditions of Theorem 3.2.22 and Corollary 3.2.25 are satisfied.
Thus, the universal object of the category C exists ( notation as in Corollary 3.2.25 )
and we denote it by 0.

Before proving the next result, we note the following fact. We recall the fundamental
-y

*

unitary of SU,(2) given by ( «
a

) which is the matrix corresponding to the

1
coproduct A on span {a. — uvy*} as given in subsection 1.2.4. This implies that V2, =

1
2

1
span {o,7*} and V> = span {o*,7}.
2

Lemma 3.4.1. Given a CQG Q with a C* action ® on A, the following are equivalent

1.(Q,®) is an element of Obj(C).

2. The action is linear, in the sense that V_l/2

1/2
under ® and the representation obtained by restricting ® to

equivalentl ,Vl/ % ) is invariant
YsVi

V12

1/2 5 a umtary represen-

tation.
3. @ is linear and Haar state preserving.

4. @ keeps Vil mwvariant for each fixed | and i.

Proof : 1. = 2. Since ® commutes with 13, ® keeps each of the eigenspaces of

~ . . . 1/2
D invariant and so in particular preserves Vi{ 2

(h ®1d)® = h(-).1 implies the unitarity of the corresponding representation.

that is ® is linear. The condition

2 = 3. By linearity, write ®(a) =a®@ X +9y* @Y and d(v*) =a® Z ++y* @ W.
Firstly, ®-invariance of Span{tﬁ j} for k=0and k = % follow from the linearity and
the fact that ®(1) = 1.
Next, we show that ® keeps Span{t,}j :4,7 = —1,0,1} invariant.
We recall the explicit form of the matrix ( (tzlj)) from [43]:
a? =@+ Daty -y
vor 11—+ ay
-y~ +1)ya o
By inspection, we see that ®(V}}) C V! ® Q for i = —1,1.
Hence, it is enough to check the ®-invariance for avy and 1 — (p? + 1)7*y.
We have

P(ay)
= (aX+y" V)" @ Z" +y0 W)
= ad" QX7+ 4"y RQYW +ay @ XW* + 7" a* Y Z*
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2X7F - YW*
= R XW A QY Z 10 X2+ (1— 1+ )y ek o
o
YW* — 12X Z*
+1® b
1+pu
YW* — 12X Z*
= ayRXW +9a"@YZ +1e (XZ" + 1+Z2 )+ (1= (14 p*)7"y)
wrXzr —YW*
1+ p? '

Thus, comparing coefficient of 1 in ®(ay), we can see that it belongs to Vg if and
only if XZ* +YW* =0.
In the case of 1 — (1 + p?)y*y,

(1 — (1+ p*)7*y)

= 101-(1+p*)(aa* @ ZZ +ay@ ZW* + v a* @ WZ* + "y @ WIV¥)

= 1®1—(1+u)( — YY) @ ZZ* — ay @ (14 p®)ZW* — pa*~y* @ (1 + p?)
— 1+ )y WW*

= 1®1—(1+u NIRZZ* + (—1+1— 1+ p*)yY) @ —p*ZZ* —ay @ (1 + p?)
ZW* — pa*y* @ 14+ pHYWZ* 4+ (=141 - (14 pH)v*y) @ WW*

= 100 —-0+pHZZ" + 222" —=WW*") + (1 — 1+ 1®)vY) @ (—p2Z2Z* +
WW*) —ay® (1 + p?)ZW* — pa*y* @ (1 + p*)WZ*.

Comparing the coefficient of 1 in this case, we have the condition 1 — (14 u?)ZZ* +
ulZ7Z* — WW+* =0, that is, ZZ* + WW* = 1.

* Z*

But these conditions follow from the unitarity of the matrix v oW > , which
is nothing but the matrix corresponding to the restriction of ® to ‘/'11//22 Thus, ® keeps
Span{t}j 1,7 =—1,0,1} invariant.

Moreover, we claim that by using the recursive relations ( 1.2.18 ), ( 1.2.19 ) and the
multiplication rule ( 1.2.23 ), we obtain that for alll > 3/2, ®(V, »ZH/Q) - Vlil/Q@V»lH/2

. I+1
We prove this for tZEQ, —1 + <i1<1l-%, j<lonly, as the proofs of the others are

exactly similar. We have

a(1})

= el BBy )+ LNy )

_ c(l,z‘,j)@(t%% L )+ L) )P
€ Span{t21kl+ m,tfktilm:k::t%,m— Lo
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-3 I+3
CV, *®@0+V, *®0Q.

Using these observations, we conclude that ® maps Span{téj :1 > 1/2} into itself.
So, in particular, Ker(h) = Span{V} : i = —I,,,,l,1 > 1/2} is invariant under ®
which ( along with ®(1) =1 ) implies that ® preserves h.

3. =4

We proceed by induction. The induction hypothesis holds for I = % since linearity
means that span {«,v*} is invariant under ® and hence Span {a*,~} is also invariant.
The case for [ = 1 can be checked by inspection as in the proof of 2 = 3. Consider the
induction hypothesis that ® keeps Vzk invariant for all k,7 with £ < [. From the proof of
2 = 3 we also have for all | > 3, <I>(VZ»ZH/2) - Vil*1/2 & VilH/Q, by using linearity only.
Thus, ® leaves invariant the Hilbert Q module (Vil_% 69Vil+%)

. . . . =~ . . -1 . .
since ® is Haar-state preserving. Since ® leaves invariant V; ? ® Q by the induction

1
2

®Q, and is a unitary there

.. . l . .
hypothesis, it must keep its orthocomplement, V; 2 invariant as well.

4. = 3.
The fact that ® keeps Vil invariant for [ = 1/2 will imply that ® is linear. The proof

of Haar state preservation is exactly the same as in 2 = 3.

4=1.

That ® preserves the Haar state follows from arguments used in the proof of the
implication 2 = 3.. Since Ay = Span{tﬁj 1 >0,0,5=—1, ... [}, and ® keeps each V!
invariant, it is obvious that ®(Ag) C Ago Qalg Qo and ®D = (lA) ®1id)®.

O

By Lemma 3.4.1, we have identified the category C with the category of CQG having
C* actions on SU,(2) satisfying condition 3. of Lemma 3.4.1. Let the universal object
of this category be denoted by (Q,T).

Then by linearity we can write:

MNa)=a® A+~ ® B,

I'(v)=a®C+~"®D.

Now we shall exploit the fact that I' is a *-homomorphism to get relations satisfied
by A, B,C, D where 0 is generated as a C* algebra by the elements A, B,C, D.

Lemma 3.4.2.
A*A+CC* =1, (3.4.1)
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A*A+ 4>CC* = B*B + DD*, (3.4.2)

A*B = —uDC™, (3.4.3)

B*A = —uCD". (3.4.4)

Proof : The proof follows from the relation ( 1.2.10 ) by comparing coefficients of

1, 9"y, a*y* and a7y respectively. O
Lemma 3.4.3.

AA* + pPCC* =1, (3.4.5)

BB* + i’DD* = ;% 1, (3.4.6)

BA* = —2DC*. (3.4.7)

Proof : From the equation ( 1.2.11 ) by equating coefficients of 1 and a*~*, we get
respectively ( 3.4.5 ) and ( 3.4.7 ) whereas ( 3.4.6 ) is obtained by equating coefficients
of v*v and using ( 3.4.5 ).

O
Lemma 3.4.4.

crc=ccr, (3.4.8)

(1 - p*C*C = D*D — DD*, (3.4.9)

C*D = uDC"*. (3.4.10)

Proof : The proof follows from the equation ( 1.2.12 ) by comparing the coefficients

of 1,v"y, a™y*, respectively. O
Lemma 3.4.5.

—u?AC* + BD* — uD*B + nC*A = 0, (3.4.11)

AC* = uC* A, (3.4.12)

BC* = C*B, (3.4.13)

AD* = D*A. (3.4.14)

Proof : The proof follows from the equation ( 1.2.13 ) comparing the coefficients of

¥*v,1,a*y* and ay respectively. O
Lemma 3.4.6.

AC = uCA, (3.4.15)

BD = uDB, (3.4.16)
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AD — uCB = DA — u~'BC. (3.4.17)

Proof : The proof follows from ( 1.2.14 ) from the coefficients of a?, v*2, v*a respec-
tively. O

Now we consider the antipode, say k.
From the condition (h®id)I'(a) = h(a).1, we see that I" induces a unitary represen-
tation of the compact quantum group via I'(a ® q) = I'(a)(1 ® q).
Now, the restriction of this unitary representation to the orthonormal set
{\/@a, V/1+ p2y*} is given by the matrix : < :4 Ho ) )
" p ‘B D
Similarly, with respect to the orthonormal set {\/1 + p2a*, /1 + 2y}, this repre-

A C*
sentation is given by the matrix: .
B* D*

Thus, we have:
k(A) = A*, k(D) = D*, k(C) = p=2B*, k(B) = p?C*, k(A*) = A, k(C*) =
B, k(B*) =C, k(D*) =D.

Lemma 3.4.7.
AB = uBA, (3.4.18)
CD = uDC, (3.4.19)
BC* =C*B. (3.4.20)

Proof : The relations ( 3.4.18 ), ( 3.4.19 ), ( 3.4.20 ) follow by applying ~ to the
equations ( 3.4.15 ), ( 3.4.16 ) and ( 3.4.13 ) respectively.

Lemma 3.4.8. There exists a x-homomorphism ¢ : U,(2) — Q defined by ¢(u11) =
A, ¢(ur2) = pC, ¢(ug) = p' B, ¢(ug) = D.

Proof : It is enough to check that the defining relations of U,(2) are satisfied.

L o(unuz) = o(puiguin) & é(uin)g(uiz) = po(uiz)d(uin) & AuC) =
p(pC)A < AC = pCA which is the same as ( 3.4.15 ).

2. ¢(urrugr) = d(pugiury) < A(u™'B) = u(u 'B)A & AB = puBA which is the
same as equation ( 3.4.18 ).

3. d(urguz2) = ¢(puguie) < nCD = uD(uC) < CD = uDC which is the same as
equation ( 3.4.19 ).

4. ¢(ugrugn) = ¢(pugaus) < u'BD = uDp~'B < BD = uDB which is the same
as equation ( 3.4.16 ).

5. d(urguar) = p(ugruiz) < pCp'B = p~'BuC < CB = BC.
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Now, BC* = C*B follows from equation ( 3.4.20 ). But by ( 3.4.8 ), C is normal,
which implies BC' = CB.
6. ¢(ur1uze — ugouir) = (u — p~Y)p(uoug1) & AD — DA = (p — p HpuCu~'B
From ( 3.4.17 ), we have AD — DA = uCB — p~'BC = (u — p~')CB, using
BC =CB.
g

Lemma 3.4.9. The equations ( 8.4.1 ) - ( 3.4.17 ) are true when A, B,C, D are replaced
by w11, puay, u_lulg and uog respectively.

Proof : We check some of the relations ( 3.4.1) - ( 3.4.17 by using the facts that D,
is a central element of U,,(2), r(u;;) = uj; ((1.2.8) ), Proposition 1.2.26, the equations
(1.2.2)-(1.2.7) and ( 1.2.9 ). The proofs of the others are exactly similar.

Proof for ( 3.4.1 ) that is, uy1*ui + (u  uin)(p tuge)” = 1.

wiunn + p tuauly = ug D) tuny + p P ugs(—pus D))
= (ugu1y — p~ tuigun) Dt = DDt =
Proof for ( 3.4.2 ) that is, uj,u1; —|—,u2(u*1u12)(,u*1u12)*—((,uugl)*,uum +ugouby) = 0.
uiruny 4 g7 (" ua2) (T tng) " — ()" gt + ugaus,)
= K(u1r)urr + urak(ugr) — (p°K(ur2)ugr + uzak(uaz))
= (ugaunn — purgugr) Dyt — (—purgugy + ugaun) D!

= 0.
Proof for ( 3.4.6 ) that is, p2ugiub, + pugeuly — p2.1 = 0.

2 * 2 * 2
W U1 Uy + 1 U22ugy — 7.1

= p*(ug1k(ur2) + ugak(uga) — 1)

= 12 (ug (—p I’LL12D )+U22U11D_1 -1)
= 12 ((ug2urr — p 1U21u12)D -1)

= u(D,D;' —1)

= 0.
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Proof for ( 3.4.7 ) that is, ugi1uj; + uuj, = 0.

U1UT| + U2UTo
= ug1k(u11) + ugak(u21)
= upugD, " — pusus D,
= (ugrugs — pugougr) Dt
= 0.

Proof for ( 3.4.9 ) that is, (1 — p?)ujyuiz — p?(udyus — ugouss) = 0.

(1= p®)ufpurs — p2 (uhpuos — ugousy)

= (1 — p?)r(ug)urz — p?(k(us2)uge — ugak(uzs))

= —pu(l = ) (unw2D, ) = p* (uiiuge Dt — uggui DY)
= —p[(1 = p?)(ugru12D;, ") — plugouin Dt — unuga D) )]
= —p[(1 = pP ugrwa D, — p(p™t = plurzuan D,

= —p(l — ) (w2 — wiguz) D,

= 0.

Proof for ( 3.4.10 ) that is, ujyuge — pugui, = 0.

* *
UoU22 — HU2U o
= r(ug1)uge — pugak(ug)
— 2 D*l D*l
= puul/, — puiuzl/,
-1
= p(pugaugr — u21ug2)D,

= 0.
Proof for ( 3.4.11 ) that is, —pui1uiy + pugiusy — p?ubgtisr + ujsury = 0.

— U Uy + U1 UGy — M2U§2U21 + ujgu11
= —purik(ugt) + pugik(u) — pk(ugz)usr + K(uzt)uit
= —pun (—puoa1 DY) + pugy (unn DY) — pluniust Dt — pugyugn D!
= pP(urrugr — uiugy) Dyt + pu(ugruny — uguny) Dyt

= 0.
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Proof for ( 3.4.17 ) that is, ugjuss — p(p ™ ute) pusr = ugsury — p~(pur ) (p™turs).
U1U2 — M(M_luu)uum — u20u1] + M_l(uum)(u_luw)
= Ul1U22 — HUI2U1 — U2U11 + ,U_1U21U12

= 0.
g

Lemma 3.4.10. There is a C* action ¥ of U,(2) on SU,(2) such that (U,(2),¥) is
an object of Obj(a) and WV is given by :

V() =a®ui +v" @ pug,

U(v) = a®p turg + 7" @ ugs.

Proof : The homomorphism conditions are exactly the conditions ( 3.4.1 ) - ( 3.4.17
) with A, B, C, D replaced by u11, pusi, ,u_1u12 and wuog respectively which are true by
Lemma 3.4.9.

Clearly, ¥ keeps Vj{;z
It follows from Lemma 3.4.1 that (U,(2), ¥) is an object of C.

invariant and the corresponding representation is a unitary.

a

Corollary 3.4.11. There exists a surjective CQG morphism from Q to Uu(2) sending
A, uC, ;le, and D to uy1,u12,u21 and uge Tespectively.

Theorem 3.4.12. We have Q = U,(2) and hence QISOT (D) = U,(2) * C(T).

Proof : The first part follows from Lemma 3.4.8 and Corollary 3.4.11 and the second
part follows from Theorem 3.2.22. O

3.4.2 A commutative example : spectral triple on T?

We consider the spectral triple (A%, H, D) on T2 given by A* = C*°(T?), H = L*(T?*)®
0 di + ids

dy — idy 0 ’

where we view C(T?) as the universal C* algebra generated by two commuting

L?(T?) and D =

unitaries U and V, and d; and dy are derivations on A defined by :

d(U) = U, dy(V) =0, do(U) =0, do(V) = V. (3.4.21)
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The vectors e; = (1, 0) and ex = (0, 1) form an orthonormal basis of the eigenspace
corresponding to the eigenvalue zero.

The Laplacian in the sense of chapter 2 exists in this case, and is given by
LU™V™) = —(m? +n?)U™V"™. We recall that we denote the quantum isometry group
from the Laplacian £ in the sense of [30] by QISO*P.

Lemma 3.4.13. Let (Q, W) be an object of Q' (D). Then the x-homomorphism a = ayy

must be of the following form:

aU)=U® 2, (3.4.22)
a(V)=V Q 2z, (3.4.23)
where z1, z2 are two commuting unitaries.

Proof: We denote the the maximal Woronowicz C* subalgebra of Q which acts on
C(T?) faithfully by Q.

We observe that D?(ae;) = L(a)e; for i = 1,2. Now, W commutes with D implies
that W commutes with D? as well. Using this, we can show that (£ ® id)a(a)e; =
al(a)e;, i = 1,2. As the pair {ey, ea} is together separating for C(T?), we conclude that
« commutes with the Laplacian £. Therefore, Q is a quantum subgroup of QISO*P.
From Theorem 2.2.17, we conclude that QI.SO*P = C(T? ><I(Z3 >1Z5)). Thus Q must
be of the form C(G) for a classical subgroup G of the orientation preserving isometry
group of T2, which is T? itself and whose (co )action is given by U — U ® U and
V=VaV O

—~— +
Theorem 3.4.14. The universal CQG QISO (C°°(T?),H, D) exists and is isomorphic
with C(T?) * C(T) = C*(Z* x Z) (as a CQG). Moreover, QISO™ of this spectral triple
is isomorphic with C(T?).

Proof: Let (Q, W) be an object in Q'(D) as in Lemma 3.4.13. Since {ey, es} is an
orthonormal basis for an eigenspace of D, we must have

Wi(e1) = e1 ®qu +e2 @ qua, (3.4.24)

Wi(e2) = e1 ® g1 + 2 ® g2, (3.4.25)

for some ¢;; in Q.

We now make use of the equation (D ® id)W(Ue; ® 1) = W(D ®id)(Ue; ® 1). Let
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z1, Z9 are as in Lemma 3.4.13. We compute

(D ®id)W(Ue; 1)
= (D ®id)(a(U)W(e1 ®1))
= (D®id)(U® 21)(e1 ® q11 + €2 ® q12)
= (D®id)(Uey ® z1q11 + Uez @ 21q12)

= Uea® z1q11 + Ue1 @ z1q12.

On the other hand,

W(D®id)(Ue, ® 1)
= W(Uer®1)
= WUIW* W (e 1)
= a(U)W(eQ ® 1)
= (U®z1)(e1®qa1 +e2 @ qo2)

= Ue1 ® z1q21 + Uea ® 2z1g22.

By comparing coefficients of Ue; and Ueg in the both sides of the equality (D ®
id)W(Uey) = WDUe;, we have,
21q12 = 21421 (3.4.26)

and

21911 = 21422 (3.4.27)

Since z; is a unitary, we have g11 = goo and q12 = ¢21.

Similarly, from the relation (D ® )W (Ve;) = WDVe;, we have q12 = —q21,q22 =
q11-

By the above two sets of relations, we obtain :

q12 = q21 =0, q11 = q22 = q ( say ).

q11 412 ~

But the matrix is a unitary in M>(Q), so ¢ is a unitary.

21 422
Moreover, we note that W (ae;) = a(a)W(e;) for all a in C*°(T?). Using Lemma

3.4.13 and the above observations, we deduce that any CQG which has a unitary repre-
sentation commuting with the Dirac operator is a quantum subgroup of C(T?) * C(T).

On the other hand, C(T?) * C(T) has a unitary representation commuting with D,
given by the formulae ( 3.4.22 ) - ( 3.4.25 ) taking ¢12 = g21 = 0, q11 = ¢22 = ¢’ where
q' is the generator of C(T) and 21,22 to be the generator of C(T?). This completes the
proof. O
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Remark 3.4.15. The canonical grading on C(T?) is given by the operator (id ® ) on
1
-1 0
The representation of C(T?)* C(T) clearly commutes with the grading operator and
hence is isomorphic with CjI\STD(C(TQ), L*(T? ® C?), D, ).

L?(T? ® C?) where v is the matriz

Remark 3.4.16. This example/g@ws that the conditions of Theorem 3.2.22 are not
necessary for the existence of QISO™.

3.5 QISO™ for zero dimensional manifolds

3.5.1 Inductive limit construction for quantum isometry groups

In this section we use the limiting construction for an inductive system of compact
quantum groups ( Lemma 1.2.25 ) and give an application for quantum isometry groups
which is fundamental for the results of the next section.

The next theorem connects the inductive construction done in Lemma 1.2.25 with

some specific quantum isometry groups.

Theorem 3.5.1. Suppose that A is a C*-algebra acting on a Hilbert space H and that
D is a (densely defined) self adjoint operator on H with compact resolvent, such that
D has a one-dimensional eigenspace spanned by a vector & which is cyclic and separat-
ing for A. Let (AS°)nenv be an increasing net of a unital *-subalgebras of A and put
A® = U e AY - Suppose that A is dense in A and that for each a € A> the commu-
tator [D, a] is densely defined and bounded. Additionally put H, = AXE, let P, denote
the orthogonal projection on H, and assume that each P, commutes with D. Then
each (AS°, Hyn, Dly,,) is a spectral triple satisfying the conditions of Theorem 3.2.13,
there exist natural compatible CQG morphisms T, : Q%*(Aﬁ,Hm,Dmm) —

QISO™ (AL, Hy, Dly,) (n,m € IN,m < n) and

QISO™ (A%, M, D) = lm QISO™ (AT, Hy, Dlr,).

Similar conclusions hold if we replace everywhere above QISO™ by QISO™T.

Proof: We prove the assertion corresponding to QISO™ OElX,/SiDCG the proof for
QISO™ follows by very similar arguments. Let us denote QISO™ (A, H,,, D,,) by
S, and the corresponding unitary representation (in H,) by U,. Let us denote the
category of compact quantum groups acting by orientation preserving isometries on
(A Hy, D|y, ) and (A, H, D) respectively by Qn and Q.
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Since Uy, is a unitary which commutes with D,, = D|y, and hence preserves the
eigenspaces of D,,, it restricts to a unitary representation of S, on each H,, for m < n.
In other words, (Sp,Unln,,) € Obj(Qm), and by the universality of Sy, there exists a
compact quantum group morphism, say, T, n : Sy, — Sy, such that (id ® 7w, n) U |#,, =
Un‘Hm'

Let p < m < n. Then we have (id ® T nTpm)Uplr, = Unln,. It follows by the
uniqueness of the map m,,, that 7, = T, pTpm, that is (S, )nen forms an inductive
system of compact quantum groups satisfying the assumptions of Lemma 1.2.25. Denote
by S the inductive limit CQG obtained in that lemma, with 7, o : S, — & denoting
the corresponding CQG morphisms. The family of formulas Uy, = (id ® my,00) 0 Up,
combine to define a unitary representation U of S, on H. It is also easy to see from
the construction that U commutes with D. This means that (/S\O‘i’/ U) € Obj(Q), hence
there exists a unique surjective CQG morphism from S := QISO™"(A®,H, D) to Suo
identifying Soc as a quantum subgroup of S.

