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0. OVERVIEW

The classification of bounded linear operators up to unitary equivalence is not an entirely tractable
problem. However, the spectral theorem provides a complete set of unitary invariants for normal
operators. There are only a few other instances where such a complete classification is possible.
In a foundational paper [18], Cowen and Douglas initiated the study of a class of operators T'
possessing an open set ) of eigenvalues. Such an operator cannot be normal on a separable Hilbert
space. The class of all such operators is denoted by B, (€2), where the dimension of the kernel of
T —w for w € €, which is assumed to be constant, is n. They associate a Hermitian holomorphic
vector bundle E7 on € to the operator T in B, (€2). One of the main results of [18] says that T’
and T in B, (Q) are unitarily equivalent if and only if Er and E; are equivalent as Hermitian
holomorphic vector bundles. Moreover, they provide a complete set of unitary invariants for an
operator 7" in B,,(€2), namely, the simultaneous unitary equivalence class of the curvature and its
covariant derivatives up to a certain order of the corresponding bundle E7. While these invariants
are not easy to compute in general, it may be reasonable to expect that they are tractable for
some appropriately chosen family of operators. Over the last few years, it has become evident
that one such family is the class of homogeneous operators. Several constructions of homogeneous
operators are known. One such construction is via the jet construction of [24], see also, [29, 46].
It was observed in [9] that all the homogeneous operators in Bo(ID) which were described in [51]
arise from the jet construction. This naturally leads to a two parameter family of “generalized
Wilkins operators” in By (D) for & > 2. We show that it is possible to construct, starting with the
jet construction, a much larger class of homogeneous operators via a simple similarity. Indeed,
the class of homogeneous operators obtained this way coincides with the homogeneous operators
which were recently constructed in [31]. Using the explicit description of these operators and the

homogeneity, we answer, in part, a question of Cowen and Douglas [18, page. 214 |.

Let Mob := {¢;o : t € T and o € D} be the group of bi-holomorphic automorphisms of the

unit disc D, where
Z—«

Pralz) =ty ——, z€D. (0.0.1)

As a topological group (with the topology of locally uniform convergence) it is isomorphic to
PSU(1,1) and to PSL(2,R).

Definition 0.0.1. An operator T from a Hilbert space into itself is said to be homogeneous if o(T')

is unitarily equivalent to T for all ¢ in Mob  which are analytic on the spectrum of T .
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The spectrum of a homogeneous operator 1" is either the unit circle T or the closed unit disc

D, so that, actually, (T is unitarily equivalent to T for all ¢ in Méb (cf. [8, Lemma 2.2]).

Definition 0.0.2. We say that a projective unitary representation U of Mob is associated with
an operator T if

(T) =U. ;TU @
for all ¢ in Mob.

If T has an associated representation then it is homogeneous. Conversely, if a homogeneous
operator T' is irreducible then it has an associated representation U (cf. [10, Theorem 2.2]).
It is not hard to see that U is uniquely determined up to unitary equivalence. The ongoing
research of B. Bagchi and G. Misra has established that the associated representation, in case of
an irreducible cnu (completely non unitary) contraction, lifts to the dilation space and intertwines
the dilations of 7" and ¢(T"). What is more, they have found an explicit formula for this lift and
for a cnu irreducible homogeneous contraction, they have also found a product formula for the Sz.-
Nagy—Foias characteristic function. A related question involves Md&bius invariant function spaces
[1, 2, 3, 43, 44, 45].

The first examples of homogeneous operators were given in [32, 34]. These examples also
appeared in the the work of Berezin in describing what is now known as “Berezin quantization”
[11]. This was followed by a host of examples [7, 10, 35, 51]. The homogeneous scalar shifts were
classified in [10]. However, the classification problem, in general, remains open.

Many examples (unitarily inequivalent) of homogeneous operators are known [9]. Since the
direct sum (more generally direct integral) of two homogeneous operators is again homogeneous, a
natural problem is the classification (up to unitary equivalence) of atomic homogeneous operators,
that is, those homogeneous operators which cannot be written as the direct sum of two homo-
geneous operators. However, the irreducible homogeneous operators in the Cowen-Douglas class
B1(D) and Bs(ID) have been classified (cf. [34] and [51]) and all the scalar shifts (not only the
irreducible ones) which are homogeneous are known. Clearly, irreducible homogeneous operators

are atomic. Therefore, it is important to understand when a homogeneous operator is irreducible.

There are only two examples of atomic homogeneous operators known which are not irreducible.
These are the multiplication operators — by the respective co-ordinate functions — on the Hilbert
spaces L?(T) and L?(D). Both of these examples happen to be normal operators. We do not
know if all atomic homogeneous operators possess an associated projective unitary representation.
However, to every homogeneous operator in B (D), there exists an associated representation of

the universal covering group of Mo6b [30, Theorem 4].

It turns out that an irreducible homogeneous operator in By(DD) is the compression of an
operator of the form T'® I, for some homogeneous operator 7' in By (D) (cf. [9]) to the ortho-
complement of a suitable invariant subspace of T'® I. In the language of Hilbert modules, this is

the statement that every homogeneous module in By(ID) is obtained as quotient of a homogeneous



0. Overview 3

modules in B(D?) by the sub-module of functions vanishing to order 2 on A C D?, where A =
{(2,2) : z € D}. However, beyond the case of rank 2, the situation is more complicated. The
question of classifying homogeneous modules in the class B (D) amounts to not only classifying
Hermitian holomorphic vector bundles of rank k£ on the unit disc which are homogeneous but also
deciding that when they correspond to modules in Bg(ID). Classification problems such as this one
are well known in the representation theory of locally compact second countable groups. However,
in that context, there is no Hermitian structure present which makes the classification problem
entirely algebraic. A complete classification of homogeneous modules in B (ID) may still be possible
using techniques from the theory of unitary representations of the Mdébius group. Leaving aside,
the classification problem of the homogeneous operators in By (D), we proceed to show that the
“generalized Wilkins examples” (cf. [9]) are irreducible in section 2.1 and [37]. A trick involving a
simple change of inner product in the “generalized Wilkins examples”, we construct a huge family
of homogeneous modules in Bg1(ID). These are shown to be exactly the same family given in the
recent paper of Koranyi and Misra [31].

Many of these results can be recast, following R. G. Douglas and V. I. Paulsen [25], in the
language of Hilbert modules. More recent accounts on Hilbert modules are given in [13, 14]. A
Hilbert module is just a Hilbert space on which a natural action of an appropriate function algebra
is given.

Let M be a complex and separable Hilbert space. Let A(€2) be the natural function algebra
consisting of functions holomorphic in a neighborhood of the closure Q of some open, connected
and bounded subset  of C™. The Hilbert space M is said to be a Hilbert module over A(S2) if
M is a module over A(Q2) and

1£ - Bllag < ClLFlLaayllbll for £ € AQ) and h € M,

for some positive constant C' independent of f and h. It is said to be contractive if we also have
C<1.

Fix an inner product on the algebraic tensor product A(Q2) ® C". Let the completion of
A(Q) ® C™ with respect to this inner product be the Hilbert space M. A Hilbert module is

obtained if this action

A(Q) x (A(Q) @ C") — AQ) @ C"

extends continuously to A(2) x M — M.

The simplest family of modules over A(f2) corresponds to evaluation at a point in the closure
of Q. For z in the closure of 2, we make the one-dimensional Hilbert space C into the Hilbert
module C,, by setting pv = p(z)v for ¢ € A(2) and v € C. Classical examples of contractive
Hilbert modules are the Hardy and Bergman modules over the algebra A4(€2).

Let G be a locally compact second countable group acting transitively on 2. Let us say that
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the module M over the algebra A(2) is homogeneous if

o(fop) = o(f) for all p € G,

where 2 stands for “unitary equivalence”. (This is the imprimitivity relation of Mackey.) Here
0: A(2) — L(M) is the homomorphism of the algebra A(Q2) defined by o(f)h := f-h for f € A(Q)
and h € M. Here £(M) is the algebra of bounded linear operators on M. In the particular case
of the unit disc D, it is easily seen that a Hilbert module M is homogeneous if and only if the
multiplication by the coordinate function defining the module action for the function algebra A(D)
is a homogeneous operator.

We point out that the notion of a “system of imprimitivity” which is due to Mackey is closely
related to the notion of homogeneity — a system of imprimitivity corresponds to a homogeneous
normal operator, or equivalently, a homogeneous Hilbert module over a C* - algebra. As one may
expect, if we work with a function algebras rather than a C* - algebra, we are naturally lead to a
homogeneous Hilbert module over this function algebra. A * - homomorphism p of a C* - algebra
C and a unitary group representation U of G on the Hilbert space M satisfying the condition as
above were first studied by Mackey [33] and were called Systems of Imprimitivity. Mackey proved
the Imprimitivity theorem which sets up a correspondence between induced representations of the
group G and the Systems of Imprimitivity. The notion of homogeneity is obtained, for instance,
by taking C to be the algebra of continuous functions on the boundary 9€2. However, in this case,
the homomorphism ¢ defines a commuting tuple of normal operators. More interesting examples
are obtained by compressing these to a closed subspace N' C M invariant under the representation
U:

Pyo(fop)w =Ule Div(Brvo(Hn)U(e v for all p € G, f € A(Q)
(cf. [6]). However, in the case of Q@ = D, Clark and Misra [15] established the converse for a
contraction as long as it is assumed to be irreducible. Clearly, a homogeneous operator T' defines
an imprimitivity over A(2) via the map o(f) = f(T) for f € A(Q) and vice-versa.

The notion of homogeneity is of interest not only in operator theory but it is also related to
the inductive algebras of Steger-Vemuri [47], the Higher order Hankel forms [27, 28], the holomor-
phically induced representations and homogeneous holomorphic Hermitian vector bundles.

At a future date, we will consider a somewhat more general situation. Let X C C™ is a
bounded connected open set. As usual, let A(X) be the function algebra consisting of continuous
functions on the closure of X which are holomorphic on X. Let M be a Hilbert module over
the algebra A(X) and Aut(X) be the group of bi-holomorphic automorphisms of X. It is easy to
see that the systems of imprimitivity, as above, are in one-one correspondence with homogeneous
Hermitian holomorphic vector bundles over X.

In the important special case that X = G/K is a bounded symmetric domain (generalizing the
disk and the ball), a number of examples of systems of imprimtivity (Aut(X), X, M) were given
in [4, 7, 35, 46] and many of their properties are described in [4, 7]. In this case, the relationship
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between Hilbert quotient modules, Toeplitz C*-algebras and harmonic analysis on the semi-simple
Lie group G = Aut (X) can be made quite explicit in the following way: Suppose Y is another
bounded symmetric domain (of higher dimension) such that X C Y is realized as the fixed point
set under a reflection symmetry of Y (preserving the so-called Jordan structure). An example is
Y = X x X, with X C Y identified with the diagonal. The Hilbert quotient module M associated
with this setting is induced by the ideal of holomorphic functions on Y which vanish (up to a
certain order) on the linear subvariety X. This Hilbert module corresponds to a homogeneous
vector bundle on X related to the so-called Jordan-Grassmann manifolds which are of current
interest in algebraic geometry. Recent work along these lines [4, 7, 30, 31, 27, 28] shows the

following features:

The Hilbert module M decomposes as a multiplicity-free sum of irreducible GG - representa-
tions; moreover, the associated intertwining operators have an interesting combinatorial structure
(related to multi-variate special functions).

In the paper [28], the explicit matrix representation for the two multiplication operators com-
pressed to the quotient module is calculated. These are exactly the generalized Wilkins’ operators
discussed in [9]. One of the main points of this thesis is to construct a large family of new Hilbert
modules from these quotient modules involving a simple modification of the inner product, which
continue to be homogeneous. Moreover, for each generalized Wilkins’ operator, there corresponds
via this construction, a k-parameter family of homogeneous operators which are mutually sim-
ilar but unitarily inequivalent. As result, a (k + 1)-parameter family of mutually inequivalent
homogeneous operator is produced.

In a recent preprint [31] Koranyi and Misra produce a large class of mutually inequivalent
irreducible homogeneous operators all of which belong to the class B, (D). The multiplier repre-
sentation of the universal covering group of the Mobius group associated with such an operator is
reducible and multiplicity free. A one-one correspondence between this class of operators and the

(k 4+ 1)-parameter family of operators constructed above is established in this thesis.

It turns out that for n = 2 and 3, all the representations associated with an irreducible homoge-
neous operator in B, (D) are multiplicity free. For n = 4, we construct an example of an irreducible
homogeneous operator in B4 (ID) such that the associated representation is not multiplicity free. In
the decomposition of the associated representation of an irreducible homogeneous operator which

irreducible representations occur and with what multiplicity appears to be an enticing problem.

Suppose T is a bounded linear operator on a Hilbert space H possessing an open set of eigen-
values, say €2, with constant multiplicity 1. For w € €, let v, be the eigenvector for T with
eigenvalue w. In a significant paper [18], Cowen and Douglas showed that for these operators T,
under some additional mild hypothesis, one may choose the eigenvector ~,, to ensure that the map
W +— Yy is holomorphic. Thus the operator T' gives rise to a holomorphic Hermitian vector bundle
E7 on Q. They proved that



0. Overview 6

(i) the equivalence class of the Hermitian holomorphic vector bundle E7 determines the unitary

equivalence class of the operator T

(ii) The operator T is unitarily equivalent to the adjoint of the multiplication by the coordinate
function on a Hilbert space H of holomorphic functions on Q*. The point evaluation on H
are shown to be bounded and locally bounded assuring the existence of a reproducing kernel

function for H.
From (i), as shown in [18], it follows that the curvature

0
K(w) = o= log |, we Q

of the line bundle E7 is a complete invariant for the operator 7. On the other hand, following

(ii), Curto and Salinas [21] showed that the normalized kernel

K(z,w) = K (wo, wo)"?K (2, wo) " K (z,w) K (wo, w) " K (wo, wo) /2, z, w e Q,

at wg € () is a complete invariant for the operator T' as well.

If the dimension of the eigenspace of the operator 1" at w is no longer assumed to be 1, then a
complete set of unitary invariants for the operator 1" involves not only the curvature but a certain
number of its covariant derivatives. The reproducing kernel, in this case, takes values in the n x n
matrices M,,, where n is the (constant) dimension of the eigenspace of the operator 7" at w. The
normalized kernel, modulo conjugation by a fixed unitary matrix from M,,, continues to provide

a complete invariant for the operator T'.

Unfortunately, very often, the computation of these invariants tend to be hard. However, there
is one situation, where these computations become somewhat tractable, namely, if T is assumed
to be homogeneous. One may expect that in the case of homogeneous operators, the form of
the invariants, discussed above, at any one point will determine it completely. We illustrate this
phenomenon throughout the section 4.1 and section 4.2. Homogeneous operators have been studied
extensively over the last few years ([4, 7, 8, 9, 10, 12, 30, 31, 46, 51]). Some of these homogeneous
operators correspond to a holomorphic Hermitian homogeneous bundle — as discussed above. Recall
that a Hermitian holomorphic bundle £ on the open unit disc I is homogeneous if every ¢ in M6b
lifts to an isometric bundle map of FE.

Although, the homogeneous bundles E on the open unit disc D have been classified in [12, 51],
it is not easy to determine which of these homogeneous bundles E comes from a homogeneous
operators. In [51], Wilkins used his classification to describe all the irreducible homogeneous
operators of rank 2. In the paper [31], Koranyi and Misra gives an explicit description of a class
of homogeneous bundles and the corresponding homogeneous operator. Thus making it possible
for us to compute the curvature invariants for these homogeneous operators. Although, our main

focus will be the computation of the curvature invariants, we will also compute the normalized
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kernel and explain the relationship between these two sets of invariants. Along the way, we give a

partial answer to some questions raised in [18, 20).

Definition 0.0.3. For a bounded open connected set Q@ C C andn € N, the class B, (), introduced

in [18], consists of bounded operators T with the following properties:
a) QC o(T)
b) ran(T — w) =H for w € Q
¢) Vpeqker(T —w) = H for w €
d) dim ker(T —w) =n for w e Q.

It was shown in [18, proposition 1.11] that the eigenspaces for each T" in B,,(€2) form a Hermitian

holomorphic vector bundle Er over €2, that is,
Er :={(w,z) e QxH:z €ker(T —w)}, m7(w,x) =w

and there exists a holomorphic frame w — vy(w) := (y1(w), ...,y (w)) with v;(w) € ker(T'—w), 1 <
i < n. The Hermitian structure at w is the one that ker(7 —w) inherits as a subspace of the Hilbert

n

space H. In other words, the metric at w is simply the grammian h(w) = ({v;(w), yi(w)))), -1

Definition 0.0.4. (cf.[50, pp. 78 — 79])The curvature Kr(w) of the bundle Er is then defined to
be %(h_l%h) (w) for w e Q.

Theorem(19, Page. 326] Two operators T, T in B;(2) are unitarily equivalent if and only if
Kr(w) = Kz(w) for w in Q.

Thus, the curvature of the line bundle E7 is a complete set of unitary invariant for an operator
T in B1(Q2). Although, more complicated, a complete set of unitary invariants for the operators
in the class B, (Q2) is given in [18].

It is not hard to see (cf. [50, pp. 72]) that the curvature of a bundle E transforms according
to the rule K(fg)(w) = (¢7'K(f)g)(w), w € A, where f = (e1,...,e,) is a frame for E over an
open subset A C Q and g : A — GL(n,C) is a holomorphic change of frame. For a line bundle
FE, locally, the change of frame ¢ is a scalar valued holomorphic function. In this case, it follows
from the transformation rule for the curvature that it is independent of the choice of a frame. In
general, the curvature of a bundle F of rank n > 1 depends on the choice of a frame. Thus the
curvature I itself cannot be an invariant for the bundle . However, the eigenvalues of I are
invariants for the bundle E. More interesting is the description of a complete set of invariants given

in [18, Definition 2.17 and Theorem 3.17] involving the curvature and the covariant derivatives

Kz, 01 <j<i+j<n,(ij)#(0,n), (0.0.2)
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where rank of E = n. In a subsequent paper (cf. [20, page. 78]), by means of examples, they
showed that fewer covariant derivatives of the curvature will not suffice to determine the class
of the bundle E. These examples do not necessarily correspond to operators in the class B, ().
Recall that if a Hermitian holomorphic vector bundle E is the pullback of the tautological bundle

defined over the Grassmannian Gr(n,H) under the holomorphic map
t:Q— Gr(n,H), t(w) =ker(T —w), we

for some operator T : H — H, T € B,(2), then E = Ep and we say that it corresponds to
the operator T. On the other hand, for certain class of operators like the generalized Wilkins
operators W, := {M,ga’ﬁ) ca, >0} € Biy1(D) (cf. [9, page 428]) discussed in section 2.1 and
[37], the unitary equivalence class of the curvature K (just at one point) determines the unitary
equivalence class of these operators in W;. This is easily proved using the form of the curvature
at 0 of the generalized Wilkins operators M,ga’ﬁ), namely, diag(a, -+ ,a,a + (k+1)3+ k(k + 1))
(cf. [37, Theorem 4.12]).

It is surprising that there are no known examples of operators T' € B, (2), n > 1, for which the
set of eigenvalues of the curvature Cp is not a complete invariant. We construct some examples
in [36] to show that one needs the covariant derivatives of the curvature as well to determine the
unitary equivalence class of an operator 7' € B,,(2), n > 1. The inherent difficulty in finding such
examples suggests the possibility that the complete set of invariants for an operator T' € B, ()
described in [18, 20] may not be the most economical. Although, in [18, 20], it is shown that for
generic bundles, the set of complete invariants is much smaller and consists of the curvature and
its covariant derivatives of order (0,1) and (1,1). However, even for generic bundles, it is not clear
if this is the best possible. Indeed, we show that for a certain class of homogeneous operators
corresponding to generic holomorphic Hermitian homogeneous bundles, the curvature along with

its covariant derivative of order (0,1) at 0 provides a complete set of invariants.

Here is a detailed description of the contents of the thesis:

Multiplication operators on functional Hilbert space and the Cowen-Douglas class

We discuss the multiplication operator on a Hilbert space H consisting of holomorphic functions

on a bounded domain 2 C C™.

Definition 0.0.5. A complex separable Hilbert space H is said to possess a reproducing kernel K,
that is, K : Q x Q — M, if

1. holomorphic in the first variable and anti-holomorphic in the second;
2. K(-,w)¢ is in H for w € Q and & € C";

3. it has the reproducing property:
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<f7K(7w)€> = (f(w)7§>7 fOT’ (S Qv S e C".

In particular, the kernel K is positive definite. We assume throughout that all our Hilbert
spaces are reproducing kernel Hilbert spaces. The important role that the kernel functions play in
operator theory, representation theory, and theory of several complex variables is evident from the
papers [5, 38, 41, 48, 49] which by no means a complete list. For most naturally occurring positive
definite kernels the joint eigenspace of the m - tuple M = (M, ..., M,,) defines a holomorphic
map, that is, the map ¢ : Q@ — Gr(n, H)

t:w— NpL ker(My —wg)*, w e Q,

is holomorphic. Here Gr(n,H) denotes the Grassmannian of manifold of rank n, the set of all
n-dimensional subspcaes of H. Clearly, the holomorphy of the map t also defines a holomorphic
Hermitian vector bundle E on 2. A mild hypothesis on the kernel function [21] ensures that the
commuting tuple of multiplication operators M is bounded. The adjoint M* of the commuting
tuple M is then said to be in the Cowen-Douglas class B, (2), where n is the dimension of the
joint eigenspace N}, ker(M}, —wy)*. One of the main theorems of [18] states that the equivalence
class, as a Hermitian holomorphic vector bundle, of E and the unitary equivalence class of the

operator M determines each other.

Quasi-invariant kernels, cocycle and unitary representations

We formulate the transformation rule for the kernel function under the action of the automorphism
group of the domain ) and the functional calculus for the operator M for automorphisms of the
domain . We assume that the action z — g - z of the automorphism group Aut(?) is transitive.
We show that if H is a Hilbert space possessing a reproducing kernel K then the following are

equivalent. The positive definite kernel K transforms according to the rule
J(g9,2)K(g.z,gw)J(g,w)" = K(z,w), z,w € Q (0.0.3)

and the map U, : f — J(g~',-)f o g~! is unitary. Furthermore, the map g Uy is a unitary
representation if and only if J is a cocyle. Unitary representations of this form induced by a
cocycle J are called multiplier representations. Recall that J is a cocycle if there exists a Borel

map J : Aut(Q) x Q — M,, satisfying the cocycle property:
J(g192,2) = J(g2,2)J (g1, g2.2) for g1, g2 € Aut(Q) and z € Q. (0.0.4)

Definition 0.0.6. A positive definite kernel K transforming according to the rule prescribed in

Equation (0.0.3) with a cocycle J is said to be quasi-invariant.

In the body of the thesis, we will be forced to work with projective unitary representations.
This involves some technical complications and nothing will be achieved by elaborating on them

now.
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Homogeneous operators and associated representations

It is not hard to see that if the kernel K is quasi-invariant then the operator tuple M is homogeneous
in the sense that g - M is unitarily equivalent to M for all g in Aut(Q2). Here g - M is defined
using the usual holomorphic functional calculus and consequently, g - M is the commuting tuple

of multiplication operators My := (Mg, ,..., M, ), where

(M, f)(2) = (gi - 2)f(2), f €H, z €.

Indeed, it is easy to verify that UyMU, = g - M. The representation Uy, in this case, is the

associated representation.

The jet construction

For z, w in the unit disc D, let S(z,w) = (1 — zw)~! be the SZego kernel. Among several other
properties, the SZego kernel is characterized by its reproducing property for the Hardy space of
the unit disc . Any positive (o > 0) real power of the SZego kernel determines a Hilbert space,
say, A(®)(D) whose reproducing kernel is S*. A straightforward computation shows that not only
the SZego kernel but all its positive real powers S¢, a > 0 are quasi-invariant with respect to
the group Mob, the automorphism group of the unit disc . A little more work shows that the
corresponding multiplication operator M(® on the Hilbert space A(® (D) is homogeneous and its
adjoint belongs to the Cowen-Douglas class B; (D). In fact, the associated representation is the

familiar projective representation of Mob [9, section 3]:

Di(e™"): f = (¢)**fop,p € Méb . (0.0.5)

07

It is not hard to see that {M @ o> 0} is the the complete list of homogeneous operators in
B (D).

However, constructing homogeneous operators of rank > 1 seems to be somewhat difficult.
There is no clear choice of a quasi-invariant kernel.

In a somewhat intriguing manner, Wilkins [51] was the first to construct explicit examples
of all irreducible homogeneous operators in the Cowen-Douglas class Bo(ID). (We observe that a
homogeneous operator in the class By(DD) is either the direct sum of two homogeneous operators
from B (D) or it is irreducible completing the classification of homogeneous operators in Ba(ID).)

In a later paper [9], using the jet construction of [24], a large family of homogeneous operators
were constructed. We briefly recall the “jet construction”. Let a, § > 0 be any two positive real
numbers. The representation D} ® DE acts naturally (as a unitary representation of the group
M6b) on the tensor product A (D) @ AP)(D). Now, identify the Hilbert space A(®) (D)@ AP (D)
with the Hilbert space of holomorphic functions in two variables on the bi-disc D? and call it
A@P)(D?). One may now consider the subspace A,(f’ﬁ ) (D?) € AP (D?) of all functions which
vanish to order k + 1 on the diagonal A := {(2,2) € D? : z € D}. It was pointed out in [9]
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that the compression of the operator M(®) @ I to the ortho-complement A(®%)(D?) & A,(f’ﬁ ) (D?)

is homogeneous.

A concrete realization of these operators is possible via the jet construction as follows. Let

k
JRACOD) = {Jf =) dif®ei: f € A*I(D?)},
i=0
where €;,0 < i < k, denotes the standard unit vectors in C¥*1. The vector space J*) A(®5) (D?)
inherits a Hilbert space structure via the map J. Now, A]ga’ﬁ ) (D?) is realized in the Hilbert space
JE) AP (D?) as the largest subspace of functions in J®*) A(®#)(D?) vanishing on the diagonal A
which we denote by Jo(k)A(a’ﬁ) (D?). The main theorem of [23, 24] then states that the compression
of M@ @ I to the orthocomplement of the subspace Jék)A(a’ﬁ)(D2) is the multiplication operator

on the space

TEACID D) o p = {f : f = gresnr for some g € JEI A (D)},

We will denote this operator by M,ga’ﬁ ). Also, the reproducing kernel B,ga’ﬁ )

for the space
J(k)A(a’ﬁ)(D2)|resA can be written down explicitly (cf. [24, page. 376]). The operators Méa’ﬁ),
a,3 >0,k > 1 are called the “generalized Wilkins’ operators” [9].

However, irreducibility of these operators was left open. In section 2.1 we show that all these
operators are irreducible and mutually inequivalent [37]. Also, the transformation rule for the re-
producing kernel obtained via the jet construction is given explicitly. In particular, the correspond-
ing cocycle J is determined concretely. It is also pointed out that the associated representation is

multiplicity free.

Although, this may appear to produce a large family of inequivalent irreducible homogeneous
operators (a two parameter family in rank k£ > 1), it turns out that except in the case k = 2, there
are many more of these [31].

We also point out that the notion of a quasi-invariant kernel occurs, although somewhat im-
plicitly, in the work of Berezin [11]. A host of papers have appeared applying the notion of
the Berezin transform to several areas of operator theory [3, 22, 48, 49|, representation theory
(38, 39, 40, 41, 42, 43] and several complex variables [16, 17] etc.

The jet construction applies with very little modification to the p-fold tensor product
ALCYD) @ - @ Al (D) ~ Aloro) (pP)

thought of as a space of holomorphic functions on the polydisc DP. As before, we consider the
submodule M of functions vanishing to order k on the diagonal {(z,...,z): z € D} C DP. Then
it is not hard to see that the compression of the operator M@ @7 ...®1 to ./\/lol is a homogeneous
operator. Although, a systematic study of this class of operators for p > 2 is postponed to the
future, here we show that for p = 3 and with an appropriate choice of Mg consisting of functions
vanishing to order 3 on the diagonal, the corresponding homogeneous operator is irreducible and

the associated representation is no longer multiplicity - free!
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A different jet construction

Fix a positive integer m and a real A > m/2. Let @] * o D3, be the direct sum of the

2A—m+2;
projective representations in the Equation (0.0.5) of the group Mob Jacting on the Hilbert space

;”:(]ujA@’\_m”j)(]D). The operator @;”ZOM(”‘_’””” acting on this Hilbert space is in By, +1(D)
and is homogeneous being the direct sum of the homogeneous operators MA="+21) j —0,... m
Starting from here, a m + 1 parameter family of inequivalent irreducible homogeneous operators

were constructed in [31] as described below.

Let Hol(D, C™*!) be the space of all holomorphic functions taking values in C™*!. Define the
map I'; : AGA=7+2)(D) — Hol(D,C™*1), 0 < j < m, as in [31]:

() ooy /) ite>

0 if0< (<3,

(L)) = (0.0.6)
for f € ACA=m+2)(D), 0 < j < m, where (z), := z(z +1)--- (z +n — 1) is the Pochhammer
symbol. Here (T;f)(¢) denotes the ¢-th component of the function I';f and f(=7) denotes the
(¢ — j)-th derivative of the holomorphic function f.

We transport the inner product of AG =712 )(]D) to the range of I'; making I'; a unitary and
I; (AGA=m+2)(D)) a Hilbert space. Let

APH(D) = &gy Ty (AP F20(D)), 1= po, pas -+ s o > 0, (0.0.7)

where 11; AGA=m+21)(D) is the same as a linear space A*~"+2)(D) with the inner product “iz
J
times that of AGA~+2)(ID). The direct sum of the discrete series representations &7 0D2>\ M2

acting on @71, ARA=m427) (D) transforms into a multiplier representation on A ") (D) with the

multiplier:

J(9.2) = (¢)"" % D(g,2) exp(—cgSm)D(g, %), g € Méb, z €D, (0.08)
2( )3/2
It follows from [31, Proposition 2.1] that the reproducing kernel BXH) ig quasi-invariance. Hence

where D(g, z) is a diagonal matrix of size m + 1 with D(g,2);; = (g’)m_j(z) and ¢4 =

—2X—m

BMH (2, w) = (1 — z0) D(zw) exp(0S,,) B (0, 0) exp(2SE, ) D (z), (0.0.9)

z, w € D.

It was shown in [31] that the multiplication operators M (A1) acting on the Hilbert space
AR (D) are mutually bounded, homogeneous, unitarily inequivalent, irreducible and its adjoint
belong to the Cowen-Douglas class By,4+1(ID). Finally, the associated representation is multiplicity-

free by the construction.

The relationship between the two jet constructions

Although, it is not clear at the outset that there exists («, 3) and (A, p) such that the two homo-
(

geneous operators My, B and MOH) are unitarily equivalent. We calculate those A and p (for a
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fixed m) as a function of a, 3 explicitly for which M,E;Ll ) i unitarily equivalent to M*#) | We show
in this chapter that the set of homogeneous operators that appear from the first jet construction,
is a small subset of those appearing in the second one. However, there is an easy modification
of the first construction that allows us to construct the entire family of homogeneous operators
which were first exhibited in [31]. To do this, we start with the pair «;, 3 > 0 and observe that the

kernel Bf(,? ) can be written as :
B (z,w) = (1 — zw0) " P2 D(2w) exp(w0.S5)D exp(2S5)D(2w), z,w € D,
where Sj is a forward shift on C™! with weights (j(8 + j — 1));'1:1 and D is a diagonal matrix

with Dj; = j1(8);, 0 < j < m. We therefore easily see that

1
(I)By(glﬂ)q)* _ B()"”), D, = W’ 0<j5<m,
J

® is a diagonal matrix,

jHa);
(a+B+7—1);(8);

Thus, the two multiplication operators are unitarily equivalent as we have claimed.

2)\:a—|—ﬁ—|—mand,u? =

, 0< 7 <m.

Now, the family of these quasi-invariant kernels can be enlarged in a very simple manner.

Clearly, if we replace the constants %, 0 < j < m appearing in reproducing ker-

nel Bﬁf’ﬁ)

by arbitrary positive constants p; > 0, 0 < 7 < m then the new kernel coincides with
the kernel BMK) of [31]. However, now the multiplication operator M (A1) on this space is similar

to the operator M,Ef ) that we had constructed earlier by the usual jet construction.

We point out that in our situation, if we start with a homogeneous operator corresponding to
a quasi-invariant kernel, then there is a natural family of operators similar to it which are also
homogeneous with the same associated representation. The similarity transformation is easily seen

to be a direct sum of scalar operators using the Schur Lemma.

Complete invariants for operators in the Cowen-Douglas class By 1(D)

We construct examples of operators 7' in By(D) and B3(ID) to show that the eigenvalues of the
curvature for the corresponding bundle Er does not necessarily determine the class of the bundle
FE7. Our examples consisting of homogeneous bundles Er show that the covariant derivatives of
the curvature up to order (1, 1) cannot be dropped, in general, from the set of invariants described
above. These verifications are somewhat nontrivial and use the homogeneity of the bundle in an
essential way. It is not clear if for a homogeneous bundle the curvature along with its derivatives
up to order (1,1) suffices to determine its equivalence class. Secondly the original question of
sharpness of [18, Page. 214] and [20, page. 39], remains open, although our examples provide a

partial answer.
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One of the main theorems we prove in section 4.2 and [36] involves the class of operators con-
structed in [31]. This construction provides a complete list (up to mutual unitary in-equivalence)
of irreducible homogeneous operators in Byy1(D),k > 1, whose associated representation is mul-
tiplicity free. It turns out that for & = 1, this is exactly the same list as that of Wilkins [51],
namely, W;. However, for k > 2, the class of operators Wy C By, 1(D) is much smaller than the
corresponding list from [31]. Now consider those homogeneous and irreducible operators from [31]
for which the eigenvalues of the curvature are distinct and have multiplicity 1. The Hermitian
holomorphic vector bundles corresponding to such operators are called generic (cf. [18, page. 226]).
We show that for these operators, the simultaneous unitary equivalence class of the curvature and
the covariant derivative of order (0,1) at 0 determine the unitary equivalence class of the operator
T. This is considerably more involved than the corresponding result for the class Wy of section
2.1 and [37, Theorem 4.12, page 187 |.

Although, we have used techniques developed in the paper of Cowen-Douglas [18, 20], a sys-
tematic account of Hilbert space operators using a variety of tools from several different areas of
mathematics is given in the book [26]. This book provides, what the authors call, a sheaf model
for a large class of commuting Hilbert space operators. It is likely that these ideas will play a

significant role in the future development of the topics discussed here.



1. PRELIMINARIES

In this chapter we briefly describe reproducing kernel, the Cowen-Douglas class, quasi-invariant

kernel and the jet construction.

1.1 Reproducing kernel

Let L(F) be the Banach space of all linear transformations on a Hilbert space F of dimension n
for some n € N. Let Q2 C C™ be a bounded, open, connected set. A function K : Q x Q — L(F),
satisfying
p . .
> (K@D wiG,Ge = 0, wh o wP eq, G,...,(€EF, p>0 (1.1.1)
i,j=1
is said to be a non negative definite (nnd) kernel on . Given such an nnd kernel K on €, it is

easy to construct a Hilbert space H of functions on € taking values in F with the property
(), OF = (f, K (- w)Cp, for we Q, (€ F, and f € H. (1.1.2)

The Hilbert space H is simply the completion of the linear span of all vectors of the form & =
{K(-,w)(, w € Q, ¢ € F}, where the inner product between two of the vectors from S is defined
by

(K(-,w)¢, K(-w'n) = (K(w',w)¢,n), for ¢,n €F, and w,w’ € Q, (1.1.3)

which is then extended to the linear span H° of the set S. This ensures the reproducing property
(1.1.2) of K on H°.

Remark 1.1.1. We point out that although the kernel K is required to be merely nnd, the equation
(1.1.8) defines a positive definite sesqui-linear form. To see this, simply note that |(f(w), ()| =
[(f, K(-,w)C)| which is at most || f||[(K (w, )¢, C)Y? by the Cauchy - Schwarz inequality. It follows
that if || f||*> = 0 then f = 0.

Conversely, let H be any Hilbert space of functions on €2 taking values in F. Let e,, : H — F be
the evaluation functional defined by e, (f) = f(w), w € Q, f € H. If e,, is bounded for each w € Q
then it admits a bounded adjoint €}, : F — H such that (e, f,() = (f, e} () for all f € H and
¢ € F. A function f in M is then orthogonal to e, (F) if and only if f = 0. Thus f =77, e . (¢)
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with w®, ... w® e Q, ¢,... ,Cp €F, and p > 0, form a dense set in H. Therefore, we have

P
1P = >~ (ewmeyn G G,
ij=1
where f =370 e ) (Gi), w® € Q, ¢ € F. Since ||f||> > 0, it follows that the kernel K (z,w) =
e.e), is non-negative definite as in (1.1.1). It is clear that K(z,w)( € H for each w € Q and ¢ € F,
and that it has the reproducing property (1.1.2).

Remark 1.1.2. If we assume that the evaluation functional e,, is surjective then the adjoint e},

is injective and it follows that (K (w,w)(,) > 0 for all non-zero vectors ¢ € F.

There is a useful alternative description of the reproducing kernel K in terms of the orthonormal

basis {ex : k£ > 0} of the Hilbert space H. We think of the vector ey(w) € F as a column vector

for a fixed w € Q and let ey, (w)* be the row vector (ej(w), ..., e} (w)). We see that
<K(Z,U))<,T]> = <K(7u))<,K(,Z)77>

= Y (K(w) enen K, 2)n)
k=0

— Y Ol
k=0

— Z(ek(z)ek(w)*C777>a
k=0

for any pair of vectors (,n € F. Therefore, we have the following very useful representation for

the reproducing kernel K:
K(z,w) = Zek(z)ek(w)*, (1.1.4)
k=0

where {ej, : k > 0} is any orthonormal basis in H.

1.2 The Cowen-Douglas class

Let T = (Ty,...,T,) be a d-tuple of commuting bounded linear operators on a separable complex
Hilbert space H. Define the operator Dp : H — H @ --- & H by Dr(x) = (Thz,...,Thz), x € H.
Let Q be a bounded domain in C™. For w = (wy,...,wy,) € , let T'— w denote the operator
tuple (17 — wq,..., T, — wy,). Let n be a positive integer. The m-tuple T is said to be in the
Cowen-Douglas class B,,(2) if

1. ran Dy_,, is closed for all w € Q)
2. span {ker Dp_,, : w € Q} is dense in H

3. dimker Dp_,, = n for all w € Q.
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This class was introduced in [19]. The case of a single operator was investigated earlier in the
paper [18]. In this paper, it is pointed out that an operator T in Bq(2) is unitarily equivalent
to the adjoint of the multiplication operator M on a reproducing kernel Hilbert space, where
(Mf)(z) = zf(z). It is not very hard to see that, more generally, a m-tuple T in B,(Q) is
unitarily equivalent to the adjoint of the m-tuple of multiplication operators M = (M, ..., M,,)
on a reproducing kernel Hilbert space [18] and [21, Remark 2.6 a) and b)]. Also, Curto and Salinas
[21] show that if certain conditions are imposed on the reproducing kernel then the corresponding
adjoint of the m-tuple of multiplication operators belongs to the class B, (2).

To an m~tuple T in B,,(2), on the one hand, one may associate a Hermitian holomorphic vector
bundle Et on Q (cf. [18]), while on the other hand, one may associate a normalized reproducing
kernel K (cf. [21]) on a suitable sub-domain of Q* = {w € C™ : w € Q}. It is possible to answer
a number of questions regarding the m-tuple of operators T using either the vector bundle or
the reproducing kernel . For instance, in the two papers [18] and [20], Cowen and Douglas show
that the curvature of the bundle Er along with a certain number of covariant derivatives forms a
complete set of unitary invariants for the operator T while Curto and Salinas [21] establish that
the unitary equivalence class of the normalized kernel K is a complete unitary invariant for the
corresponding m-tuple of multiplication operators. Also, in [18], it is shown that a single operator
in B,,(€) is reducible if and only if the associated Hermitian holomorphic vector bundle admits an

orthogonal direct sum decomposition.

We recall the correspondence between an m-tuple of operators in the class B, (2) and the
corresponding m-tuple of multiplication operators on a reproducing kernel Hilbert space on €.
Let T be an m-tuple of operators in B,,(§2). Pick n linearly independent vectors v, (w), . .., yn(w)
in ker Dp_y, w € Q. Define a map I' : @ — L(F,H) by I'(w){ = >, Gvi(w), where ¢ =
(C1y.-.,¢n) € F, dimF = n. It is shown in [18, Proposition 1.11] and [21, Theorem 2.2] that it
is possible to choose v (w),...,vn(w), w in some domain Qy C Q, such that I" is holomorphic
on Q. Let A(Q,F) denote the linear space of all F-valued holomorphic functions on €. Define
Ur:H — A, F) by
(Upzx)(w) =T(w)*z, =€ H, we Q. (1.2.5)

Define a sesqui-linear form on Hr = ran Ur by (Urf,Urg)r = (f,q), f,g € H. The map Ur is
linear and injective. Hence Hr is a Hilbert space of F-valued holomorphic functions on € with
inner product (-,-)p and Ut is unitary. Then it is easy to verify the following (cf. [21, Remarks
2.6)).

a) K(z,w) =T(2)T(w), z,w € € is the reproducing kernel for the Hilbert space Hr.
b) M} Ur = UrT;, where (M;f)(2) = zif(2), z = (21,...,2m) € .

An nnd kernel K for which K (z,wg) = I for all z € Qf and some wy € € is said to be normalized

at wg.
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For 1 <i < m, suppose that the operators M; : H — H are bounded. Then it is easy to verify
that for each fixed w € Q, and 1 < i < m,

M;K(-,w)n = w; K(-,w)n for n € F. (1.2.6)
Differentiating (1.1.2), we also obtain the following extension of the reproducing property:
(& f)(w),n) = (fAK(,w)n) for 1<i<m, j>0, weQ nel, fecH. (1.2.7)

Let M = (My,...,M,,) be the commuting m-tuple of multiplication operators and let M* be
the m-tuple (M, ..., M}). It then follows from (1.2.6) that the eigenspace of the m-tuple M™ at

w € Q* C C™ contains the n-dimensional subspace ran K (-,w) C H.

One may impose additional conditions on K to ensure that M is in B, (Q*). Assume that

K (w,w) is invertible for w € Q. Fix wy € © and note that K(z,wy) is invertible for z in some

neighborhood Q¢ C © of wy. Let K be the restriction of K to 2y x £2¢. Define a kernel function
Ky on Qg by

Ko(z,w) = ¢(2)K(z,w)p(w)*, z,w € N, (1.2.8)

where (2) = Kyes(wo, w0)Y? Kyes(2,w0) ™"

The kernel Ky is said to be normalized at wg and
is characterized by the property Ko(z,wg) = I for all z € Qy. Let M denote the m-tuple of
multiplication operators on the Hilbert space H. It is not hard to establish the unitary equivalence
of the two m - tuples M and M as in (cf. [21, Lemma 3.9 and Remark 3.8]). First, the restriction
map res : f — fres, which restricts a function in H to g is a unitary map intertwining the m-
tuple M on ‘H with the m-tuple M on H,,s = ran res. The Hilbert space H,es is a reproducing
kernel Hilbert space with reproducing kernel K,.s. Second, suppose that the m-tuples M defined
on two different reproducing kernel Hilbert spaces H; and Hy are in B, (Q2) and X : H; — Ha is
a bounded operator intertwining these two operator tuples. Then X must map the joint kernel
of one tuple in to the other, that is, XK;(-,w)x = Ka(-,w)®(w)x, x € C", for some function
d: Q) — C™*™. Assuming that the kernel functions K7 and K5 are holomorphic in the first and anti-
holomorphic in the second variable, it follows, again as in [21, pp. 472], that ® is anti-holomorphic.
An easy calculation then shows that X* is the multiplication operator Mg:.. If the two operator
tuples are unitarily equivalent then there exists an unitary operator U intertwining them. Hence
U* must be of the form My for some holomorphic function W. Also, the operator U must map the
joint kernel of (M — w)" acting on H; isometrically onto the joint kernel of (M — w)" acting on
Ho for all w € Q. The unitarity of U is equivalent to the relation Ki(-,w)x = U*Ks(-, w)wtraz
for all w € Q) and & € C". It then follows that

Ki(z,w) = \I/(z)Kg(z,w)Wtr, (1.2.9)

where ¥ : Qg C Q — GL(F) is some holomorphic function. Here, GL(F) denotes the group of all

invertible linear transformations on F.
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Conversely, if two kernels are related as above then the corresponding tuples of multiplication

operators are unitarily equivalent since
MZ*K(,'IU)C = 'IDZK(,’LU)C, w e Qa C € F7
where (M;f)(z) = zif(2), f € Hfor 1 <i<m.

Remark 1.2.1. We observe that if there is a self adjoint operator X commuting with the m-
tuple M on the Hilbert space H then we must have the relation WtrK(z,w) = K(z,w)®(w) for
some anti-holomorphic function ® : Q — C™*"™. Hence if the kernel K is normalized then any
projection P commuting with the m-tuple M is induced by a constant function ® such that ®(0)

is an ordinary projection on C™.