The proof will now be complete if we can show that there is a surjective CQG
morphism in the reverse direction, identifying S as a quantum subgroup of S,.. This
can be deduced from Lemma 1.2.25 by using the universality propertlgf/the inductive
limit. Indeed, for each n € IN the unitary representation, say Vj,, of QISO™(A>,'H, D)
restricts to H,, a/n_(iﬁommutes with D on that subspace, thus inducing a CQG morphism
pn from S, = QISOT (A H,, D,,) into S. The family of morphisms (py,)nen satisfies
the compatibility conditions required in Lemma 1.2.25. It remains to show that the
induced CQG morphi%o from S into § is surjective. By the faithfulness of the
representation V of QISOT(A*,'H, D), we know that the span of matrix elements
corresponding to all V,, forms a norm-dense subset of S. As the range of p,, contains the
matrix elements corresponding to V,, = Vs, , the proof of surjectivity of p is finished.

O

The assumptions of the theorem might seem very restrictive. In the next section
however we will describe a natural family of spectral triples on AF-algebras, constructed

n [16], for which we have exactly the situation as above.

3.5.2 Quantum isometry groups for spectral triples on AF algebras

We first recall the construction of natural spectral triples on AF algebras due to
E. Christensen and C.Ivan ( [16] ). Let A be a unital AF' C*-algebra, the norm closure
of an increasing sequence (Ay)ncn of finite dimensional C*-algebras. We always put
Ag = Cly, A* = U2, A, and assume that the unit in each A, is the unit of A.
Suppose that A is acting on a Hilbert space H and that £ € H is a separating and

cyclic unit vector for A. Let P, denote the orthogonal projection onto the subspace
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Hy = Ay of H and write Qo = Py = Pc¢, Qn = P, — Po—1 for n € IN. There exists a
(strictly increasing) sequence of real numbers (o, )22 ; such that the self adjoint operator
D =3, cnonQy yields a spectral triple (A, H, D). Due to the existence of a cyclic
and separating vector the quantum group of orientation preserving isometries exists by
Theorem 3.2.22.

In [16], the following fact was also observed:

o0

Proposition 3.5.2. If A is infinite-dimensional and p > 0 then one can choose ()0

i such a way that the spectral triple is p-summable. For this reasons, the spectral triple

should be thought of as 0-dimensional noncommutative manifolds.

Note that for each n € IN by restricting we obtain a (finite-dimensional) spec-
tral triple (A,, Hpn, D|x, ). As we are precisely in the framework of Theorem 3.5.1,
to compute QISOT(A>®,H, D) we need to understand the quantum isometry groups
QISOY (A, Hy, D|y,) and embeddings relating them. To simplify the notation we
will write S, := QISO™ (A, Hp, D|n,,)-

We begin with some general observations.

Lemma 3.5.3. Let QU 4, . denote the universal quantum group acting on A, and
preserving the (faithful) state on A, given by vector £ (see [60]). There exists a CQG
morphism from QU A, . to Sp.

Proof: The proof is based on considering the spectral triple given by (A, Hn, D)),
where D!, = P,—P,. Tt is then easy to see that QSO (A,,, H,,, D},) is isomorphic to the
universal compact quantum group acting on A,, and preserving w¢. On the other hand
universality assures the existence of the CQG morphism from QISO™ (A, Hy, D)) to
Sp. O

Lemma 3.5.4. Assume that each A, is commutative, A, = C*¥, n € IN. There exists
a CQG morphism from QUy, to S, , where QUy, denotes the universal quantum group
acting on ky, points ( [60]).

Proof: We observe that for any measure p on the set {1,...,k,} which has full
support there is a natural CQG morphism from QUy, to QUck, ,. In case when p is
uniformly distributed, we simply have QZ/IC;% u= QU , as follows from Lemma 1.2.33.

Od

Let oy, : Ay, — A, ® Sy, denote the universal action (on the n-th level). Then we
have the following important property, being the direct consequence of the Theorem
3.5.1. We have

ant1(Ay) C Ay @ Sptr (3.5.1)
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(where we identified A,, with a subalgebra of A,,;1) and S, is generated exactly by these
coefficients of S,,+1 which appear in the image of A4,, under a,,41. This in conjunction
with the previous lemma suggests the strategy for computing relevant quantum isometry
groups inductively. Suppose that we have determined the generators of S,,. Then &1
is generated by generators of S, and these of the QU 4, .., with the only additional
relations provided by the equation ( 3.5.1 ).

This will be used below to determine the concrete form of relations determining S,
for the commutative AF algebras.

Before stating the next result, we fix some notations. Let A, be a sequence of
commutative finite dimensional C* algebras as above. Let A,, = C(X,,) where X,, =
{z1,x2, ..., Ty }. Dualizing the embedding from A,, to A,,11, there is a surjective map,
say fnt1n from X, 11 to X,. Let [; denote the cardinality of the set {z € X,1; :
fnt+1n(z) = 2;}. Thus the embedding of A, into A, is determined by the sequence
{l; - i =1,2,...,m}. We note that the cardinality of X, equals Y ;" l;. Moreover, a
basis of Ay,41 is given by {e;,, : 7 € {1,2,...[;}} where ¢;,, is the indicator function
of an element y of X, such that f,41,(y) = x; and y is the r; th element in X,
belonging to fn_iln{azz}

Lemma 3.5.5. Let A be a commutative AF algebra. Suppose that A, is isomorphic
to C™ and the embedding of A, into An41 is given by a sequence (1;)!,. Let m' =
Yoty li. Suppose that the ‘copy’ of QU in Sy is gwen by the family of projections
aij (14,7 € {1,...m} ) and that the ‘copy’ of QU in Spi1 is given by the family of
projections a(; . (j.s;) (i,j € {1,...,m}, ry € {1,...,;}, s; € {1,...,1;}). Then the

formula ( 8.5.1 ) is equivalent to the following system of equalities:

li
Q5 = Z Q(ir:),(j,55) (3.5.2)

7‘1':1
foreachi,je{l,...,m},s; € {1,...,};}.

Proof: We have (for the universal action o : A, — A, @ Sy,)

m
&) =) & @ay,
j=1
where by e; we denote the image of the basis vector e¢; € A, in A,41. As €; =
l.
> =1 €(j,55)>

l;

i m
(@) =D aleir) =D DD sy © (i) Gisy):

’I‘i=1 7‘1'21 ]:1 S]'ZI
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On the other hand we have

m
O[(é;) = Z Z 6(j)5j) ® aivj’
j=1s;=1

and the comparison of the formulas above yields exactly ( 3.5.2 ). O

One can deduce from the above lemma the exact structure of generators and relations
between them for each §,, associated with a commutative AF algebra. To be precise, if
A, = CF» for some k,, € IN, then the quantum isometry group S,, is generated as a unital
C*-algebra by the family of self adjoint projections ;' {aqa, 3, : @i, = 1, k;}
such that for each fixed i = 1,...,n the family {a(, 3, @ @i, B = 1, , k;} satisfies

the relations of QU and the additional relations between A(ay,5;) and a ) for

iy1,Bi41
i €{l,...,n— 1} are given by the formulas ( 3.5.2 ), after suitable reinterpretation of

indices according to the multiplicities in the embedding of C* into CFi+1.



Chapter 4

Quantum isometry groups for

Rieffel deformed manifolds

In this chapter, we give a general scheme for computing QI.SO* and QI SOE by proving

that QISO¥*, ( respectively QIS OE ) of a deformed noncommutative manifold coincides

with (under reasonable assumptions) a similar deformation of QISO*, ( respectively

QISO0}, ) of the original manifold.

4.1 Deformation of spectral triple

We recall from Chapter 1 the generalities of CQG s and Hopf algebras, in particular,
the dense unital Hopf #-subalgebra Sy of a CQG S generated by the matrix elements
of the irreducible unitary representations, the Sweedler convention for CQG action, as
well as the convolutions f <e¢, ¢ f and f ¢ g for functionals f,g on S and ¢ in S.
Moreover, given an action 7 : B — B ® S of the compact quantum group (S, A) on a
unital C*-algebra A, the dense, unital x-subalgebra of A on which v becomes an action
by the Hopf x-algebra Sy is going to be denoted by Aj.

A word of caution: The algebra Ag should not be confused with the Rieffel deformed
C* algebra Aj; in the case J = 0, for which we simply write A.

Let (S,As) be a compact quantum group. We also adopt the convention of calling
a vector space M an S co-module if it is an algebraic Sg co-module in the sense of
definition 1.2.13.

Before introducing the set up in which we are going to work, we prove the following

well known fact for the sake of completeness.

Proposition 4.1.1. Let E be a Banach space and G a second countable Lie group with

a strongly continuous action o on E such that ||og(z)|| = ||z|| for all g in G and for all

109
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xz in E. Then E* ={e € E: g — a4(e) is C*} is norm dense in A.

Proof: For a compactly supported continuous function f on G and a in E, we will
denote by a(f)(a) the norm convergent integral [, f(h)a ( )dh where dh denotes a left
invariant Haar measure on G. Then, it can be seen that a4 (a = [ f(g7 h)ap(a)dh.
Thus, for f in CX°(G), a(f)(a) is in E*°. Now, for any € > 0, we choose a small enough
neighbourhood U of identity of G, such that ||a4(a) —al| < € for all g in U. Next, we
choose f in C°(G) with f >0, [, fdh =1 and supp(f) C U. Then,

le(f)(a) = all

9)ay(a dg—a/f dg“

- “Lf@ﬂ%mw—aM4

gtéf@nmaw—amm
< €
This shows that E°° is dense in FE. O

Lemma 4.1.2. Let A be a C* algebra with a strongly continuous action o of G as
above. Then A is closed under holomorphic functional calculus. Let ¢ be a positive

linear map from A to another C* algebra B. Then, for any self adjoint element x in

o)l < [zl ¢(1).

Proof: The first fact is quite well known. We refer to [52] for a proof. For the second
part, let = be a self adjoint element of A*°. Then, y = (1 + ¢€) ||z|| — = is a positive
and invertible element ( since its spectrum does not contain zero ) of A*°, which being
closed under holomorphic functional calculus, is closed under taking square root of an
invertible element. Thus, y% belongs to A% and therefore ¢(y) = qﬁ((y%)*y%) > 0. This

proves the Lemma. O

Let (A, T™, 3) be a C* dynamical system, that is, A is endowed with a strongly
continuous action of T™ by * automorphisms. Moreover, my : A — B(H) be a faithful
representation, where H is a separable Hilbert space.

Let A* be the smooth algebra corresponding to the T" action .

Assume now that we are given a spectral triple (A>, m, H, D) of compact type.
Suppose that D has eigenvalues {\g, A1, ......... } and V; denotes the (finite dimensional)
eigenspace of \; and let Sy denote the linear span of {V;: ¢ =0,1,2,..}.

Suppose, furthermore, that there exists a compact abelian Lie group 11‘7‘, with a

covering map -y : T» — T". The Lie algebra of both T™ and T" are isomorphic with
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R™ and we denote by e and € respectively the corresponding exponential maps, so that
e(u) = e(2miu),u € R™ and 7y(e(u)) = e(u). By a slight abuse of notation we shall
denote the R"-action () by Su.

Assumption:
There exists a strongly continuous unitary representation Vj; , g € T" of T on H such
that
(a) V3D = DVj for all g,
(b) Vamo(a)Vz ! = m0(By(a)), where a belongs to A, § belongs to T", and g = v(9).-

We shall now show that we can ‘deform’ the given spectral triple along the lines
of [19]. For each J, the map 7; : A* — Lin(H*°) (where H> is the smooth subspace
corresponding to the representation V' and Lin(V) denotes the space of linear maps on

a vector space V) defined by
mr(a)s=a xXjs:= //ﬁju(a)gv(s)e(u.v)dudv

extends to a x-representation of the C*-algebra A* in B(H) where By = V) ( which
clearly maps H* into H>).

We can extend the action of T™ on the C* subalgebra A; of B(H) generated by
mo(A), {€P : t € R} and elements of the form {[D,a] : a € A®} by B,(X) = VX V5!
for all X in A; where by an abuse of notation, we denote the action by the same symbol
B. Let A$° denote the smooth vectors of A; with respect to this action. We note that
for all a in A$°, [D,a] belongs to A.

Lemma 4.1.3. [ is a strongly continuous action (in the C*-sense) of T™ on A1 and
hence for all X in A1°°, w;(X) defined by

1005 = [ [ Bu(0B(s)elu)dudo

is a bounded operator.

Proof: We note that 3 is already strongly continuous on the C* algebra generated
by mo(A), {eP :t € R}. Thus it suffices to check the statement for elements of the
form [D, a] where a belongs to A°.

To this end, fix any one parameter subgroup g; of T™ such that g; goes to the
identity of T" as t — 0. Let T7, Tt denote the group of normal *-automorphisms on
B(H) defined by T}(X) = Vg X V-1 and Ty(X) = etP X e~ D Asg Vg, and D commute,
so do the generators of T} and T; . In particular, each of these generators leave the
domain of the other invariant. Note also that A% is in the domain of the both the

generators, and the generator of ft is given by [D, -] there. Thus, for a in A*°, we have
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a, [D,a] belong to Dom(Z) (where = is the generator of 7)), and Z([D, a]) = [D, Z(a)]
belongs to B(H).

Using this, we obtain
|74(1D.al) - D.al]| = | TUE(D.al))ds < t]E(D,a)].
0

The required strong continuity follows from this. Then applying Proposition 1.3.5 to
the C* algebra A; and the action 3, we deduce that 7 ;(X) is a bounded operator. O

Lemma 4.1.4. For each J, (AY, 77, H, D) is a spectral triple, that is, [D, 7 (a)] belongs
to B(H) for all a in AF.

Proof: [D,m(a)](s) = foﬁju(a) (s)e(uv)dudv — [ [ Bru(a ﬁv(Ds) (u.v)dudv.
Using ( 1.3.1 ) and closability of D, we have

D [ [ Bru(a)Bo(s)e(wv)dudv = [ [ D(Byu(a)Bu(s))e(u.v)dudv.

As D commutes with V, the above expression equals

/ / D(Byu(a) By (5))e () dudy — / / B7u(a) DBa(3)e(uv)duds.

So we have

Ders@ls) = [ [ 1D frula))Bis)eluv)dudo

_ //v (D, a Vo=~ (5)e(u.v) dudv
— (D, a)),

which is a bounded operator by Lemma 4.1.3. O

4.2 Some preparatory results

In this section, we prove some preparatory results which will be needed in the next two
sections. Let T", ﬁ, 0, B,'y be as in the previous subsection. By abuse of notation,
we will use the symbols § and B for the corresponding comodule maps also. Let ~v*, v,
be the canonical maps induced by v from C(T") — C’(’]I‘N”) and Lie(ﬁ) — Lie(T™)
respectively. Moreover, from now on, we will identify A5° with 7;(A*) and often write
mo(a) simply as a.

Assumption
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2a. Let (é, A) be a CQG and Q a Woronowicz C* subalgebra of @ Let there exist
unital x-subalgebra Ay C A, which is norm dense in every Az, such that « is an action
a(mp(Ap)) € mo(Ag) ® Qp. Let Sy be a vector subspace of H ( not necessarily closed )
such that there is a map a : Sp — Sp ®qig /Q\B making it into an algebraic @B co module.
Moreover, (id ® m5)a = 3.
2b. C(T") is a quantum subgroup of Q, the quotient map being denoted by TS
2c. a(as) = a(a)a(s) for a in Ay, sin Sp.

We recall that we shall denote by n the canonical homomorphism from R” to T™ given
by n(x1, za, ...... ;Tn) = (e(r1), e(72), ..., e(zy)). Moreover, we define Q(u) := eve,)omg,
Qu) = eVg(u) © TG, for u in R", where ev, (respectively evs ) denotes the state on
c(T™) ( respectlvely, on C(T™) ) obtained by evaluation of a function at the point
(respectively Z).

We now make some observations.

Lemma 4.2.1. 1. From assumption 2c., it follows that adgz = «.
2. <~1d ® Wé)adﬂsa) = adg.
3. By = (id ® Q(x))a.
4. Bz = (1d @ Q(z))a.
5 ()1 omg is a surjective C* homomorphism from Q to C(T") identifying C(T")

as a quantum subgroup of Q.

Proof : By using ( 1.2.1 ), we have

o
[oN
N
—~
S
S~—
V)

®id)a ' (s)
®id)(s(1) ® K(5(2))

Il
Q

= oala

Il
N

a(a
a(a
alas(ry) @ k(s())
(a)a(sq)) @ k(s(2)
(

(

(

I
Q

I
e

a )(id ® K)a(s)

® id
= a(e)(@®id)(@ ! ®id)(s)

(@
(

|
Q

)a
)
)
a)s,

where we have used Sweedler notations. This proves 1.
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2. follows from 1. and the fact that TS is a homomorphism.

Be(h)
= B(h)(@(x)) = (id ® TQ)a(h)(&(x)) = (id ® eve(u)To)a(h)
= (id @ Q(z))a(h).

Therefore, 3, = (id ® Q(z))a. Similarly, 4. follows from 2.

We now prove 5. Let us denote by v* the dual map of v, so that v* : C(T") — C(’f")
is an injective C*-homomorphism. It is quite clear that (id®m5)oa(Ag) C Im(id®~"),
hence it follows that 75(Qo) € Im(v*). Thus, T := (v)"to T5 is a surjective CQG
morphism from Q to C' (']I‘”), which identifies C'(T™) as a quantum subgroup of Q. O

For a fixed J, we shall work with several multiplications on the vector space Ag ®alg
Q. We shall denote the counit and antipode of ’Qvo by € and k respectively. Let us

define the following operation :
rOY = / e(—u.v)e(w.s)(Q—Ju) az > (QJw)))(Q(—v) <y > Qs))dudvdwds,
R4n

where z,y belong to va(). Then © is a bilinear maps, and will be seen to be associative

multiplication later on.

We note that when z is in Qq, f in C(T™), v*(f)(e(u) = f(y(e(u)) = fle(ye(u))) =
f(e(u)) ( as v is a covering map ). Using this, we have

(Q(u) ®id)A(x)
= (evgmg ®id)A(z)
(eve(u)y ™ mo ® id)A(x)
(as v'mg =7mg5)
= (evewmo ®id)A(x)
(©(u) ®id)A(z)

and thus when x belongs to Qy,
(Qu) ®id)A(z) = (Qu) @ id)A(z). (4.2.1)

Moreover, we define bilinear maps e, e, by setting (a @ x) e (bR y) = ab@ x ©®
y, (a®z)e; (b@y):=(ax;b)® (xOy), for a,bin Ay, z,y in Qp.



115 Some preparatory results

Lemma 4.2.2. For x in QB, we have
Q(u) < (Qv) <z) = (Qu) o Qv)) < 2.
For x in Qpy, we have
Qu) <9 (Qv) <x) = (Qu) o Q(v)) <z.
Proof : We will denote by Az the coproduct on C' (ﬁ), hence, we have

Moreover, we note that as T" is a commutative group, f ¢ g = g f for any two
functionals f and g on C(T").

Qu) < (Qv) <x)

= (Qu) ®id)A(Q@) <z)

= (Qu) ®id)AQV)(z)-7 ()

= (Qu) @id)A(z2)v)(z (1)

= (Qv) ® u) ®id)(zq) ® T(2)(1) @ T(2)(2))
= (Q0) ® Qu) ®id)((id @ A)A(z))

= (Q0) ®Qu) ®id) (A ®@id)A(z))

= (Qv) ® Qw)A(z(1)) ® (3

= (evy) ® evn(u))(ﬂé ® W@)A(ﬂj(l)) ® 2(2),

The second part follows from this and using ( 4.2.1 ). 0
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Lemma 4.2.3. The map © satisfies

/R (@) <) © (@) ay)e(u.v)dudy = / (25 (O Ju))(y > O(v))e(uv)dudo,

R2n

for x,y in é;). When x,y are in Qp, we have

/ (Q(Ju)<az) ® (Qv) <y)e(u.v)dudv = / (x> (Q(Ju)))(y> Q2(v))e(u.v)dudv.
R27 R2n

Proof : The expression in the left hand side equals

[ @) )0 @) <yetul '

_ / / —ww)e(w.s) (Q(—Ju) < Q) ax) > O Jw))
R2n R4n
)< () ay) > Qs)) dudvdwdste(u v")du'dv’
= /R% (@(J(u —w))<az) > QJw)) QW —v) <y >Q(s))
e(u' v )e(—u.v)e(w.s)dudvdwdsdu'dv’

= / e(w.s)dwds{ e(u' v )e(—u.v)dudvdu'dv’
R2n R4n

QI = u)) a2) (" = v) ays)},

where 2, = 2> Q(Jw),ys = y > Qs).

The proof of the lemma will be complete if we show
/ e(u ) e(—uv) QI (W — 1)) < 2,) Q0 — v) <ys)dudvdu!dv’ = x.ys.
R4n

By changing variable in the above integral, with 2 = v/ — u,t = v/ — v, it becomes
Jran e (—u v) ((u + 2).(v+1)d(z, t)dudvdzdt
= [pan 02, t)e(ut + z.v)e(z.t)dudvdzdt, where

¢(2,1) = (I (2)) <2w) (Q(t) < ys)-

By taking (z,t) = X, (v,u) =Y, and F(X) = ¢(z,t)e(z.t), the integral can be written

as
// e(X.Y)dXdY

F(0 ) ( by Proposition 1.3.1)
= (QJ(0)) a2,)(2(0) 2 s)

= ZTw-Ys,
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since

Q(J(0)) Qzw = (evy)Tg ®id)A(zw) = (€ © 75 ® id)A(zy) = (e @ id)A(zw) = Tu

and similarly (NZ(O) dYs = ys, where ez denotes the counit of the quantum group C (T”)
This proves the claim and hence the first part of the Lemma. The second part
follows from this and ( 4.2.1 ). O

Lemma 4.2.4. We have for a in Ay, s in Sp,

a(Bu(s)) = sy © (id ® Qu))(A(s(2))), (4.2.3)

a(Bu(a)) = a@y @ (id ® Q(u))(A(a()))- (4.2.4)

Proof : B, = (id ® ev, o T)a. We have

Bu(s)

This gives,

(Bu(s))

= a(s1)QUu)(5(2)

(id @ id ® Q(u))(@(s(1)) © 5(2))
= (d®ide Qu))((@@id)a(s))

(id ® id @ Q(u))((id @ A)a(s))
= 5 (1d®Q(u))A( ))-

Proceeding in a similar way, we obtain 3,(a) = a(1)(€2(u))(a)) for all a in Ay and
hence a(fy(a)) = ay ® (id @ Q(u))(A(a(g))) for all a in Ay. O

Lemma 4.2.5. For all s in Sy, a in Ay, we have

alaxys)) = // a@) > Q(Ju))(s@2) > Q(v))e(u.v)dudv). (4.2.5)
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For a,b in Ay, we have

afa xyb)=ag // a) > Q(Ju))(b) > Qv))e(u.v)dudv). (4.2.6)

Proof : Using the notations and definitions in section 1.3, we note that for any
f : R?2 — C belonging to IB(R?) and fixed = in E( where E is a Banach algebra ), the
function F(u,v) = zf(u,v) belongs to B (R?) and we have

x(//fuv (u.v)dudv)

= hmZ//fqﬁp w, v)e(u.v)dudv)

peL

= hmZ// (fop) (u, v)e(u.v)dudv)

peL

_ / / 2 F(u,v)e(wv)dud.