In conclusion, what is said above shows that a m-tuple of operators in B,,(2*) admits a repre-
sentation as the adjoint of a m-tuple of multiplication operators on a reproducing kernel Hilbert
spaces of F-valued holomorphic functions on €2y, where the reproducing kernel K may be assumed
to be normalized. Conversely, the adjoint of the m-tuple of multiplication operators on the re-
producing kernel Hilbert space associated with a normalized kernel K on 2 belongs to B, (Q2*) if
certain additional conditions are imposed on K (cf. [21]).

Our interest in the class B, (€2) lies in the fact that the Cowen-Douglas theorem [18] provides
a complete set of unitary invariants for operators which belong to this class. However, these
invariants are somewhat intractable. Besides, often it is not easy to verify that a given operator
is in the class B, (€2). Although, we don’t use the complete set of invariants that [18] provides, it
is useful to ensure that the homogeneous operators that arise from the jet construction are in this

class.

1.3 Quasi-invariant kernels, cocycle and unitary representations

Let G be a locally compact second countable (lcsc) topological group acting transitively on the
domain € C C™. Let C™*™ denote the set of n X n matrices over the complex field C. We start
with a cocycle J, that is, a Borel map J : G x Q@ — C™*"  holomorphic on {2, satisfying the
cocycle relation

J(gh,z) = J(h,z)J(g,h - z), forall g,h €G, z€Q,

Let Hol(€2,C™) be the linear space consisting of all holomorphic functions on 2 taking values in
C™. We then obtain a natural (left) action U of the group G on Hol(2, C"):

Uy f)(2) = J(g,2)f(g - 2), f€Hl(Q,C"), z€ Q. (1.3.10)

Let e be the identity element of the group G. Note that the cocycle condition (0.0.4) implies,
among other things, J(e, 2) = J(e, 2)? for all z € Q.
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Let K C G be the compact subgroup which is the stabilizer of 0. For h,k in K, we have
J(kh,0) = J(h,0)J(k,0) so that k — J(k,0)~! is a representation of K on C".

A positive definite kernel K on 2 defines an inner product on some linear subspace of Hol(€2, C™).
The completion of this subspace is then a Hilbert space of holomorphic functions on Q (cf. [5]).
The natural action of the group G described above is seen to be unitary for an appropriate choice
of such a kernel. Therefore, we first discuss these kernels in some detail.

Let ‘H be a functional Hilbert space consisting of holomorphic functions on {2 possessing a
reproducing kernel K. We will always assume that the m-tuple of multiplication operators M =
(M, ..., M,,) on the Hilbert space H is bounded. We also define the action of the group G on the
space of multiplication operators — g- My = My, for f € A(Q) and g € G. In particular, we have
g-M = M ,. We will say that the m-tuple M is G-homogeneous if the operator g- M is unitarily
equivalent to M for all g € G. g + Uy-1 defined in (1.3.10) leaves H invariant. The following
theorem says that the reproducing kernel of such a Hilbert space must be quasi invariant under
the G action.

A version of the following Theorem appears in [31] for the unit disc. However, the proof here,

which is taken from [31], is for a more general domain € in C™.

Theorem 1.3.1. Suppose that H is a Hilbert space which consists of holomorphic functions on )
and possesses a reproducing kernel K on which the m-tuple M s irreducible and bounded. Then

the following are equivalent.

1. The m-tuple M is G-homogeneous.

2. The reproducing kernel K of the Hilbert space H transforms, for some cocycle J : G x 0 —

C™ " according to the rule

K(zw) = J(g,2)K(g- 2, g - w)J (g, w)*, 2,0 € Q.

3. The operator Ug-1 : f — My ) f og for f € H is unitary.

Proof. Assuming that K is quasi-invariant, that is, K satisfies the transformation rule, we see that

the linear transformation U defined in (1.3.10) is unitary. To prove this, note that

*—1
Y)

{
(K (

= (K (@', w)J (g, %) 'z, J (g, 5')" "' y)
( K (@, @)J(g,9) 'z, y)
{

1 1

where w = ¢ ' -w and @' = ¢~ - w'. Hence

(K(g-a',g-w)z,y) = (KW, w)z,y).
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It follows that the map Ug-1 is isometric. On the other hand, if U of (1.3.10) is unitary then the
reproducing kernel K of the Hilbert space H satisfies

K(z,w)=J(g,2)K(g - 2,9 w)J(g,w)". (1.3.11)

This follows from the fact that the reproducing kernel has the expansion (1.1.4) for some or-
thonormal basis {e; : £ > 0} in H. The uniqueness of the reproducing kernel implies that the
expansion is independent of the choice of the orthonormal basis. Consequently, we also have
K(z,w) = > 72 (Uy-1€)(2)(Uy-1€)(w)* which verifies the equation (1.3.11). Thus we have shown
that U is unitary if and only if the reproducing kernel K transforms according to (1.3.11).

We now show that the m-tuple M is homogeneous if and only if f +— My, )f o g is unitary.
The eigenvector at w for g.M is clearly K(-,¢g~' - w). It is not hard, using the unitary operator
Ur in (1.2.5), to see that that g—! - M is unitarily equivalent to M on a Hilbert space H, whose
reproducing kernel is Ky(z, w) = K(g-2,9-w) and the unitary Ur is given by f — fog for f € H.
However, the homogeneity of the m-tuple M is equivalent to the existence of a unitary operator
intertwining the m-tuple of multiplication on the two Hilbert spaces H and H,. As we have pointed
out in section 1.2, this unitary operator is induced by a multiplication operator My, ), where
J(g,.) is a holomorphic function (depends on g) such that K,(z,w) = J(g, z)K(z,w)mtr.

The composition of these two unitaries is f +— My, )f o g and is therefore a unitary. O

The discussion below and the Corollary following it is implicit in [31]. Let g. be an element
of G which maps 0 to z, that is g, - 0 = z. We could then try to define possible kernel functions

K : Q x Q — C™" satisfying the transformation rule (1.3.11) via the requirement
K(g:+0,9-+0) = (J(9:,0)) " K(0,0)(J (9=, 0)") ", (1.3.12)

choosing any positive operator K(0,0) on C™ which commutes with Ji(0) for all k¥ € K. Then
the equation (1.3.12) determines the function K unambiguously as long as J(k,0) is unitary for

k € K. Pick g € G such that g-0 = z. Then g = g,k for some k£ € K. Hence

K(gzk'oygzk’o) = (J(gz 70)) IK(O 0)( ( ))

= (J(k,0)J(g:, k- 0)) 'K ( (g=, k- 0)*J (k,0)%) "
(J(g:,0))~ <%0»1Kmox< 0)*)""(J(g:,0)*)"
(J(g2,0) 7 K(0,0)(J(g,0)*) "

= K(g.-0,9.-0)

Given the definition (1.3.12), where the choice of K(0,0) = A involves as many parameters as
the number of irreducible representations of the form &k +— J(k,0)~! of the compact group K, one
can polarize (1.3.12) to get K(z,w). In this approach, one has to find a way of determining if K

is non-negative definite, or for that matter, if K (-, w) is holomorphic on all of  for each fixed but
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arbitrary w € ). However, it is evident from the definition (1.3.12) that
K(h-zh-2) = J(h.g:-0)""J(g:,0)" AJ(g:,0)" (I (. g= - 0)) ™!
= J(h,2) ' K(z,2)J(h,2) !
for all h € G. Polarizing this equality, we obtain
K(h-zh-w)=J(h,2) " 'K(z,w)J(h,w)*

which is the identity (1.3.11). It is also clear that the linear span of the set {K(-,w)(: w € Q, ( €
C™} is stable under the action (1.3.10) of G:

_ 1 sl
gHJ(g,z)K(gz,w)C:K(z,g 1w)J(gag 111)) C7
where J(g, g 'w)*~1( is a fixed element of C".

Corollary 1.3.2. If J: G x Q — C™*" is a cocycle and g, is an element of G which maps 0 to z
then the kernel K : Q x Q — C™*™ defined by the requirement

K(g.-0,g9.-0) = (J(g, 0))_1K(0’0)(J(9270)*)_1

is quasi-invariant, that is, it transforms according to (1.3.11).

1.4 The jet construction

Let M be a Hilbert module over the algebra A(Q) for 2 a bounded domain in C™. Let My be
the submodule of functions in M vanishing to order (k+ 1), k > 0 on some analytic hyper-surface
Z in Q — the zero set of a holomorphic function ¢ in A(£2). A function f on € is said to vanish
to order k on Z if it can be written f = ¢*+1g for some holomorphic function g. The quotient
module @ = M & My, has been characterized in [24]. This was done by a generalization of the
approach in [5] to allow vector-valued kernel Hilbert modules. The basic result in [24] is that Q
can be characterized as such a vector-valued kernel Hilbert space over the algebra A(2)|z of the
restriction of functions in A4(Q2) to Z and multiplication by ¢ acts as a nilpotent operator of order
k.

For a fixed integer n > 0, in this realization, M consists of C"-valued holomorphic functions,
and there is an C"*"-valued function K(z,w) on £ x € which is holomorphic in z and anti-

holomorphic in w such that
(1) K(-,w)v is in M for w in 2 and v in C";
(2) (f, K(-,w)v)pm = (f(w),v)cn for fin M, win Q and v in C™; and

(3) AQ)M C M.
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If we assume that M is in the class B1(Q2), then it is possible to describe the quotient module
via a jet construction along the normal direction to the hypersurface Z. The details are in [24].
In this approach, to every positive definite kernel K : 2 x Q — C, we associate a kernel JK =
((0%51j K ))k where 9; denotes differentiation along the normal direction to Z. Then we may

4,j=07
equip

k
IM={t:= > difvee MaCH: feM|,
1=0

where €, ...,e5_1 are standard unit vectors in C*, with a Hilbert space structure via the kernel
JK. The module action is defined by f — Jf for f € JM, where J is the array —

P |
o) 1
J= _
(o 1
: 0
ok 1

with 0 </, j < k. The module JM ¢ z which is the restriction of JM to Z is then shown to be
isomorphic to the quotient module M & M.

We illustrate these results by means of an example. Let A(® (D) be the Hilbert module over
A(D) with reproducing kernel (1 — 2@)~%, z,w € D, a > 0. Let A% (D?) := A®)(D) @ A®)(D)

be the Hilbert module which corresponds to the reproducing kernel
B(O"ﬁ)(z,w) = (1 — Zlﬂ)l)_a(l — 2211)2)_5,

z = (21,2) € D? and w = (w1, wz) € D?. Let Aga’ﬁ) (D?) be the subspace of all functions in
AP (D?) which vanish to order 2 on the diagonal A := {(z,z) : z € D} C D x D. The quotient
module Agar’fs) (D?) := A(aﬂ)(Dz)@Aga’ﬁ) (D?) which is realized as J(l)A(aﬂ)(Dz)ms A was described
in [23] using an orthonormal basis for the quotient module J ) Al@B) (]]])2)|rCS A. This includes the
calculation of the compression of the two operators, My : f — z1f and My : f +— 2zof for
f € A@P)(D?), on the quotient module JM A5 (]D)Z)‘ms A (block weighted shift operators) with
respect to this orthonormal basis. These are homogeneous operators in the class Ba(ID) which were

first discovered by Wilkins [51].
In [23], an orthonormal basis {e;(,l), ef) }Oo , s constructed in the quotient module A% (D?)o
p:
Aga’ﬁ ) (D?). It was shown that the matrix

_ P"ﬁ'l 0
1 _ a-+p+p
My = \/ Blatf+1) _
a(a+B+p)(a+B+p+1) a+O+p+1
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represents the operator M; which is multiplication by z; with respect to the orthonormal basis

{eél), 61(,2) oo+ Similarly,

_/ptl 0
M@ = a+p3+p
P\ a(a+p+1) . D
Bla+p+p)(atf+p+l) atf+p+l
represents the operator Ms which is multiplication by zo with respect to the orthonormal basis

e;g,l), 61(,2) »—0- Therefore, we see that Qgp ) = %(Ml(p ) M2(p )) is a nilpotent matrix of index 2 while

Qgp ) = %(Ml(p ) + Mz(p )) is a diagonal matrix in case = . These definitions naturally give a pair
of operators @, and Q on the quotient module J™M A5 (]D)2)‘res A- Let f be a function in the
bi-disc algebra A(D?) and

flur,ug) = folur) + fi(ur)ug + fa(ur)us + -

be the Taylor expansion of the function f with respect to the coordinates u; = # and ug =
#1522 Now, the module action for f € A(D?) in the quotient module JMA(®5) (]D>2)|res A is then
given by

f-h = [f(Q1,Q2) h
= fo(@1)-h+ f1(Q1)Q2 - h

“ (5 0) ()
fi fo hy)’

where h = (Z;) elJ (I)A(a’ﬁ)(D2)|ms A is the unique decomposition obtained from realizing the
quotient module as the direct sum J(1) A(0) (D?)jyes A = (A(a’ﬁ) (D?) GAg)ﬂ) (D?) & (Aéa’ﬁ)(]Dﬂ) S)
Aga’ﬁ ) (D?)), where Az(flﬁ )(]D)2), i = 1,2, are the submodules in A% (D?) consisting of all functions
vanishing on A to order 1 and 2 respectively.

Following [23] the curvature (@ for the bundle E(®#) corresponding to the metric B(*A) (u, u),

where u = (uy, us) € D? can be calculated as follows:

K@D (ug,u9) = (1— Jur +ua)2 [ C Y )+ (1= Jur — uaf?)~2 b =5
a a 5 B
The restriction of the curvature to the hyper-surface {us = 0} is
a+pf a—p
a—f a+p)

where u; € D. Thus we find that if a = 3, then the curvature is of the form 2a/(1 — |uq|?)7215.

K (u1, u2) g0 = (1 — Jug )~ (

Also, the unitary map which is basic to the construction of the quotient module is easy to

describe, namely,

k
his > dfh@e
=0

res A\
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for h € AP (D?). For k = 2, it is enough to describe this map just for the orthonormal basis
{eg), 61(,2) :p >0}

(—(ori-ﬁ)) 1/2Zp

eél)(21722) N P 1

—(a 1/2 1
8\ ()
(2) 0
ep (251,22) = B (—(a+ﬁ+2))1/2 p—1 |- (1413)
a+f p—1 21

This allows the computation of the 2 x 2 matrix-valued kernel function [23]

Ko(z.w) = 3 el (z)ell) (w)" + 3 e (2)eld (w)", 2w € D?
p=0 p=0
which restricted to A corresponds to the quotient module. Recall that S(z,w) := (1 — zw)~! is
the Szegd kernel for the unit disc D. We set S™(z) := S(z,2)" = (1 — |2|?)~", r > 0. A straight

forward computation shows that

KQ(zaz)H‘eS A

( 5(z)+7 B2S(2)2H! )
2 o a
ﬁzS(z)a-i-B-l—l aﬁ-ﬁdrzﬂ? (|Z|2S(z)a+ﬁ+l)+aﬁ_ws(z) +6+2
= ((S(Zl)aaé@js(@)ﬁues A))szo,l

(

= (JK)(2,2)res A z €D?

where A = {(z,2) € D? : z € D}. These calculations give an explicit illustration of one of the

main theorems on quotient modules from [24, Theorem 3.4].






2. HOMOGENEOUS OPERATORS VIA THE JET CONSTRUCTION

Our main results on irreducibility of certain class of homogeneous operators is in Section 2.1. The
kernel B (z,w) = (1 — 211) (1 — 20109)~?, 2 = (21, 20), w = (w1, ws) € D?, determines a
Hilbert module over the function algebra .A(D?). We recall the computation of a matrix valued
kernel on the unit disc D using the jet construction for this Hilbert module which consists of
holomorphic functions on the unit disc D taking values in C™. The multiplication operator on
this Hilbert space is then shown to be irreducible by checking that all of the coefficients of the
“normalized” matrix valued kernel, obtained from the jet construction, cannot be simultaneously

reducible.

In section 2.2, we show that the kernel obtained from the jet construction is quasi-invariant and
consequently, the corresponding multiplication operator is homogeneous. This proof involves the
verification of a cocycle identity, which in turn, depends on a beautiful identity involving binomial

coefficients.

Finally, in section 2.3, we discuss some examples arising from the jet construction applied to a
certain natural family of Hilbert modules over the algebra A(D?). Along the way we construct an
example of an irreducible homogeneous operator in By(ID) such that the associated representation

is not multiplicity—free.

2.1 lrreducibility

In the section 1.4, we have already pointed out that any Hilbert space H of scalar valued holo-
morphic functions on 2 C C™ with a reproducing kernel B determines a line bundle £ on Q* :=
{w: w e Q}. The fibre of £ at w € O is spanned by B(.,w). We can now construct a rank (n+ 1)
vector bundle J& over Q*. A holomorphic frame for this bundle is {94B(.,w) : 0 < £ < n,w € Q},

and as usual, this frame determines a metric for the bundle which we denote by JB, where

JB(w,w) = (((5%3(.,w),ééB(.,w»))?j:O = ((%%B(w,w)))zjzo,w €N

)

Recall that A(@) (D) is the Hilbert space of holomorphic functions on D whose reproducing
kernel is (1 — zw)~®, @ > 0 and the multiplication operator on A(® (D) is denoted by M(®). The
reproducing kernel for the tensor product A (D) @ AP)(D) is

B(Oé,,@) (z,’LU) = (1 — zllﬁl)_a(l - Z2'lﬁ2)_ﬁv

for z = (21,22) € D? and w = (wy,ws) € D?, o, 3 > 0.
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Now, identify the Hilbert space A(®)(D)® A®) (D) with the Hilbert space of holomorphic functions
in two variables on the bi-disc D? and call it A% (D?). One may now consider the subspace
AP (D?) € AP (D?) of all functions which wvanish to order (n + 1) on the diagonal A :=
{(z,2) € D?: z € D}.

A concrete realization of the Hilbert space A(®%)(D?) o AL (D?) is possible via the jet con-

struction as follows. Let

JOACHDD2) = {Jf := Z@éf @e;: f e A(D?)}, where e;,0 <i<n,
i=0
denotes the standard unit vectors in C**'. The vector space J™ A5 (D?) inherits a Hilbert
space structure via the map J. Now, AP (D?) is realized in the Hilbert space J(™A(®#)(D?) as
the largest subspace of functions in J(™ A(®#)(D?) vanishing on the diagonal A which we denote
by Jé")A(O"ﬁ) (D?). The main theorem of [23, 24] then states that the compression of M(®) ® I to

the orthocomplement of the subspace Jén)A(o"ﬁ) (D?) is the multiplication operator on the space
J(N)A(aﬂ) (D2)|resA = {f : f = GresA for some g€ J(n)A(aﬂ) (D2)}

We will denote this operator by M, Moreover, the Hilbert space A(®0) (D%@A%ﬂﬂ) (D?) is real-
ized as J(MA(@5) (]D2)|ms A. Here, @ = D? and B = B(®#). The reproducing kernel (JB(O"B))‘rCS A
for the Hilbert space J(™ A(@:5) (]D)2)|rCS A can be written down explicitly (cf. [24, page. 376]). We
write B for (JB@H)) 00 a.

It follows from [24] that h(z) = BY? )(z, z) is a metric for the Hermitian anti-holomorphic vec-
tor bundle J&,e5 o over A ={(2,2) : 2 € D} C D?2. However, .J Elres A 1s a Hermitian holomorphic
vector bundle over A* = {(z, 2) : z € D}, that is, z is the holomorphic variable in this description.
Thus Of = 0 if and only if f is holomorphic on A*. To restore the usual meaning of 0 and 0, we
interchange the roles of z and z in the metric which amounts to replacing h by its transpose.

As shown in [24], this Hermitian anti-holomorphic vector bundle J& s o defined over the diag-
onal subset A of the bi-disc D? gives rise to a reproducing kernel Hilbert space J(™ A(®) (D?)

The reproducing kernel for this Hilbert space is B,(La’ﬁ )(z,w) which is obtained by polarizing
BYP (2, 2) = h(2)", where

IresA .

BED(z,2) = (9505'S(21)*S(22)°) "

LG=0),..A for S(z) = (1 —|z|*)7! (2.1.1)

Lemma 2.1.1. /9, Theorem 5.2] Let a, 3 be two positive real numbers and n > 1 be an integer. Let
AP (D?) o AP (D?) be the ortho-complement of the subspace of A (D) @ AP (D) consisting
of all the functions vanishing to order (n+ 1) on the diagonally embedded unit disc A\ :={(z,z) :
z € D}. The compressions to A9 (D?) o Aﬁf"ﬁ’(D?) of M @ I and I ® M) are homogeneous

operators with a common associated representation.

Proof. For each real number o > 0, let A (D) be the Hilbert space completion of the inner
product space spanned by {fx : k € Z*} where the fi’s are mutually orthogonal vectors with
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norms given by
I'(1+k)
I(a+k)’

(Up to scaling of the norm, this Hilbert space may be identified, via non-tangential boundary

£l = kel

values, with the Hilbert space of analytic functions on I with reproducing kernel (z,w) — (1 —
2w)~®.) The representation D} lives on A(® (D), and is given (at least on the linear span of the

fx’s) by the formula
DI (™) f = (¢)*2f o p, ¢ € Mob.

Clearly, the subspace A(®#(D?) & Aﬁf‘ﬁ ) (D?) is invariant under the projective representation
m:=Dl® Dg associated with both the operators M(®) @ I and I ® M. Tt is also co-invariant
under these two operators. An application of Proposition 2.4 in [8] completes the proof of the

lemma. O

The subspace NG (D?) consists of those functions f € A5 (D?) which vanish on A along
with their first n derivatives with respect to z. As it turns out, the compressions to A(®f) (DY) o
AP (D?) of M(® ® I is the multiplication operator on the Hilbert space A(®#)(D?) o AP (D?)
which we denote MT(La’ﬁ ). An application of [24, Proposition 3.6] shows that the adjoint of the

multiplication operator M s in B,+1(D).
Theorem 2.1.2. The multiplication operator M := Mr(La’ﬁ) 1s irreducible.

The proof of this theorem will be facilitated by a series of lemmas which are proved in the
sequel. We first describe the notion of a normalized kernel which was introduced by Curto-Salinas

and plays a significant role in this thesis.

Notation 2.1.3. (a) Let K(z,w) = K(0,0) 2K (z,w)K(0,0)"Y2, so that K(0,0) = I. Also,
let K(z,w) = K(z,0)" K (z,w)K(0,w)™*. This ensures that K(z,0) = I for z € D,
that is, K is a normalized kernel (cf . [21, Remark 4.7 (b)]). Each of the kernels K,
K and K admit a power series expansion, say, K(z,w) = Zmpzoamp 2P, I?(z,w) =
vapzoampzmwp, and K(z,w) = Zm,pzo‘imp Ml for z, w € D, respectively. Here
the coefficients amp and Qpp and amp are in Mpiy for m, p > 0. In particular, Qp, =
K(0,0)""2a,,, K(0,0)7Y/2 = a801/2amp agol/z for m,p > 0. Also, let us write K(z,w)™" =
Zmpzobmp 2P and I?(z,w)_l = Zmpzogmp ZmwP, z,w € D. Again, the coefficients

by and Bmp are i My, 1 for m, p > 0. However, agg = I and aymo = agp = 0 for m, p > 1.
(b) Let cpo = aéé2gk0aééz for k> 0.
(c) K = By(La’ﬁ) for simplicity of notation.

The following Theorem is from [21, Theorem 3.7, Remark 3.8 and Lemma 3.9]. The proof is

discussed in section 1.2.



2. Homogeneous operators via the jet construction 30

Theorem 2.1.4. The multiplication operators on Hilbert spaces Hy and Ho with reproducing
kernels K1(z,w) and Ky(z,w) respectively, are unitarily equivalent if and only if Ko(z,w) =

\I/(z)Kl(z,w)\IJ(w)tr, where U is an invertible matriz-valued holomorphic function.

The proof of the lemma below appears in [31, Lemma 5.2] and is discussed in section 1.2, see
Remark 1.2.1.

Lemma 2.1.5. The multiplication operator M on the Hilbert space H with reproducing kernel K
is irreducible if and only if there is no non-trivial projection P on C*™' commuting with all the

coefficients in the power series expansion of the normalized kernel K(z,w).

We will prove irreducibility of M by showing that only operators on C**! which commutes with
all the coefficients of K (z,w) are scalars. It turns out that the coefficients of zFw for 2 < k < n+1,

that is, the coeflicients ax; for 2 < k < n + 1 are sufficient to reach the desired conclusion.
k o~
Lemma 2.1.6. The coefficient of 25w is aj; = stoa,@_ﬂ +ap for1<k<n-+1.
s=1

Proof. Let us denote the coefficient of zFw! in the power series expansion of K (z,w) by age for
k,¢ > 0. We see that

kot
Gre =Y Y bsolk—s,e—tbor
5=0 t=0
kot k ¢
= Aulr—sp—tbor + D bs0lr—se+ Y _ Gk o—tbor + Gke
s=1 t=1 s=1 t=1

as EL\()Q = bo() =1 AlSO,

k k
ag1 = E bso@k—s,0bo1 + E bsoGk—s,1 + arobor + g1

s=1

vl
—_

~

k
s00k—s,0)bo1 + Z bsoli—s,1 + g1

M=

=

s=0 s=1
k
= byolp—s1+ a1
s=1
as bgg = I and coefficient of z* in I?(z,w)_ll?(z,w) = Z];:o bsoli—s,0 = 0 for k> 1. O

Now we compute some of the coefficients of K(z,w) which are useful in computing ax;. In
what follows, we will compute only the non-zero entries of the matrices involved, that is, all those

entries which are not specified are assumed to be zero.

Notation 2.1.7. (i) For a positive integer m, let S(ci,...,cn) denote the forward shift on

C™*! with weight sequence (c1,...,cm), ¢; € C, that is,

S(Cl7 o 7CM)(€7p) = cf(sp-l-l,f fO’I" 0< p7€ <m.
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We set Sy, == S(1,...,m). For A in My 4, we let A(i,j) denote the (i,j)-th entry of the
matriz A for 1 < i <p, 1 <j <q and A(i,j) is understood to be zero if the ordered pair
(i,5) ¢ {1...p} x {1,...q}. For a vector v in CF, let v(i) denote the i-th component of the
vector v, 1 <i <k.

(ii) Forx € C, (z)o=1and (), =z(x+1)...(x+n—1) forn > 1.
(iii) Also, S(z) = (1 — |z]?)~*
Lemma 2.1.8. In the notation as above, we have

ago(k, k) = KN (B)k for 0 <k <n.

|
amO(T’T‘Fm):(mT—F,T)'(ﬁ)mM for0<r<n-—m,0<m<n,
and : )
m—+r)! r
amt1,1(r,r +m) = T(ﬁ)mr(a +(1+ i)(ﬁ +m+7))

for0<r<n-m,0<m<n.

Proof. The coefficient of zPw? in Bﬁla’ﬁ)(z, w) is the same as the coefficient of 2Pz? in BT(La’ﬁ)(z, z).
Recalling that S(z) = (1 — [2[*)~! we have ago(k, k) = constant term in 9595 (S(z1)°S(22)")|a.

Now,

9505 (S(21)*S(22)") | = 9505 (S(21)*S(22)") | a
= S(21)*(B)r05 (S(22)° 1 25) | o

k N B
— (8(21)a(ﬁ)k Z <£>a§—f(8(z2)5+k)a§(z—2k))|A
=0

k
= (6@ 3o () (04 eois(e) 0040 () 0,
£=0

that is, ago(k, k) = k!l(B) for 0 < k < n.
We see that amo(r,r +m) is the coefficient of 2™ in 057705 (S(21)*S(22)”)|a. Thus

Dyt (S(21)S(22)7) | & = S(21)°(8)r 05+ (S(22) 7+ 25) |

m+r
Z m+r am-i—r l 8(22)6+r)5§(52r))’A

= (S B)r Y (") (B4 1)mar—eS(z2) TNy <Z> ")
=0

Therefore, the term containing z™ occurs only when £ = r in the sum above, that is,

|
mr L—i_'r)'(ﬁ)mM, for0<r<n-—-m,0<m<n.

ema(rvr ) = (0): (" 775 4 =

r
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One observes that am1,1(r,r +m) is the coefficient of 2™z in 95"+ 8% (S(21)*S(22)?)|a for

0 < r < n—m. For any real analytic function f on D, for now, let (f(z,i))(p 2 denote the

coefficient of z2Pz? in f(z,Zz). We have

am+1,1(r, 7 +m) = (551”35 (S(Zl)aS(ZQ)ﬁ)‘A)(m+l,l)

m—+r
_ m4r o+B+r+(m4r—L£) ;m4r—L p ™\ _r—¢
<(ﬁ)r ; ( Vi )(ﬁ + 1) mr—eS(2) ® 8 <€>Z >(m+1,1)

The terms containing 2™z occurs in the sum above, only when ¢ = r and ¢ = r — 1, that is,

ams11(r,r 4+ m) = ((8),r! ((m:ﬂ“) (B + r)mS(z)0Bmr m
+(72) (B + Fma1S(z)0tormar+l,mtls

m+r)!

= (@n("

))(m+1,1)

(B+7)m(1+ (4 B +m+7)|2*)z"

(m+7r)lr

rlm!

(6 + T)m+1S(Z)a+ﬁ+m+r+12m+15))(m+171)

= W(ﬂ)mw((a‘Fﬂ"‘m‘F”+mL+1(6+m+T))
- W(ﬁ)m_,_r(a—l— (1+ mLH)(ﬁﬂLmH)),

for 0 <r <n-—m,0 <m < n, where we have followed the convention: (Z) = 0 for a negative

integer ¢. This completes the proof. O

Recalling Notation 2.1.3 (b) we have:

Lemma 2.1.9. The quantities cxy has the form :

(=1)*(r + k)!

cko(ryr +k) = 1

(B)rsk for 0<r<n—k,0<k<n.
Proof. Recall that

K(zw)™! = a(l]ézK(z,w)_laéé2 = Z (aéézbmnaééz)zmw”.

Hence Zmn = a(l)é2bmna(1)62 for m,n > 0. By invertibility of agg, we see that Zko and cgo uniquely

determine each other for & > 0. Since (byo)r>0 are uniquely determined as the coefficients of

m
power series expansion of I?(z,w)_l, it is enough to prove that Zam_gbm =0forl <m<n.
=0

m
Equivalently, we must show that Z(aaol/ 2am_g70a801/ 2)(@801/ 2@4061501/ 2) = 0 which amounts to

=0
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m
showing agol/z(zam_g,oaaolcgo)aaolp =0 for 1 < m < n. It follows from Lemma 2.1.8 that

(=0
m—r,0(r,7 + (M —10)) = (Tn:f;)ﬁ)! (8)m—e+r and agop(r,r) = 71(5),. Therefore

(am_magol)(r, r+(m—120)) = am_ro(r,r + (m — €))a501(r + (m—20),r+ (m—1))

O Bhtir (= £+ )

B 1
 (m =)

We also have

(am—f,an_olczo)(ﬁ r+m)

= (@m—t,0a05 ) (1,7 + (m — 0))eo(r + (m — £), 7+ (m — £) + £)

_ (=D (r +m)!
T (m =0 (B)r-+m
for 0 </ <m,0<r<n-—m,1 <m <n. Now observe that
% -1 | - (_1)6
(> am—roag cwo) (e +m) = (r+m) (Bmir > (m — O
=0 (=0 o
(r +m)! “ o(m
= T(ﬂ)m—i—r Z(—l) 0
£=0
= 0,
which completes the proof of this lemma. O

Lemma 2.1.10. The matriz entry agy(n — k + 1,n) is a non-zero real number, for 2 < k <n+1,

n > 1. All other entries of ap1 are zero.

Proof. From Lemma 2.1.6 and Notation 2.1.3 (b), we know that

k
a1 = § bs0@k—s,1 + Qg1
s=1
k
_ —1/2 . —1/2y, —1/2 —1/2y , —1/2  —1/2
= E(aoo cs0agp ) (agp k51000 7) + gy “ak1gy "
s=1

k
Consequently, aéézdklaééz = Z csgagolak_s,l 4+ag for 1 <k<n-+1.
s=1

By Lemma 2.1.8 and Lemma 2.1.9, we have

(cs0age ) (7 +5) = cao(r,r + 8)agy (r + 5,7+ 5)

= m(ﬁ)ﬂ-s«r + 3)!(6)7’4-8)_1

s!
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for0<r<n-—-s50<s<kl1<k<n+1.

ap—s1(r,m+ (k—s—1))

— e B+ (L4 )B4+ k- D),

fork—s—12>0,2<k<n+1. Now,

(csoao_olak_&l)(r +s,r+s+(k—s—1))

= (csoagol)(r,r—i-s)ak_ 1r+s,r+s+((k—-s—1))

L b e

for1<s<k—10<r<n—-k+1,1<k<n-+1. Hence

(csoagolak_&l)(r +s,r+k—1)

:G;f&tiigkamﬂa+%§£w+r+k_n)

Since K(z,w)tr = K(w, 2), it follows that @, = Gpm™ for m,n > 0. Thus, by Lemma 2.1.8,

aoi(r+1,7) = (r+ )N(B)py1 for 0 <r <n-—1,

—1)k
@m@me+M:(kR,wﬂSrgn—h1§k§n+1
and
_ —1)k
(ckoaoola()l)(r, r+k—1)= (ckoaoo Y(ryr + K)apr (r + k,r+k—1) = ( k') (r + E)B)riks

0<r<n-—k1<k<n+1. Since cog = agg, we have for 0 <r<n—-k,2<k<n+1,

(aoé2aklaoé ) +k—1) <Z Csoaoo f—s,1 t+ ak1> (ryr+k—1)
s=1

k—1
-1 -1
= <Z Cs0Qqg Ak—s,1 + Ck0Cqq a01> (r,r+k—1)

s=0
k—1 k
1) (et — 1)1 , DE(r + k)!
= Y ) (o Bz k- 1) ¢ CLEE R )
s=0 ’
k 1'16_1 k— 1 — k k(k+r)!
= O‘(ﬁ)r-ﬁ-k—l ( (Z:)!)' (_1)8( k-i—r Z s'(k( :—T )k(! +r)-)
s=0 s=0
: b k
k+r s
= S (B Y (1) ()
s=0

Therefore (aéézdklaéé2)(r,r +k—1) = 0. Now, cgo = ago and (ckoao_olao;l)(n —k+1,n) =0 for
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2 <k <n+1. Hence

1/2 1/2
(aoé aklaoé Y(n—k+1,n) (ZCsano aj— 81+ak1>(n— k+1,n)
s=1

k—1
= <Z csoagolak_sJ) (Tl —k+ 1, n)
s=0
k—1 '
=Y =R (9), (a e = G m)
s=0

k—1 k—1 ]
)n <OZ s' ) +(n+1)(8+n) Z s!((zl—)s)!>

s=0 s=0
k—1 k
- nl(ﬁ%(ﬁ SO () + ) Sy () - g )
s=0 s=0

_ = 1)k+1(nk—i'-1) (B)n+1 ,for2<k<n+1.

Since agg is a diagonal matrix with positive diagonal entries, ag; has the form as stated in the
lemma, for 2 < k<n-+1,n>1. O

Here is a simple lemma which will be useful for us in the sequel.

Lemma 2.1.11. Let {Ak}z;é be in M1 such that Ag(k,n) =X #0 for0<k<n—-1,n>1.
If AA, = AR A for some matriz A = ((A(i,j)))?jzo in Muqq for 0 < k <n—1, then A is upper

triangular with equal diagonal entries.

Proof. AAk(i,n) = A(i, k)Ar(k,n) = A(i,k) A\, and ApA(k,7) = Ar(k,n)A(n,j) = A\gA(n,j) for
0 <i,j <n0<k<n-—1. Putting i =k and j = n, we have AAx(k,n) = A(k,k)\; and
ApA(k,n) = MA(n,n). By hypothesis we have A(k,k)\x = A\A(n,n). As A # 0, this implies
that A(k,k) = A(n,n) for 0 < k < n — 1, which is same as saying that A has equal diagonal
entries. Now observe that AxA(i,j) = 0 if i # k for 0 < j < n, which implies that AxA(i,n) = 0 if
i # k. By hypothesis this is same as AAg(i,n) = A(i,k)\p, = 0 if 7 # k. This implies A(i, k) = 0 if
1#£k,0<i<n,0<k<n—1,which is a stronger statement than saying A is upper triangular. [J

Lemma 2.1.12. If a matriz A in M1 commutes with ax1 and a1 for 2 <k <n+1,n > 1,

then A is a scalar.

Proof. It follows from Lemma 2.1.10 and Lemma 2.1.11 that if A commutes with az; for 2 <
k <n+ 1, then A is upper triangular with equal diagonal entries. As the entries of a;; are real,
arp = (ag1)®™. If A commutes with ayy, for 2 < k < n + 1, then by a similar proof as in Lemma
2.1.11, it follows that A is lower triangular with equal diagonal entries. So, A is both upper

triangular and lower triangular with equal diagonal entries, hence A is a scalar. O
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This sequence of Lemmas put together constitutes a proof of Theorem 2.1.2.

For the operator Ml(a’ﬁ " in the class Bo(ID), we have a proof of irreducibility that avoids the
normalization of the kernel. This proof makes use of the fact that if such an operator is reducible
then each of the direct summands must belong to the class By (D). We give a precise formulation
of this phenomenon along with a proof below. Recall that B(®#) is a positive definite kernel on D?
and A(®#)(D?) be the corresponding Hilbert space. We know that the pair (M, M) on A (D?)
is in By (D?). The operator Ml(a’ﬁ )" is the adjoint of the multiplication operator on Hilbert space
AP (D?) o Aga’ﬁ ) (D?) which consists of C2-valued holomorphic function on D and possesses the

reproducing kernel Bga’ﬁ)(z,w). The operator Ml(a’ﬁ)* is in Bo(D) (cf. [24, Proposition 3.6)).
Proposition 2.1.13. The operator Ml(a’ﬁ)* on Hilbert space A(“ﬂ)(]Dﬂ)@Aga’ﬁ) (D?) is irreducible.

Proof. If possible, let Ml(a’ﬁ)* be reducible, that is, Ml(a’ﬁ)* =T, ® T, for some T1,T; € By(D).

This is the same as saying [18, Proposition 1.18] that the associated bundle E y+ is reducible.

m{™r
A metric on the associated bundle B, @e* 18 given by h(z) = Bia’ﬁ)(z,z)tr. So, there exists a
1

r h 0
holomorphic change of frame 1) : D — GL(2,C) such that (z)t h(z)y(z) = ( 1(52) o) >
2( 2

for z € D, where h; and hy are metrics on the associated line bundles Er, and E7, respectively.

So, (2)" Kn(2)(z) = ( ’C"g(z) ,Cho

the bundle £ (B with respect to the metric h and ICp, (2) are the curvatures of the bundles Er,
1

) ), where Kp(z) = %(h_lgh)(z) is the curvature of
z

for i = 1,2 as in [18, pp. 211]. A direct computation shows that

a =28(B+1)(1—|2*)"'z -

Kn(z) = (1172
0 a+260+2

Thus the matrix 1(z) diagonalizes Kp(z) for z € D. It follows that (z) is determined, that

is, the columns of v(z) are eigenvectors of Kp(z) for z € D. These are uniquely determined

up to multiplication by non-vanishing scalar valued functions f; and fs on ID. Now one set of

1 A
eigenvectors of Kp,(z) is given by {( 0 ) ) ( . 6‘2’2 )} and it is clear that there does not exist
— |z

—pz

any non-vanishing scalar valued function fy on D) such that fo(z) < ) [T 2 ) is an eigenvector for
— |z

Kr(z) whose entries are holomorphic functions on . Hence there does not exist any holomorphic

r hi 0 a,B)* .
change of frame ¢ : D — GL(2,C) such that Q/Jt hy = ( ! ) on D. Hence Ml( BT s

2
irreducible. O

Although, the unitary equivalence class of the curvature K (see Definition 0.0.4) of an operator

T does not determine the unitary equivalence class of an operator 7' in B, (D) for n > 1, here

)

we show that for the homogeneous operators MT(La’ﬁ , the eigenvalues of the curvature IC A8
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determines the unitary equivalence class of these operators in W,. Let T' and T denote the

operators MT(LQ’B ) and Mr(fi’ﬁ ) respectively.
Theorem 2.1.14. The operators T and T are unitarily equivalent if and only if o = & and § = (3.

If « = @& and 3 = 3 then clearly T and T are unitarily equivalent. To prove the other
implication, recall that [24, Proposition 3.6] T,T € B,41(D). It follows from [18] that if T,T €
B,+1(D) are unitarily equivalent then the curvatures KCr, K7 of the associated bundles Er and Ej
respectively, are unitarily equivalent as matrix-valued real-analytic functions on D. In particular,
this implies that K7(0) and K7(0) are unitarily equivalent. Therefore, we compute K7(0) and
K#(0). Let K7 denote the curvature of the bundle Fr with respect to the metric h(z) := K(z, 2)".

Lemma 2.1.15. The curvature I@T(O) at 0 of the bundle Er equals the coefficient of 2% in h, that

is, Kr(0) = aly.

Proof. The curvature of the bundle Ep with respect to the metric h(z) = K(z,2)" is Krp(z) =
%(ﬁ_lﬁﬁ)(z). If h(z) = > mn>0 Bmnz2™Z", recalling Notation 2.1.3 (a), we have R, = a' = for
m,n > 0. So, hoo = I and humg = hon = 0 for m,n > 1. Hence

Kr(0) = dh=1(0)0h(0) + h~1(0)00h(0) = (Dh~1(0))h1g + hog ka1 = hi = @t
O

Lemma 2.1.16. (K7 (0))(i,i) = a, fori =0,...,n—1 and (K7(0))(n,n) = a + (n + 1)(8 + n)
forn > 1.

Proof. From Lemma 2.1.15 and Lemma 2.1.6, we know that

Kr(0) = a% = (an + biodo1) "

Thus I€T(O) is the transpose of ao_ol/z(all +cloa501a01)a501/2 by Notation 2.1.3 (b). Now, by Lemma
2.1.8 and Lemma 2.1.9,

cro(r,r+1) ==+ DI(B)pp1 for 0 <r <n-—1,
ago(r,7) = r!(B)r, ar1(r,r) = r1(B)r(a+ (r+1)(B+7r)) for 0 <r <n
and aoi(r+1,7) = (r+ )I(B)py1 for 0 <r <n-—1.

Therefore, (cioagy ag1)(r,r) = —(r + 1){(B),41 for 0 <r < n — 1. Also,

(a11 + cloao_ola()l)(r,r) =ar!(f)rs1 for 0 <r<n-—1,

and  (a11 + croag9 ao1) (n,n) = nl(B)n(a + (n +1)(B +n)).

Finally, K7(0) = a¥, = @11, as @11 is a diagonal matrix with real entries. In fact, (K7(0))(i,7) = a,
for i =0,...,n— 1 and (K7(0))(n,n) = a+ (n+ 1)(8 +n). O



2. Homogeneous operators via the jet construction 38

We now see that T and T are unitarily equivalent implies that o = & and o+ (n+1)(8+n) =
a+(n+ 1)(@ +n), that is, « = & and = 3. This proves Theorem 2.1.14.

2.2 Homogeneity of the operator M)

Theorem 2.2.1. The multiplication operator M := Mr(La’ﬁ) on the Hilbert space whose reproducing

kernel is Bﬁﬁ’ﬁ) 1s homogeneous.

This theorem is a particular case of the Lemma 2.1.1. A proof first appeared in [9, Theorem
5.2.]. Recalling Equation (0.0.4) and Definition 0.0.3 we give an alternative proof of this Theorem

by showing that that the kernel is quasi-invariant, that is,

K(z,w) = Jp1(2)K (97 (2), o7 (W) J o1 (w)

for some cocycle
J: Méb x D — CHDX0HD - e Mb, 2, w € D.

First we prove that K(z,2) = J,-1(2)K (¢! (2), 071 (2)) J,-1 (Z)tr and then polarize to obtain the

final result. We begin with a series of lemmas.

Lemma 2.2.2. Suppose that J : Mob x D — CTDx(0+1) s o cocycle. Then the following are

equivalent
1. K(z,2) = J,-1(2)K (¢ (2), cp_l(z))Jspﬂ(z)tr for all p € Méb and z € D
2. K(0,0) = J,-1(0)K (¢~ 1(0), 4,0_1(0))Jg071(0)tr for all ¢ € Méb.