Then,

ala Xy s)

_ //m VBo(5)e(u.v)dudv)

_ / / 2)501) (C20)) (52 e (1w.v)dudv)
_ s / / (Ju)) 0)) (52 e(wv)dudv)

_ / / (Ju)) 0)) (s2)Jelu.v)dudv

by assumption 2.c )

- // )&(8(1))(ﬁ(v))(s(z))e(u.v)dudv

= //a a)Q(Ju)(ae)))a(sq)Q(v)(se)))e(w.v)dudv

= // (Bu())a(By(s))e(u.v)dudv

- / [ (e © (48 200 Aae)) o0 © (14 @A) (Als)
(u.v)dudv

( using Lemma 4.2.4)

= a@)s 1)®// ae)y > Q(Ju))(s2) DQ( ))e(u.v)dudv.
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Lemma 4.2.6. For s in Sy, a in Ag,

a(a) ey als) = a()s( // (Ju) <a)) ® (Qv) < 5(2))e(u.v)dudv. (4.2.7)

For a,b in A,

a(a) o7 a(b) = apybay @ { / / (QTu) dag) © (Qv) by e(uv)dudo}.  (4.2.8)

Proof : We have

afa) e a(s)
= (ap) ®ag)) ey (51) @ 5(2))
= aq) XJs) (am) © 5(2))

— //ﬂJu Bl ) (u.v)dudv ® (a(g) ® 5(2)).
Let € be the counit of Q. So we have (id ® €)a = id and (id ® €)a = id. This gives,

.JO[

/ / (id ® e)a(Brulany))(id @ €)a(Bo(sq))e(u.v)dudv @ (a@) © s2).

Note that by Lemma 4.2.4, [ [(id ® €)(a(Bsu(aq)))(id ® €)(@(Bu(sq))))
e(u.v)dudv
= [ [(d®&)(ayn) ® (id ® QJu))(Alanyx))(id © €)(s0)0) @ (id®
Q(U))(A(S(l)( )))) e(u.v)dudv

= [ J(id ® €)(a@)m) @ (a@y@) > QJu))(id @ €)(51)1) @ (501)(2) > 2(v)))e(u.v)
dudv

= [ [amywsomoelan e DQ(Ju)) e(s(1)(2) > Qv))e(uv)dudv.
Using the fact that foe=¢co f = f for any functional on Qp, one has €(a(1)2) >
Q(Ju)) = QJu)(a)(2)) and €(s(1)(2 )DQ( v)) = Q(v)(s(l)( ), from which it follows that

a(a) e afs)

// (Ju)( ( )(5(1)(2))e(u.v)dudv & (a(g) ® 8(2))

//(id ®Q(Ju) @ id)(a(l)(l) ® a(y2) ® a(z)) o (id® (Z(v) & id)(s(l)(l) X

s(1y(2) ® 8(2))e(u.v)dudv
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= //(id ® Q(Ju) @id)(a) @ Aagg))) @ (id @ (ﬁ(v) ®id))(s1) ® A(s(2)))

(u.v)dudv
= //{a Q(Ju) ®id)Ala))}  {s1) @ (Qv) @ id)A(s2) Ye(u.v)dudv

= apys © / / (Ju) ® id)A(a2)) © (@(v) © id))A(s(a))e(ow.0)dudv
( by (4.2.1))

= aw)su) ® / /(Q(JU) 4 0(2)) O] (ﬁ(v) < 5(2))6(u.v)dudv7

where we have used the relation (o ® id)a = (id ® A)a to get agy1) ® agy2) ® agg) =
a1y ® A(CL(Q)) and similarly S(1)(1) ® S(1)(2) ® S(2) = 5(1) @ A(S(g)) a

Combining Lemma 4.2.3, Lemma 4.2.5 and Lemma 4.2.6, we conclude the following.
Lemma 4.2.7. For a in Ay, s in Sy, we have
ala) ey a(s) =ala X7 s). (4.2.9)

For a,b in Ay, we have
ala) ey a(b) = ala x;b). (4.2.10)

We shall now identify ® with the multiplication of a Rieffel-type deformation of
Q( 8) ). We discuss the case for @, that of @ being similar. Since O has a quantum
subgroup isomorphic with C' (ﬁ), we can consider the following canonical action y of
R2" on Q (asin ( 1.3.8 ) ) given by

X(s) = (Q=5) ®id)A(id ® Q(u))A.

Now, let Ji=—JaJ , which is a skew-symmetric 2n x 2n real matrix, so one can deform

8) by defining the product of x and y (z,y belonging to évg, say) to be the following:

[ Xt @oswle( (). (0,9, w)dw, )
We claim that this is nothing but ® introduced before.

Lemma 4.2.8.

rOy=xzx5y foralz,ye 50.
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Proof : Let us first observe that

X (u,w) (z)
= (QJu) ®id)A(d @ Q(Jw))A(z)

= Q(Ju)<z > QJw),
and similarly x(, ¢ (y) = Q(—v) <y Qs).
Thus, we have
rOyY
= / (QU=Ju) 9z > QJw))(Q—=v) ay > Q(s))e(—u.v)e(w.s)dudvdwds
R4n

- /R N (QJu) a2 > QUJw)) (Q(—v) gy > Qs))e(u v)e(w.s)du' dvdwds
- /R /R X ) (@)X wr) e (1, 0). (0, 8))dat, w)d (v, 5),
which proves the claim. O

Let us denote by é F (Q F ) the C* algebra obtained from @ ( @) by the Rieffel
deformation w.r.t. the matrix J described above. We recall from subsection 1.3.1 that
the coproduct A on 50 ( Qo ) extends to a coproduct for the deformed algebra as well
and (Q 74) ((Q57,4) ) is a compact quantum group.

4.3 QISO} of a Rieffel deformed noncommutative mani-
fold

4.3.1 Derivation of the result

In this subsection, our set up is as in section 4.1 so that we have spectral triples on A
for each J.

Lemma 4.3.1. Suppose that (@, U) belongs to Obj(Q(A, H, D)), and there exists a
unital *-subalgebra Ay C A which is norm dense in every Ay such that

ay(mo(Ao)) € mo(Ao) ®arg Qo, where Q C Q is the smallest Woronowicz C* subal-
gebra such that oy (Ag) C mo(Ag) ® Q, and Qy is the Hopf x-algebra obtained by matriz
coefficients of irreducible unitary (co)-representations of Q. Also, let Sy = span{as :
a € Ag,s € Spo}, Then we have the following:

(a) U(So) € So ®alg Qo.
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(b) a:=Uls, : So = So Qalg éo makes So an algebraic éo co-module, satisfying
a(m(a)s) = ap(a)a(s) for all a in Ay, s in Sp.

Moreover, zf(C(?,I‘Tl), V) is a sub object of Q in Q(A, H, D) such that V(.®id)V* = 8,
then C(T™) is a quantum subgroup of Q.

Proof: U commutes with D and hence preserves the eigenspaces of D which shows
that U preserves Sog. Then, U(as®1) = a(a)U(s®1) C (Ao® Qo)(Soo® Qo) € So® Op.
Thus, the first assertion follows.

The second assertion follows from the definition of & and . The third assertion

follows as in Lemma 4.2.1. O

Remark 4.3.2. From the definitions of Ay and Sy, it follows that
(i) m0(Ao)So € So,
(ii) By(Ao) C Ao for all g.

Let us now fix the object (Q,U) as in the statement of Lemma 4.3.1. We recall

that using the identification of Qg as a common vector-subspace of all Q-+, we shall

sometimes denote this identification map from Qg to Q5 by p. !

Let us consider the finite dimensional unitary representations U® := U lv;, where V;
is the eigenspace of D corresponding to the eigenvalue \;. By Corollary 1.3.14, we can
view U as a unitary representation of Q 7 as well, and let us denote it by Uy). In this
way, we obtain a unitary representation U; on the Hilbert space H, which is the closed
linear span of all the V;’s. It is obvious from the construction (and the fact that the
linear span of V;’s, that is Sp, is a core for D) that UyD = (D ® I)U;. Let aj := ay,.
With this, we have the following:

(a(@)s = (71 @ ps)(ala), hence in

Lemma 4.3.3. For a in Ay, we have aj(a) =
particular, for every state ¢ on Qz, (id ® ¢) o ay(Ay) C A7

Using the equation ( 4.2.9 ), we have for all s in Sp,a in Ay,

ay(a)Us(s)

= Us(ms(a)s)
= afaxys)

= afa)eyals)

= (a(a))sU,(s),
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from which we conclude by the density of Sy in H that ay(a) = (a(a))s belongs to
77(Ag) ® Q5. The lemma now follows using the norm-density of Ag in A;. O

Corollary 4.3.4. (éj, Uy) is an orientation preserving isometric action on the spectral
triple (AT, H, D).

We shall now show that if we fix a ‘volume-form’ in terms of an R-twisted structure,

then the ‘deformed’ action aj preserves it.

Lemma 4.3.5. Suppose, in addition to the set-up already assumed, that there is an
invertible positive operator R on 'H such that (A, H, D, R) is an R-twisted ©-summable
spectral triple, and let T be the corresponding ‘volume form’. Assume that ay preserves

the functional Tr. Then the action oy, preserves Tg too.

Proof : Let the (finite dimensional) eigenspace corresponding to the eigenvalue A, of
D be V,. As U commutes with D, there exists subspaces V;, ;, of V;, and an orthonormal
basis {e;-l’k}j for V;, , such that the restriction of U to V,, j, is irreducible. Write U (e?’k ®
1) =3, et ® ;. Then, ﬁ*(e;k) =3, emk @t

Then H will be decomposed as H = ®On>1, kVn k-

Let R(e n’) ZstF (i, 7,8, t)e}

By hypothesis, U(.®id)U* preserves the functional 7(-) = Tr(R -) on Ep where Ep
is as in Proposition 3.2.7, that is the weakly dense * subalgebra of B(H) generated by
the rank one operators |¢ >< 5| where &, 7 are eigenvectors of D. Thus, (7p®id)(U(X ®
id)U*) = 7r(X).1¢ for all X in &p.

Then, for a in £p, we have:

(R ® h)(Us(a @ 1)T3)
= Y (¢ eniae iR B 1)

n7i7j

- ¥ <ﬁj(e?7i®1),(a®1)~j(Fn(i,j,s,t)e?’s®1)>
n,%,7,8,t

= Y Figst) (e @) @e e @ #H))
n,1,7,8,t,k,l

= Y Rt (e > s (#0) % (1))
n,1,7,8,t,k,l

= Z n(t,7,8,1) <ek ,ae)” >h0(]kt“)
n,1,7,8,t,k,l

= (rr®h)(U(a®1)U")

= 7gr(a).l

where 1y ((t7,) x5 (t7,)") = ho(t7,t7,") as deduced by using Lemma 1.3.10.
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Thus (75 ® h)UNJ(a ® id)UNJ* = 7r(a).1

Let (tr ® h)U;(X ®1d)UJ = (Tp * h)( ). As Uy(- ®id)ﬁ7 keeps £p invariant, we
can use Sweedler notation: UJ(a® l)UJ = a(1) ®a(y), with a, a(1) belonging to &p, a(y)
belonging to Qj, to have

(rr * h @ id)U;(a ®@ id)U; "
= (rr®@ W) (Us(aqy @)U ) ® agy
TR ® h ®id)(ay ®@ id)ay(a)
TR ®h®id)(id ® A)ay(a)
TR ®id)(id ® (h ® id)A)ay(a)
r ®id)(id @ h(.).1)ay(a)
id® h(.).1)(tr ® id)ay(a)
id® h(.).1)7(a).1
= 7(a).l.

(
(
(
(
(
(

Thus,

(rr ®id)(Us(a® 1)U )
= (tp*xh® ld)(UJ( )UJ ) = (Tr* h)(ag))ae)
= (rr®h®id)(amm @ e ® 4e) = (Tr®h@id)(id ® A5)
(Us(ae 1)UJ*>
= 7r(an))(h®@id) o Aj(ag)) = Tr(an))h(ag).1o;
= (tr®h)(aq) ®@agp)) = (Tr * h)(a).lgj = TR(a).lgj.

a

Remark 4.3.6. If QISOL(A>®, H,D) ( QISOT(A>®,H,D), if it exists ) has a C*
action, then from the definition of a C* action, we get a subalgebra Ag as in Lemma
4.8.1. Thus, the assumptions of section 4.2 are satisfied so that the conclusions in
that subsection hold for QISOE(A‘X’,H, D) (QISOY(A>®,H, D)).. Similarly, the con-
clusions of Lemma 4.3.1 and the subsequent Lemmas hold for QIS’O;(AOO,H,D) (
QISO™(A>®, H,D)).

For any two compact quantum groups (Si, US') and (Sp, US?) in Q'(Ay, H, D), we
write §; < Sy if Sy is a sub object of Sy in the category Q'(Ay, H, D).
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Lemma 4.3.7. If Gy, G5 be two CQG s such that G1 < G2 in the category Q'(Ay, H, D),
If (G1) 7 and (Go) 7 make sense, then (G1)y < (Gz2)J in the category Q'(As, H, D).

Proof : From Corollary 4.3.4, we see that (G;)7

Q'(Ay, H, D). Let w3 be the morphism from G2 to Gy in the category Q' and m be the

morphism from G to T" in the same category. Let A?, x’f,, X" denote respectively the

is an object in the category

coproducts, products and R?" action on (G;) s, i =1,2.

As the quantum group structure is not altered under Rieffel deformation, to prove
the Lemma, it is enough to show that o is a homomorphism from (G2)s to (G1).

In any CQG (@, A), f,g linear functionals on @ and for all a in Qp, (f ®
id)A(ld ® g)A(a) = (f ® id)A(aq))g(ae) = (f ® id)(aq)a) ® auy)dlaw) =
flagyw)glay)an)e) = (f@id®g)(an)q) @an)e ®@a2) = (f@id®g)(Aan)) ®a) =
(f®id® g)(A ®id)A(a).

Hence,

(f®id)A(d ® g)A = (f ®1id ® g)(A ®id)A. (4.3.1)

Moreover, we will also need the equation
(1o @ ma) A% = Alr,, (4.3.2)

which holds as 79 is a morphism of CQG s, G — Gj.
Let A, pbeasin ( 1.3.6 ) and ( 1.3.7 ) and a belongs to (G2).
Then,

7T2X%s,u) (a)
= m2(Ay(—s)Py(w))(a)
= ma(evy(_s(m o m) @id)A%(id @ ev,y)(m1 o T2))A%(a))
= ma(evy(—s)(m1 om) ®id ® vy, o (71 0 7)) (A? ® id)A%(a)
by (4.3.1))
eVy(—g) (1 0 M) ® T2 ® evy(y) o (71 © 7)) (A% ® id)A%(a)
eV (—s) M1 ® Id ® evy(,)m1) (T2 ® mo ® m)(A? @ id)A?(a)
eVp(—5)T1 ® id ® evy 1) ((m2 ® 79) A% @ m9) A?(a)
eVy(—s)T ®id ® eVn(u)W1)<A1ﬂ'2 ® m2)A%(a)
using (4.3.2) )
eV ()T ®id ® evn(u)wl)(Al ® id) (e @ m2) AP (a)
evy(—gT1 ®id ® evn(u)m)(Al @ id)Al(ma(a))
eV (—s)T1 ® id)Al(id ® evn(u)m)Al(ﬂg(a))

e N on Ton T on e Ton o o T oe T

)‘77(73) Pr(u) )7T2 (CL)
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= X%s,u)ﬂ-Q (a)

Thus, for all (s,u) in R?", WQX%S W = X%s w2
Therefore, for all a, bin (G2),

(aXJ

= 2 //Xju Xv uv)dudv)

— | [ m0du@mé®etu)duds
_ / / b (ma (@)X (ma () e (w.v)dudv

= ) Xy ma(b)-
where the third step is permissible by Proposition 1.3.2.

This proves that 7o is indeed a homomorphism. O

Theorem 4.3.8. 1. If QISOL(AF, H, D) and (QISOE(AOO,H,D))j have C* actions

on A and Ay respectively, we have

QISOF (AT, H, D) = (QISOR(A®, 1, D)) 5

QISOL (AT, H, D) = (QISO%L(A™, H, D)) 5.

—~— +
2. If moreover, QISO (A*,H,D) and QISOT (AP, H, D) both exist and have C*

actions on A and Ay respectively, then

—~— + —~— +
QISO (AT, H,D) = (QISO (AOO,H,D)>~,
J
QISOT (AT, H, D) = (QISOT(A*, H, D))
Proof : We prove 1 only. From Corollary 4.3.4 and Lemma 4.3.5 we see that
QISOL(AH, D)5 is an object of Q'(Ays, H, D). Thus,

(QISO}(A,H, D)) 5 < QISO%(As, H, D) in Q' r(As,H,D).

So, by Lemma 4.3.7, (QISO}(A,H,D))5) 7 < (QISO% (A, H,D)) 5
in Q'p(A, H, D), hence QISOL (A, H, D) < (QISO}(A;, H,D)) ;.
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Replacing A by A_;, we have

QISOL (A, H, D)
< QISOE((A—J)J7H7D)7€7 (ln Q,R(A—JvHvD))
=~ QISOL(AH,D) 5 (in QRr(A_;,H,D)) %(QIS'OE(.A,H,D)):].

Thus, QISO%(As, H,D) < (QISOE(A,'H,D))} in Q' r(As,H,D) which implies
QISOR(Ay, H, D) = (QISOR(A, H, D)) 5 in Q' (A, H, D). O

4.3.2 Computations

Fix a real number 0, and then we recall from subsection 1.1.1 that the C* algebra Ajg
is the universal C* algebra generated by two unitaries U and V such that UV = AV U,
where A := 2™ We also recall from section 1.3 that Ay is a Rieffel type deformation

_8
2

of C(T?) by using the canonical action of R? on T? and the skew symmetric matrix
0
J = 0

. It is well-known (see [17]) that the set {U™V" : m,n € Z} is an
2
orthonormal basis for L?( Ay, ), where 7 denotes the unique faithful normalized trace

on Ay given by, 7(3 amnU™V™) = ago. We will denote the GNS space L?( Ay, 7) by Ho.
Let Ag“ be the unital *-subalgebra generated by finite complex linear combinations of
U™V™ where m,n belong to Z, and dy, ds be the maps on .Agn defined by d; (U™V™) =
mU™V", do(UmV™) = nUmV™,

We consider the spectral triple obtained from the classical spectral triple on T? as

described in section 4.1.

Theorem 4.3.9. QISO (A®,H,D) = QISO (C*(T2)) = C(T?) * C(T), and
QISO* (AF) = QISOT (C™(T?)) = C(T2).

Proof: We use Theorem 4.3.8 and recall that QISO*(C>(T?)) = C(T?) ( Theorem
3.4.14 ) which is generated by 21 and 2z, say. QISO*(C*(T?)) contains C(T?) itself as a
quantum subgroup. Hence, by Theorem 4.3.8, QISOT(A3°) is the CQG obtained from

the Rieffel deformation of C(T?) via the action of R* and the skew symmetric matrix

0o -4 o0 o
T : 0 0 0 T 0 0 [% [
J=Je-J= 2 0 so that J(ry,r2,73,74) = (=572, 571, 574, —573).
0o 0 0 ¢
o 0o -%2o0
For fi, foin C®(T?), r = (r1,72,73,74) in RY, o/ = (v, 75,74, 7)) in RY, (¢1,2) in T?,
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the deformed product is given by

(fa Xjf2)(t1;t2) = //X](rl,rg,rg,m)(fl)(tlﬂt2)X(r’1,r’2,r§,,r§1)(f2)(t17t2)e(r-r/)drdrl'
Here, for f in C°°(T?),

X(r1ra,rara)f (E15 T2)
= (eUn(—(r1,r0)) @ 1A @ evy(ry 7)) A(f) (t1,12)
= f(n(=(r1,m2))(t1, t2)n(r3, 1))
= [f((e(=r1),e(=r2))(t1, t2)(e(rs), e(r4)))
= fle(rs —mr)t1, e(ry —ra)ta).

Therefore,

21 Xj’ZQ

0 0
= //z1 14+ rz)tl, e(—§7"1 — §T3)t2)Z2(€(T§ — )ty e(—rh + 7y)t2)
drdr

0
= //6(27’4 + irg)tw(—ré + Tﬁl)tQB(Tl.7“/1)6(?”2.7“;).6(7’3.7’&)6(T4.T2)d7’d7"/

0 0
= t1t2//e(2r2)e(—ré)e(r2.ré)dr2dr’2//e(2T4)6(Tﬁl)e(r4.rﬁl)d7“4d7“ﬁl

IJ e(rl.rll)drldr'l//e(rg.rg)drgdré

= t1t2//e(—grg)e(ré)e((—rg).(—Té))dedT/Q//6(—gr4)€(_rfx)€(_r4-_7{1)

dradry.1.1.

( by Proposition 1.3.1)
Similarly,

z92 ijl

= //6(—97"1 - grg)tge(ré — r))tre(ry.r))e(rs.r)dridridrsdrs. 1.1

= tltg// —grl (—r]e(r1.r} drldrl// —77“3 (r5)e(rs.ry)drsdry

= le z92.

This proves the theorem.
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4.4 QISO* of a Rieffel deformed noncommutative mani-
fold

4.4.1 Derivation of the main result

In this subsection, our set up is as in section 4.1 so that we have spectral triples on A%
for each J such that the spectral triple on A satisfies all the assumptions mentioned
in chapter 2 for ensuring the existence of QI.SO* where £ is the Laplacian coming from
the spectral triple. As QISO¥ has a C* action on A, we get a subalgebra Ay as in
Lemma 4.3.1. Thus, the assumptions of section 4.2 are satisfied so that the conclusions
in that subsection hold for QISO*(A>, H, D).

We recall from Chapter 2 that Ay will denote the x-algebra generated by complex
linear (algebraic, not closed) span A§° of the eigenvectors of £ which has a countable
discrete set of eigenvalues each with finite multiplicities, by assumptions for the existence
of QISO~. By the same assumptions, AG° is a subset of A% and is norm-dense in A.
Here, we make the following additional assumptions.

Assumptions (i) Ay is dense in 4> w.r.t. the Frechet topology coming from the
action of T".

(i) N),,>; Dom(L") = A=,

(iii) £ commutes with the T-action B, hence C(T") can be identified as a sub
object of QISO* in the category Q.

Let 7 denote the surjective map from QISO* to its quantum subgroup C(T"), which
is a morphism of compact quantum groups. We denote by a : A — A ®@ QISO* the
action of QISOX on A, and note that on Ay, this action is algebraic, that is, it is
an action of the Hopf x-algebra Qg consisting of matrix elements of finite dimensional
unitary representations of Q. We have (id ® w) o = 3.

We recall from Proposition 1.3.8 that A = A% as topological spaces, that is they
coincide as sets and the corresponding Frechet topologies are also equivalent. In view of
this, we shall denote this space simply by .4°°, unless one needs to consider it as Frechet

algebra, in which case the suffix J will be used.
Lemma 4.4.1. For F in BB"(R?) ( notation as in section 1.3 ) and a trace class

operator W,

Tr( / / F(u,v)We(uv)dudv) = / / Tr(F(u, v)W)e(u.v)dudo.

Proof : From the definition of oscillatory integral, we have m;(F(u,v)) =
> pel J(F(u,v)¢p)(u,v)e(u.v)dudv ( notations as in section 1.3 ). Let {L,}, be a

sequence of subsets of L such that it increases to L. Then, as the above sum is strongly
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convergent, limn (> e, J(F(u,v)¢p)(u,v)e(u.v)dudv) converges in SOT. We deduce

the result by using Lemma 1.1.5. O

Proposition 4.4.2. Let L; denote the Laplacian from the spectral triple (AT, H, D).
Then L coincides with £ on A® C Aj.

Proof : We recall that from the proof of Lemma 4.1.4, we have [D,7;(a)] =
77([D, a]). Denoting the inner product on 2}(.A>) by (.,.) ; and letting a, b in A>, Lim

as in subsection 1.5.2, we have by using Lemma 4.4.1

<£JCL, b>J
Tr([D, 7(a)]*[D,m;(b)]eP*)
Tr(e_tDQ)
Tr(rs([D,a]*[D,b])etP*)
Tr(e—tD?*)
Tr([ [ Bru([D,a)*[D, b)) Bve(u.v)dudve %)
Tr(e—tDQ)

[ Tr(B7.(ID, a)*[D, b)) BueP* Ve (u.v) dudv
Tr(e tDP?)

= Limtﬂo-k

- Limt_>0+

= Limt*)0+

= Lirnt~>0Jr

( by Lemma 4.4.1)
f f TT(Vﬂ([Da a]*[Da b])vj‘afl ﬁveitD2)€(u.U))dud’U

= Limt_>0+ Tr(eftDQ)
[ Tr(VR(D, )" [D,B) B P Vo e(uv)dudy
= let—>0+ Tr(eftD2)
L [ [ Tr((ID, a)*[D, b)) Bue P Ve (u.v)) dudy
- et Tr(e —tD2)
_ L Tr(f [ [D,a]*[D,b)Bye " e(u.v)dudv)
- 1y o+ TT( —tD2)

which by Proposition 1.3.1, equals
Tr(|D,a]*|D, ble~tP%)
Tr(e—tD?*)

- Limt_>0+

= (La,b).

|

Thus, the quantum isometry group QISO*(Aj) is the universal compact quantum
group acting on A, with the action keeping each of the eigenspaces of £ invariant. Note
that the algebraic span of eigenvectors of £ coincides with that of £, that is A5°, which
is already assumed to be Frechet-dense in A* = A%, hence in particular norm-dense
in A ;. Moreover, all the results of section 4.2 hold for QISO*(Ay).
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We now state and prove a criterion, to be used later, for extending positive maps
defined on Ajg.

Lemma 4.4.3. Let B be another unital C*-algebra equipped with a T™-action, so that
we can consider the C*-algebras By for any skew symmetric n X n matriz J. Let ¢ :
A — B> be a linear map, satisfying the following :

(a) ¢ is positive w.r.t. the deformed products Xy on Ay and B>, that is ¢(a* X ya) >0
(in BY C By ) for all a in Ao, and

(b) ¢ extends to a norm-bounded map (say ¢o) from A to B.

Then ¢ also have an extension ¢j as a || ||s-bounded positive map from Ay to By
satisfying |[¢sll = [|o(1)]l7-

Proof : We can view ¢ as a map between the Frechet spaces A% and B°°, which is
clearly closable, since it is continuous w.r.t. the norm-topologies of A and B, which are
weaker than the corresponding Frechet topologies. By the Closed Graph Theorem, we
conclude that ¢ is continuous in the Frechet topology. Since A = A% and B> = BY
as Frechet spaces, consider ¢ as a continuous map from A% to BT, and it follows
by the Frechet-continuity of x; and * and the Frechet-density of Ay in A% that the
positivity (w.r.t. x ) of the restriction of ¢ to Ay C AF is inherited by the extension
on A* = A%F. Indeed, given a in AT = A, choose a sequence a, belonging to Ag
such that a, — a in the Frechet topology. We have ¢(a* x ;a) = lim, ¢(a) X a,) in
the Frechet topology, so in particular, ¢(a’ xj a,) — ¢(a* X a) in the norm of By,
which implies that ¢(a* x s a) is a positive element of By since ¢(a} X ay,) is so for
each n. Next, by Lemma 4.1.2, we note that A is closed under holomorphic functional
calculus as a unital *-subalgebra of Aj; (the identity of A is same as that of A),
and hence, by Lemma 4.1.2, for any self adjoint element z in A, ||¢(x)| < ||z| ¢(1).
Thus, for any y in A%, [lo(y)| = [[o(25 + 255 | < [le(255)]| + [l <

y+y* y—y*
(= + [ =

)o(1) < 2|yl #(1). Thus, ¢ is bounded on A*> and hence admits a

bounded extension (say ¢y) on Ay, which will still be a positive map, so in particular

the norm of ¢ is same as ||¢s(1)]]. O

Now we note that due to the assumption (iii), (QISO¥) 7 makes sense.

Remark 4.4.4. By Lemma 4.2.7 along with Lemma 4.2.8, « is a homomorphism from
Ay to A;@(QISO*(A)) 7 and hence (QISO*(A)) 7 is an object in the category Q“(Ay).

Theorem 4.4.5. If the Haar state is faithful on Q, then a : Ay — Ag ® Qqy extends
to an action of the compact quantum group Q5 on A;, which is isometric, smooth and

faithful.
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Proof : We have already seen in ( 4.2.10 ) that « is an algebra homomorphism
from Ap to Ag ®a1g Qo (w.r.t. the deformed products), and it is also *-homomorphism
since it is so for the undeformed case and the involution * is the same for the deformed
and undeformed algebras. It now suffices to show that « extends to Ay as a C*-
homomorphism. Let us fix any faithful imbedding A; C B(Hy) (where Hy is a Hilbert
space) and consider the imbedding Q7 C B(L?*(hy)) ( by virtue of Lemma 1.3.13 ).
By definition, the norm on A; ® Q5 is the minimal (injective) C*-norm, so it is equal
to the norm inherited from the imbedding Aj ®ay Q7 € B(Ho ® L*(hy)). Let us
consider the dense subspace D C Ho ® L?(hy) consisting of vectors which are finite
linear combinations of the form ), u; ® z;, with u; belonging to Ho, z; belonging to
Qo C L?(hy). Fix such a vector & = Zle u; ® x; and consider B := A ® My(C), with
the T"-action § ® id on B. Let ¢ : A>° — B> be the map given by
k

o(a) = (4. Ga)(a(@))) -
where @, (2) := h(2* X572 x5y) for x,y,2 in Q. By Remark 1.3.11, ¢(,, ,,) extends
to Q as a bounded linear functional. Note that the range of ¢ is in B® = A ® M (C)
since we have (id ® ¢(,,))a(A>) C A by Proposition 2.1.2, using our assumption (ii)
that (1,,~; Dom(L") = A>.

Sincga maps Ag into Ag ®a1; Qo and h = h; on Qy, it is easy to see that for a in
Ao, p(a* x ja) is positive in By. As ¢y, »,) extends to Q as a bounded linear functional,
¢ extends to a bounded linear (but not necessarily positive) map from A to B. Thus,
the hypotheses of Lemma 4.4.3 are satisfied and we conclude that ¢ admits a positive
extension, say ¢z, from A to By = A; ® M(C). Thus, we have for a in Ay,

k
Z <Ui7§b(a* X J (I)U]>
ij=1
< all3 D (ui d(Dug) = llallF Y (us, ug)h(a) x5 a;)
k
= alF D _(ws @ zi,u; @) = [la|F1| D wi @ mil|*
ij i=1
This implies
k
la(@)é]]® = (6 ala® x5 a)€) = D (i, (a* x s a)us) < |la|| 7¢I
ij=1

for all £ in D and a in Ap, hence a admits a bounded extension which is clearly a

C*-homomorphism. O
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For any two objects S1 and Ss in Q/E), we write S1 <, So if §1 is a sub-object of Sy
in the category Q.
Lemma 4.4.6. If Gi, Gy be two CQG s such that G1 <, G2 in the category
QL (A H, D). If (G1)5 and (G2)7 make sense, then (G1)7 <c (G2)7 in the category
QIE(AJ, H, D).

Proof : By Remark 4.4.4, (G;) 7 are objects in the category Q}-(Ay), i = 1,2. The

rest of the proof is the same as that of Lemma 4.3.7 and hence we omit it. O

Theorem 4.4.7. If the Haar state on QISO*(A) is faithful, we have the isomorphism

of compact quantum groups:
(QISO(4)) 7= QISOF(Ay).

Proof : By Theorem 4.4.5, we have seen that (QISO*(A))5 also acts faithfully,

smoothly and isometrically on A, which implies,
(QISO“(A,H,D))7 < QISO*“(A;,H,D) in Q(As, H,D).

The rest of the proof is same as that of Theorem 4.3.8 by using Lemma 4.4.6 and hence

we omit it. O

4.4.2 Computations
The case of the noncommutative tori

We recall ( chapter 1) that the noncommutative n-tori Ty is the universal C* algebra
generated by n unitaries Uy, Us,...,U, such that U;U; = e(0;;)U;U;, 4,5,= 1,2,..n
where 0 = ((6;;)) is a n x n skew symmetric matrix. We also recall that T} is a Rieffel
deformation of C(T") via the R™ action on C'(T") ( section 1.3 ) and the matrix J = g.

We consider the isospectral deformation of the classical spectral triple on C(T")
which will give a spectral triple on Tj. so that the corresponding Laplacian £ is given
by L(U™...UM) = —(m? 4+ ..m2)U{™ ...UM, and it is also easy to see that all the

assumptions in chapter 2 required for defining QISO* (T}) are satisfied.

Theorem 4.4.8. Using Theorem 4.4.7, we conclude that QISOE(']I‘Q) is a Rieffel de-
formation of QISO*(C(T™)).

Next, we will use Theorem 4.4.7 to compute the exact structure of QISO*(Ayp).
Our target is to show that QISO* (A1) is a commutative C* algebra which will give an
2

example of a non commutative C* algebra with QISO* a commutative CQG.
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We have seen ( Theorem 2.2.17 ) that QISO*(C(T™)) = O(T" ><1(Z5 ><iS,,)).

In particular, QISO*(C(T?)) = C(T? ><(Z% ><1S5)) where the definition of the
two semi-direct products are described below. Let the generators of the first, second
and the third copy of Zs in Z2 ><1Z3 be denoted by (1,0,0), (0,1,0), (0,0, 1). Therefore,
as a set (Z2 ><1Z2) equals {(v1, 72, 73) : v € {0, 1},i =1,2,3} and T« (Z3 ><1Zs) =
{(z1, 22,71, Y2, 73) : 21,22 € S, v € {0, 1},i = 1,2,3}. The action of Zy on Z3 is
given by (0,0,1)(x,y) = (y,7) ( (x,y ) belongs to T? ) and the action of Z2 ><Zy on
T? ( denoted by o ) is given by

(1,0,0) o (21,22) = (71, 22), (0, 1,0) o (zl,ZQ) = (21,5), (O,O7 1) o (2’1,2’2) = (2’2,2’1).

Lemma 4.4.9. Let (21, 22), (2], 25), (2, 2Y) belong to T%. Then we have the following

group multiplication formulae in TX (Z3 ><1Zy) :

(21, 22, Oa Oa 0)('21’ Zév 1a Oa 1)(’21/7 Zg, Oa Oa 0) = (lei;ga ZQZéZila 17 07 1)a (441)
(21,22,0,0,0)(21,25,0,0,1)(27, 25,0,0,0) = (212125, 222421,0,0,1), (4.4.2)
(21,22,0,0,0)(21,25,0,0,0) (27, 25,0,0,0) = (212127, 222425,0,0,0). (4.4.3)

Proof : Using the definition of semi direct product , we have

(21,22,0,0,0)(21,25,1,0,1)(27, 25,0,0,0)
= (212],22%5,1,0,1)(2}, 25,0,0,0)

(212, 2225)((1,0,1) o (27, 25),1,0,1)

(2121, 2225)(((1,0),0)((0,0),1) 0 (21, 23), 1,0,1)

(2121, 222) (25, 21), 1,0, 1)

(21212, 20252 ,1,0,1).

Thus, we have ( 4.4.1 ).
Similarly,

(21, 22,0,0,0)(2], 25,0,0,1) (2], 25,0,0,0)
= (2121, 22%5,0,0,1)(2}, 25,0,0,0)
(2121, 2223)((0,0,1) 0 (27, 23)),0,0,1)
= (2121, 2225)(23, 21),0,0,1)
(

/A /A
212129, 2225921,0,0,1),
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which proves ( 4.4.2 ).
( 4.4.3 ) follows similarly and therefore we omit the proof. 0

QISO*(C(T?)) = C(T? ><(Z3 ><Zy)) which as a C* algebra is isomorphic to
®i=1.2, sC(T?). We will denote the generators of Q1 SO*(T?) by 1A r2m) Boyieis)

(71,72,73) € Z3}, more precisely, we fix the following convention:

A(’Yl,"m,’Ys) (217 #2772 73) = <L B('Yl:’hﬂ’S) (’217 225,715,725 ’73) = 2.

Now, T? sits as a subgroup of T? >1Z3 as {(z1,22,0,0,0) : z; € S'}.

Hence, the action of T? on T? ><1Z3 with which we are concerned with is given
by the group multiplication in T? ><1Z3, that is, the action of (z1,22) ((z; € S')) on
(21, 2h71,72,73)(€ T? >1Z3) is given by (21,22,0,0,0)(2], 25,71,72,73)-

The action of R* on QISO*(C(T?)) as prescribed by Wang ( 1.3.8 ) is given by

Qs = (2(—5) @ id)A(id @ Q(u))A

where s,u belong to R2.
If s = (s1,52), u = (u1,uz) belong to R? and z1, 29 belong to S, we have
sy (215 22, 71,72, 73) = f((e(—51), €(—52),0,0,0) (21, 22, 71,72, 73) (e(u1), e(u2),
0,0,0)).
0

SIS
o O N
oS O

Moreover, J=—-J&J= 0
0

)

0

Hence, j(sl, So,t1,t2)t = (gSQ, —gsl, —gtg, gtl)t where ¢ stands for the transpose of

e © O O
|
ol

a matrix.
Let s = (s1,82),t = (t1,t2),s = (s}, 85),t' = (t;,t,) belong to R? u = (s,t), v =
(s',t)).

Lemma 4.4.10. {A(,, o 5)s B(y142,45)} are unitaries for the multiplication x 5 and

for (y1,72,73) belonging to Z3.

Proof : We give the proof for A g1, the proof for the rest being exactly similar.

Al o1y X7 Ar0,1(u1,u2,1,0,1)

= //Xj(u)(A?LO,I))(ul;uQ;1a071)Xv(A1,0,1)(U17U2717071)
e(u.v)dudv
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N / / X(Lsa,—8s1,— 812, 200 Ao, (U1 42, 1, 001X 14 1) Acr0,1) (it
u2, 1,0, 1)e(u.v)dudv

= [ [ Ao (el elGo)unua, 1.0 (e~ tz)se(510)
Ao ((e(-5)) e(—s'2>><u1, 02,10, 1)1, e(85)) e (u0) e

which by ( 4.4.1 ) equals

/ [ Aton e Gsure(=50), elGsiuac(= ) Aq 0 (e(—shure(~))
82)U2€(t1))e(u v)dudv

/.../e(232)6(gtl)e(—s’l)e(—t’z)e(sl.si + t1.1] + s9.8 + to.th)ds1ds| dsadshdt

dt' dtadt),

/ / e(—5)e(s1.5,)dsrds, / / 6(932)6(32.35)@2@’2

[[ e t1 (ty.t))dt,dt} // —th)e(ta.th)dtadt]
which by Proposition 1.3.1 equals
1.1.11=1
Similarly,

A(I,O,l) X:]VAT,O,I(U&? uz, ]-a Oa ]-) =1

Remark 4.4.11. It can be easily checked that

* A A
A’n,vz,'ys XfAthm(ul?u27’71772773) =0

if (v1:72,78) # (01,72, %3)-
Similar is the case with By, , -

Lemma 4.4.12. AOOO XjBOOO = BOOO XjAOOO-
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Proof :

(Aooo x 7 Booo)((u1,u2,0,0,0))

= / / Xju(A000>((u17 ug, 0, 0, 0))XU(B()0())((U1, ug, 0, 0, 0))e(u.v)dudv

(u.v) dsdtds’dt'

= / /X(2527_231’_2t2 th)AOOO((ulau25Oa070))X(5’17s’2,t’17t’2)(BOOO)((ulau2707070))

(u.v) dsdtds'dt/

_ //AOOO - 52 (gsl))(ul,uQ,o,0,0)(6(—gt2),e(gt1))]

Booo  [(e(—s)),e(— 2))(U1,U2,00 0)(e(t)), e(ty))]e(u.v)dsdtds’dt’

which by ( 4.4.3 ) equals

[ [ Avoole(—§s2)ure(—5ta), e(§s1)uge(§t1),0,0,0]Bogo[(e(—s) Jure(t))), (e(—s5)
uz2e(ty)), 0,0,0]e(u.v)dsdtds’dt!

/ / —*82)U1€(—gt2) (—sh)uge(th)e(s18))e(sash)e(tit))e(tath)dsdtds'dt!

= uluQ// —*82 82) elSo. 82 dSQdSz// *tz t2 (tQ tz)dtgdtz
//e(sl.sl)dsldsl//e(tl.tl)dtldtl

which by Corollary 1.3.4 and Proposition 1.3.1

6. 0
= U1UQ€(—§)6(§).1.1

= UuUiug.
Similarly,

(Booo % 7 Aooo)( ul,uz,o 0,0))
= / /BOOO Ule(*ZtQ)) (6(251)U26(§t1)),0,0,0)}
Apool(e sl)ule(t/l)),( (—sh)uz2e(t5))0,0,0)]e(u.v)dsdtds'dt’

= / / —51) uge(gtl) (—s))ure(t))e(u.v)dsdtds’dt’

= ’LL1U2// 81 81 81 81 dsldsl// tl tlt )dtldtl
//6(5252)d82d52//e(tgté)dtgdt%
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which by Corollary 1.3.4 and Proposition 1.3.1
= Uujug.
Therefore, AOOQ XjBDOO = BOOO Xj’A()QO. O

Lemma 4.4.13. A001 XjBOOl = 6(—29)B001 XjAOOI

Proof : Proceeding exactly as in the previous Lemma, we obtain

(Aoo1 X 7 Boo1)(u1,u2,0,0,1)

/ / Ap (= 52), (1)) a2, 0,0, 1) e~ 12), e 510)]
Boo1[(e(—=51), e(—s5)) (u1,uz,0,0,1)(e(t)), e(th))]e(u.v)dsdtds'dt’,

which by ( 4.4.2 ) equals

o o 7 o
/..../A001[e(—282)u16(2t1), 6(551)’&26(—5152),0,0, 1]
Boo1  [e(—s))ure(th), e(—sh)uge(t)), 0,0, 1]e(u.v)dsdtds' dt’

= u1u2/.../e(—g82)6(gt1)e(—3'2)e(t'l)e(u.v)dsdtds’dt'

0
= uluQ// —582 82) el So. 82 dSQdSQ// tl tl t )dtldtl
//e(sl.sll)dsldsll//e(tg.t/z)dtgdtlz

which by Corollary 1.3.4 and Proposition 1.3.1 equals

uruze(~3)e(~3)
= wujuge(—0).

Similarly, using Corollary 1.3.4 and Proposition 1.3.1

(Boo1 % 7 Ago1)(u1,u2,0,0,1)
0 0 0 0
— [ . | Booa[e(~2 Z Z _ 1
/ / oo1le(—5s2)ure(Gtr), e(gs1)uze(—5t2),0,0,1]
Aoor[e(—s))ure( t’Q e(— 32)u26( 1),0,0,1]e(u.v)dsdtds' dt’

= u1u2/ / —s1)e —*tg) (—sh)e(ty)e(s1.s) + sa.sh + t1.t] + to.th)dsdtds'dt’

= wnuae(5)e(3)

= wujuge(f).
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This proves the Lemma. O

Remark 4.4.14. Proceeding similarly, one can prove Api1 X7 Boi1 = Boi1 X7
Aoty A110 X7 B1i0=Bi1oXxX574110, A101 X57B101=B1o1 x7A4101
and Aoo,1 X7 Boo1 = e(=20)Boo1 X5 4001, A1,00 X7 B1oo = e(=20)B1oo x5

J
A100, A111 X7B111 =e(=20)B111 x57A111-

Let us now consider a C* algebra B, which has eight direct summands, four of which
are isomorphic with the commutative algebra C(T?), and the other four are irrational

rotation algebras. More precisely, we take
B =a%_,C*(Uk1, Upa),

where for odd k, Uy, Ugo are the two commuting unitary generators of C(T?), and for
even k, Up1Uks = e(27mi0)Uya Uy, that is they generate Asgy.

Now we are in a position to describe QISO*(Ay) explicitly.

Theorem 4.4.15. QISO*(Ay) is isomorphic with B = C(T?) ® Az ® C(T?) & Az ®
C(T?) ® Azg & C(T?) & Age.

Proof : Define ¢ : B — QISO*(Ay) by

¢(U11) = Aooo, #(Ui2) = Booo, #(U21) = Aoro, #(Uz2) = Aoro, ¢(Us1) =
Ao, #(Us2) = Boir, ¢(Us1) = Aoor, ¢(Us2) = Boor, ¢(Us1) = Ao, ¢(Us2) =
Biio, ¢(Us1) = A1, ¢(Us2) = Bi, ¢(Ur) = A1, ¢(Ur2) = Biot, ¢(Us1) =
A100, ¢(Us2) = Bioo-

From Lemma 4.4.10 - Lemma 4.4.13 and Remark 4.4.14, it is clear that ¢ is indeed
a * isomorphism.

Od

Remark 4.4.16. In particular, we note that if 0 is taken to be 1/2, then we have a com-
mutative compact quantum group as the quantum isometry group of a noncommutative

C* algebra.

The case of § deformed spheres

We can apply Theorem 4.4.7 on Sy which are obtained by Rieffel deformation of
C(S™) as described in section 1.3. We will consider the isospectral deformation of
the classical spectral triple on C'(S™). Since we have proved in Theorem 2.2.2 that
QISO~(S™) = C(O(n)), it will follow that QISO*(S}) = Op(n), where Oy(n) is the

compact quantum group discussed in subsection 1.3.1 as the #-deformation of C'(O(n)).
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Chapter 5

Quantum isometry groups of the

Podles spheres

In this chapter, we compute quantum group of orientation preserving isometries for
spectral triples on the Podles spheres Sic. We do it for two different families of spectral
triples, one constructed by Dabrowski et al in [24] and the other by Chakraborty and
Pal in [14] for ¢ > 0. We get completely different kinds of quantum group of orientation
preserving isometries for the two families; for the former, it is SO, (3), whereas, for the
latter it is C*(Zgy * Z°°) where Z*° denotes countably infinite copies of the group of

integers.