Proof. One of the implications is trivial. To prove the other implication, note that

tr

Tt OK (#7(0), 011 (0) L, (0] = K(0,0)
= J,1 (0K (25(0),951(0) 1 (0)"

for any 1,2 € Méb and z € D. Now pick ¢ € M6b such that ¥ ~1(0) = z and taking ¢; =
¥, 2 = Y in the previous identity we see that
_ _ - tr
Ty 1 (O)K (471(0),47(0) Ty 1 (0)
1,— 1 ,— —_—tr
= Jp1y-1 (0K (797 1(0), 070 71(0) Jpm14-1(0)
= Jy1(0) T (0D K (7 7 (0), 0 71 (0)) Tpmr ($71(0)) =1 (0)

for o € Mob,z € D. Since J,-1(0) is invertible, it follows from the equality of first and third

tr

expressions that

tr

K (47H0),9710)) = J-1 (07 (0) K (9719 7H0), 071 7H(0)) Jp-1 (71(0))

This is the same as K(z,2) = J,-1(2)K (¢~ 1(2), gp_l(z))JVl(z)tr by the choice of 1. The proof

of this lemma is therefore complete. O
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Let J,-1(2) = (Jp-1(2)") 7, ¢ €M&b, z € D, where X' denotes the transpose of the matrix

X. Clearly, J,-1(z) satisfies the cocycle property if and only if J,-1(2) does and they uniquely

determine each other. It is easy to see that the condition
K(0,0) = J,-1(0)K (¢7(0),7(0)) J,-1(0)
is equivalent to
_ —tr
h(e71(0)) = T,-1(0) h(0)T,-1(0), (2.2.2)
where h(z) is the transpose of K (z,z) as before. It will be useful to define the two functions:

Notation 2.2.3. We set

(i) ¢: Mob x D — C with c(¢™1,2) = (=) (2) and

(ii) p: Méb x D — C with p(p~',2) = 13_%

for o1 € Mob, t € T, a € D. We point out that the function c is the well-known cocycle for the
group M&b .

Lemma 2.2.4. With notation as above, we have
(0) Pra = Pi—ta
(b) Ps,bPt,a = Pst+ab) atid
(c) cle™" 71 (2))e(¥ ™ (2)) = c(p™ W7, 2) for ¢, EMED, 2 €D
(d) ple™" 97 (=2))e(@ ™, 2) +p(¥71, 2) = p(o~ 1, 2) for ¢,4 EMob, z € D.

Proof. The proof of (a) is a mere verification. We note that

0ot (Z))_Stlz aaz_b tz—ta—b+&bz _ s(t + ab) z—ﬁzz
S, ,a = — —a — — . — i =
1 bt1 — 1 az — tbz + tab 1+tab 1 — 1a+tabz

which is (b). The chain rule gives (c). To prove (d), we first note that for ¢ = ¢, and ¥ = @44,
if ™! = @y o for some (¢',a’) € T x D then
7T §(Z+_aB) atth 5(17)+_t_a)'

1+tab 1+ tab 1+ tab

It is now easy to verify that

L B = ()fil‘s'blj)ﬁl N
_ 5(b+ ta)
1 +tab+35(b+ta
B < b+ta>< 5(b + ta) >‘1
1+tab 1+ tab
= ple~p!
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Let

(Tp1(2)) (4, 4) = o(pt 2 Eg))] (‘Z) el )" Ip(pt, 2)i Tt (2.2.3)

for 0 <i < j < n. Recalling Equation (0.0.4), we have:

Lemma 2.2.5. J,-1(z) defines a cocycle for the group M&b.

Proof. To say that J,-1(z) satisfies the cocycle property is the same as saying J,-1(z) = (J,-1(2)")~*

satisfies the cocycle property, which is what we will verify. Thus we want to show that

(Ty-1(2)T -1 (07 1(2))) (4, §) = (Tp-1-1(2)) (4, ) for 0 <4, j < n.

We note that J,-1 (z) is upper triangular, as the product of two upper triangular matrices is again

upper triangular, it suffices to prove this equality for 0 < i < j < n. Clearly, we have

(Tp1 ()T (071 (2N) (0 5) = D (Tp1(2)) (6 k) (Tpr (071 (2))) (R, 5)

J

k=1
=c -1 P —#—nc -1 -1 p —#—n d (ﬁ)k k c -1 Zn—k
o () LR e RN OV
= (o, >—<(?) (W, 2 el ()
> T Z‘)y,'(j - k),C(w‘l,Z)j‘kp(cp‘l,w H) (T )
k=1
:C((lp—lw—l7 ) a*—n%(Z) ( —11/}—172)71—]
> <}7€:Z> (™ 2 Eple T () T p(y T )
k=1
:C((lp—lw—l7 )—M—n%(Z) ( _ITZJ_I,Z)TL_]
j—1i
(7 ettt @) 2
k=0
— ) B (et ut o
(ctw et o @+ o 2))
atp (ﬁ)]

=c(p Yz 2 "

= (Tpm191(2)) (4, 4)

7

.‘ <j> el ) pleT iy 2y

for 0 < i < j < n. The penultimate equality follows from Lemma 2.2.4. O
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We need the following beautiful identity to prove Lemma (2.2.7). We provide two proofs, the
first one is due to C. Varughese and the second is due to B. Bagchi.

Lemma 2.2.6. For nonnegative integers j > 1 and 0 < k < 1, we have

e, ) (L) (1o =n(E) G

for all a € C.

Proof. Here is the first proof due to C. Varughese: For any integer i > 1 and a € C\ Z, we have

;ﬁ k) Qik)@ik)&?k)ﬂ+ﬁF“k

B ilj! if T(a+j+i—(—F)
 kIT(a+7) E‘z—k‘ ol T(Gi—C0—k+1)

y ik

iyt 0 ik o ,

= -1 B —k—t1—a-—
k(i — k)T (a+ )T (1 —a — 1) ZZ:;( () Bla+j+i l, a—1)
ily! i~k e ik 1 ik g

= — = ta 1—R—£— —t —a—1
kI — k)T(a+ /)01 —a— i) ()(Z)A (1—t)"""dt

ilg!

z k a+j+i—k—0—1 —a—1
t 1-— dt
k(i — k)T(a+j)0(1—a— (1-1)

0

i
o
B

1— t —a—igatj— 1( (_1)£(i;k)ti—k—£) dt
0 ]

~.

ilg!
k‘!(i—k)!F(a—i—j (I1—a-—

7h %
1/1

Il
o

k‘!(i—k)!F(a—i—j (I—a—1) Jp

(1)
= Wi WTasjid_a—plletil-a—k
_ (—1)i=F4151 T(a+j)T(1—a—k)
kG —-k)T(a+)T(1-a—i) T(1+j—k)
( DFMU Hl—a—m

G- o)

N1—@ (-1)'T(1 —a—k)
DFT(1 —a — 1) I'l—a)

(i)
)e
> I'(a+1i)sin(a + )7 T COS i
)
)

7 cos kT sin(a + k)7l (a + k)
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Since we have an equality involving a polynomial of degree i — k for all a in C\ Z, it follows
that the equality holds for all a € C.

Here is another proof due to B. Bagchi: Since (77) = _x(_x_l)'r;'!(_x_"ﬂ) = (—1)"(**""1) and
(@)p=xz(x+1)--(x+n—-1)= n!(””+2_1), it follows that

:i b <e%k><ei‘k><€:k>(a+j)i—f—’f

i—k

- ‘ L,
_ i (—1) (i—k—0) a—i—j—‘H kE—t0—-1
/<;' €'(z—/<; OlG —k—10)! i—k—/¢

i—k . .
DG =B ke —a—
e!(j—k—e)!(_l) ' £<z’—k—€>

Dt 075

where the equality after the last summation symbol follows from Vandermonde’s identity which
n
t t
Saysthatfors,tG(CananO,onehasz N — (" . O
prd k)\n—k n
Lemma 2.2.7. For ¢ € Méb and J,-1(z) as in Equation (2.2.3), we have

tr

h(e71(0)) = T,-1(0) h(0)T,-1(0).
Proof. Since Wtr = h(z), it is enough to show that
tr

h(™1(0)) (i, 5) = (T,-1(0) h(0)T,-1(0))(4,5), for 0 <i < j < n.

Let ¢ = ¢, t € T and z € D. Since (h(¢(0)))(i,5) = (h(2)) (i, 4), recalling Equation (2.1.1),
it follows that

= @5 (D) (D)6 4 sy,

r=0
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for ¢ < j.

Clearly, (7,-1(0)) (i, §) = e(p™",0) % " () e(p~1,0)"Ip(p~1, 01/~ and h(0) (i, i) = il(B);,
0 <i<j<n. We have

(To1(0) " h(0)Tp1 (0))(1,5) = D (Tp1(0) " 1(0)) (i, k) (T2 (0)) (k, )

k=0
: J tr
= > (T2 (0)) (i, k) (1(0)) (k, k) (Tp1(0)) (K, 5)
k=0 k=0
min(i,j) .
= (T-1(0)") (i, k) (h(0)) (k, k) (Tp-1(0)) (K, 5)
k=0

Now, for 0 <¢ < j <mn,

min(i,j)

k=0

k=0

_ 5(z)t04n Z k!((ﬁﬂ);(ﬁ)j <k> @
(

(tS(2)) " (t2)i R (IS (2)) T (F2)

s B (e

a3 () ()

Clearly, to prove the desired equality we have to show that

;“Q) <r>(ﬁ+3)i rS(z) 7"z Zk'< )( > g)) |2[2(=F) (2.2.4)

f0r0§i<j<n But

e

(i—k)

B4 5)ier(1— |2 |z|2(i_’")

)
( >< > B+ 3)i- re 0( 1)£<2>‘2]2£’Z‘2(i—r)
0 i(_l)gr! <:~> (i) < )(5 + 7)ier|z20—(r=0)

: D+ 0! (r JZr €> <r i €> <T —li_ E) (84 3)icr—elel*7.

\_/
/—\

M& “M

4

S|
=0
S s

£=0 r=0
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For 0 < k < i — £, the coefficient of |2|20—*) in the left hand side of (2.2.4) is

Zi:( D (k +0)! <k+£> (kri€> <k—;£> B+ 7)i-k—e,

(=0

which is the same as

fo( D (k +0)! <k+£> (kri€> <k—;£> B+ 7)i-k—e,

£=0
for 0 < /¢ <i—k <i. So, to complete the proof we have to show that
i— k

O e ) L e W]

for 0 < k <i,7 < j. But this follows from Lemma 2.2.6. O

2.3 The case of the tri-disc D?

Let M be a Hilbert space of holomorphic functions on D3 considered as a Hilbert module over the
function algebra A(D?). Assume that M possesses a reproducing kernel K : D3 x D? — C. For
k>1let

Ty, = {1 = (i1,i0) € (ZN)*: |I| =iy + iy < k}
and A := {(z,2,2) : z € D} be the diagonal set in D3. We consider Z) C 7 such that (i) there is
at least one I € IV, |I| = k and (ii) that the set

Mo ::{fEM:81f|A:Of0rI€I,8}

of functions vanishing to order (k 4 1) on the diagonal is a submodule of M. Clearly, Mzg is a
submodule of M if Z) = T;. As we shall see in the second example Mzg can be a submodule of
M even if P C I

Following [24], it is not hard to see that jet construction of that paper applies to this case as
well. Consequently, as in that paper, it is possible to describe the quotient module explicitly as
a reproducing kernel Hilbert space consisting of CIZiL- valued holomorphic functions on which the

algebra A(D3) acts by pointwise multiplication, where |Z?| denotes the cardinality of Zp.
Throughout this section, we take M = A(® (D) @ A®)(D) ® AM (D) and K = B®#7) where
B(O"ﬁ’V)(z,w) = (1 — lel)_a(l — 2211)2)_5(1 — 23117)3)_7
for z = (21,22, 23), w = (w1, w2, w3) € D3, o, 3,7 > 0.
Example 2.3.1. In particular, take k = 1 and Z¥ = Z; = {(0,0), (1,0), (0,1)} and let Byl’ﬁﬁ) be
the positive definite kernel:
B@B) (2, w) o BB (2 w) 3 BB (2 w)

B§a757’y)(27 w) — 523(6!,,6,“{) (z7 w) 82523(6%'67,\{) (z7 w) 5283B(a76’7)(z7w) s Z, w € ]D)
D3 BB (2, w) 03B P (2, w) 9305 B5) (2, w)

‘resAXA
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The compression of M; ® I to M © M, may be identified, via the jet construction described in
section 1.4, with the multiplication operator Ml(a’ﬁ ) on the Hilbert space of holomorphic functions

on D determined by the reproducing kernel B%a’ﬁ 7 As in section 2.1, we replace B%a’ﬁ ) by its

tr
transpose and set H := B%a’ﬁ D™ for simplicity of notation. We note that

(1-2w)?  Bz(l—2@) 7z(1— 20)
H(z,w) = | Bw(l—zw) B(1+Bzw)  Byzw (1 — z@)~oB12
yo(l —zw)  Byzw (1 +y20)

for z,weD, «,8,7>0.

Theorem 2.3.2. The adjoint of the multiplication operator Ml(a’ﬁ’y) on the Hilbert space of C3

B s in Bs(D). It is homogeneous

valued holomorphic functions on D with reproducing kernel Bia
and reducible. Moreover, Ml(a’ﬁ M s unitarily equivalent to My @ M5 for a pair of irreducible

homogeneous operators M{ and Ms from B1(D) and Bo(ID) respectively.

Proof. Although homogeneity of Ml(a’ﬁ D" follows along the same line as in [9, Theorem 5.2.], we

t
give an independent proof using the ideas we have developed in this chapter. For H = B%a’ﬁ N
as above, let

H(z,w) = H(0,0)"?H(z,0)" H(z,w)H(0,w)” " H(0,0)2.
Evidently, H(z,0) = I, that is, H is a normalized kernel at 0. The form of H(z,w) for z,w € D is

(1—2w)2 —(B+7) (1—2w) 20
- H(B+ A+ w0?  —VB(+B+7)2% 0 —yF(1+6+7)22 D
H(z,w) =

(1—zw)~*—F=7=2,

—VB(14+B+7)zw? 1482w Bz
—/A(1+B+7)zw? V/Bryzw 1+vy2zw
1 0 0

Let U=| 0 4/ % \/# which is unitary on C3. By a direct computation, we see that
0 —./-2r /B
B+ B+
the equivalent normalized kernel UH (z,fw)Ut]r is equal to the direct sum Hy(z,w) & Hi(z,w),
where Hy(z,w) = (1 — zw)~*#~7=2 and
(1—2w)%—(B4+7) (1—2w) 20

Hy(z,w) = ( HEEs et - ﬁ+v(1+ﬁ+v)z2w> (1 — zw) @772,
—VBHY (1+B+7) zw? 1+(B+y)zw

It follows that Ml(a’ﬁ " is unitarily equivalent to a reducible operator by an application of
Theorem 2.1.4, that is, Ml(a’ﬁ " is reducible. If we replace 8 by 4 in Theorem 2.1.2 and take
n =1, then

B%%ﬁ-ﬂ)(zyw) _ ( (1- Zw)z (B+7)2(1 — 2w) > 1- Z,w)—oz—ﬁ—’y—27
(B+yw(l —zw) (B+7)(1+ (B+7)2w0)
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for z,w € D. We observe that

Hy(z,w) = B§Q’5+7)(z,w) for z,w € D,

where Bia’ﬁ ) is the normalization of B%a’ﬁ ) at 0. The multiplication operator corresponding

to the reproducing kernel Ho, which we denote by Ms, is unitarily equivalent to Ml(a’ﬁ ) by
Theorem 2.1.4. Hence M5 is in By(D) by [24, Proposition 3.6]. Since both homogeneity and
irreducibility are invariant under unitary equivalence, it follows by an easy application of Theorem
2.1.4, Theorem 2.1.2 and Theorem 2.2.1 that Mj is a irreducible homogeneous operator in
Bo(D). Irreducibility of Mg also follows from Proposition 2.1.13. Let M; be the multiplication
operator on the Hilbert space of scalar valued holomorphic functions with reproducing kernel Hj.
Again, M7 is in B{(D). The operator M; is irreducible by [18, corollary 1.19]. Homogeneity of
M7 was first established in [32], see also [51]. An alternative proof is obtained when we observe
that I' : Méb x D — C, where ' -1(2) = ((¢71)/(2)) RER is a cocycle such that Hi(z,w) =
[,-1(2)Hy (w_l(z),go_l(w))m for z,w € D,p € Méb. Now, we conclude that Ml(a’ﬁ’w* is

homogeneous as it is unitarily equivalent to the direct sum of two homogeneous operators. Also,

Ml(a’ﬁ ) is in B3(ID) being the direct sum of two operators from the Cowen-Douglas class. O

Example 2.3.3. Now, let us take k = 2 and Z9 = {(0,0),(1,0),(0,1),(1,1)}. This example
enables us to produce an irreducible homogeneous operator in B4(ID) whose associated represen-
tation is mot multiplicity—free. Considering the quotient module M & M 19, as in Examplae 2.3.1,

let Mz(a’ﬁ " be the multiplication operator on the Hilbert space determined by the reproducing
kernel Béa’ﬁ 7 We have:

(1—2zw)* B(1—zw)3z y(1—2zw)32 By(1—2w)222
(,8,7) _ | BO—z@)*w  BO+Lzw)(1-2w)?  Byzw(l—zw)?  By(1+pzw)(1-zw)z 5y—a—B—y—
By w) = | L ape gree(i-sw) A(lge@) (@) Gy(ited)(—rm)e | ETEO T
By(1—zw)*w? By(1+Bzw)(1—2@)w By(1+yzw)(1—zw)w By(1+B82w)(1+y2w)
for z,w € D.

Theorem 2.3.4. The multiplication operator Mz(a’ﬁ’w

kernel is Béa’ﬁﬁ) is irreducible for B # .

on the Hilbert space whose reproducing

The proof will consist of a sequence of lemmas. Before going into the proof let us recall:

Notation 2.3.5. For any reproducing kernel K on D, the normalized kernel f((z, w) at 0 is defined
to be the kernel K(0,0)/2K(z,0)" K (z,w)K (0,w) K (0,0)%/2. This kernel is characterized by
the property K(z,O) = 1 and is therefore uniquely determined up to a conjugation by a constant
unitary matriz. Let K(z,w) = ZWZO apezFwt and K(z,w) = ZMZO apez*wt, where agy and agg
are determined by the real analytic functions K and K respectively, ary and e are in M, for
k,2 > 0. Since K(z, w) is a normalized kernel, it follows that agy = I and axy = age = 0 for k, € > 1.
Let K(z,w)™! = > k>0 brez®wt, where by is in My, for k,¢ > 0. Clearly, K(z,w)* = K (w, 2)
for any reproducing kernel K and z,w € D. Therefore, aj, = am, a5y = Qe and bygg™ = by, for

k,¢ >0, where X* denotes the conjugate transpose of the matriz X.
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The following lemma is from [21, Theorem 3.7, Remark 3.8 and Lemma 3.9].

Following Lemma 2.1.5, we will prove irreducibility of Mz(a’ﬁ 7 for (8 # v by showing that only

Béavﬁf”(

operators on C* which commutes with all the coefficients of z,w) for 3 # ~ are scalars.

Lemma 2.3.6. The coefficient of 2*w is ap; = aééz(zgzl bsoak_&lb()o)aoéz + ag

1<k<3.

1/2 1/2
agragy '~ for

Proof. Let us denote the coefficient of z*w@! in the power series expansion of K (z,w) is age for
k,¢ > 0. We see that

k £

1/2 1/2
ke = aOO Z Z bso@k—s L— tbOt) g
s=0 t=
kot k ¢
1/2 1/2
= ag) (D> asoar—se—tbot + Y _ bsoak—s.eboo + Y _ booar,e—tbot + booareboo) agy
s=1t=1 s=1 t=1
Also,
k k
_ 1/2 1/2
a1 = aoé (Z bsoak—s,0bo1 + Z bsoak—s,1b00 + booarobo1 + booamboo)aoé
s=1 s=1
/ : : / / /
1 2 /2 —1/2 ~1/2
= Qg Z bsoak—s,o)bOI + Z bsoak—s,lboo)aoo + agg ' ak1ag
s=0 s=1
1/2 ~1/2 ~1/2
= ao(/) Z bsoQp—s 1b00)aoé + ayg / aklaoo/
s=1
as by = aaol and coefficient of z* in K (z,w) 'K (z,w) = Z?ZO bsoak—s0 =0 for k > 1. O

Lemma 2.3.7. For the reproducing kernel Béaﬂﬁ),

® attBi2 0 0 0 —VB(B+1) —yA(r+1) 0

~ (0% —

a1 = {0 0 at2y+2 0 and o = 8 8 8 ﬁ(*ﬂri)
0 0 0 a+2(8+7)+4 0 0 0 —\/B(()m )

Proof. For any reproducing kernel K with

m,n>0 m,n>0
k
the identity K (z,w) 'K (z,w) = I implies that byg = agol and Zbk—e,oaéo =0 for k¥ > 1. For
/=0
k =1 we have bjg = —aoolaloaoo We have from Lemma 2.3.6,

. 1/2 12, —1/2  —1/2
a11 = ag) (broaooboo)agy” + agy’~ ariagg

= a801/2 (an - a100601a01)a80 /2] (2.3.5)
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For k£ = 2 we have byy = (b10a10 + booago)aool = aool (a10a001a10 — ago)aoo We get from Lemma
2.3.6
—-1/2 —-1/2
ag) = aoé (broa11boo + b20a01boo)ao(/) + ag / azlaoo/
—1/2 _ _ — —1/2
= aOO/ ((Lgl — aloaool(au — aloaoolagl) — a20a001a01)a00/ . (2.3.6)
From the reproducing kernel Béa’ﬁ 7 we see that
100 0 0B~ 0 000 By
080 0
ao= |00~ 0 |s010 = 88852’/ ,a20=<8888>,
000 By 000 O 000 0
a+B+y 0 0 0
_ 0 Blat26+7+2) By 0
ain = 0 By (a+6+2»y+2) 0 )
0 0 0 Y (a+2(B+7)+
0 Bla+B+y+1) 'y(a+6+v+1)
a — 0 0 0 oe+26+’y+3
21 0 0 0 Oc+ﬁ+2'y+3
0 0 0
0 plas20+2) 0 0
Therefore, a1 —a10agy a1 = <0 6(a+05+ ) Y(at+27+2) 0 ) , hence from Equation (2.3.5),
0 0 0 By(a+2(B+v)+4)
§at2prz 0 0
we have a1 = | ¢ ot 0 a+2v+2 0 . Now, from Equation (2.3.6), we obtain by a routine
0 0 0 at2(B+y)+4
0 —VB(B+1) —y/~(v+1) 0
calculation a9 = [ © 0 0 AN O
0 0 0 —VB(B+1)
0 0 0 0

Lemma 2.3.8. If P € My commutes with a1, and asy for 8 # -, then P is a scalar matriz.

Proof. We see from Lemma 2.3.7 that if 3 # v then a1 is a matrix with distinct diagonal entries.
Now, if Pai; = a11.P then P is a diagonal matrix. If a diagonal matrix P commutes with as; then

by direct computation it is easy to see that P has to be a scalar matrix. O

Combining all the lemmas above we have a proof of Theorem 2.3.4.

B7)

Theorem 2.3.9. The multiplication operator M, (o on the Hilbert space whose reproducing

(a,8,7)

kernel is By" is homogeneous.

We write K for Béa’ﬁ Y for simplicity of notation. Recalling Equation (0.0.4) and Definition
0.0.3 we give a proof of this Theorem by showing that that the kernel is quasi-invariant, that is,

K(Zv w) = Jcp*1 (Z)K((P_l(z)a (P_l(w)) Jcp*1 (w)

for some cocycle
J : Mob x D — C¥4, » € Mob, z, w € D.

First we prove that K(z,z) = J,-1(2)K (¢7(2), cp_l(z))Jspﬂ(z)tr and then polarize to obtain the

final result. It follows from Lemma 2.2.2 that the above equality is same as showing

K(0,0) = J,—1(0)K (¢71(0), 71 (0)) J,-1(0) (2.3.7)
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Let J,-1(2) = (J,-

X. Clearly, J,-1(z) satisfies the cocycle property if and only if J,-1(2) does and they uniquely

1(2)")71 o € Mob, z € D, where X% denotes the transpose of the matrix

determine each other. It is easy to see that the condition (2.3.7) is equivalent to

tr

h(e71(0)) = Tp-1(0) h(0)T,-1(0), (2.3.8)

where h(z) is the transpose of K(z, z).
Recalling Notaton 2.2.3, let

Tp-1(2) =

<C(solvz)2 Bele™t,2)p(071,2) velp,2)p(w™1,2) Byp(pt,2)

0 c(p™t2) 0 vp(p~t,2) N
8 (0) c(eoz)l,z) Bp(eol’l,z) )C(SD S (2:3.9)

Lemma 2.3.10. J,-1(2) defines a cocycle for the group Mob.

Proof. To say that J,-1(z) satisfies the cocycle property is the same as saying J,-1(z) satisfies
the cocycle property, which we will verify. Thus we want to show that Jy-1(2)J,1(¢"!(2)) =
Jp-14-1(2). This follows from direct computation and Lemma 2.2.4(d). O

Lemma 2.3.11. For p € Mob and J,-1(2) as in (2.3.9),

tr

h(e71(0)) = T,-1(0) h(0)T,-1(0).
Proof. Taking ¢ = ¢, t € T and z € DD, we get the result by an easy direct computation. O

Thus we have a proof of Theorem 2.3.9.

We briefly describe the class of homogeneous operators which appear in [31].

Notation 2.3.12. Let A be a real number and m be a positive integer such that 2\ —m > 0. For
brevity, we will write 2X\; =2\ —m + 25, 0 < j < m. Let

O2 D o 0<j<0<my
L)) = U Ee rosistsm
otherwise.
and B = diag (do,d1,...,dn). Now, for p = (ug, ..., pm)® with po = 1 and py > 0 for £ =

1,...,m, let

BMW (2, w) = (1 — 20) """ D(2w) exp(wS,,)B exp(zSE,) D (zw), (2.3.10)

)4 2 .
AT
where B is a positive diagonal matriz with B(¢,0) = dy = E <j> ((2)\7)”,113 for 0 < ¢ <
jZO J Z_j

m, D(zw) = diag((1 — zw)™ “),) and Sy, is the forward shift on C™1 with weight sequence
(1,...,m). Thus, LA)u? = d for p? := (ud, u3,..., u2)" and d = (dy,dy, ..., dy)".
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The kernel B&#) is positive definite. Indeed, it is the reproducing kernel for the Hilbert space
AXMHW(D) of C™! - valued holomorphic functions on I described in [31]. Let M™#) denote
the multiplication operator on the Hilbert space AH) (D). The Hermitian holomorphic vector
bundle associated with BA# is denoted by EMH. In [31], it is shown that M*#) is an irreducible

homogeneous operator and M is in B4 (D).

It will be convenient to let X(**) denote the curvature Ky (z) = %(h’ _l%h’ )(2) (recall Defi-
nition 0.0.4), where h/(z) = BO#) (2, 2)" for z in D.

Theorem 2.3.13. The operator MQ(a’ﬁ’V) described here does not belong to the class discussed in

/31].

The proof of this Theorem will be completed after proving a sequence of Lemmas.

Lemma 2.3.14. trace KM#)(0) > m(m + 1).

Proof. We know that the curvature of the determinant bundle is same as the trace of the curvature
of the given bundle. So, Kget p(z) = trace KM (2) for b (z) = BO# (2, 2), z € D. Now,

m(m+1)

det h/(2) = (1 — |2*)72AmmHDF2X T det B = det B x (1 — [2?) 2mHDA,

Therefore, Kot n(2) = 2(m + 1)A(1 — |2|?)72, so the trace KM (0) = 2(m + 1)\ > m(m + 1), as
2)\ > m by construction. O

Sl
—~
3
i
Ho
=
~—
—~
N
~
2
=
e}
=
D
=
—~
N
~
S
L
i
2
—
N
N
S—
=
¥
=

Let K(®f7) denote the curvature Kp(z) =
z € D.

Lemma 2.3.15. trace K(*#7)(0) = 4(a+ B+~ +2).

Proof. From Lemma 2.3.11, it follows that h(cpgzl (0)) = J,-1(0) h(0)J,-1(0) for z € Dand ¢t € T.

i iz
From Equation (2.3.9), we get

deth(z) = (1— |o)¥C 2728 et n(0) = G292(1 — [#f?)~10++1+2),
So, KB (2) = 4(a+ B+ v + 2)(1 — |z|?) 2. Hence, trace K57 (0) = 4(a + f + v+ 2). H

For m = 3 in Lemma 2.3.14, we have X(M#)(0) > 12. Whereas we see that from Lemma 2.3.15
that one can choose «, 3,7 > 0 such that trace fc(eeB:7) (0) < 12. Hence, we have proved Theorem
2.3.13.

Theorem 2.3.16. The multiplication operator on the Hilbert space whose reproducing kernel is
Béa’ﬁ’ﬁf) s reducible for B = ~. That is, Mz(a’ﬁ’w is unitarily equivalent to My & Mo, where My
is unitarily equivalent to MO for 2\ = a+28+2 and p = (1, 1, o)™, pi1, po > 0 and My is

a homogeneous operator in B1(D).
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Proof. We observe that

Béa’ﬁ’y)(z,w) =(1- zw)_a_ﬁ_V_A‘Dl(zzD) exp(u’)Sg,,y)B(o"B”)(O, 0) exp(zS[*;ﬁ)Dl(zw)
for z,w € D, where

(1—z@)> 0 0 0 g 8 8 8
Dl(Z?I]) = 8 1_Ozw 1_02@8 and Sﬁv'y = y000 |-
0 0 0 1 040
Let ,
1000 (1—z@)2 0 0 0 0000
v= (0 40) pem= (g e ) amds— (3500
0-110 0 0 01—zw 0000
and observe that det W = —2 # 0. Clearly, YD, (zw) = D'(2w)V. For =+, one has

0S5 =S¥ and B (0,0)0* = <
Observing that WSz 3 = S¥ implies W exp(wSp,5) = exp(wS)V and exp(z5} 5) V" = U* exp(257)
we get

OB (2 w) 0 = K (2,w) & Ky(z,w)
where

Ki(z,w) = (1 — 20) " 2P~ D(2w) exp(wS) D exp(2S*) D (zw) for S = <2(0]ﬁ
and

Taking & = <

where B = ®.

w oo
o oo

o=

O O

o
o¥o
@ oo
~_

Ky(z,w) = 28(1 — zw) 2272,

S O
o ko
%‘»—A oo

) , noting that ®S = Sy®, det ® £ 0 and arguing as before we get
DK (2, w)®* = (1 — 20) " 271 D(2%) exp (@S2 B exp(2So*) D(210)
For 2\ = a + 206 + 2 we note that the vector

1

0 0 1
E=L\)"'d= o 1 0 <1/2ﬁ>
2 __ 4 1 1/62
(a+28+1)(a+26+2) a+26+2

is of the form (1,&,&)" for &,& > 0. Therefore, for A = $ + 8+ 1 and p® = £ we have
PK(z,w)P* = BX#) | This completes the proof.

O
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3. CONSTRUCTION OF NEW HOMOGENEOUS OPERATORS SIMILAR TO THE
GENERALIZED WILKINS® OPERATORS

3.1 The generalized Wilkins' operators

Although, it is not clear at the outset that there exists («, 3) and (A, p) such that the two homo-
geneous operators M,E;,,l B and MOH) are unitarily equivalent. We calculate those A and p (for a
fixed m) as a function of a, 3 explicitly for which M,E;,,l ) i unitarily equivalent to M*#) . We show
in this chapter that the set of homogeneous operators that appear from the first jet construction,
is a small subset of those appearing in the second one. The multiplication operators constructed
via the first jet construction are known as the “Generalized Wilkins’ operators”[9]. However, there
is an easy modification of the first jet construction that allows us to construct the entire family of

homogeneous operators which were first exhibited in [31].

Let us consider the function G: D x D — M, 11 defined by
G(z,w) = (1 — zw) "2 P=2mD(zw) exp(wS5)A exp(255)D(2w)
for Sg = S((r(B+r—1)",), A = diag((r!(8),)™,) and D(zw) = diag((1 — zw)™ 4)7,).
Proposition 3.1.1. In the above notation, one has

BY%) — G onD x D.

—_—tr
The proof of this Proposition will be facilitated by a sequence of lemmas. Since BT(,? A (z,w) =

BlA) (w, z) and G(z,w)tr = G(w, z) for (z,w) € D x D it suffices to show that

(B (2,0)) (i, ) = (G(2,w))(i,5) for 0 < i < j < m.
Lemma 3.1.2. In the above notation, we have

;o —\—a—B—i—j i L (i ] -
G(z,w)(i,4) = (B);(1 — )@= F1=d =1y " <k> <‘;> (B4 k)i—g(z)" "
k=0

for0<i<j<m.

Proof. Only the nonzero entries of the matrices are mentioned throughout this proof except for

the last computation. One can easily see that S’g(i, i—k)=0G0—-k+1Dp(B+i—Fk) for 0 <i<m,
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wk Sk
k

k > 1. Clearly, Sg”l = 0. So, exp(wSg) = Z
k=0

i—k+ 1)

(exp(wSp))(i,i — k) = ( 1 (B+i— k) = <;€> (B+i— k)" for 0 <k <i<m.

So, we have (exp(wSg))(i,j) = (;)(ﬂ +j)i_jwi—j and (exp(zS;))(j,i) = (;)(ﬂ +j)i_jzi—j for
0<j<i<m. Now,

min(i,j)

(exp(wSp)A exp(255))(i,5) = Y (exp(wSs)A) (i, k)( exp(z55)(k. )
k=0

= Z < > B+ k)i—ik!(B)k (8 + k) j_p2? o'k

-t £ (i ar

for 0 < ¢ < j < m. Since D(zw) is a diagonal matrix one can easily see that G(z,w) has the

desired expression. O

Lemma 3.1.3. We have
Bl eow)id) = (0),0 =) Py (1) (1) + mestemr,

for0<j<i<m.

Proof. Recalling Equation (2.1.1) we have

(B,(ﬁﬁ)(z,w))( aZ 83 ( 1 —zwp)"%(1 — Zzwz)_ﬁ)\AxA
= (B);(1 - zﬂiu) (1

8%, (1 — 20w2) P77 2]) [ axar

= (B);(1 — z1w1) ™ < 057 (1 = 29w2) ™7 7) 0L, ()| axar
0

— (8);(1 — 2y @A i Z . (;) <i> B+ j)ir(1 — 20) (20),

r=0
for i < j.

Clearly, to prove the desired equality we have to show that

Zr'@ <T>(ﬁ+])z r(1— z0)"( Zk'( )( > (B+k)i—r(z@) ™% (3.1.1)

r=0
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for 0 <i<j <n. Now

For 0 < k < — £, the coefficient of (2w)'~* in the left hand side of (3.1.1) is

! j i\ [k+ N
S0 ) (o 2e) (7 ) e
which is the same as

S, ) () (1) o

=

for 0 < ¢ < k < 1. So, to complete the proof we have to show that

(=1 (k + 0)! <k+€> <ki—£> (k_;E) (B4 3)i-k—t = k"<;> <‘;> (B+k)i-k

< j. But this follows from Lemma 2.2.6. Hence the proof is complete.

=

71—

" EM

for 0 <k

O

Proof of Proposition 3.1.1: Combining Lemma 3.1.2 and Lemma 3.1.3, we have a proof of Propo-

sition 3.1.1.

Recall Notation 2.3.12: For 2A =a+ 8+ m, o, 3 > 0,m > 1, one has
N2 (i—g)! . )
() bt orosisism
0 otherwise.

LN 7) = {

Lemma 3.1.4. In the above notation one has

+ (i—4)! L .
(—1)i7 () A for0<j<i<m;
0 otherwise.

LN, j) = {

O

Proof. Since L()\) is a lower-triangular matrix with 1 as diagonal entries, it is enough to verify

that »  L(A)(i,k)L(A) "' (k,j) = 0 for 0 < j <i <m.
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So writing o 4+ 3 = a we have
i

ZLW“’ k)L(A\) " (k, 5)

k=j
i—J .\ 2 2 . .
_ ki (VY[R (i — k)!(k — 5)!
= 20 (1) ) aramserr oo
_ 7 ( 1)k+] TE (Z')2 ' 1 '
! N2 = k) =) (a+2k)i—pla+k+j— 1)k

. 1—J
_ Z 1)k+2 (i —7)! 1
Z—J'kzo (i —Jj— k! (a+2) +2k)i—j_k(a+2] + k= 1)

(i1)? k(i (@ +25)ai—j)
@ 20 “)<k><

Now, noting that (z), = (—1)"n!(7") = n!(“Z_l) we get

(-1 <Z o )@t 2 (a2 + 2k~ D)(ati 4+ K)o

Ha+i+g)ioj+ (=1 (a+25)i—j-1(a+2i 1)

i—j—1 . .
= (—l)k <Z kij (a+2j)k(a+i+j+k)i_j_k
k=1
i—j—1 P
+ kz_l (—1)kki< k‘]>(a+2j)k_1(a—|—i+j—I—k:),-_j_k
Ha+i+ f)img + (=17 (a+ 25)ij + (1) (i = j)(a + 20)i—j—
] Z—j
= (—1)k< 1 >(a+2j)k(a+i+j+k)i_j_k
k=0
"‘j (i . o
+ - < )(CH‘ 2f)k—1(a+i+7+k)i—jr

1
j—1

k=
- B () e (TP ()

() e ()

a + 2j + 2/<:)i_j_k(a + 2j + k — 1)k

The last equality follows from the Vandermonde’s identity and the conclusion follows from the fact

that (?) = (n T) for 0 < r < n. Hence the verification is complete.

O
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Lemma 3.1.5. For o, 3 >0 and n > 0, we have

n n 1 = n'(oz)n
- n!kzzo(_l)k<k> (a+B+ntk—Dus@r  (at+B+n- 1.0

Proof. Since (z)n, = (—=1)"n!(7F) = n!(“"_l) we have

n

i n n 1
(—1) n! kzo(_l)k <k‘> (Oé +0+n+k-— 1)n—k(ﬁ)k

_ (—1)"n! n 1 <n> (a+B8+n—1),(00)n
(a+B+n—1),0)n = E)(a+B+n+k—1)_k(B)k

(=1)™n!

— = 1)k n o n—
- (a+ﬁ+n—1)n(g)nk§< 1 <k>< + 8+ 1= DB+ k)ns

- o ﬂ(;i)ini)n(g)n g%(_l)k <Z> (=1)kk! (—(a + 5}: n— 1)> (n— k). <ﬂ ;1;7_1 ; 1>

(—1)"(n!)? = ( a+ﬁ+n—1»<ﬁ+n—1>

M

(Oé—Fﬁ—l-TL—l)n nk:O n—=k
- ()
 (a+p + n—1),(8 n
B nl(a),
(a+B+n—1)n(B)n
The penultimate equality follows from the Vandermonde’s identity. O
Corollary 3.1.6. For 2\ =a+ 3+ m and d(r) = ﬁ foro<r<m, a,8>0, m>1, one has
(L) rd)(r) = ri(a)r for0<r<m
(a4 B+r—1).(06), - =
Proof. Follows easily from Lemma 3.1.4 and Lemma 3.1.5. O

Proposition 3.1.7. For

nl(a),
a+pf+n-— 1)n(ﬁ)n7

2X=a+0+m and,uo(n):\/(

0<n<m, afB>0,m>1, we have B d* = BO#) op D x D for & = diag((3-)m)-

Proof. Tt follows from Corollary 3.1.6 that B(#0)(0,0) = B = diag(( ﬁ);”zo). One observes that
OS5 = S,P = S(((mﬁ);n:l) and for A = diag((r!(8),)iL,), PAP* = diag((ﬁ);”zo) =B. It
follows that ®exp(wSs) = exp(wSy,)P and exp(z55)@* = ®*exp(2Sy,). Hence PGO* = B\ #0)
on D x D. Since Bﬁ,? ) — G on D x D one has the desired conclusion. O

The proof of the following Theorem is a consequence of the Proposition 3.1.7 and Theorem 2.1.4.
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Theorem 3.1.8. The operator Mr(f’ﬁ) is unitarily equivalent to MMHo) 4f 2\ = o+ B+ m and

|
po(n) = %]‘brogngm, a,3>0,m>1.

Remark 3.1.9. Recall that Wy, = {Mr(,f"ﬁ) s, 8 >0} form > 1. The inclusion
Win C{MAW 22X > m = (1,1, ..., pi) > 0}

is proper unless m = 1. If m = 1, then the two sets coincide up to unitary equivalence. Moreover,
W is same as the complete list of irreducible homogeneous operators in Bo(D) first discovered by
Wilkins [51].

Remark 3.1.10. One knows from Theorem 3.1.8 that the adjoint of Mr(,?’ﬁ) is a member of the
class of homogeneous operators described in [31] for 2\ = a+B+m and p(n) = %’
0 <n < m. Putting 2\ = o+ 3+ m one gets from [31] that My(,f"ﬁ) acts on a Hilbert space which
s isomorphic to @TZOA(O‘Jrﬁ”j)(D). Consequently, the representation U, associated with My(,f"ﬁ)

acts on @TZOA(O‘Jrﬁ”j) (D).

3.2 The relationship between the two jet constructions

Let H be a Hilbert space and {e; } be an orthonormal basis for H. We will let ¢H denote the Hilbert
space whose orthonormal basis is {ce;} for ¢ > 0. This is same as saying (f, g);, = c2(f,9) o for
f,9 € H. The linear map ¢ : ¢cH — H, ¢ : f — f has the matrix representation ¢l with respect to
the orthonormal bases {ce;} and {e;} respectively.

Now, let ‘H be the Hilbert space ©7LyH;, an orthogonal direct sum of the Hilbert spaces H;
having reproducing kernel Kj, 0 < j < m. Let Hy be the Hilbert space ©JLyn;H;. The inner
product (, )y of the Hilbert space H,, is given by

O gin= 277]'_2<fj79j>j for fj,9; € Hj, m; >0,

j=0 Jj=0 Jj=0
where (,); is the inner product for the Hilbert space H; , 0 < j < m. Clearly, the reproducing

m m
kernels for ‘H and H,, are Z K; and Z 7]]2-K ;j respectively.
j=0 j=0
The next Proposition is now immediate.

Proposition 3.2.1. The multiplication operators on the Hilbert spaces H and H, are similar via

the map v : Hy — 'H.

Let Hol(D, CF) be the space of all holomorphic functions taking values in C*, k € N. Let A
be a real number and m be a positive integer satisfying 2A — m > 0. For brevity, we will write

2)\; =2X—m+2j, 0 < j < m. Let us recall the following from [31]. For each j, 0 < j < m, define



3. Construction of new homogeneous operators similar to the generalized Wilkins’ operators 59

the operator T'; : A?%)(D) — Hol(D, C™*+!) by the formula

14 i . .
O/ 023

0 if0<(<j,

(Cif)(0) =

for f € APN)(D), 0 < j < m, where (), := z(x +1)--- (z +n — 1) is the Pochhammer symbol.
Here (' f)(¢) denotes the ¢-th component of the function T';f and f~7) denotes the (¢ — j)-th
derivative of the holomorphic function f.

We denote the range of I'; by A(%)(D) and transfer to it the inner product of A?*)(ID), that
is, one sets (T';f,T;g) = (f,g) for f,g € A%)(D). The Hilbert space A?%)(D) is a reproducing
kernel space because the point evaluation (I';f) — (I'jf)(w) are continuous for each w € D. Let
B(?Y) denote the reproducing kernel for the Hilbert space A(2Y) (D). Let

AM(D) = O AP (D), 1= po, pia, - ., fim > 0.

The Hilbert space AXM#) (D) has the reproducing kernel BO#) = Z;n:() N?B(”‘j ). The operator

M®#) is the multiplication operator on the Hilbert space AH) (D).

Let T : ' H — 'H be a homogeneous operator with associated representation U. Noting that
@(L'ML) = L "o(M)L = L™'U;'MU,L, ¢ € Méb,

the operator L™'T'L is clearly homogeneous for some invertible operator L : H — H with the
same associated representation if LU, = U,L for ¢ € Mob. Now if L : H — H is an invertible
operator, then the operator L™ TL : H — H is homogeneous with aasociated representation U
if LU, = U,L for ¢ € Méb.

We know from [31] that the operator M := MWM# on AAH#)(D) is homogeneous and ir-
reducible. The irreducibility of the operator M ensures (cf. [10, Theorem 2.2]) the existence of
a unique projective unitary representation U of Mob such that ¢(M) = U, M U, for all ¢ €
Mob. From the previous paragraph, it follows that for an invertible operator L : AWK (D) n
AN (D), the operator L~'TL on AM#) (D), is homogeneous — with associated representation
U, = L™'U,L for ¢ € Mdb.

Let {cjegj)} and {egj)} be the orthonormal bases for the Hilbert spaces c;A(%)(D) and
A(”‘J’)(]D)) respectively, for 0 # ¢; € C and 0 < j < m, then ®jL,c¢;I; is the matrix represen-
tation of the linear map f — f from @TZOCjA(2>‘j)(D) to @‘;.n’:OA(2>‘j)(D) with respect to  the
corresponding orthonormal bases mentioned above. We take L = DL, where ¢; € C and I;
is the identity on the Hilbert space A(z)‘j)(]D)), 0 < j < m. Itis clear that L can be thought of
as the linear map f — f from EB;”:OCjA@AJ’)(]D)) to EB;”:OA(”‘J')(]D). In the remaining part of the
paper we assume L to be of the above form.