5.1 The Podles Spheres

The Podles spheres were discovered in [43]. We will also need the equivalent descriptions
of the Podles spheres as given in [24], [37] and [50]. Hence, we give the descriptions one
by one.

5.1.1 The original definition by Podles

Let ¢ belongs to R. The Podles’ sphere Si,c is the universal C* algebra generated by

elements e_1, eg, e1 such that :

" .
e; =e—; 1=—1,0,1,

(1+ p®)(ecrer + p2ere—y) +eo? = (1 + ) p "% + DI,

eoe—1 — ple_1eg = (1 — p?)e_1,

(14 p?)(e—1er —ere1) + (1 — p?)eo® = (1 — p?)eo,

141
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ereg — pleger = (1-— u2)61.

Let
B=e, A=(1+p%) " (1—e). (5.1.1)

Then we have an alternate description of the Podles spheres, that is, the universal
C* algebra generated by elements A and B satisfying the relations:

A* = A, AB = 2BA,

B*B=A—A?+clI, BB* = /A — *A? + ¢l

These are the relations which we are going to exploit for getting homomorphism

conditions while computing the quantum group of orientation preserving isometries.

Notation : We will denote the co-ordinate * algebra of S7, . by O(S? .).

5.1.2 The Podles spheres as in [24]

We take g in (0,1) and ¢ in (0,1]. For n belonging to R, let [n], = “::i:ln.

Then SEL,C be the universal C* algebra generated by elements x_1,xg, 21 satisfying

the relations:

z_1(xg—t) = p(zo — t)z_1, (5.1.2)
z1(zo —t) = p 2 (xg — t)z1, (5.1.3)
—[2)z_121 + (pPxo + ) (zo — t) = [2]2(1 — 1), (5.1.4)
—[2z1z1 + (20 + 1) (zo — t) = [2]°(1 — 1), (5.1.5)
where ¢ =t~1 —t,t > 0.
The involution on wa is given by
oy = —p ey, xf = 0. (5.1.6)
Setting
= ﬂ, B =pu(1+ ,uQ)_%t_lm,l, (5.1.7)
1+ p?

one obtains ( [24] ) that S? . is the same as the Podles’ sphere as in [43].
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5.1.3 The Podles spheres as in [37]

This description is taken from [37], page 124.
Let o/, 3 be elements of C such that (¢/, 8) # (0,0). We denote by x4« 3 the

algebra with three generators x_1, zg, 1 and the following defining relations:

33% —qriz_1 —q tz_iz = 6.1, (5.1.8)
(1 —¢*)ad + qr_171 — griz—1 = (1 — ¢*)a' g, (5.1.9)
r_1x0 — ¢*xoz_1 = (1 — ¢*)a'z_1, (5.1.10)
zor1 — ¢*xizo = (1 — ¢*)a'xy. (5.1.11)
Let p? = o?(8 — (12)71.
Then for ¢ and p real, the involution is defined by z*; = —q Ty = To, T} =

—qr—_1.
Moreover, from page 125 of [37], it follows that for p belonging to C, x4« s can be

realized as a * subalgebra of SU,(2) via:

1 1 1
v =(14+¢) 2a*+p(1+q ) 2ac—q(1 +¢*) 22, (5.1.12)
xo = ba+ p(1+ (¢ +q be) — cd, (5.1.13)
_1 1 1
z1 = (1+¢*) 26* + p(1 +¢*)%db — q(1 + ¢*) 2d*. (5.1.14)

where a, b, c,d are as in subsection 1.2.5.

Proposition 5.1.1. 5’276 as defined above is the same as Xq.o 3 Withq =, o/ =t, f=
24+ 2 (p2 +1)°(1 — 1),

2 -2

Proof : We note that [2], = ‘:t—_:—l _ pPHl
From ( 5.1.5 ), we have

—[2lplmz 1 4 22+ (tp® — t)xo — 22 = [2262 (1 — 1). (5.1.15)

Adding ( 5.1.4 ) with ( 5.1.15 ), we obtain
—[2z_1z1 — 2lpPeiwoy + (1 + 1)af — (1+ p)t? = 21— t)(1+ p?).
Using [2], = #, we get this to be
2 2 232
—HT“x_lxl — HT“MQxl:B_l + (1 +pH)ad — (1 + p)t2 = %(1 —t)(1 + p?).
Hence,

_ _ 2
22— priroy —p e = (L4 ) (1 —t) + 12 = 6.
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Thus, we have derived ( 5.1.8 ).
Multiplying (5.1.4) by u?, we have

—[2plx g 4 prad + (1 — p?)plr — 2 = [2262 (1 - 1). (5.1.16)

Subtracting (5.1.15) from (5.1.16) gives

2 2
+1 +1
—MTMQCU—IHTI + (pt = Dag + (1 — p?)pPao + &

prrix_q —t(p? — 1)z =0,

and hence,
(1— ,uz)x% + px_1xy — prir—g =t(l — ,uz)xo.
which proves ( 5.1.9 ).
Next, (5.1.2) gives

Tz — pliTor_1 = (1- )ty

which is (5.1.10).

Finally, (5.1.3) gives p2x1x9 — p?tz; = wox1 — taq, that is, (5.1.11) is obtained.

Thus, we obtain the relations of x, ./ 3 from the relations of SEW for ¢ = pu, o/ =
t, B=12+pu2(u* +1)°(1 — 1)

Similarly, ( 5.1.10 ) is same as ( 5.1.2 ), ( 5.1.11 ) is same as ( 5.1.3 ). Subtracting
(5.1.9) from ( 5.1.8 ) gives ( 5.1.4 ) and adding ( 5.1.8 ) with =2 times ( 5.1.9 ) gives
( 5.1.5 ). Thus, we get back the relations of Sic from the relations of x4 3- |

|

Thus, combining ( 5.1.12 ) - ( 5.1.14 ) with the correspondence ( 1.2.26 ) and using

Proposition 5.1.1, we have expressions of x_1, xo, =1 in terms of SU,(2) elements:

_ ke 4 p(1 + P )ary — pPy?

Ty 2 , (5.1.17)
p(1+ p?)2
zo = —py o+ p(1 — (1 4+ p?)y*y) — ya*, (5.1.18)
2, %2 1 AP N *2
R pi(l+ p )(1)6 7 g (5.1.19)
(1+p2)2

,Lt2t2

2 __
where p- = m

5.1.4 The description as in [50]

We need the quantum group U, (su(2)) for this description.
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Let

Te2(1 - K% + EK + uFK  for all ¢ € (0, 00),

Xo=1- K2

One has A(X,) =1® X, + X.® K.
Then ( as in Page 9, [50] ) we have the following :

O(S2,) ={x € O(SUL(2)) : x4 X, = 0}
where < is as in subsection 1.2.5. The following is a basis of the vector space O(Sﬁyc):
{AF ARBY ARB*™ k>0, I,m > 0}

So, any element of O(Sﬁ,c) can be written as a finite linear combination of elements of
the form A%, A¥BL AkB*!,
Let ¢ be the densely defined linear map on L?(SU,(2)) defined by ¢(z) = z < X..
From [51], ( Page 5 ), we recall that vj LB = pal 1vj k10 U}, Lo<aF = o

l
TV 1 Vi

K= ,ukvik. for some constants ozj.
Lemma 5.1.2. The map ) is closable and we have 52 C Ker(v) where ) is the closed
extension of v and 52 denotes the Hilbert subspace genemted by S;%c in L*(SUL(2))
( the G.N.S space correspondmg to the Haar state on SU,(2)). Moreover, O(Sﬁyc) =

O(SUL(2)) NKer(yh) = O(SUL(2)) N Ker(s).

Proof : We note that vé k A(1-K?) = (1—p?k)l Vs s v§7k<1EK = ,ukagc_lvik_l, v§7k<1
FK = uka§€v§ p41- Hence, vl 1. belongs to Dom () with (¢*)(v; l- K) = u%(,u_l - ,u)flc_%.
(1—p?* ) L +pkal 11}J jr H T akvl x_1- Hence, O(SU,, ( )) € Dom(v*) implying
that 1 is closable, hence Ker(7)) is closed. The lemma now follows from the observation
that O(Si’c) = Ker(¢)) C Ker(y). O

5.1.5 Haar functional on the Podles spheres

We recall from [50], page- 33 that for all bounded complex Borel function f on o(A),

h(f(A)) =74 D PO + 7= Y )™, (5.1.20)
n=0 n=0

N[

1
where Ay = 2 + (C+i)27 A = %_ (c—i—%) L ve = (1 _,U2)/\+()\+—)\_)_1, N =
1

(1= p)A (A = Ay)”
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Lemma 5.1.3. {z_1,z0,21} is a set of orthogonal vectors.

Proof : From ( 5.1.17 ) and ( 5.1.18 ), we note that z* ;zo belongs to span{a*?y*a,

a*27a*2* * ok |k * k%

Yy, @yt ety vt vty y, ety P, R, Sy, et
Further, using ( 1.2.10 ) - ( 1.2.14 ), we note that this span equals span{a*y*, a*y*2y,

*

012, OZ*Q *

R i A G e BRI Ul N T &
Then h(z* z9) = 0 follows by using ( 1.2.15 ). Similarly, one can prove h(zjz1) =
h(ziz_1) = 0. O

Lemma 5.1.4.
1

_ (1—p*) (AL =A%)
1+ p?

Oy — AL~ )’

h(A) h(A?) =

Proof : Recalling ( 5.1.20 ), we have

o oo
= ) A ) At
n=0 n=0

(- 1202~ X2)
Or A
A+ A

1+ p?

1

1+ p?

Similarly, putting f(z) = 22 in ( 5.1.20 ), we have
h(A?)
o0 o0
= e > Ay Y A2t
n=0 n=0

(1— w2~ 23)
O —A)(L—b)’

g

Proposition 5.1.5. h(z*,2_1) = h(zire) = h(ziz1) = 2(1 — p?)(1 —u6)_1[,u2 +
(20 1) (-t - 20 - 1))

Proof :

From ( 5.1.7 ) we have z*,2_; = ﬂ(lu#z)

B*B and hence, using Lemma 5.1.4, we
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obtain

h(zx*x_1)
— W[h(/&) (A2 4 (= 0).1]
e e O e R R Gt 1 S B o U [ B 100
N (1+p2) (L = ) ’
from which we get the desired result.
Similarly, the second equality is derived from h(zfzg) = 2 — 2t2(1 + p?)h(A) +
(1 + p2)*2h(A2).
From ( 5.1.6 ), z1 = —px*; and hence, zix; = t2(1 + p?)(u?A — p*A? + c.I),
from which h(zjz;) is obtained and can be shown to be equal to the same value as
h(z* x_1) = h(z{zo).

a

5.2 Spectral triples on the Podles spheres

5.2.1 The spectral triple as in [24)]

We now recall the spectral triples on 5,2“; discussed in [24].
Let s = —c 3A_, Ay = T (c+ i)%
For all j belonging to %EV,
uj = (a* —sv) (@ —pt
wj = (a0 — psy)(a — p2s7) . (a — % sy),
U_j = E% wj,
ug = wo = 1,
g = (14 572)2 (A 2y — py*a* — pcra*?),
Ny = [F' e (!l |
Define

15 1
vhy = NigF' ™o Vg, 1€ SINo, k= —L—1+ 1, (5.2.1)
Let My be the Hilbert subspace of L?(SU,(2)) with the orthonormal basis {fuin NG

I=|NJ|, |[N|+1, ....... ,m=—l ... l}.
Set
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and define a representation 7 of Sﬁ’c on ‘H by

m(xi)vy, v = a; (Lm; Nl v+ ad(Lm; N)ob, oy + o (Lms Nt o, (5.2.2)

0 oF
i Y
We will often identify 7(S7 ) with S7 ..

Finally by Proposition 7.2 of [24], the following Dirac operator D gives a spectral

triple (O(Sﬁyc), H, D) which we are going to work with :

where o, « are some constants.

D!

N ) = (Cll -+ CQ)’U %, (523)

!
2 m.F

where c1, ¢y are elements of R, ¢ # 0.

5.2.2 SU,(2) equivariance of the spectral triple

From [24], we see that the vector spaces Vi% = Span{vin’i% :m = —1,...1} are (2l + 1)
dimensional Hilbert spaces on which the SU,(2) representation is unitarily equivalent
to the standard /th unitary irreducible representation of SU,(2), that is, if the represen-
tation is denoted by Uy, then Uo(v;i%) = Zv;i% ® té,j where téj denotes the matrix
elements in the [th unitary irreducible representation of SU,(2).

We now recall Theorem 3.5 of [32].

Proposition 5.2.1. Let Ry be an operator on ‘H defined by Rg(vi”il) = p~ 2T yn
)

1,:&%'
Then Tr(RoeP*) < oo ( for all ¢ > 0) and one has

(Try @ id)(Up(z ® 1)Uy ) = 7o (2).1,

for all z in B(H), where Tg,(z) = TI‘(:CROe_tDQ)_

—2i,,n

We define a positive, unbounded operator R on H by R(v" ;) =pu AR
3

z,:l:%
Proposition 5.2.2. oy, preserves the R-twisted volume. In particular, for x in 71(5276)
and t > 0, we have h(z) = 2(2) here Tr(z) = Tr(zRe tP?), and h denotes the re-

— 7r(1)’
which is the unique SU,(2)-

striction of the Haar state of SU,,(2) to the subalgebra Sic,

tnvariant state on SEL o

Proof : 1t is enough to prove that 7g is ag,-invariant. Let us denote by P., P 1
2 2

the projections onto the closed subspaces generated by {vi , } and {vi 1 } respectively.
) 2 ) 2

Moreover, let 7+ be the functionals defined by 74 (z) = Tr(zRoP,1e~ P *). Now observ-
2

ing that Ry, e~ tP% and Up commute with P, 1 and using Proposition 5.2.1, we have, for
2
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x belonging to B(H),

(T ®@id)(aw, (2))
= (Tr@id)(Uo(z @ 1)Uy (RoPpre " ®id))
= (Tr@id)(Uo(xPyr @ 1)y (Roe " ®1id))
= (Th, ®id)ar, (vPy)
= Tro(zPy1)

= 74(x).1,

that is 74 are ay,-invariant.
—_ 2 . . . .
Thus, z — Tr(zRoPy.1e tD7) is invariant under ag,. Moreover, since we have
2
L7t 47—, hence is ag,-invariant.

a

RP, 1= uERyP 1 the functional 7 coincides with p~

Theorem 5.2.3. (SU,(2), Up) is an object in Q5(D).
Proof :

(DidUs(v) 1) = (D@id)Y v, 1 ot
= (Cll + 02) Z Ué’,q:% & téj
= (Cll + CQ)U()(’UE :Fl)

T3

== UOD(/U’E,:t%)'

Thus, the above spectral triple is equivariant w.r.t. the representation Uy and it

preserves Tr by Proposition 5.2.2, which completes the proof. |

5.2.3 The CQG SO,(3) and its action on the Podles sphere

Here we recall the CQG SO, (3) as described in [44].
S0O,(3) is the universal unital C* algebra generated by elements M, N,G,C, L sat-
isfying :

L*L=(—N)(I—pu>2N),LL* = (I — u>N)(I — u*N),G*G = GG* = N2,
M*M = N — N2, MM* = >N — uy*N?, C*C = N — N2,
CC* = i?’N — *N?, LN = y*NL, GN = NG,
MN = u2NM, CN = i>?NC, LG = p*GL,
LM = p?ML, MG = >GM, CM = MC,
LG* = p*G*L, M? = y~'LG, M*L = u~'(I — N)C, N* = N.

(5.2.4)
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This CQG can be identified with a Woronowicz subalgebra of SU,,(2) by taking:

N=7"y M=ay, C=ay, G=9° L=a",

where a,y are as in subsection 1.2.4.

The canonical action of SU,(2) on Sic,

that is the action obtained by restricting
the coproduct of SU,(2) to the subalgebra Sﬁ,c, is actually a faithful action of SO,(3).
With respect to the ordered basis {x_1, xg, x1}, this action on the subspace gener-

ated by them is given by the following SO,,(3)-valued 3 x 3-matrix( [37] ):

a? 7(1—“]2)% ab b2
q
(14¢%)% Sy (4g)?
W20 T+ (g+q e O
1
2 a+e®)? 4 d?

q
( where a, b, c,d are as in subsection 1.2.5 ).
Recalling the correspondence in ( 1.2.26 ) and Proposition 5.1.1, the matrix in the

«, v notation is :

1
a? —p(l+p7?)ar* wy
1 1
A+p)2ay IT—plp+p )y —p(l+p7%)2 7%
1
0s (14 p72)2ya” a*?
Finally, in the symbols M, N, G, C, L, the above matrix is :
1
L —p(l+p?)2C p*G*
1 1
Zi=| A+p?)2M I—p(p+p N —p(l+p2)2M* |- (5.2.5)
1
G (1+p=2)20* L*

As x_1, 20,11 generates Sﬁvc,

elements of the form < {® 1, Ap(a)(n®1) > is SO,(3) ( where &, 7 are elements of H, a
belongs to O(S% ) and < -,- > is the SU,(2)-valued inner product of H ® SU,(2) ).

the Woronowicz subalgebra of SU,(2) generated by the

5.3 Quantum Isometry Groups of the Podles sphere

Here we will compute QI SOE(S&}C) with respect to the spectral triple given in [24] and
show that it is isomorphic with SO,(3).

Let (Q,U) be an object in the category Q%z(D) and Q be the Woronowicz C*
subalgebra of Q generated by < (6 ® 1), ay(a)(n ® 1) >4, for £, n belonging to H, a
belongs to S,%,a (where < -+ >5 is the Q valued inner product of H ® Q). We shall
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denote ay by ¢ from now on.

The computation has the following steps:

Step 1. We prove that ¢ is ‘linear’, in the sense that it keeps the span of
{1, A, B, B*} invariant.

Step 2. We shall exploit the facts that ¢ is a *-homomorphism and preserves the
canonical volume form on 5270, that is the restriction of the Haar state of SU,(2).

Step 3. We will compute the antipode of Q and apply it to get some more relations.

Step 4. We will use the above steps to identify Q as a subobject of SO, (3) which
will finish the proof.

Remark 5.3.1. The first step does not make use of the fact that o preserves the R-

twisted volume, so linearity of the action follows for any object in the bigger category

Q'(D).

We now note down some useful facts for later use.

Lemma 5.3.2. We observe :
1. The eigenspace of D corresponding to (ci1l + c2) and —(c1l + c2) are spam{vin .+
2

1 . l l
vi ,:—-1<m <1} andspan{vmé—vm

1 - =1 <m <1} respectively.

) 5

2. The eigenspace of | D| corresponding to the eigenvalue (cl.%—i—cz) is span{a, v, a*,
7'}
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V211
27 2
1 1
= N2, ,Fr(yju_1) = N?, ;Fo(E>wy)
CEE) 2 ) 2
1 1
= N?, Fe(Er(a—psy)) = N2 F>(—py" —psa’)
27 2 27 2
1 1 1
= N2, ,(a—psy) = N?, ,a—psN?, 7.
27 2 72 27 2
1
vi
27 2
3 0 3
= Ni_F'e(yiu_y) = NI (B> (a—psy))
272 2 272
1 1 1
= N? (-p7" —psa™) = —pN? " —pusNi o
373 272 2732
Combining these, we have the result. O
Lemma 5.3.3. 1. w(A)v! N € span{va, vlnvN, viljll\I ,
14+1
m(B)vt mN S Span{Vm 1N Vin—l,N? Vnil,N )
* 1+1
m(B*)u! Un,N € span{va N in+1,N’ VHT+1,N}'
1—k+1 1+k
m(AF) (v mN) € span{va, vaJr ) eeeen , VIIN )
/ 1—(n'4+m’—1 1 ’ ’
3. w(A™ B") (vl N)E span{v. " n,ﬁ, vmfnn,7§n L ) VHTBHJ,F’KII
(A" B*¥)(v mN) € span{v}mi;%, VL:_?_;I{\?_I, ....... vl:f_i:f\] .
Proof : Using ( 5.1.7 ) and ( 5.2.2 ), we have
!
7.‘-("4)vm,N
o et oif!
= — —lag (Lms N)v  + ad(lm; N)vy, y + ag (Lm; N)vph ).

1 _{_MZUWMN 1+M2

! 1 -1 141
Thus, 7(A)v,, y belongs to span{vy, N, vy, N Vi NT-

Similarly, using the expressions for B and B* from ( 5.1.7 ) and then using ( 5.2.2
) just as above, we get the required statements for 7(B) and 7(B*). This proves 1.

Repeated use of 1. now yields 2.,3. and 4. O

5.3.1 Linearity of the action

For a vector v in ‘H, we shall denote by T, the map from B(H) to L?(SU,(2)) given by
Ty(z) = zv € H C L*(SU,(2)). It is clearly a continuous map w.r.t. the SOT on B(H)
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and the Hilbert space topology of L?(SU,(2)).

For an element a in SU,(2), we consider the right multiplication R, as a bounded
linear map on L?*(SU,(2)). Clearly the composition R,T, is a continuous linear map
from B(H) (with SOT) to the Hilbert space L?(SU,(2)). We now define

T = RosTo + 12 R/T.

Lemma 5.3.4. For any state w on Q and x belonging to S}L o, we have T(py(x)) =

bu(x) = Ri(du(x)) € Si . C L*(SUL(2)), where ¢, (x) = (id ® w)(¢(2)).
Proof : Tt is clear from the definition of T' (using aa* + p?yy* = 1) that T(z) = = =
Ry(z) for z in SZ’C C B(H), where z in the right hand side of the above denotes the

identification of z in S . as a vector in L?(SU,(2)). Now, the lemma follows by noting
that for z belonging to Sg}c, ¢w () belongs to (5’3 )", which is the SOT closure of S?

T
and the SOT continuity of T" discussed before. O
Let
Y= Span{v ey <<t U<}
As Span{v AL —1 < i <1}, is the eigenspace of |D| corresponding to the eigenvalue

cil + e, U and U* keep V! invariant for all [.

Lemma 5.3.5. There is some finite dimensional subspace V of O(SU,(2)) such that

1
o (O (A ) 1), By(du(A Yu? i ) belong to V for all states w on Q.
The same holds when A is replaced by B or B*.

Proof : We prove the result for A only, since a similar argument will work for B and
B*.
We have ¢(A)(v:

Q [ I

1 ® 1) =U(r(A) ® )U*( il ®1).