The following Theorem is then obvious by an application of Proposition 3.2.1.
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Theorem 3.2.2. For L = @] n;l;, the operator L'MOW L acting on AAH) (D)n s homoge-
neous with associated representation L‘1U¢L, where MO s q homogeneous  operator with

associated representation U, for ¢ € Mob.

Corollary 3.2.3. For2A =a+ 8+ m and p = (,uj);”:O, 1= po,pt1, -, b > 0 arbitrary, the

operator MK s similar to My(,f"ﬁ).

Proof. From Theorem 3.1.8 and Remark 3.1.10, one gets the desired conclusion by taking

p— (Oé—I-ﬁ‘:] )i (8); for 0 <j <mand L = &]Lyn;l;
i a);

from the discussion that precedes Proposition 3.2.1. That is, for 2\ = a + § + m we have

LML = MO, 0

Corollary 3.2.4. The operators MMP and MY #) are similar if and only if A = X.

!

Proof. “if” part: If X = X then taking n; = Z—j for 0 < j < m and L = &JLn;l;, one has
LMWL = MWNH) ag in Corollary 3.2.3.

“only if’ part: One knows from Theorem 3.1.8 and Remark 3.1.10 that M *#0) is unitarily
equivalent to Mr(f’ﬁ) if 2\ = a+ S+ m and py(j) = M% for 0 < 7 < m. Also, for
2A=a+F+mand 1 = ug,p1,...,pmn > 0 arbitrary, MK is similar to M *#0) by Corollary
3.2.3. Hence My(f’ﬁ) is similar to MMM if 2\ = o+ B+ m. Similarly, M,Sf/’ﬁ,) is similar to M\ -#)
if 2\ = o' + 3 +m. So, to arrive at the desired conclusion it is enough to show the following:
The similarity of ME®) and M) implies that o + 8 =o' + (.

Let T be a bounded invertible such that T‘lM}f’ﬁ)T = M}f,’ﬁ,). Recall that A(O"ﬁ)(]ly) =
A (D) @ AP (D) and AP (D?) € A@P)(D?) is the subspace of all functions which vanish to
order (n+1) on the diagonal A := {(z,z) € D?: 2 € D}. We know from Lemma 2.1.1 that MR s
the compression of M; ® I to A(®F)(D?) o AP )(]D)z) = @' M;, where M; denotes multiplication
by z; and M; = Agf’lﬁ) (D?) @Aga’ﬁ)(Dz) for 1 <i < m, Mg = A5 (D?) @A(()O"ﬁ) (D?). We observe
that Mr(,?’ﬁ)*/\/ti C M; for 0 < ¢ < m. Similarly, Mff,’ﬁ,)*M; C M. for 0 < i < m. Moreover,
TM; C ./\/l; for 0 < ¢ < m. So, we have that the operators My(,f"ﬁ)LSMO and My(,f/’ﬁ,)LSMO
are similar. Therefore, the multiplication operators on the Hilbert spaces having reproducing
kernels ((1 — z1w1)~*(1 — 20w2) ") and ((1 — zi7) " (1 — Z2w2)_6/)\Z1:Z2,w1:w2

similar. These are weighted shift operators which are similar if and only if « + 8 =o' + .

are

‘21222,w1 =wg

O

It is clear from Corollary 3.2.3 that Mr(r?’a) is similar to MM if 2X = 2a + m. The family
{M()‘v”) (20 =2a+m,a > 0and 1 = ug, pt1, ..., m > 0} is clearly seen to be the same as the
family {MO# : 2\ > m and 1 = pg, pi1, . . . , i, > 0}.

So, we have the following Theorem.
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Theorem 3.2.5. We have MMM = L‘lMy(,f"a)L if 2\ = 2a + m, where L = &7 qn;1; for
2004+7—1); i .

N = oti21);(8); Jr].j!(a));(ﬁ)ﬂ for 0 <j < m.

Remark 3.2.6. Recall that M,E;Lx ) is the multiplication operator on the Hilbert space whose

reproducing kernel is By(,? ) and BY) is the reproducing kernel for the Hilbert space AR )(]D) =

T;(ACY) (D)) for 2)\; = 2\ —m + 24,0 < j < m. Putting together Proposition 3.1.7 and Theorem

3.1.8 we see that

m ) ! .
& BB p* — ZHO(«j)2B(a+ﬁ+2J)’ where py(j) = \/ j.(a)J - 0<j<m. (3.22)

mt T (@t 5+j-1;00)

To prove Theorem 3.2.5 one may put o = (3 and replace the specific py of Theorem 3.1.8 by an
arbitrary u. By Corollary 3.2.3, we see that a simple similarity will do it. This produces all the
MOB) of [31].

Remark 3.2.7. The homogeneous operator M) acts on the Hilbert space A(@F) (D%@Aﬁff p )(]D)z)

i i i + + (Ako)
with associated representation DI ® Dj Ires (A (D2)oA ) (D2)) [9]. The operator M *Ho) acts on

the Hilbert space EBTZOA(Q/\_""L*zj)(D) with associated representation @TZOD;)\_m +o;- From The-
orem 3.1.8, one knows that M,Sf‘ B g unitarily equivalent to M*MHo) if 2\ = a 4+  + m and
po(n) = %, 0 < n < m. Since the homogeneous operators Mr(f’ﬁ) and M*Ho) are
both irreducible the representations associated with them are unique up to equivalence. Moreover,
M,(f B and MOH0) are unitarily equivalent for proper choice of A, p as functions of « and 3.

Hence it follows that the representations associated with them are same up to equivalence. There-

71[3
fore, one has D ®DE|ros(A(aﬁ>(D2)eA§;f'ﬁ)(IDJ2)) S EB;-”:OD;ZFBH].. Now, the subspaces Al )(]D2)
decrease to {0} as m — oo. Therefore, D} ® DE “ @?‘;ODI 42+ This is the Clebsh-Gordan

formula. The identification of A5 & A )(]D)z) with the direct sum EB;-”:OA(QA_’”*% )(D) is a spe-
cial case of [46, Theorem 3.3, page 179], although we arrive at the same conclusion via a different

route.






4. ON A QUESTION OF COWEN AND DOUGLAS

For an operator 7T in the class B, (€2), introduced by Cowen and Douglas in [18], the simultaneous
unitary equivalence class of the curvature and the covariant derivatives up to a certain order
of the corresponding bundle E7 determine the unitary equivalence class of the operator T. In
a subsequent paper [20], the authors ask if the simultaneous unitary equivalence class of the
curvature and these covariant derivatives are necessary to determine the unitary equivalence class
of the operator T' € B, (). Although, they have shown in [20] that the curvature and all its
covariant derivatives in the list of [18, 20] are necessary to determine the equivalence class of a
Hermitian holomorphic vector bundle bundle £ but those examples do not necessarily correspond
an operator T' € B,,(2) such that E = E7. Here we show that some of the covariant derivatives
are necessary to determine the unitary equivalence class of the operator T € B,,(€2). Our examples
consist of homogeneous operators in B, (D). For homogeneous operators, the simultaneous unitary
equivalence class of the curvature and all its covariant derivatives at any point w in the unit disc D
are determined from the simultaneous unitary equivalence class at 0. This shows that it is enough
to calculate all the invariants and compare them at just one point, say 0. These calculations are
then carried out in number of examples. One of our main results is that the curvature along
with its covariant derivative of order (0,1) at 0 determines the equivalence class  of generic
homogeneous Hermitian holomorphic vector bundles associated with the homogeneous operators
described in [31]. This result is true for all (generic or not) rank 3 bundles associated with the

homogeneous operators discussed in [31].

4.1 Examples from the Jet Construction

Let S(z,w) = (1 — 2w)~! be the Siego kernel on the unit disc, the Hilbert space correspond-
ing to the non-negative definite kernel S*(z,w) = (1 — z@)~® be A®(D) for a > 0. We let
M@ Al(D) — A)(D) denote the multiplication operator, that is, (M (¥ f)(z) = zf(2),
f € AYM),z € D. Following the jet construction of [24] (see also [46]), we construct a
Hilbert space J(k)A(a’ﬁ)(]Dz)‘res A (a, 8 > 0,k € N) starting from the kernel Hilbert space
ACAD?) = AD(D) @ AP (D) with reproducing kernel B8 (z, w) = S%(z1,w;)S? (22, ws),
z = (21,22),w = (w1, wy) € D2. The Hilbert space J* Al®0) (]D)2)‘res A consists of CFl-valued

holomorphic functions defined on the open unit disc D. It turns out that the reproducing ker-
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nel B,ga’ﬁ) for Jk) A5 (D?)),.., 1s

B e w) = (85,05,B7 (2 w)) (L)

0<2,j<k|res AxA’

where A := {(z,2) : z € D} C D?. The multiplication operator on .J*)A(f) (D?)yes A is denoted
by M7,

Example 4.1.1. Consider the operators M := M® @ M@ and M’ = Ml(a’ﬁ) for A\, p, 0, 3 >
0. Wilkins [51] has shown that the operator M’* is in By(D) and that it is irreducible. This
operator is also homogeneous , that is, ¢(M') is unitarily equivalent to M’ for all bi-holomorphic
automorphisms ¢ of the open unit disc D (cf. [9]). It is easy to see that the operators M™) and M (*)
are both homogeneous and the adjoint of these operators are in the class B(ID). Consequently,

the direct sum, namely, M* is homogeneous and lies in the class Bo(D). Let

Mz, 2
1. h(z) = < 5 (07 ) S“((,)z,z) ),)\,u>0,

(L—1[=*)?  Bz(1 -2

2. h/ :B(aﬂ) tr —
() =B (%) <ﬁz(1—|2|2) B(1+ Bl2P2)

) (1= [2)==5-2, 0,8 > 0, for z € D,

where X" denotes the transpose of the matrix X.

The bundles (E, h) and (E’, h') correspond to the the operators M* and M'* respectively. We
denote the curvature and the covariant derivative of the curvature of order (0,1) for the bundles

(E,h) and (E',h') by K, K5 and K, K% respectively. By direct computation we have

1 2 2)2 0 1 )\22 3 0
K(z) = [ TP L Ka(z) =2 TP ;
0 gt 0
(1-1z[*)? (1-z[*)3

iR e iy e
! —|2z —I|2 ! —I|2 —|2
K'(z) = ( a+28+2 ) ) Kz (z) =2 ( 0 (a+26+2)z ) :

(1-[2[%)? (S ERE

Choose A, pt > 0 with y— X > 2and set « = A and 8 = %(,u — A —2). Since curvature is self-adjoint
the set of eigenvalues is a complete set of unitary invariants for the curvature. The eigenvalues for
K(z) and K'(2), z € D, are clearly the same by the choice of A, u,  and (3. So, these matrices are
pointwise unitarily equivalent. Now, we observe that Xz(0) = 0 and K%(0) # 0. Hence they cannot
be unitarily equivalent . It follows that the eigenvalues of the curvature alone cannot determine
the unitary equivalence class of the bundle. However, in this example, the covariant derivative

of order (0, 1) suffices to distinguish the equivalence class of the operators M* and M'*.

Before we construct the next example, let us recall that for any reproducing kernel K on D,
the normalized kernel K (z,w) at 0 (in the sense of Curto-Salinas [21, Remark 4.7 (b) ]) is defined
to be the kernel K (0,0)"/2K(z,0)" K (z,w)K (0, w)~ 'K (0,0)'/2, see Notation 2.3.5.
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Let H be a Hilbert space of holomorphic functions on D possessing the reproducing kernel K.
To emphasize the role of the reproducing kernel, we sometimes write (H, K) for this Hilbert space.
If we assume that the adjoint M* of the multiplication operator M on the Hilbert space (H, K)
is in Bg (D), then it follows from [21, Lemma 4.8, page. 474] that the operator M* on the Hilbert
space H determined by the normalized kernel K is unitarily equivalent to M* on the Hilbert
space (H, K). Hence the adjoint of the multiplication operator M on (H, K) lies in By (D) as well.
Let (E,h) be the corresponding bundle, where h(z) = K(z,2)", z € D. The curvature of this
bundle is K(z) = %(ﬁ*%ﬁ)(z) for z € D.

Lemma 4.1.2. Let h(z2)" = K(z,2) = > k>0 arez"zt. In this notation, we have
(a) 8"h(0) = 8"h(0) = 0 = 8"h~1(0) = d"h=1(0) for m, n > 1 and
(b) BOR(0) = @, dOh~1(0) = —ath, 5262h(0) = 4aLh.

Proof. Since K (z,w) is a real analytic function with K(z,0) = I for z € D and h(z) = K(z, 2)",
it follows that 9™h(0) = mla®, = 0 and 9"h(0) = nlaf, = 0. By the same token, for h='(z) =
K=Yz, 2), we have 8™h~1(0) = 0 and 8"h~1(0) = 0 since K~'(2,0) = I as well for all z € D. This
completes the proof of part (a). To prove part (b), we note that d0h(0) = at and §202h(0) = 4ak,.
Also, h(2)h~'(z) = I implies 99h~'(0) = —at}. O

Lemma 4.1.3. The curvature K and the covariant derivative of the curvature Ksn at 0 are given
by the formulae:
K(0) = afj and K:n(0) = (n+ 1)lal’, ;.

Proof. Since K(z) = %(ﬁ_lgﬁ)(z), it follows that K(0) = dh~(0)dh(0) + h~(0)ddA(0) = aty,
by the previous Lemma. Also, Kz (0) = 8*K(0) = 9"t (h='0h)(0) (see [18, Proposition 2.17,
page 211]). From Lemma 4.1.2, we have °A~1(0) = 0 for £ > 1. Therefore, using the Leibnitz

rule,

n+1
Kz (0) =Y (10" R (0)0*01(0) = 0" 0R(0) = (n + 1)lay,, 4.
k=0
This proves the second assertion. O

Lemma 4.1.4. If K is the curvature of the bundle (E,h), then K.z(0) = 2(2ag2 — a3,)".

Proof. We know from [18, Proposition 2.17, page 211] that for a bundle map © of a Hermitian
holomorphic vector bundle (E, h), the covariant derivatives ©, and © with respect to a holomor-
phic frame f are given by ©.(f) = dO(f)+[h~'0h, O(f)] and O(f) = dO(f). Since the curvature
K is a bundle map, it follows that

K.:(2) = 0(9K(2)+ [~ '0h,K](2))
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Since dh(0) = 0 by Lemma 4.1.2, we have K.;(0) = 99K (0). Consequently, K.:(z),—0 =
dD(Dh~'0h)(2)|.—0. This simplifies considerably since dh(0) = 8?h(0) = Hh~'(0) = 0, again
by Lemma 4.1.2. Thus we obtain

K.z(0) = 200h~1(0)00h(0) + 820%h(0) = —2athath + 4al, = 2(2a9y — a2,)".

O
Lemma 4.1.5. The coefficient of z*T " in the power series expansion of K(z,w) is
¢
_ 1/2
Ak41,041 = Qg (Z E bs0Qk+1—s,041—tbot+
s=1 t=1
k ¢ )
1/2
Z bso@k+1—s,0+1bo0 + Z bo0@k+1,641—tbot + boo@r1,e41000 — bk41,0000b0,641) ag)
s=1 t=1
for k, 0> 0.
Proof. From the definition of K(z,w) we see that for k, £ > 0
) k1 641 )
_ 1/2 1/2
Ak+1,04+1 = Qg ( E E bsoak+1—s,€+1—tb0t)aoo
s=0 t=0
k41 641 k+1
1/2
= Qoo ( Z Z bsok+1—s,0+1—tbot + Z bs0Qk+1—s,0+1b00
s=1 t=1 s=1
0+1
1/2
+ E bo0@k+1,0+1—tbot + boo@k-+1,6+1b00) ag)
=1
ko0 k+1 ¢
1/2
= Qg (Z Z bso@k+1—s,041—tbor + Z bso@k+1—s,000,0+1 + E bi+1,000,0+1—tbot
s=1 t=1 s=1 t=1
k1 r+1
1/2
+ E bso@k+1—s,0+1b00 + § boo@k+1,6+1—tbot + boo@r+1,641b00) agh
s=1 t=1
ko0 k+1 0+1
1/2
= ag (Z Z bsotr41—s,+1—tbor + ( E bsotk+1—5,0)b00+1 + bk-i—l,O(Z ao,e+1—tbot)
s=1 t=1 s=0 t=0
k ¢
1/2
+ Z bs0Qk+1—s,0+1b00 + Z bo0@k+1,64+1—tbot + boo@st1,e41b00 — brkt1,0000b0,641) ag)
s=1 t=1
ko0 k ¢
12
= agh (DD bs0ars1—ser1—tbor + > bs0ks1-s,e41000 + > bookt1,041—¢bor
s=1 t=1 s=1 t=1

1/2
+b00@k-+1,0+1000 — b+1,0000b0,¢+1) Agh 5

as the coefficient of zF*1 in K(z,w) 1K (z,w) = Egi& bsoak+1-s,0 = 0 and the coefficient of w**+?
in K(z,w)K(z,w)™! = Zfié ao e+1-tbor = 0 for k,¢ > 0. O
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The following Theorem will be useful in the sequel. For T in B, (2), recall that Kp denotes

the curvature of the bundle Er corresponding to 7.

Theorem 4.1.6. Suppose that Ty and T» are homogeneous operators in B, (D). Then Kr (0)
and (K7,)z(0) are simultaneously unitarily equivalent to Kr,(0) and (Kr,)z(0) respectively if and
only if Ky (2) and (Kr,)z(2) are simultaneously unitarily equivalent to Kp,(z) and (Kp,)z(2)

respectively for all z in D.

Recall that ¢ : MobxID — C is defined by the formula

™ 2) = (97 (2),
where the prime stands for differentiation with respect to z. See Notation 2.2.3. The cocycle

property of ¢ was verified in Lemma 2.2.4.

The following Lemma will be useful to prove Theorem 4.1.6.
Lemma 4.1.7. Suppose that T in B, (D) is homogeneous . Then
(a) Kr(p™1(0)) = le(¢™",0)| 72U, ' Kr(0)U, and
(b) (Kr)=(o7(0)) = e, 0)| el 0) U ((Kr)=(0) el 0) (NP (0)Kr(0) ) Uy

for some unitary operator U,, ¢ € Mob.

Proof. Following [18], using the homogeneity of the operator T, we find that there is a unitary

operator U, ., such that
Koy (2) = U;LICT(Z')U%Z, ¢ € Méb and z € D. (4.1.2)
On the other hand, an application of the chain rule gives the formula
Koy (2) = (o™ (2)]PKr((¢™1)(2)), for ¢ € M6b and z € D. (4.1.3)
Putting both of these together, we clearly have
U—llC U _ -1 2IC -1
0K (2)Upz = le(o™, 2) 7K ((077)(2))-
In particular, if z = 0, then
UgoKr(e™ (0)Upo = le(e™", 0)PKr((¢71)(0))-

Set Uy := U,. Then
Kr(e™(0)) = le(e™", 0)| 72U Kz (0)U,
for ¢ € Mob, z € D. This proves part (a).
To prove part (b), we differentiate ICy,(1y respect to z using (4.1.3) to see that

OKpiry(2) = (¢71) () D ()Kr(e™ () + (0™ ()P0~ (2)0Kr (9™ (2))
= c(p 2 )P (R)Lr(07H(2) + el 2)Pe(p™T 2)0Kr (971 (2)). (4.1.4)



4. On a question of Cowen and Douglas 68

Using (4.1.4) and (a), putting z = 0 and U, o = U, we see that
U 'OKr(0)U, = e, 0) ()P (0)Kr (71 (0) + le(p ™", 0) el 1, 0)0Kr (9 (0))
= c(p™ ", 0) (e HP(0)|e(p ™", 0)[2UL ' Kr(0)Up + [cle ™", 0)Pe(~1,0)0K (" (0))
= c(p71,0)7 e )P O U Kr(0)U, + [e(¢™",0)Pe(71,000Kr (¢~ (0)). (4.1.5)

(
c(yp

So,

(7 1(0)) = |e(e™,0)[c(pT,0)7 U, (GICT(O) —c(p~1,0)" (e~ H)@ (O)ICT(O)>U¢-
The proof of part (b) is complete since (K7)z = 0K (cf. [18]). O
Corollary 4.1.8. Suppose that Ty, T> are homogeneous operators in By, (D). Then

(1) UK, (0)U = K1, (0),  (2) UH(Kp,)z(0)U = (Kz,)2(0)
for some unitary operator U if and only if

(1) Vi 'Kny(2)Vp = Kry(2), (i) Vi (Km)z(2)V = (K1y)2(2)
for some unitary operator V,, ¢ in Mob and z € D.

w—a
l—aw’

Proof. The “if” part is obvious. To prove the “only if” part, take ¢ = ¢ ,, where ¢y o(w) =t
for a,w € D and t € T. Pick a unitary operator such that (a) and (b) of Lemma 4.1.7 are satisfied.
We get from (1) and Lemma 4.1.7(a) that

(™", 0)| 72U, Kry (0)Ug

= |e(p™,0)| U, U K, (0)UT,

= |e(e™",0)| 72U, U ele ™", 0)PULKr, (2)U, U U,
= U 'U'U,Kp,y (2)U, ' UU,,.

]CT1 (Z)

Since V,, := UQIUUHD is unitary, the proof of (i) is complete.
From (1), (2) and Lemma 4.1.7(b)

(r3):(2) = le( ™, 0)| el T o>—1U—1(<ch1>-<o> —c(go—l,o>—1<so—1><2><o>/cT1<o>)U@
= Jelp™ 0 2elp 1,0 TUZ U (K):(0) = (9 0) (e )P (00K, (0) ) UT,

= lelp™,0)| 26 L0) U U (¢ )P (0)elp ", 0) Kr, (0)

He(w ™, 0) 2l T 0)U, (Kr,)=()U5 ! = (o )P (0)el1,0) K (0) ) UT,
= U 'U Uy (Kp,):(2)U; " UU,,. (4.1.6)

Taking V,, = U;'UU,, as before, we have (ii). O
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Proof of Theorem 4.1.6. Combining Lemma 4.1.7 and Corollary 4.1.8, we have a proof of the
Theorem 4.1.6. ]

Corollary 4.1.9. Suppose that T € B, (D) is homogeneous . Then the eigenvalues of Kr(a) are
(1 —1a)>)72}r_, a €D, Ny > 0; Mi(1 — [a?)™2 has multiplicity m;, 1 <1i < k.