~ 1
Now, U*(v JZ ® 1) belong to Vi ® Q, and then using the definition of 7 as well
as the Lemma 5.3.3, we get (7(4) ® )U*( il ® 1) belong to Span{vlf L -I'<j<

~ 9 ~ ~ 1
Il<3loQ= V2 ® Q. Again, U keeps V3 ®Q invariant, so Ry (pw(A )( )) belong
1

to Span{va*,v € V%} Similarly, Ry(qﬁw(A)(vfil)) belong to Span{vy : v € V2}. So,
2
the lemma follows for A by taking V = Span{va*,vy: v € V%} C O(SU,(2)). ]

1
Since «a,y* are in Span{v? jtl} we have the following immediate corollary:

Corollary 5.3.6. There is a finite dimensional subspace V of O(SUL(2)) such that
for every state (hence for every bounded linear functional) w on Q, we have T(¢,(A))

belongs to V. Similar conclusion holds for B and B* as well.



Chapter 5: Quantum isometry groups of the Podles spheres 154

Proposition 5.3.7. ¢(A), ¢(B), ¢(B*) belong to O(S}. ) Qayg Q.

Proof : We give the proof for ¢(A) only, the proof for B, B* being similar. From the
Corollary 5.3.6 and Lemma 5.3.4 it follows that for every bounded linear functional w
on Q, we have T(¢,,(A)) belongs to VN S2 . C O(SUL(2)) N Ker(y) ( by Lemma 5.1.2 )
and hence V(N S2 . = V) 0(5’370), where V is the finite dimensional subspace mentioned
in Corollary 5.3.6. Clearly, V(N O(S?.) is a finite dimensional subspace of O(S? )
implying that there must be finite m, say, such that for every w, T'(¢,(A))belongs to
Span{A*, AFB! A¥B* .0 < k,1 <m}. Denote by W the (finite dimensional) subspace
of B(H) spanned by {AF, A¥B!, AkB*' . (0 < k,1 < m}. Since for every state (and hence
for every bounded linear functional) w on Q, we have T'(¢,(A)) = R1(¢u(A)) = b (A).1,
it is clear that ¢, (A) is in W for every w in Q*. Now, let us fix any faithful state w on
the separable unital C*-algebra Q and embed Q in B(LQ(Q, w)) = B(K). Thus, we get a
canonical embedding of £L(H® Q) in B(H®K). Let us thus identify ¢(A) as an element
of B(H ® K), and then by choosing a countable family of elements {g1, o, ...} of Q

which is an orthonormal basis in K = L?(w), we can write ¢(A) as a weakly convergent
series of the form > 7%, ¢ (A) ® |gi >< g;|. But ¢(A) = (id ® w;j)(¢(A)), where
wij(-) = w(q} - gj). So we have ¢"(A) belongs to W for all 7, j, and hence the sequence
2 i j=1 #Y(A) ® |g; >< gj| belongs to W @ B(K) converges weakly, and W being finite
dimensional ( hence weakly closed ), the limit, that is ¢(A), must belong to W @ B(K).
In other words, if Ay, ..., Ay denotes a basis of W, we can write ¢(A) = Ele A ®B;
for some B; in B(K).

We claim that each B; must belong to Q. For any trace-class positive operator
p in H, say of the form p = > . Ajle; >< ¢j|, where {eq,e2,,...} is an orthonormal
basis of H and A; > 0, Ej Aj < o0, let us denote by 1, the normal functional on
B(H) given by z +— Tr(pz), and it is easy to see that it has a canonical extension
= (1, ®id) on L(H® Q) given by ),(X) =3, A; < e; ®1, X(¢; ®1) >4, where X
isin L(H® Q) and < -, -, > 5 denotes that Q valued inner product of H® Q. Clearly, 1,
is a bounded linear map from L(H® Q) to Q. Now, since Ay, ..., Ay in the expression of
¢(A) are linearly independent, we can choose trace class operators py, ..., p, such that
Yy, (A;) = 1 and ), (A;) = 0 for j # i. Then, by applying ﬁpi on ¢(A) we conclude that
B; belongs to Q. But by definition of Q as the Woronowicz subalgebra of Q generated
by <€®@1,6(z)(n®1) > g, with n,{ belonging to H, we must have B; belongs to Q. O

Proposition 5.3.8. ¢ keeps the span of 1, A, B, B* invariant.

Proof : We prove the result for ¢(A). The proof for the others are exactly similar.

Using Proposition 5.3.7, we can write ¢(A) as a finite sum of the form ), -, AF @
Qr + Zm’,n’,n’?ﬁo A" B @ Ry s + Zr,s,s?ﬁﬁ A"B* ® R;“,S’

Let & = ¢!

mo,No*
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where qém’ N),(mo,No) belong to Q. Since ay preserves the R-twisted volume, we have :

l I
Z Q(m7 N), (m/, N’)q(m,N), (m/, N = 1. (531)
m/,N'
It also follows that U(AE) belong to Span{vi:u Nom=-=l ... U''=1-1,l,1+1, N =
+3}. R
Recalling Lemma 5.3.3, we have ¢(A)U({ ® 1) = > m=—1,.. L N=+1 Akvé% N ®
l ! ) l
qu(m, N), (mo,No) + Zm/, n/ n'#0, m=—1,...|,N=+1 A™ B" Upy Ny © B, n'9(m N, (mo,No)
205, 520, me—i,..1, N=+1 ATB*s”fn,N ® R;,sqém,]\/), (mo,No)*
Let m{, denote the largest integer m’ such that there is a nonzero coefficient of

l—mpy—n/

A™ B" n/ > 1 in the expression of #(A). We claim that the coefficient of v, "5 5 in
P(AU(E® 1) is ng,n'%m/]v% (mo,No)*

l—mgj—n . . .
Indeed, the term v, " - can arise in three ways: it can come from a term of the

form Am// B”,,U%,N or Akvfnw or ATB*Svfn.N for some m”, n”, k, r, s.

In the first case, using Lemma 5.3.3, we must have [ —mj —n’ =1—m’ —n" +t, 0 <
t <2m” and m—n' =m—n" implying m" = m}, +t, and since mj, is the largest integer
such that such that A™o B™ appears in ¢(A), we only have the possibility ¢t = 0, that is
UZZ?,;\T;, appears only in Amo BT

In the second case, we have m — n’ = m implying n’ = 0. - a contradiction. In the
last case, we have m—n' = m+s so that —n’ = s which is only possible when n’ = s =0
which is again a contradiction.

Now, coefficient of vf;f:l{),_]\? in U(A¢ ®1) is zero if m{ > 1 (asn’ # 0 ). It now
follows from the above claim, using Lemma 5.3.3 and comparing coefficients in the
equality U(AE® 1) = ¢(A)T(E@1), that Ry w@ly . (mo.vg) = 0 for all n > 1, for all
m, N when m{, > 1. Now varying (mg, No), we conclude that the above holds for all
(mo, Np). Using (5.3.1), we conclude that

Ryt ot D mr N qémw)’ (m,7N,)qé:% N, (e, Ny = 0 for all n' > 1,

that is, R, n = 0 for all n’ > 1 if mg > 1. Proceeding by induction on my, we
deduce R,y v =0 forallm’ > 1, n’ > 1.

Similarly, we have Q = 0 for all £ > 2 and er, s=0foralr>1 s>1.

Thus, ¢(A) belongs to span{l, A, B, B*, B>, ....... B" B*2,....B*™}. But the coeffi-
cient of vi;f;,’ N in (;S(A)ﬁ(f ®1) is Ry /. Arguing as before, we conclude that Ry ,,» =0

for all n’ > 2. In a similar way, we can prove Ry ,, = 0 for all n’ > 2. |



Chapter 5: Quantum isometry groups of the Podles spheres 156

In view of the above, let us write:
H(A)=10T1 + ATy + B® T3+ B*® Ty, (5.3.2)
P(B) =108 +A® S+ B®S3+ B"® 84, (5.3.3)

for some T;, 5; in Q.

5.3.2 Homomorphism conditions

In this subsection, we shall use the facts that ¢ is a *-homomorphism and it preserves
the R-twisted volume to derive relations among 7;,.5; in ( 5.3.2 ), ( 5.3.3 ).

Lemma 5.3.9. LT
n-1i=T
14+ u
-S
Sp= 2.
I+p

Proof : We have the expressions of A and B in terms of the SU,(2) elements from the
equations ( 5.1.17 ), (5.1.18 ) and ( 5.1.19 ). From these, we note that h(A) = (1 + ,u2)71
and h(B) = 0. By recalling Proposition 5.2.2, we use (h ® id)¢p(A) = h(A).1 and
(h ®id)¢(B) = h(B).1 to have the above two equations. O
Lemma 5.3.10. 17 =14, 15 =T, T} =T3.

Proof : Follows by comparing the coefficients of 1, A and B respectively in the
equation ¢(A*) = ¢(A). O

We shall now assume that p # 1. The case = 1 will be discussed separately.

Lemma 5.3.11.

S5S5 + c(1+ p2)28585 + (1 + 1)’ S35y

= (1= T)(p® + Ta) — e(1 + @25 — c(1+ 1) Ty + c(1 + p2)%1,  (5.3.4)
—285 8o+ (14%) 85 S5+ (1444°) S5S4 = (WP +2To—1)To—p® (144°) T3 T3 — (1447 T3 T,
(5.3.5)

S48y — 8383 — ptS;Sy = T3 + p*TsTy + T3 T3, (5.3.6)

S5S4+ 8580 = —(u? + To)T5 + T5 (1 — Ty), (5.3.7)

5553 + ,UJ2SZSQ = —TyT5 — ,u2T3T2, (5.3.8)

S3S3 = —T3. (5.3.9)
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Proof : It follows by comparing the coefficients of 1, A, A%, B*, AB and B? in

the equation ¢(B*B) = ¢(A) — ¢(A?) + ¢l and then substituting S1, T1, T5,Ty by
—Ss 1-T5
1+;U'2’ 1+u27
5.3.10. -

Ty, Ty respectively by using the relations in Lemma 5.3.9 and Lemma

Lemma 5.3.12.

—So(1 = To) + (1 + p2)°S3T5 + (1 + p2)*SuTs

= —p2(1 = Ty)Ss + cp®(1 + p2) TS, + cp®(1 + p2) Ty S5, (5.3.10)
52—252T2+(1+M2)(M253T§+S4T3) = ILL2SQ—2M2T252+M4(1+M2)T3S4+M2(1+M2)T§<83,
(5.3.11)

—SoT3 + Sg(l — TQ) = —M2T3S2 + ,U,Q(l — Tg)Sg, (5312)

—S8oT5 + Sy(1 —To) = p(1 — T3) Sy — p2T5 S, (5.3.13)

SoT3 + ,u253T2 = ,UZ(TQS3 + /L2T3S2), (5.3.14)

STy = p*T3S3, (5.3.15)

SuT; = Ty Sy. (5.3.16)

Proof : Tt follows by equating the coefficients of 1, A, B, B*, AB, B? and B*? in the
equation ¢(BA) = u?¢(AB) and then using Lemma 5.3.9 and Lemma 5.3.10. O

Lemma 5.3.13.
5955 4 c(1 4+ p?)28355 + (1 + u?)?84S;

= p2(1 = To)(1 4 (%T) + c(1 + )’ T3T5 + (1 + p?)?T5Ts + c(1 + 1)1, (5.3.17)

—25555 + p?(1+ %) 8355 + (1 + p?)SuS;

=2 (1L+ )T = 2p* (1 = To)To — p¥ (1 + p°) 3T — p' (1 + p*) 5T, (5.3.18)

—598) — 8385 = p2(1 4+ )Ty — pt(1 — To) Ty — i T3(1 — T), (5.3.19)
S9S5 — utS38% — S4S; = —p*Ty + pPT3Ty + T3 T3, (5.3.20)

89Sk + 12838% = —pt Ty — pST3Ty, (5.3.21)

S3S; = —piT?. (5.3.22)

Proof : The Lemma is proved by equating the coefficient of 1, A, B, A?, AB, B?
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in the equation ¢(BB*) = pu2¢(A) — u*¢(A?) + c.1 and then using Lemma 5.3.9 and
Lemma 5.3.10. O

5.3.3 Relations from the antipode

Now, we compute the antipode, say k of 0.
To begin with, we recall from Lemma 5.1.3 and Proposition 5.1.5 that {z_1,x0,z1}

is a set of orthogonal vectors with same norm.

Lemma 5.3.14. If 2’ |, xf, 2! is the normalized basis corresponding to {x_1, xo, x1},
then from ( 5.3.2 ) and ( 5.3.3 ) we obtain

Pa' ) =2, ®S3+zy®—p 1+ uz)_%Sz +af ® —ptSy,

o(ah) = ¢y ® —p(1+ 12Ty + ah ® Ty + 24 © (1 + i) * T,

Bat) = 2y ® —pSj +ay ® (1+ 42) 285 + a4 © 5§,

Proof : As x_1, xzo, x1 have same norm, it follows that 2} = Kx;, where K =

HxiH_lv i = {_1?07 1}
Now, using ( 5.1.7 ) and ( 5.3.3 ), we have

p(a’y)
1
Kt(1+ p?)?
= ¥¢(3)
I
Kt(1+ ,uQ)% 1—t 1 T 1 p(—p~try)
= ——— IS+ 5 @+ — QS+ ——7T Q5
p L p {1+ )t b1+ p2)?
S S
= Kz ®S3+ Kog® ———2— + Koy @ —
p(l+p?)2
( by Lemma 5.3.9 )
/ / 1 2\~ 3 / 1
=2 ,®83+xy®@—pu (1+p°) 2S2+27® —p Sy
By similar calculations, we get the second and the third equations. O

Hence, ¢ keeps the span of the orthonormal set {z’, x(, z}} invariant. More-
over, ¢ is kept invariant by the Haar state h of SU,(2). Therefore, we have a unitary
representation of the CQG O on span {4, xf, =)}

Using Ty = T4 from Lemma 5.3.10, the unitary matrix, say Z corresponding to ¢

and the ordered basis {2/ 1, z(, «}} is given by :
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Sz —py/ 1+ p*T3 —pSy
_ —5 T S5

Sy A+ S

Recall that ( cf [41] ), the antipode k on the matrix elements of a finite-dimensional

« o

)*. Hence, the antipode is

unitary representation U® = (uy,) is given by r(ug,) = (u

pq qap
given by :
K(T) = To, 5(Ts) = —2— K(S5) = u2(1 + p2)T5,
P2 (1 + p?)
w(Ss) = S5, w(Sh) = u2Sa, w(TY) = 2
’ ’ 14+ p2’

K(S3) = (1 + 1) T3, K(S3) = S, #(S) = n 2S5,

Now we derive some more equations by applying x on the equations obtained by

homomorphism condition.

Lemma 5.3.15.
AL+ i) TTs + e (1 + p2)28583 + cp(1+ u2)254S;
=121 — To)(u% 4+ 1) — ¢SS5 — ¢S5 + cp(1 + p?)? 1, (5.3.24)
3k 2 % 2 *
—2u* (14 ) T3 Ty + (1 + p?)" 5593 + p* (14 p%)"SuS;

= 2 (1 + p®)To(p® + 2Ty — 1) — u?S255 — 5555, (5.3.25)

4 2 2
P+ ) T T — P (14 p2)°5585 — pO(1 + )" 5455

= 121+ p2)°T2 + p*S2S; + S35, (5.3.26)
2 2\2 2 N2mr g 2 _
p (1 + %) " SuTs + po (14 p7) 1383 = =S (0" + To) + (1 — 13) 52, (5.3.27)
@2
S48 = —%. (5.3.28)
(1 + p?)

Proof : The relations follow by applying « on ( 5.3.4 ), ( 5.3.5 ), ( 5.3.6), ( 5.3.7)
and ( 5.3.9 ) respectively. O
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Lemma 5.3.16.

— 12 (1 = To)T5 + ¢S955 + ¢S5, = —p T3 (1 — T) + cp®SuS5 + iS58y, (5.3.29)

S3S5 = 125553, (5.3.30)

S9Sy = pu*S4So, (5.3.31)

—S3T5 4+ (1 —Ty)S5 = — T35 S5 + pu?S5(1 — Ty), (5.3.32)
—SoT5 + (1 = T5)Sy = p2S4(1 — To) — p>T5 S, (5.3.33)
T3S 4 112851y = 12 (TS5 + 12 SoT3). (5.3.34)

Proof : The relations follow by applying x on ( 5.3.10 ), ( 5.3.15), ( 5.3.16 ), ( 5.3.12
), (5.3.13 ) and ( 5.3.14 ) respectively. O

Lemma 5.3.17.

2 * * *
pt(1+ p?) TaT5 + cp? (1 + p*)29355 + ep®(1 4 p?)* S5 S,

= 1t (1 — To) (1 4 4 Ty) + €525 + ¢S5 + cp(1 + p?)2.1, (5.3.35)
252
SySy=——1 22 (5.3.36)
(L4 p2)
2 * * 2 * * ES *
—pP (U4 p2) 83Ty — (14 1) T3S5 = 12 (1 4 p2) S5 — p* S5 (1 — To) — p* (1 - T) S5,
(5.3.37)
212 Qi 2 212 * 2 ax 4 *

Proof : The relations follow by applying x on (5.3.17), (5.3.22), ( 5.3.19 ) and (5.3.21)

respectively. O

Remark 5.3.18. It follows from ( 5.8.28 ) and ( 5.3.36 ) that u*S4S3 = S354.

5.3.4 Identification of SO,(3) as the quantum isometry group

Motivated by ( 5.2.5 ) and ( 5.3.23 ) we are led to state and prove the following statement

The map SO, (3) — Q sending M, L,G, N, C to —(1+p?)71Ss, S5, —pu~ 1Sy, (1+
p?)~ (1 —Ty), uTs respectively is a * homomorphism ( See Proposition 5.3.30 ).

To prove this, it is enough to show that all the relations of SO, (3)( asin ( 5.2.4 ) )
when translated to relations of QISOFR(O(S2 ), H, D) via the above map are satisfied.
Hence, we list the relations one by one.

L*L = (I — N)(I — u=2N) gives
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— 21— 24Ty 2 (14+p2)—(1-T
S385 = (1-158)(1 - p2155) = iR (LU 0o,
which implies

P21+ 1) 8585 = (1 + To) (1P (1 + p2) — (1 — T)).

LL* = (1 — p2N)(1 — u*N) gives S3595 = (1 — ,uz(;T%))(l — ,u4(%j$§)) implying

(14128585 = (14 12T2) (1 + p2) — pi*(1 - T)).

*

G*G = GG* = N? gives —%‘(—%) = (—&)(—ﬁ) — (-1 implying

W) = ey
2(1-Ty)?
S184 = 54 = ”(1( - szg |

M*M = N — N? gives
S5S  1-Tp (1-T)°

(b2 THut (14 p2)”

S382  _ (14u?)(1-Tp)—(1-Ty)?
(1+p2)* (1+p2)*

which means implying
858y = (1 = To)(4* + To).

MM* = 12N — u*N? gives (15555)2 — 12050 - uh (1 )?, which implies

SQS; = /1,2(1 — Tg)(l + ,leTz).

C*C = N — N? gives uT;uTs = i;g% — (%153)2, which implies

27
(1= To)(u* + To) = p?(1 + i) T3 T.

. . _ T2 . .
CC* = i’ N — A N? gives (uTs)(uTs)" = /LQ(LZ%)—ML(LZ%) , which implies p?T5Ty§ =

2
0T 0T Therefore, (1-4+7:2)(1—T2)—p?(1 — To)? = (14 i) Ty Thus,

21, o
(1= To)(1+ ©°T2) = (1+ 1) T3

LN = j*NL gives S3(17,3) = p*(13,3)3, implying

Sg(l - Tz) = u4(1 - TQ)Sg.

GN = NG gives —%(;Zg) = (;Z%)(—%), which implies S4(1 — 1) = (1 — T2)S;.
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Thus,
S4T2 = T2 54 .

MN = i2NM gives (—1325)(153) = 1> (155 ) (— 1227), implying

52(1 - Tz) = ,LLQ(l - TQ)SQ.

CN = i>NC gives “T3(1+u ) = (1 T2 2)uT3, which implies

Tg(l — Tg) = ,u2(1 — TQ)T3.

LG = p*GL gives S3(—pu=1Sy) = pt(—p=154)Ss, that is,

5354 = M4S453.

LM = y? ML gives S3(— %) = p*(—12%2) 53, that is,

5352 = M25253.

MG = i>GM gives (—ﬁ;)(—i) = p?(—5) (- 1+ 5 ), that is,

5254 = /1/25452.

CM = MC gives (uT3)(— 1+u z) = (— 1+M ) (uT3), that is,

1355 = So7T3.

LG* = p*G* L gives S3(— —Z) = ,u4(—%)5’3, that is,

S3S; = ptS;Ss.

M? = LG gives (—1522)2 =y 185(—% =t), that is,

g

S38 = ——————
SO

* — . S5 _ _ .
M*L = '(I = N)C gives —372,83 = p~ ' (1 — 17,3)T3, that is,

—5553 = (,U,2 + TQ)T3.
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N* = N gives % = %, that is,

TS =T

Thus, we are led to prove the following lemmas, in some of which we will need

u? # 1. The case p = 1 will be dealt separately.
Lemma 5.3.19. S35 = (1 — T2)(u% + Ta).

Proof : Subtracting the equation obtained by multiplying ¢(1 + p?) with ( 5.3.5 )
from ( 5.3.4 ), we have

(1+2e(1+ 1) 8582 + e(1 + 12)* (1 — 1) S} 84
= (1-Ty) (U2 +T3) — c(1+ 1) (12 + 275 — D)To + (1 + p2) (12 — V) T5T3 +c(1 + p2)° 1.
(5.3.39)
Again, by adding ( 5.3.4 ) with ¢(1 + u2)2 times ( 5.3.6 ) gives

(14 c(1+ 12)%)S580 + c(1 — p*) (1 + 12)° S Ss.

= (1= Do) (i® + Tz) — e(1 + p2)°T§ + (1 + )" (u* = DIET5 + c(1 + p2)".1. (5.3.40)

Subtracting the equation obtained by multiplying (% + 1) with ( 5.3.39 ) from ( 5.3.40

) we obtain

—( o1+ i) 8580 = (1 - To)(u? + Ta) — c(1 + i) ° T3

~(1 4+ p)(1 = To) (e + To) — cp®(1+ 1)1 + e(1+ ) (u? + 213 — DT,

The right hand side can be seen to equal —(u? + ¢(1 + u2)2)(1 — T)(u? + Ty). Thus,
S;SQ = (1—T2)(,LL2—|—T2). O

Lemma 5.3.20.

P21+ ) T = (1 - o) (12 + Ty), (5.3.41)
1+ 12)°TyT5 = (1 — To)(1 + p*Ty), (5.3.42)
S985 = p2(1 — To) (1 + 1i°Ty). (5.3.43)

Proof : Applying k on Lemma 5.3.19, we obtain ( 5.3.41 ).
Unitarity of the matrix Z ( ( 2, 2 ) position of the matrix Z*Z ) gives pu?(1 +
pA)T3Ts + T3 + (1 + p)I5T5 = 1.
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Using ( 5.3.41 ) we deduce —(1 + p2)?T5T5 = (Ty — 1)(1 + p?T3). Thus we obtain (
5.3.42 ).
Applying k on ( 5.3.42 ), we deduce ( 5.3.43 ). O

Lemma 5.3.21. S;Sy = 545 = (1 + 1) (1= Ty)2

Proof : Adding ( 5.3.25 ) and ( 5.3.26 ), we have : —ud(1+ p2)*(1 — p2)T3Ts +
2 * ”
pt 4 p?) (1 = p?)SuS; = —p2 (1 + 1) (1 = p*)To(1 = To) — p*(1 — p*)S2.S5.
Using p? # 1, we obtain,

3 2 X
—pt (14 @) T3 T + pt (14 p2)°80S5 = =2 (1 + p)To(1 = To) — p* S5 5.
Now using ( 5.3.41 ) and ( 5.3.43 ), we reduce the above equation to

2
pt(1 4 p%)" 84 S;
= 21 =T)(To+ 2T+ p* + p'To) + (1 + 1) (1 = To) (1® + T)

= W1 -T)%
Thus,
6
* Mi . 2
= pt(1 +u2)2(1 2
2
_ H _ 2
S +u2)2(1 )
Applying k, we have S;S4 = ﬁ(l —Ty)2.
2
Thus, 5154 = 5452 = JT)Q(I — TQ)Q. Od

Lemma 5.3.22. p2(1 + p2)°8385 = (2 + To) [ (1 + p2) — (1 — T)].

Proof : Using Lemma 5.3.19 in ( 5.3.4 ), we have
S3S3 +T3Ts + T5T5 + S3Ss = 1. (5.3.44)

The lemma is derived by substituting the expressions of 7373, 7373 and S;S; from
(5.3.41), ( 5.3.42 ) and Lemma 5.3.21 in the equation ( 5.3.44 ). O

Lemma 5.3.23. (1 + u2)2535§ = (14 p2To)(1 + p? — p*(1 = Ty)).

Proof : By unitarity of the matrix Z, in particular equating the ( 1, 1 ) th entry
of ZZ* to 1 we get S35 + p?(1 + p)T5T5 + p2S5Ss = 1. Then the Lemma follows by
using ( 5.3.42 ) and Lemma 5.3.21 in the above equation. O



165 Quantum Isometry Groups of the Podles sphere

Lemma 5.3.24. —S353 = (u? + 12)T5.

Proof : By applying * and then multiplying by u? on ( 5.3.7 ) we have u2S3S3 +
p2S3Sy = —p?Ts(p? + Ty) + p%(1 — Ty)Ts. Subtracting this from ( 5.3.8 ) we have
(1—pu?)S383 = —ToTs — p?T3Ts + p?T3(u? +Ty) — p?(1 — Ty) T3 which implies —S5S53 =
(U 4+ To)T3 as p? # 1. O

Lemma 5.3.25. Sg(l - TQ) = ,u2(1 - TQ)SQ.
Proof : Applying k to Lemma 5.3.24 and then taking adjoint, we have
2 N2k g 2
Adding ( 5.3.37 ) and ( 5.3.38 ) and then taking adjoint, we get ( by using u? # 1)
2 2\2 _ 4
Moreover, ( 5.3.27 ) gives
2 2
PP (1+ p?) 54Ty = —=Sa(p? + To) + (1 — To) Sy — p?(1 + p*) T3 Ss.

Using ( 5.3.45 ), the right hand side of this equation turns out to be Sa(1 — T3).
Thus,

(14 12)2 84Ty = p2S5(1 — To). (5.3.47)

Again, application of adjoint to the equation ( 5.3.37 ) gives :
P21+ %) 85T = —p2(1 + 12) T3Sy — 12(1 + p2)Sa + p*(1 — To)Sa + pSa(1 — Ty).
Using ( 5.3.46 ), we get

(14 12)°S5T5 = —So(1 + p*Ty). (5.3.48)

Using ( 5.3.45 ) - ( 5.3.48 ) to the equation ( 5.3.11 ), we obtain :

So—285Ts — (1+p?) L2 So (14 p2To) + p=2(1 4 p?) 1 So (1 = To) = p?So — 21> TS +
(L4 %) '8 (1 = 1) Sz — (1 + ) 7 (1? + T2) Sa.

This gives

121+ p2)[(S2 = SoTp) — (4*S2 — pPTaS2)] — p?(1 + p?)(SoTy — p?TaSs) — p*Sy —
18SoTs + So(1 — Tp) — p8(S2 — TaS2) + ptSe + TS5 = 0.

Thus, (14 u2)[Sa(1 —T2) — p%(1 —T3)Sa] + So(1 —T) — p%(S2 — TaS2) + ub[Sa (1 —
Ty) — p2(1 = T5)Sa] — (1 — T2)Sa + ptSo(1 — To) + p(Sa(1 — To) — pi* (1 — T2)S2) = 0.
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On simplifying, (8 + 2pu* + 2% + 1)(S2(1 — Ty) — p2(1 — Ty)S2) = 0, which proves
the lemma as 0 < p < 1. O

Lemma 5.3.26.

T3(1 — Tp) = (1 — To) T3, (5.3.49)

S3S% = putS;Ss. (5.3.50)

Proof : The equation ( 5.3.49 ) follows by applying x on Lemma 5.3.25 and then
taking .

We have S;S3 = —T% from ( 5.3.9 ). On the other hand we have S35; = —puiT?

from ( 5.3.22 ). Combining these two, we get ( 5.3.50 ). O

Lemma 5.3.27. S4T2 = T2S4.

Proof : Subtracting ( 5.3.33 ) from ( 5.3.13 ) we get the required result. O

Lemma 5.3.28. T382 = SQT3.

Proof : By applying * on ( 5.3.32 ) and then subtracting it from ( 5.3.12 ) we obtain
STy — 1355 = 0. O

Lemma 5.3.29. S3(1 —Ty) = p*(1 — T3)Ss.
Proof : By adding ( 5.3.12 ) with ( 5.3.14 ) we obtain

Sg(l - Tg) + [,L253(T2 - 1) = /LZ(;LQ - 1)T352.

Thus, using p? # 1,
S3(1 — Tp) = —uT3Ss. (5.3.51)

Moreover, by applying * on ( 5.3.32 ), we obtain
,u2(1 —T5)S3 = /,LQSQTE} — 1359 + S3(1 — T3).

Thus,
,u4(1 — Tg)Sg = M4SQT3 — ,U,2T3SQ + N2S3(1 — Tg).

Hence, to prove the Lemma it suffices to prove:
53(1 — Tg) = ,LL4SQT3 — /1/2T3SQ + ,u253(1 — Tg).

After using 1355 = S5713 obtained from Lemma 5.3.28 we get this to be the same as
(1 — p?)S3(1 — Tp) = p?(u® — 1)T35,. This is equivalent to S3(1 — Ty) = —u?T35: ( as
p? # 1) which follows from ( 5.3.51 ). O
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Proposition 5.3.30. Assume p # 1. The map SO, (3) — Q sending M,L,G,N,C to
—(1+p2) 718y, S3, —p= 1Sy, (1+p®)"1(1—T3), uTs respectively is a * homomorphism.

Proof : Now, we note that the proof of this Lemma reduces to verification of the

relations on Q as derived in Lemmas 5.3.19 - 5.3.29 along with the following equations

S384 = ' S4Ss, (5.3.52)
S35 = 1*S55s, (5.3.53)
S954 = MZS4SQ, (5.3.54)
p? 2
838y = —— P g2 (5.3.55
(L p2)? )
which follow from Remark 5.3.18, ( 5.3.30 ), ( 5.3.31 ), ( 5.3.36 ) respectively. O

Theorem 5.3.31. For u# 1, QISOL(O(S: ), H, D)= 50,(3).

Proof : We have seen in Theorem 5.2.3 that SU,(2) is an object in Qg (D) and
50,(3) is the corresponding maximal Woronowicz subalgebra for which the action is
faithful. Thus, SO,(3) is a quantum subgroup of QISOE(D). Now, Proposition 5.3.30
implies that QI SOE(D) is a quantum subgroup of SO,(3), thereby completing the
proof. O

Remark 5.3.32. We observe that in the proof of Theorem 5.3.31, the only place where
the structure of D was used was in Proposition 5.3.8 and there we used the fact that the
unitary commutes with |D|. Thus, if we replace this spectral triple by (O(S% ), H, |D|),

everything remains same and we deduce that
QISOL(O(S}: ), H,|D|) = QISO%(O(S}: ), H,D) = SO,(3).

5.3.5 The quantum isometry group in the case ;=1

As we had mentioned earlier, some of the Lemmas which were required for the proof of
Theorem 5.3.31 needed the condition u # 1. In this subsection, we will give the proof
for p =1 case.

To begin with, we prove some of the Lemmas in the case p = 1 which needed p # 1
previously. We note that the proofs of Lemmas 5.3.19, 5.3.20, 5.3.25, 5.3.26, 5.3.27,

5.3.28 go through even in the case u = 1. Therefore, we can use these Lemmas here.

Lemma 5.3.33. 53(1 — TQ) = (1 - TQ)S3.
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Proof : From ( 5.3.34 ) , we obtain 7553 + S3Ts = 1553 + SoT5.
Using 1359 = SoT3, from Lemma 5.3.28, we have S3T5 = 1553 which proves the
Lemma.
O

Lemma 5.3.34. 52(1 — TQ) = (1 - TQ)SQ.

Proof : From ( 5.3.15 ) and ( 5.3.16 ), we have respectively S3T3 = T3S3 and
SaT5 = T554. From ( 5.3.41 ) and ( 5.3.42 ), we see that in the case p = 1, T3 is
normal. Hence, S3T5 = T5S3 and S4T5 = T3S5,. Using these in ( 5.3.10 ), we have
Sa(1 —Ts) = (1 —T3)S5s. O

Lemma 5.3.35. 53535 = 5353.

Proof : Multiplying by 4 the equation ( 5.3.20 ), we have
48985 — 48355 — 48,S) = —4AT? + 4Ty T5 + AT T3.
Again, from ( 5.3.25 ), we have
16T T3 — 45553 — 48,55 = —ATS + S9.55 4 S5.55.
Subtracting this from the previous equation, we have
45555 — 4(S355 — 5353) — 16T5T3 = 4T5T5 + 4T3 T35 — S9.55 — S5.59.

Again using Lemma 5.3.19, ( 5.3.41 ), ( 5.3.42 ) and ( 5.3.43 ) in this equation, we
obtain
—4(8385 — S583) =4(1 —T3) — 6(1 — T3) + 2(1 — T5) = 0,

which implies 5353 = 53953. O

Lemma 5.3.36. S;S4 = 5457.

Proof : From ( 5.3.5 ), we have
—2858y + 25583 4+ 2858y = 213 — 2T3T5 — 2T T3.
Again, from ( 5.3.18 ), we obtain
—255S% + 28355 + 2848 = 2T5 — 2(1 — To) T — 2T5T5 — 213 T,

Subtracting this from the previous equation and using Lemma 5.3.19, ( 5.3.43 ) and
Lemma 5.3.35 we get 2(S5Ss — S4S;) = 0 implying S;S4 = S457. ]
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Now we prove that QISO%(O(S1.), H, D) is commutative as a C* algebra. As
QISOE((’)(S%C), H, D) is generated by T, T3, S, S3, Sy, it is enough to show that
these elements belong to the centre of QISOL(O(S3 ), H, D).

Lemma 5.3.37. Ty, T3, So, S3, S4, belong to the centre of QISOE(O(SiC), H, D).

Proof : T is self adjoint. From ( 5.3.41 ) and ( 5.3.42 ) we note that 73 is normal in
the case p = 1. From Lemma 5.3.19 and ( 5.3.43 ), we deduce that Sy is normal in the
case 4 = 1. Similarly, from Lemma 5.3.35 and Lemma 5.3.36 we obtain that S3 and Sy
are normal. Hence, it is enough to show that the elements 15,73, S5, .53, S4 commute
among themselves.

Now, from ( 5.3.49 ), Lemma 5.3.34, Lemma 5.3.33, Lemma 5.3.27 we get that T3
commutes with T3, Ss, S3, 54 respectively. From Lemma 5.3.28 and ( 5.3.15 ) we have
that T5 commutes with Sy, S5 respectively. Now taking adjoint on the equation ( 5.3.16
) we obtain that 73 commutes with S} implying that 73 commutes with Ss. From (
5.3.30 ) and ( 5.3.31 ), we have that Sy commutes with S3 and S4 respectively. Finally,
S3S54 = S4.53 follows from Remark 5.3.18. O

From Lemma 5.3.37, we deduce the following.

Theorem 5.3.38. QISOE(O(S%C),H,D) is commutative as a C* algebra and hence
coincides with the classical compact quantum group of orientation preserving isometries

of the sphere, that is, C(SO(3)).

Remark 5.3.39. Our characterization of SO,(3) as the quantum isometry group of a
noncommutative Riemannian manifold generalizes the classical description of the group
SO(3) as the group of orientation preserving isometries of the usual Riemannian struc-
ture on the 2-sphere. It may be mentioned here that in a very recent article ( [54]), P.
M. Soltan has characterized SO, (3) as the universal compact quantum group acting on
the finite dimensional C*-algebra M>(C) such that the action preserves a functional wy,
defined in [54]. In the classical case, we have three equivalent descriptions of SO(3):
(a) as a quotient of SU(2), (b) as the group of (orientation preserving) isometries of
S2, and (c) as the automorphism group of Ms. In the quantum case the definition of
S0,(3) is an analogue of (a), so the characterization of SO,(3) obtained in this paper
as the quantum isometry group, together with Soltan’s characterization, completes the

generalization of all three classical descriptions of SO(3).

5.3.6  Existence of Q7§0/+(D)

For the above spectral triple we have been unable to settle the issue of the existence
of QISOT (D) which is the universal object ( if it exists ) in the category Q'(D) men-

tioned in subsection 3.2.2. Nevertheless, we now show that if it exists, the Woronowicz
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subalgebra QISO™ (D) must be SO, (3). In particular, the universal object in the sub-
category of CQG s acting by orientation preserving isometries and containing SO,(3)

as a quantum subgroup exists.

Lemma 5.3.40. If QISO+ (D) exists, its induced action on S,%,w say o, must preserve

the state h on the subspace spanned by {1,A,B,B*,AB,AB*,AQ,BQ,B*Z}.

Proof : Let Wy = C.1, W% = Span{l, A, B, B*},

Ws = Span{l, A, B, B*, AB, AB*, A%, B2, B*?}.

Wé note that the proof of Proposition 5.3.8 and the Lemmas preceding it do not
use the assumption that the action is volume preserving, so the proof of Proposition
5.3.8 goes through verbatim implying that ag keeps invariant the subspace spanned
by {1, A, B, B*} and hence it preserves W% as well. Let W% = W% @& W' be the
orthogonal decomposition w.r.t. the Haar state (say hg) of QISOT (D). Since SO,(3)
is a sub-object of QISO™ (D), there is a CQG morphism 7 from QISO™ (D) onto SO,,(3)
satisfying (id®m)ag = A, where A is the SO, (3) action on Sic. It follows from this that
any QISO™(D)-invariant subspace (in particular W) is also SO,,(3)-invariant. On the
other hand, it is easily seen that on W%, the SO, (3)-action decomposes as W% CRAE
(orthogonality w.r.t. h, the Haar state of SO,(3))), where W" is a five dimensional
irreducible subspace.

We claim that W' = W, which will prove that the QISO™(D)-action o has the

same h-orthogonal decomposition as the SO, (3)-action on Ws, so preserves C.1 and its
2

h-orthogonal complements. This will prove that ag preserves the Haar state h on W,

We now prove the claim. We observe that V := W (W is invariant under the
SO, (3)-action but due to the irreducibility of A on the vector space W’ or W”, it has
to be zero or W = W'. Now, dim(V) = 0 implies dim(W') + dim(W") =5+5>9 =
dim(W% ) which is a contradiction unless W' = W".

|

Theorem 5.3.41. If Q/IE'O/‘*‘(D) exists, then we have QISOT (D) = SO,(3). In par-
ticular, the universal object in the subcategory of Q'(D) with objects containing SO, (3)

as a sub- object, exists.

Proof : In Lemma 5.3.40, it was noted that Proposition 5.3.8 follows as before. We
observe that the other Lemmas used to prove Theorem 5.3.31 require the conclusion of

Lemma 5.3.40 as the only extra ingredient. O
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5.4 The spectral triple by Chakraborty and Palon S . c >
0

Now, we shall consider another class of spectral triples on the Podles spheres and show
that they give rise to completely different quantum groups of (orientation preserving)
isometries. Indeed, for these spectral triples, we have been able to prove the existence
of QISO™ and identify it with the CQG C*(Zo * Z*°) where Z* denotes countably
infinite copies of the group of integers.

In this section, we will work with ¢ > 0.

5.4.1 The spectral triple

Let us describe the spectral triple on Sic introduced and studied in [14].

Let Hy = H_ = 1*(INJ{0}),H =H+ ®H_.

Let {e,,n > 0} be the canonical orthonormal basis of H; = H_ and N be the
operator defined on it by N(ey,) = ney,.

We recall the irreducible representations 74 and 7_ : Hy — Hy as in [14].

mi(A)en = Aep®en, (5.4.1)
1
m+(B)e, = cx(n)2en—1, (5.4.2)
where
1 1.2
2
1 =0, A =5 E(ct ) exln) = Agp - Oep®™ +c. (5.4.3)
0 N
Let r=7n ®7m_ and D = .
N 0
Then (Sﬁ’c,ﬂ',?‘(, D) is a spectral triple.

We note that the eigenvalues of D are {n : n € Z} and eigenspace is spanned
e e
by ( " > corresponding to the positive eigenvalue n and " for the negative
€n —€n

eigenvalue —n.

Lemma 5.4.1.

[V

T+(B)(en) = c4(n+1)2ent,

[N

m_(B*)(en) =c—(n+1)2epy1.

Proof : <7T(B)(Zn Cn ( eg )), ( eg/ )> =), cnct(n)

1
er (' +1)7 = Y, cncs (' + 1% (en, ewit) = Y, ¢

N|=

<6n71, en’> = Cp/+1

NI
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<en, c+(n’+1)%en/+1> - <chn ( 6(;‘ ) : ( C+(”/+01);€"’+1 >>

Hence, 7 (B*)(ey) = c+(n + 1)%en+1.
Similarly, 7_(B*)(e,) = c—(n + 1)%6,1“. O

Lemma 5.4.2. If P,, Q, denote the projections onto the subspace generated by ( eg )

0
and ( > respectively, then P, Q, belong to W(Sﬁ’c).
€n

Proof : We claim that for all n # 0, c4(n) and c_(n) are distinct.
Let cy(n) = c_(n). Therefore, A\ pu?" — (/\+u2")2 +e=A_p?n — ()\_,u2”)2 + ¢. This
implies (Ay + A_)u®® = 1. Thus, 2" =1 and so n has to be 0.

Now, for all n > 1, 7n(B*B) ( eg ) = c+(n)%7r(B*) ( €n0—1 ) =cy(n) ( o ) .

0 0
Similarly, for all n > 1, 7(B*B) ( ) =c_(n) ( ) .
€n €n
Hence, for alln > 1, ¢4 (n) and c_(n) is a discrete distinct set of eigenvalues of B*B

e 0

with eigenspace spanned by ( (;L ) and ( ) respectively. Hence, the eigenpro-
€n

jections corresponding to these eigenvalues belong to the C*(B*B) C Tr(SZ,C). Hence,

P, Qn belong to (S ) for all n.> 1.

Moreover,w(A)(?)z)ur(eO())andw(A)(eOO):)\(2}).

Thus, by the same reasons as above, Py, ()¢ belong to 71'(5370).

X111 Xio

Lemma 5.4.3. W(Sﬁ’c)” = {( Xor Xop

) belong to B(H® H) : X12 = Xo1 = 0}.
Proof : It suffices to prove that the commutant W(Sﬁyc), is the Von Neumann algebra
cil

CQI
and 7_ are irreducible representations.

of operators of the form { ) for some ¢y, cy in C. We use the fact that 7

X1 X
Let X = ook e =(S> ). Using the fact that X commutes with
Xo1 Xoo ’

w(A), ©(B), w(B*), we have: Xj; belongs to 7r+(5’270), >~ C and Xy belongs to
TF_(S/%J’C)/ ~ (C, so let X171 = 11, Xo99 = col for some ¢y, cs.
Moreover,
Xiom_(A) = 74 (A) X9, (5.4.4)

X127T_(B) - 7T+(B)X12, (545)



173 The spectral triple by Chakraborty and Pal on Sl%,c, c>0

Xiam_(B*) = 14 (B*) X1 (5.4.6)
)

Now, ( 5.4.5 ) implies Xj2eg belongs to Ker(my(B)) = Ceg. Let X12e0 = poeo.

We have, 71 (B)(X12e1) = c%(l)Xlgeo = poc%(l)eo, that is, 74 (B)(Xi2e1) belongs
to Cep.

Since it follows from the definition of 74 (B) that 7 (B) maps span {e; : i > 2} to

((Ceg)J‘ = span{e; : i > 1}, Xj2e; must belong to span{eq, e;}.

Inductively, we conclude that for all n, Xis(e,) belongs to span{eg, ey, ...... ent
1
Using the definition of 7y (B*)e, along with ( 5.4.6 ), we have c2(1)Xi2e; =
1
1 2
poci (1)eq, that is, Xioe; = pgcgiliel.
c“(1

We argue in a similar way by induction that Xise, = ¢} e, for some constants c/,.

Now we apply ( 5.4.6 ) and ( 5.4.5 ) on the vectors e,, and e, to get
1 1

¢ 2 (n+1 c c2(n+1
C;l_i_l — nlJr( ) and C;’L+1 — nl ( )
c2(n+1) ci(n—l—l)

Since c4(n+1) #c_(n+1) for n > 0, we have ¢, = 0.
Hence, ¢/, = 0 for all n implying X2 = 0.
It follows similarly that Xs; = 0. O

5.4.2 Computation of the quantum isometry group

Let (é, A,U) be an object in the category Q'(D), with @ = oy and the corresponding
Woronowicz C* subalgebra of Q generated by {< (£®1), a(z)(n®1) >4, &NEH, €
Sﬁ,c} is denoted by Q. Assume, without loss of generality, that the representation U is
faithful.

e e
Since U commutes with D, it preserves the eigenvectors ( " > and < " > .
én —eén
e e
Let U ( ") = ( ”)@qi,
én én
e e
—eén —én

for some ¢, ¢, in Q.

Lemma 5.4.4. For all n > 0, a(A) < eg ) = ( eg ) ® 1 {11 + gra*) +

0
Ap® (1= qf gy ™) + Al (L + g g ") = Ao p® (g™ — 1} + ( . ) ® HAp (1 +
n

Gran ") F A (1= gr ™) = M (U + g 7)) + A p® (g a7 — 1)}
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0 n
For alln >0, a(A) ( ) > = ( 60 )®i[Mﬂz"(l—q?{q;*)JrA—uz”(lJrqﬁq;*)Jr

0
At (qn g — 1) = A_p® (g gt + 1)) + )@ (1 = gfay™) + Ao (1 +
n

Uy ™) = Al (g g — 1) + Ap™ (g, g + 1)),

For alln > 1, a(B) B I e
0 0

e (n)2) g 107" + (e ()T —e—(n) )47 + (c4 ()2 +c_(n)

(e (n)2 +c(n)2)g}_ g * +(cy(n)? —

W=

N

o 0
)n—19n "]+ ®

Hler ()7 e (m))gi g = (04 ()2 — e () )yt + (e ()7 — () )g 107" -
(e ()2 + - (1)2)g, 14"

For alln > 1, a(B) ( 0 ) = < et )®}l[(c+(n)%—|—c_(n)§)q:_1q;{*+(c_(n)é_

C+<n>%>q:_1q;*+<c+<n>%—c<n>%>qn_1q:*—<C+<n>%+c<n>%>qn_1qg*1+( ! )@

NI

+c(n)?)q,_1q,7].

For alln >0, a(B*) ( eg > = ( e"gl )®}1[(C+(n+1)§+c_(n+1)%)(q:+1q:{*+

1 L 0 B
—c-(n+1)2) (g 100 +an )]+ . ®[(cr(n+1)2+
n+1

N[

Tpy1@y ) FH(er(n+1)

N

e+ V) (G105 — ™) + (4 (n+ 1) — e (n+1)2) (G 1077 — g @)
n+19n p+19n + qp+19 nt14n .

Proof : One has, a(A)(< eg ))
_ ﬁ(A®1)L7*(< eg ®1)
_éﬁ(w(A)@@l)I?*(( o ) ®1+ < o ) ®1)
® gt + ( ) @

s S R Gy ol B

By using ( 5.4.1 ), we get this to be equal to

. by 2nn A an
U[( Ll >®q$*+< e )@qn*]

D[

)\—,U/Qnen _A—M%Len
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0
) & A1 (g + 4 *) + <

€n

) @ A_p? (g — g "))

e

" )®{>\+u2"(q7f*+q;*)+kMQ”(qI*—q;*)}Jr( Z >®{A+u2”(qyf*+
—Cn

(gt = a, )

e

e" ®iqi{h+u2”(q$*+q;*)+kuzn(qyf*—q;*)}qt(

<>\
) — EMQ”(QI* —q,")}

e
" ) ®1qn {1 (g +

n
® A (1 + gfay*) + A (1 — gfay*) + A (1 + gpqf) —

0
A p (g g — 1)} + ( . > ® 32 (L4 g a,™) + A i (1= g g, ) = A (1 +
G Gt7) + A (g, g = 1)}

Similarly, a(A)

- éﬁ@r(A)@l)ﬁ*([( - ) - ( o )] ®1)
7T+(A)en % 7T+(A)€n —x
( )®Q7—'L~_ —(—W(A)€n>®qn]
" 2n6n 2n€n B
= %U[< i’:z%en ) ® ¢l — < _A;i%en ) ® ¢, "]
( )®{A+M2"(QI*—QE*)+AMQ”(%T*Jrq;*)}Jr( _62 >®{A+u2”(qrf*—
I

(g 4 45 ")}

e — *
B ( ol @ s (1 = gey ) + A+ gl ) + AP g gt — 1) -

en
1)+ Ay (g, ¢ + 1))

As the proof of the others are exactly similar, we omit the proofs.

0
A (g g 1))+ < ) Q1A (=g g, )+ A (1 +q g, ") = A 1™ (g 4" —
Lemma 5.4.5. We have:
ot q* =q, g for all n, (5.4.7)

1 1 * — —% 1 L —% — *
(e (n)? + ()2 )(Gn_1n" = Gro1n ) + (c+(n)? — c—(n)2) (@10~ — dp1@n”) =0

for all n > 1, (5.4.8)
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1 1 * S — 1 Iy — * —x
(er(n)2 +c-(n)2)(ey_19n " = dp_1dn ) + (c+()? —c-(0)2)(@y_16y " — y—1¢ ") =0

for all n > 1, (5.4.9)

1 1 - 1 1, _ .
(cr(n+1)2 +eo(n+1)2)(grydn " = dpyrdn ) = (cr(n+1)2 —co(n+1)2)(gp107 "~
4t1q,") for all n. (5.4.10)

Proof : Since a(A) maps (52

..c) into its double commutant, we conclude by using

0
the description of 7[‘(5370)” given in Lemma 5.4.3 that the coefficient of < ) in
€n

a(A) ( eg ) must be 0, which implies ( by Lemma 5.4.4 )

M+ g — (U4 ¢ )+ A1 - 4ia," + ¢y, — 1] =0.

Hence,

A+ = A ) (@ an™ — g af™) = 0. Hence, (¢ q," — g ™) = 0.

Proceeding in a similar way, ( 5.4.8 ),( 5.4.9 ), ( 5.4.10 ) follow from the facts that

0 n— 0 n
coefficients of < ) , < n—1 ) and ( ) in a(B) ( c ) ,
€n—1 0 en+1 0

0
a(B) . and a(B%) e[;L ( respectively ) are zero. O
n

Corollary 5.4.6. We have

> 1
a(A) =) AP, @ —{\(1+qre, ")+ A (1—glg, ")}
2 2t

) 1 ., .
+AQn ® 5= (1= g7q,") + A (1t g7,
n=0 B

a(B) = 30 BP @ esl(en(n)® + e (D) a1t + 4 10i”)
n=1

[N
e}
|
—~
S
N—
SIS
N—

N

Hea )} — e (03 (gl + 0106+ 3 B (e (n)
n=1

~(n)
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1 _ _
—c(n)2) (g 100" + 4100 7)]-

N

(G 10t + a4, 1a,7) — (cs(n)

.
S
&H
=
=
=}
o+
@
-+
=
o
-+
A
=
VR
o
3
~—
Il
/N
S
+
o~
=
3
—~
=
~—
VR
SIS
~
Il
/N
=S
+
SIS
=
3
~_

e
A 2n n
+H 0
W(A)( 60" )
€n
Thus, ( 0 ) = W
0
n(A)
. 0 €n
Similarly, ( . ) = —

Now, using ( 5.4.7 ),

a(A) < o ) = ( eg ) ® %{Muz"(l +qiay) + At (1= gha, )}

= m(A) ( e > ® %{M(l +ata,)+A-(1—qra, )}
+

Similarly,

€n €n

a(A)( " >=w<A>< " )@5{A+<1—q:qg*>+x_<1+q:q;*>}.

Thus, a(A) = 3020 APy © g A (1 + ") + A= (1= ¢ q,)} ++ 2202 AQn ®
M (=gt a, ) + 2 (1+¢ig, ")}

€n

0
By similar considerations from «(B) ( 0 > ,a(B) < ), the result follows. O
€n

Lemma 5.4.7. Let EL = P, + Qn. Then for each vector v in H, a(ﬁ;)v = Eﬂ) ® 1.

Proof : To start with, we recall that P, and Q, belong to 7(S .) ( Lemma 5.4.2 ).
Hence, P, belongs to (S5 ).
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= m<?>®ﬂﬂ

—(E®m<%>®n

For k # n,

::ﬁﬁ®w<%>®ﬂﬂ

Similarly,

and for

k#ma@@< e >:o:di®n« o )@U

—en —en
Combining all these, we get the required result. O
Proposition 5.4.8. As a C*-algebra, 0 is generated by the unitaries {q; }n>0, and

the self-adjoint unitary yo = qa*qar. Moreover, Q is generated by unitaries z, =

q:;flq;f*, n > 1 along with a self adjoint unitary w'.
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Proof : Replacing n+ 1 by n in ( 5.4.10 ) we have,

1o, o, .
—c-(n)?)(q, qx_l—q,’;qn_l) = 0for alln > 1.
(5.4.11)

SIS
N[
N[

)atal®

(e (n)2+e—(1)2)(dn €, "1 = 9n=1) —(c+(n)

Subtracting ( 5.4.11 ) from the equation obtained by applying * on ( 5.4.8 ), we have :

1

5.
2(c+(n)% —c_ (n)%)(ng;ﬁl —qtq,”) =0for all n > 1. Now, from the proof of Lemma
5.4.2, (C+(n)% —c_(n)?2) # 0 for all n > 1. This implies :

4G g =qrq, " foralln > 1. (5.4.12)

Using ( 5.4.12 ) in ( 5.4.11 ), we have

ara =aq,q," foralln>1. (5.4.13)
Let yn = g, *q;f -
Then, using ( 5.4.7 ), we have g, *q;" = q;7*q,, . Hence, y,, = y:. Moreover, as yj, is a
product of unitaries, it is a self adjoint unitary.

Now, from ( 5.4.12 ), we have g, = ¢, y%_, for all n > 1. Therefore,
G = G yn— foralln>1. (5.4.14)
Next, from ( 5.4.13 ), we obtain g, *q} = ¢, * ¢}, for all n > 1 implying
Yn = Yn—1 for allm > 1. (5.4.15)

From ( 5.4.14 ) and ( 5.4.15 ) and the faithfulness of the representation U, we conclude
that Q is generated by {g; }n>0 and yo.

Now we prove the second part of the proposition.

Using Lemma 5.4.7, we note that for all v in H, a(AE)v = a(A)(EU@l) = AP,w®
a1+ a ) A1 =gl )+ AQrv @ = A (1= ¢") + A- (1 + g, )}
Therefore, «(AP;) = AP, ® ﬁ{)w(l +q ) A (1= g, )+ AQL @ 51— { A1 (1—
Gl ")+ A1+ gfq )}

Now, AP, and AQ} being distinct elements, there exist linear functional ¢ such that
d(AP;) =1, ¢(AQk) = 0 and vice versa. Hence, (¢ ® id)a(AP,) = Ay (1 + atanr) +
A—(1 = gtq.,*) belongs to Q. Similarly, Ay (1 — q¢}q.*) + A-(1 + ¢ q,,") belongs to Q
for all m.

Subtracting, we get g, g,.* belongs to Q.

Using the expression of a(B) in a similar way, we have

(e (m)? + c—(M)3) (g1t + gr16n”) + (cx()F — c_(n)
belongs to Q for all n > 1.

o=

Nap 16 + @ 1a7")
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3 E\( T - —x% 1 (ot - +x
and (c4(n)2 +¢-(n)2)(¢, 19"+ 4p19n") = (¢4 (n)2 —c-(n)2) (¢ 197" + 45140 ")
belongs to Q for all n > 1.
Adding and subtracting, we have

ar_qt +q, 1q," € Q foralln>1, (5.4.16)

G 1"+ 4y 14,7 € Q foralln>1. (5.4.17)
Recalling ( 5.4.15 ), we have q,, = ¢,;'yn—1 = ¢/ yo. Using this in ( 5.4.16 ), we obtain
Gn-1n + dp18n
= GG+ Gyt

= g +al

= 2, 10"
Similarly, using ¢, = ¢;"yo in ( 5.4.17 ), one has

TR AT

= gl et + a4 gt = 2¢7 jyogtt.

Hence, we conclude that q:_qu{ * and q:_lyoq; *are in Q for all n > 1.

Let

— 4t oT*

ZTL - qn71Qn 9
— 4T 4
Wn = 4,_1Y049,

for all n > 1.

Then, we observe that
Zhwn = g yog = ¢l g,
Moreover,
g a0 = a3 (a0 v) = ad voad ™ = a5 vodi " qg " = w2
Thus for all n > 0, ¢q,* belong to C* ({2, Wy }n>1)-

Forall n> 2, 4;_14," = 4y _1Yn—2(ai Yn_1)" = dy_140%00n " = G116 * = G114 " = Zns

- *
a0 91 =agyo(d o) = ag voyoai™ = ad ¢ = =1
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Finally,

— +x _ + * -k
4p—19% = 9n—1Y%9n = Wn

and

Q@9 = adyoq" = wi.

Now, from the expressions of a(A) and «(B), it is clear that Q is generated by
e, g et a4y, @ 19t +q 14, " By the above made observations, these
belong to C*({#y, wn},,~;) which implies that Q is a C* subalgebra of C*({z,, wn},;~1)-
Moreover, from the definitions of Zn, Wy it is clear that C*({zp, wn},~) is a C* subal-
gebra of Q. -

Therefore, Q = C*({zn, Wn }n>1)-

In fact, a simpler description is possible by noting that z,w,+1 = q:_lq;{ *qt yoq:_tl =
ar_1yoatt = ¢l _voat* et 4l = wnzaga and so, wny1 = 2 wnzp4 which implies
{wn }n>1 is a subset of C* ({2 }n>1, w1).

Defining w' = w}z1, we note that z; = qf yoq; "¢ yiq™ = w1 (2fw1) which implies
wiz = ziwy. Thus, w' is self adjoint. It is a unitary as it is a product of unitaries.

Thus Q = C*{{zp}n>1, w'}. O

Lemma 5.4.9. A(¢h) = ¢f @ ¢,
A1) = @y

Proof : We use the fact that U is a unitary representation.

(id®A)U( Z” ) :(id®A)(< Z” > ®q:{):(< Z” ) ® Agh).

€n

€n
UnaUns)( )= . Rt @4

Hence, A(q) = q5 ® g, -

Similarly, A(q,) = ¢, ®q,

Moreover, A(y1) = Algp 45 ") = (¢, @ 4) (@ ®at") = 6,67 @ 6,68 =y @ 1.
Od

Let us now consider the quantum group S C*(Zg * Z°), where Z®° = Z +xZ x - - -
denotes the free product of countably infinitely many copies of Z. By the Remarks 1.1.7,
1.1.4 and 1.1.3, § = C(Zy) % C(T) % C(T) % - - - , and let us denote by 7 the generator
of n th copy of C(T) and by y the generator of C(Zs).

The coproduct Ag on S is given by Ag(rh) = riF @ rib, Ag(y) =y @ .
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Define

—en —en,

Lemma 5.4.10. V commutes with D and V is a unitary representation ofg , that is
(S, Ao, V) is an object in Q' (D).

Proof : As the eigenspaces corresponding to distinct eigenvalues of D are spanned

€n

e
by " | and , V commutes with D.

€n —€n
The fact that V is a representation follows from the proof of Lemma 5.4.9.

To prove that V is a unitary, it is enough to check the following:
€n €m €n €m €n —€m
én —em —en —em —eén —em
The proofs being similar, we prove only the first equation.

L) (=)o (2)0n)

€n €m gt
= ) Ty T
€n €m

Which,ifn;émequals():<< en>7<em >>.1,

€n €m

andifn:m,equalslz<<en>,<em>>.1. O
én em

Setting 7, = 'y, we observe that 7, is a unitary and satisfies :

1,

rortt =it foralln > 1. (5.4.18)
rirt =ror ) foralln > 1. (5.4.19)

Using r,, = r;fr;flr:{fl ( from 5.4.18 ) in ( 5.4.19 ) we have 7“;{71 = r;ﬁlr:{jlrgfl.
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This implies

Fo—* =t

ror, =1,y for all n. (5.4.20)

Moreover, taking % on ( 5.4.18 ) and ( 5.4.19 ) respectively, we get the following:

rt ot = =0 foralln > 1. (5.4.21)
r ot = v =0 foralln>1. (5.4.22)

Thus, the equations ( 5.4.7 ) - ( 5.4.10 ) in Lemma 5.4.5 are satisfied with ¢;*’s replaced
by 7’s and hence it is easy to see that there is a C*-homomorphism from S to Q
sending y, 7" to yo and ¢ respectively, which is surjective by Proposition 5.4.8 and
is a CQG morphism by Lemma 5.4.9. In other words, (g ,Ap, V) is indeed a universal
object in Q'(D). Tt is clear that the maximal Woronowicz subalgebra of S for which
the action is faithful, that is QISO™ (D), is generated by r;f_lr,f*, n > 1 and raryrf*,
so again isomorphic with C*(Zg * Z°).

This is summarized in the following:

Theorem 5.4.11. The universal object in the category Q'(D), that is QISOT (D) exists
and is isomorphic with C*(Zg x Z>°). Moreover, the quantum group QISO™ (D) is again
isomorphic with C*(Zg x Z*°).

Remark 5.4.12. This example shows that QISO™ in general may not be matriz quan-
tum group, that is may not have a finite dimensional fundamental unitary, even if the
underlying spectral triple is of compact type. This is somewhat against the intuition
deriwed from the classical situation, since for a classical compact Riemannian manifold
the group of isometries is always a compact Lie group, hence has an embedding into the

group of orthogonal matrices of some finite dimension.

We end this chapter by noting that a gives an example where the quantum group
of orientation preserving isometries does not have a C* action. Before that, we recall

some useful properties of the so called Toeplitz algebra from [26].

Proposition 5.4.13. Let 71 be the unilateral shift operator on I2(IN) defined by 11 (ey,) =
en—1, n > 1, 7(eg) = 0. Then the Toeplitz algebra C*(11). is the C* algebra generated
by 71, on I?(IN). It contains all compact operators and moreover, the commutator of any

two elements of C*(11) is compact.
Let 7 be the operator on H defined by 7 = 7 ® id.

Lemma 5.4.14. B =7 |B]|.
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Proof : We note that

rB|<< K >>:(A_A2+d>é<< K ))

- \/>‘+“2n _)‘3“47”“3(( eg >) = ¢4 (n)? ( eg >

and hence 7 | B| (( “n )) = C+(n)%(

0

0
Similarly, 7 |B]| (( )=21B (( ). This completes the proof of the Lemma.
en en

O

Lemma 5.4.15.
a(T> = Z T(Pn + Qn) ® 7’;;_17’:*,

n>1

where v are the elements of QISO™ (D) introduced before.

Proof : For all n > 1, we have

Mﬂ((;>:Uh®MW*<g>
_ ;[7(7®id)(7*[< Z" ) + ( _e;‘ >]

- [7(7®id)[( e ) T+ ( o ) ®ry ]
en —e,
r7 . €n +x —x% 0 +x *
= 7U(T®ld)[ 0 ® (rn + n )+ ® (rn - Ty )]
€n
1~ n— * —% 0 * *
= SOl " e+ ® (7 =]
2 0 €n—1
1~ n— n— —
= U[(e 1)@(2r$*)+< ot )@%]
4 €n—1 —€n—1
1 n— n— _ % n— *
= Sl et Qi+ ot QT 1Ty ] = ot @1t
2 €n—1 —€n—1 0

n—1

I
VR
o
7 o

) @7t rt* for all n > 1.
1

Similarly, 04(7)( 0 >
€n
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©,e’
€0 0
Moreover, a(T) ( ) = a(r) ( ) =0.
0 €0

Thus, a(7) = 30,5, 7Py ® rorr 4 Y1 TR ® rorr = Y1 T(Pn + Qn) ®

+ -k
Tn—1"n |

Theorem 5.4.16. The x-homomorphism « is not a C* action.

Proof : We begin with the observation that each of the C* algebras Fi(S}ZL’C) is
nothing but the Toeplitz algebra. For example, consider C := 7r+(,5’/2w). Clearly, T =
7m+(B) in an invertible operator with the polar decomposition given by, T = 71|T'|, hence
71 belongs to C. Thus, C contains the Toeplitz algebra C*(71), which by Proposition
5.4.13 contains all compact operators. In particular, C*(71) must contain 7 (A) as well
as all the eigenprojections P, of |71 (B)| so it must contain the whole of C. Similar
arguments will work for W_(Sﬁ’c).

Thus, 7 = 7 & 71 = 7(B)|n(B)|~" belongs to 7(S} ). If a is a C* action, then for
an arbitrary state ¢ on QISO™ (D) we must have ay(7) = (id ® ¢) o a(7) is in 7T(Sl37c),
hence ay(7)P must belong to C = my (S2

1,c
H4. By Proposition 5.4.13, this implies that [ag(7) Py, 71] must be a compact operator.

), where Py denotes the projection onto

We claim that for suitably chosen ¢, this compactness condition is violated, which will
complete the proof of the theorem.

To this end, fix an irrational number 6 and consider the sequence A\, = e*™™ of
complex number of unit modulus. We note that the linear functionals which send the

generator of C'(Z3)( which is y ) to 1 and the generator of the n-th copy of C(T) ( which

+
n—1

Using Remark 1.1.6, we have a unital *-homomorphism ¢ : QISOT(D) = C(Zs) *
C(T)*™ — C which extends the above mentioned homomorphisms. Hence, as(7) =
Y n AnT(Pn + Qp). Moreover, we see that

g () P, 7] ( . )

= (id® ¢)alr) ( cn=1 ) —rid® ¢)[< ot ) @117

= Ot —\) < Cn—2 ) n>2.
0
0

Similarly, [ag(7) Py, 71] ( 0 ) = (M—1—n) (
€n €n—2

cannot be compact since A\, — A,—1 does not go to 0 as n — oo.

is v r7* by Proposition 5.4.8 ) to \,, are evaluation maps and hence homomorphisms.

> . Hence, the above commutator
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Corollary 5.4.17. The subcategory of Q' (D) consisting of objects (Q,U) where oy is

a C* action does not have a universal object.

Proof: By Theorem 5.4.16, the proof will be complete if we can show that if a
universal object exists for the subcategory (say Q)) mentioned above, then it must
be isomorphic with Q7§6+ (D). For this, consider the quantum subgroups @N, N =
1,2,..., of Q/I_§6+(D) generated by 7", n =1,..., N and y. Let 7y : QISO+(D) — Oy
be the CQG morphism given by nx(y) =y, nn(r) =r} for n < N and nn(r}) =1
for n > N.

We claim that (Qn, Uy := (id ® my) o V) is an object in Q) ( where V denotes the
unitary representation of Q?§6+ (D) on 'H ). To see this, we first note that for all N,
(i[demy)a(d) =N AP, ® ﬁ{)%(l Frfyrt ) A (1 =iyt + 2N AQ, ©
- A A=y ) ALy )} + 0 v AP ® oy (A (L y) + A= (1—y)} +
5% e AQn @ 7 A (1= ) + A (14 )}

Among the four summands, the first two clearly belong to A ® On. Moreover, the
sum of the third and the fourth summand equals A(1 — Y P,) ® ﬁ{)ur(l +y) +
A=y} +A0 =N 1Qn) ® 5-- {1 —y) + A_(1 + y)} which is an element of
A® éN.

We proceed similarly in the case of B, to note that it is enough to show that for all

N?
> c+(n)% + c_(n)% > (c+(n)% - c_(n)%)y
2 BRe T 2 Bhe T
> c+(n)% +c_(n)% B = (c.,.(n)% - c_(n)%)y
MRS e D DL 0

belongs to A ® é; The norm of the second and the fourth term can be eas-
1
ily seen to be finite. The first term equals 3B(1 — SN PI(A— A2+ D) +

1
(A— A% + cI)_l{i—;A — (:\\—;A)2 + cl}a] ® 1 and therefore belongs to A ® Q. The
third term can be treated similarly.

Thus, there is surjective CQG morphism ¢y from the universal object, say G, of
Q] to On. Clearly, (éN)Ngl form an inductive system of objects in Q'(D), with the
inductive limit being Q?E’EﬂD), and the morphisms vy induce a surjective CQG
morphism (say ) from G to Q%*(D). But G is an object in Q'(D), so must be a
quantum subgroup of the universal object in this category, that is, Q%* (D). This
gives the CQG morphism from Q/IEO/+ (D) onto G , which is obviously the inverse of ),

and hence we get the desired isomorphism between G and QI SO+ (D). O
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