Proof. We have from Lemma 4.1.7(a) that

Kr(a) = (1 - |a*)"?U; ' Kr(0)U, (4.1.7)

for some unitary operator Uy, ¢ € M&b, where ¢ = ¢y 4 for (t,a) € TxD, ¢4 4(2) = t{=%. Without
loss of generality [18, Proposition 2.20] one can assume that K7 (0) is diagonal. Let {\;}¥_, be the
distinct diagonal entries of Kp(0) with multiplicity m;, 1 < i < k. We know from [18, Proposition
2.20] that \; > 0, 1 < i < k. Without loss of generality we assume that \j;1 > \; for 1 <i < k—1.
Let {A;(a)}?_; be the eigenvalues of Kr(a). Since Kr(0) has distinct eigenvalues {\;}X_; with \;
having multiplicity m; for 1 <14 < k, {A;(0)}%_, are the distinct eigenvalues of Kr(0) with A;(0)
having multiplicity m; and A;(0) = \; for 1 < i < k. Now, connectedness of D implies that m;
is a constant function for 1 < i < k. So, A; has multiplicity m; on . By real-analyticity of the
function Kr on D it follows that the function A; is also real-analytic on D for 1 < i < k. Since
Air1 > A for 1 < ¢ < k — 1, by continuity of A;’s there exist a neighborhood W of 0 such that
Aiy1(a) > Aj(a) for a € W, 1 < i < k — 1. Therefore, we have from (4.1.7), A;(a) = \;(1 — |a|?) 72
for a € W, 1 <i < k. Now, we have the desired conclusion by real-analiticity of A;’s. O

Corollary 4.1.10. Suppose that T € Bo(D) is homogeneous and T =Ty & Ty for Ty, T € B1(D).

Then the operators Ty and Ty are homogeneous.

Proof. Let Ep be Hermitian holomorphic vector bundle the associated with T € Bo(D). By [18,
Proposition 1.18] the hypothesis is equivalent to Er = Ep, @ Er,, Et, being the bundle associated
with T; € B1(D) for i = 1,2. So, the metric h for the bundle E7 is of the form h = (hol }?2 ), where

h; is the metric for Er,,i = 1,2. Now, it follows from Lemma 4.1.7(a) that

Khy(a 0 _ _
Kr(a) = ( ml®) ,%(a)) = (1—|a?)2U; K2 (0)U, (4.1.8)

zZ—a

1-az and

for some unitary operator U,, ¢ € Méb, where ¢ = ¢, for (t,a) € T x D, ¢4(2) =t
K, is the curvature of the line bundle E7, with respect to the metric h; for i = 1,2.

Without loss of generality [18, Proposition 2.20] one can assume that Kp(0) is diagonal, that is,

Kr(0) = diag(A1, A2). We know from [18, Proposition 2.20] that A, A2 > 0. The case A\; = Ag is

trivial, so we may assume that A\; > \a. Since Kr(a) is similar with (1 — |a|?)~2 (Aol )?2> putting

a =0 we see that Kp(0) = (K’%(O) K}O(O)) is similar with <)E]1 ;)2 > Without loss of generality one
12

can assume that KCp,(0) = A; for ¢ = 1,2. By continuity of K, there exist neighborhoods V' of 0
such that Ky, > Kp, on V as A\; > Ag. It follows that Ky, (a) = \;(1 — |a|?*)™2 for a € Vi = 1,2.
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Hence by real analyticity of Kp,, one concludes that Kp,(a) = A\i(1 — |a|?)72 for a € D,i = 1,2.

This is same as saying that the operators 77 and T5 are homogeneous [32, 51]. U

Remark 4.1.11. It is pointed out that atomic homogeneous need not always be irreducible.
Multiplication operators by the respective co-ordinate functions on the Hilbert spaces L?(T) and
L?(D) are examples of atomic homogeneous operators which are not irreducible. The Corollary
4.1.10 shows that the atomic homogeneous operators in Bo(D) are irreducible.

Moreover, one can show the following: If T € B, (D) is homogeneous and 7' = @} ,T; for T; €
B1(D),i =1,...,n; then T; is homogeneous for i = 1,...,n.

The proof of this fact is similar to the proof of Corollary 4.1.10.

Notation 4.1.12. For a positive integer m, let S(ci,...,cn) denote the forward shift on C™1

with weight sequence (c1,...,¢m), ¢; € C, that is,
S(Clv cee acm)(&p) = Cé5p+l,€ fO’f’ 0< p7£ <m.

We set Sy, := S(1,...,m). For A in My, 4, we let A(i,j) denote the (i,j)-th entry of the matriz
A for1<i<p,1<j<q. For avector v in C¥, let v(i) denote the i-th component of the vector
v,1<i<k.

Example 4.1.13. From (4.1.1), we get

Bia’ﬁl)(z,w) — (17_ Zw)i B/Z(l - Zu?) (1 - Zw)—oc—ﬁ’—Q
Bw(l—zw) B(1+ F2w)

and
(@.8) (1—zw)* B(l—zw)? B(B+1)(1—zw)?2*
By (z,w) = B(1—2)3@ B(14B2w)(1—2w)2 B(B+1)(2+82w) (1—2)z (1—zw)—o—B—4
B(B+1)(1—2w)2w2 B(B+1)(2+B82w)(1—2w)w B(B+1)(2+(8+1)(4+B82w)2zw)

for a, 8,3 > 0 and (z,w) € D x D. Let
Ki(z,w) :=(1—20)"%® B%a’ﬁl)(z,w) and Ks(z,w) := Béa’ﬁ)(z,w) for (z,w) € D x D.

Let M7 and Ms be the multiplication operators on the Hilbert spaces H; and Ho with reproducing
kernels K| and K, respectively. Clearly, M, is the direct sum M@ & Ml(a’ﬁ ) acting on the
Hilbert space A(®) (D) @ J (I)A(a’ﬁl)(]Dﬂ)hes A and My is the multiplication operator on the Hilbert
space J@ A(®0) (]1])2)‘]“3S ~- Wilkins [51] has shown that the adjoint of the operator Ml(a’ﬁ,) on
J (1)A(a’5l)(D2)‘reS A is in By(D). This operator is also homogeneous . It is easy to see that the
operator M(® ig homogeneous and its adjoint is in the class B1 (D). Consequently, the direct sum,
namely, M is homogeneous and lies in the class B3(ID). The operator Mj is in B3(D) by [24,
Proposition 3.6] and is homogeneous by [9, Page. 428] and [37, Theorem 5.1]. Let

hi(z) = Ki(z,2)™ and ha(2) = Ka(z,2)™. (4.1.9)

Thus h; and hy are the metrics for the bundles £} and Ey corresponding to the operators M;" and

M3 respectively.
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Lemma 4.1.14. The curvature at zero and the covariant derivatives of curvature at zero of order
(0,1) and (1,1) for the bundles Ey and Eo are
(a) K1(0) = ding(a, 0, a+28'+2), (K1)=(0) = S0, ~2/F (8+1))" and (K1).=(0) = 2 diag(a, o+
BB +1),a+ B (=4 +1)+2);
(b) K2(0) = diag (v, + 35+ 6), (K2)=(0) = S(0,-3/2(F+1)(8 +2))" and (K2).:(0) =
diag(a, @ +3(8 +1)(8 +2),a = 38(8 + 2)),

respectively. Here K;, (I@Z)g and (l@z)zg are computed with respect to the metrics h; fori =12

obtained from the corresponding reproducing kernels normalized at 0.

(If h is a metric corresponding to a normalized reproducing kernel at 0, then l~1(0) = I, that is,

the basis for the fibre at 0 with respect to which k(0) is computed is orthonormal.)

Proof. For any reproducing kernel K with

K(z,w) = Z 2™ and K (z,w)™! = Z bz @™,

m,n>0 m,n>0

the identity K (z,w) 'K (z,w) = I implies that

k
b()o = agol and Zbo,k—ZGOZ = O, k > 1.
£=0
For k£ =1, we have bjg = —ao_olaloagol, bo1 = (b1o)*. Also, by Lemma 4.1.5, we have
- 1/2 1/2 —1/2 — —1/2
al] = aoé (booallboo — bloaoobol)aoé = aOO/ (all - aloaoola()l)aoo/ . (4.1.10)
For k = 2, we have by = —(b01a01 + booaog)aaol = aaol (ama&]lam — (102)&601. Now, Lemma 4.1.5

gives
- 1/2 1/2
a1z = agp” (booar1bor + booar2boo — broaooboz) agh
_ —1/2 -1 -1 -1 —1/2
= Qg (a12 - (CL11 — a10Gqq a01)a00 ap1 — a10Gqq aog)aoo . (4.1.11)
Observing that bgy = bge™ = ao_ol (aloagolalo — ago)agol, from Lemma 4.1.5, we have

a2 = 0(1)62 (broa11bor + broai2boo + booazibor + booazzboo — b20a00502)a(1)(/)2
= 0801/2 (a100601011a501a01 - aloa&)lalz - 6121(1501&01 + aga
—(a10a5 010 — a20)agy (an1agy a1 — ana)) gy
= 0601/2 (a22 + (a2oa501a01 - agl)aaolam - 6120&601%2
—aloagol(alg — (all — aloagola()l)agolam — aloao_olaog))ao_ol/z. (4.1.12)

In particular, choosing K = K, we have

apo = dlag(lv 17ﬁ/)7 aopr = S(O7ﬁ/)a
ann = diag(a, a0+ 3, ' (a+ 26" +2)), a2 =5(0,6(a+f +1));
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a(@+1) (a+p)(a+pf+1) flat+f +2)(e+36 +3)
2 2 ’ 2

agy = diag( ), and agy = 0.

Thus, a1 — aloagolam = diag(a, o, #'(a+ 23 4+ 2)). Hence from Lemma 4.1.3 and Equation
(4.1.10), we have K1(0) = al}} = diag(o, a, a + 20" + 2).

From Equation (4.1.11), we get ajo = S(O,—\/F(ﬁ’ + 1)) So, from Lemma 4.1.3, we have
(K1):(0) = 2a% = S(0, —2/F (6" +1))™.

Similarly, from Equation (4.1.12), ago = diag( . Hence

a(a+l) Oé(a+1)-i-26’(ﬁ’+1)

(a+8'+2)(a+38"+3) )
2 2

Y

(K1)22(0) = 2(2a9 — a2,)" =2 diag(a,a + B'(F +1),a+ (=5 +1) +2)

from Lemma 4.1.4. This completes the proof of (a).
To prove (b), choose K = Ky and observe that

ag = diag(1, 3,28(8 +1)),  aw = S(3,26(8 + 1))",

B(B+1) fori=3j=1;

0 otherwise,

ag = S(fla+B+1),8(6+1)2a+33+6)), (a2)(i,j) = {

a1 = diag (o + B, B(a + 28+ 2),23(8 + 1)(a + 38 + 6))
and

(a+B)(a+B+1) Blat+B+2)(a+33+3)
2 ’ 2 ’
BB+D((a+B+4) (a+B+5) +4(B+1)(a+B+4) +6(B+1)).

a2 = diag(

Therefore, a1y — ajoagg ao1 = diag(a, af,28(3+1)(a+ 36+ 6)). Hence from Lemma 4.1.3 and
Equation (4.1.10), we have

K2(0) = @ty = diag(a, o, + 33 + 6).

Also, from Equation (4.1.11), we have

a2 = S(0, —%\/BJF 1(B+2))

and from Lemma 4.1.3, we have
(K2)=(0) = 2afy = S(0,-3v/2(8 + 1)(3+2))".

Since

ala+1) ala+1)+3(8+1)(B+2) ala+1)
2 ’ 2 ’ 2

from Equation (4.1.12), using Lemma 4.1.4, we get

(~122 = diag(

+3(6+2)(a+ B +3))

(K2)22(0) = 2(2a92 — @3,)" =2 diag(e, a +3(3+1)(8+2),a —368(6 +2)).
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By means of a sequence of lemmas proved below, we construct a unitary operator between
the vector spaces ((E1)o,h1(0)) and ((E2)o, h2(0)) which intertwines K1(0), K2(0) and (K;)z(0),
(162)5(0). Here (E)o and (FEs)o are the fibres over 0 of the corresponding bundles F; and FEj

respectively.

Lemma 4.1.15. A linear transformation Uy : (C3, ha(0)) — (C3,h1(0)) is diagonal and unitary
with Uy = diag(u1, ug,u3), u; € C fori=1,2,3, if and only if |u1|? = 1, |ua|? = 3, |us|? = %

Proof. “only if” part: Since Up is a unitary operator we have Uy = Uy ! where * denotes the
adjoint of Uy. Now, from [24, p. 395]

Uy = ha(0)71 Ohl()
= dlag(l, ,(28(8 + 1)) ") diag(a1, Gz, u3)diag(1, 1, 3")
B uzfy
= ding(a, 5. 26(5+1))

= diag(u1 , Uy ,u3 1)

This implies the desired equalities.

“if” part: Taking uq = 1,us = /B,u3 = %, we see that Uy = diag(ui,uz,usz) is a
unitary operator between the two given vector spaces. ]

The proof of the next lemma is just a routine verification.

Lemma 4.1.16. Suppose that T and T are in My such that

T(, ) n fori=2j=3; d T3, j) n fori=2,j=3;
LJ) = an i,j) =
J 0 otherwise. J 0 otherwise.

Then AT = TA for some invertible diagonal matriz A = diag(ay, as,as3) if and only zf 1=

a
Lemma 4.1.17. If 3’ = 33+2, then Uy K1(0)Up = Ka(0) and Uy H(K1)2(0)Up = (K2):(0), where
Uy : ((Cg,hg(())) s ((Cg,hl(O)), is a diagonal unitary with Uy = diag(ui,u2,us), u; € C for
i=1,2,3.

Proof. Our the choice of 3 together with Lemma 4.1.14 ensures that K;(0) = K2(0). The first

equality is therefore evident.

Clearly, (K2)z(0) and (K1)z(0) are of the form T and T of the previous Lemma. Choose

2 1 3
up = 1,U2 = \/Ba usz = %7 with /8/ = 5/8—’_ 2.
To complete the proof of the second equality, by Lemma 4.1.16, we only have to verify % = Z—ﬁ,

where n = —=31/2(8+ 1)(B+2),7 = —2v/F (3 + 1). Now,

8o 33+2 35+4
B(6+1) 5+1
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and
7 /B +) 238238 +2+1) 3 3FFAB+2) 1 [35+4
=328+ 1D)(B+2) 32+ 1)(B+2)  2BVA+D(B+2) 2 B+17

O

Since the operators M; and M, are homogeneous , combining Lemma 4.1.17 with Theorem

4.1.6, we have the following Corollary.

Corollary 4.1.18. For ¢ in Mob, there is a unitary operator U, such that U, 1K1 (2)U, = Ka(2)
and Uy, (K1) :(2)U, = (K2)2(2).

Lemma 4.1.19. If 8/ = 33+ 2 then (K1)2:(0) and (K3).2(0) are not unitarily equivalent .

Proof. By Lemma 4.1.14, (K;).z(0) = diag(p;, gi, i) for i = 1,2, where p1 = o, ¢1 = a+ 3'(5'+1),
rm=a+3 (- +1)andps =0, g2 =a+3(B+1)(8+2), ro = a —35(8 +2). Clearly,

p1=p2,q1 > 11 and g2 > ro. (4.1.13)

If the diagonal matrices (K;),z(0) and (K3).z(0) are unitarily equivalent then {pi,qi,r} =
{p2,q2, 72}, as sets. From (4.1.13), we see that this can happen only if p; = p2, ¢1 = ¢2 and
r1 = 79. Since ' = %5 +2, 1 =a+ %(6 +2)(36 +4). We see that ¢; # g2 as § # 0. Hence
(K1).2(0) and (K3).z(0) are not unitarily equivalent . O

The following Theorem is now obvious.

Theorem 4.1.20. The simultaneous unitary equivalence class of the curvatures and the covariant
derivatives of the curvatures of order (0,1) for the operators My and My are the same for ' =
%ﬁ + 2. However, the covariant derivatives of the curvatures of order (1,1) are not unitarily

equivalent .

4.2 lrreducible Examples and Permutation of Curvature Eigenvalues

In the Example 4.1.1, one of the two homogeneous operators M* is reducible while the other M'*
is irreducible. Similarly in the Example 4.1.13, one of the two operators M| is reducible whereas
the other Mj is irreducible. Irreducibility of M’* and Mj follows from [37]. We are interested
in constructing such examples within the class of irreducible operators in B, (D). The class of
irreducible homogeneous operators in Bo(ID) cannot possibly possess such examples, since the
eigenvalues of the curvature at 0 is a complete invariant for these operators (cf. [51]). Therefore,
we consider a class of homogeneous operators in Bs(ID) mentioned in Notation 2.3.12 and discussed
in [31]. However, we first show that for generic bundles E®#) the simultaneous equivalence class of
the curvature and the covariant derivative of the curvature of order (0, 1) determine the equivalence

class of the homogeneous Hermitian holomorphic vector bundle EM#),

Recalling Notation 2.3.12, we have
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Lemma 4.2.1. For the reproducing kernel BM | we have

(a) @11 = [B71S;,B, Sk + 2\ +m) [yt — 2Dy,

(b) a2 = BY2(3(B71S2,BS:, B! +S;,B1S,,2) + B~ Dy, Sp] — B7S,BS;,B7IS,, ) BY/2,
where Iy, denotes the identity matrix of order k and D,, = diag (m,...,1,0).

Proof. From Equation (4.1.10) in Lemma 4.1.14, we get a1 = a0_01/2 (CL11 — aloao_olam)agolﬂ. Form

the expansion of the reproducing kernel BXM#) we see that
apgy = B, alp = BS;kn, apgy = SmB, ayl = SmBS;kn + (2)\ + m)B — 2DmB.

So, a1 — aloao_olam = S,BS!, + (2A + m)B — 2D,,,B — BS,B~!S,,B. The proof of (a) is now
complete since the matrices S,,BS?,, S,,B~!S* , B, B'/2, B=1/2 are diagonal.
From Lemma 4.1.5, we have &12 = a(l](/)z (b00a11b01 + b00a12b00 — bloaoobog)aéé2. Again, from the

expansion of the reproducing kernel BM#) it is easy to see that

1 1
ap = §anBS,*n + (2A + m)SB — DSpB — S;uBD,y,, bog = B big = =S5 B by = 5B—lSm?.
The proof of (b) is now complete since the two diagonal matrices B and D,;, commute. O

Let K #) denote the curvature of the bundle EM#) | that is, KM (z) = % (ﬁ_l %ﬁ) (z), where
h(z) = BOH (2, 2)t for z in D. Recall that BM#) is the normalized reproducing kernel obtained

from the reproducing kernel BX#),

Lemma 4.2.2. The curvature at zero KM (0) and the covariant derivative of curvature  of order
(0,1) at zero (KO#);(0) are given by the formulae:

(a) KX4(0) = diag ((2Ar + ar — arp1) ),

(b) (KOH)(0) = 28 ((—y/ar (L4 ar — (a1 +aw+1))fﬁzl)tr, where o = r2d,_1d; 1 for0 <r <

m with ag = ame1 = 0.
Proof. We only write the nonzero entries of the matrices involved. Notice that

SwmBS;, (r,r) = r2d,._q for 1 <r <m,

B_lSmBS’fn(r,T‘) = 7‘2dr_1d;1 for 1 <r <m,

SEBTIS (1) = (r + 1)2al;i1 for0<r<m-—1
and

Sp.B7'SyB(r,r) = (r+1)%d,d;}; for 0 <r <m—1.

Therefore, by Lemma 4.2.1(a), we see that KO (0) = @ = diag ((2\, + ar — ayi1)™,). This

proves part (a).
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To prove part (b), we observe that

BS,(r+1,r) = (T+1)d;-&1 for 0<r<m-1,
SuBS! (r,7) = r2d,_; for 1<r<m,
B7IS2BS B l(r+1,r) = ri(r+ 1)dr_1dr_1dr__i1 for 1<r<m-—1.
Equivalently,
B_lSanS;"nB_l(r,r —1)=r(r- 1)2dr_2d;_11dr_1 for 2<r<m.
Since
SEBTIS2 (rr—1) = r(r+ 1)2al;i1 for 1<r<m-1,
DmSm(T,r - 1) = (m - 7")’/’ for 1 <r <m,
SyDp(r,r—1) = r(m—r+1) for 1 <r <m,

it follows that
[Dpn,Sm](r,7 — 1) = —r, that is, [Dp,Sm] = —Sm.

Hence (B~[Dy,,Sp])(r,7 — 1) = —rd; ! for 1 < r < m. Now,
(B7'[Dp,Sim] —B7'S,BSEBTIS, ) (rr — 1) = —rd ' —r3d,_qd?
= —rd; N1+ r2d_1d )
= —rd ' (1+a,) for1 <r<m.
Also,
SBTISLBSL BT 4SBT 1) = L((r— DPdadi i o (r 1))
= Slard 4 (r + 1% ])
for 1 <r <m with g =0 = d;llﬂ. From Lemma 4.2.1 (b), using d_; =0 = d;ﬁrl we get
dro(rr —1) = g(dr_ldr)l/z(ar_ldgl +(r+ 1)2d7Y) — r(dr1dy)2d7H (1 + ay)
= 5 (drady ) (s (12 dydly) = r(drad ) (14 o)

1
= — ar(l + oy — 5(047*—1 + ar—l—l))

for 1 <7 < m. This proves part (b). O

The following Corollary follows immediately from Corollary 3.2.4.

Corollary 4.2.3. The operators MM and MXN#) in By, 1(D) are similar if and only if
tr KO (0) = tr KX#)(0).
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Notation 4.2.4. Let 6,11 = 2\ +a,—a,41 for0 <r <m and 0, = —./ag(1+ozg—%(ozg_1—|—ag+1))
for 1 < £ < m. In this notation,

KX#)(0) = diag ((6,41)70) and (KPH)2(0) = 25((0e)72,)™
As in the previous Lemma, we will let o, = 7‘2dr_1d;1 for 0 <r <m with ag = as1 = 0.

Remark 4.2.5. We emphasize that the reproducing kernel BXM#) is computed from a ordered
basis, that is, BOH (w, w) = (((’yi(w),’yj(w»))?jill, where {;(w)}™ 1! is an ordered basis. Con-
sequently, the eigenvalues of /€<W>(0), which is diagonal, appear in a fixed order. If one con-
siders {7, (w)} it will give rise to a different reproducing kernel P,BMH) PX | say B ),
where 0 € Sp11, Spmt1 denotes the symmetric group of degree (m + 1) and Py (i,7) = dg(:),5-
Hence 16(9’“ ) 0) = diag((&U(TJrl))T’TL:O), where 16((,—)"” ) is the curvature with respect to the metric
flg(z) = B((,)"” )(z, z)". Tt follows that the curvature of the corresponding bundle as a matrix de-
pends on the choice of the particular ordered basis. The set of eigenvalues of curvature at 0, which
is diagonal in our case, will be thought of as an ordered tuple, namely, the ordered set of diagonal

elements of LM (0).

Definition 4.2.6. [18, Def. 3.18, pp. 226] A C* vector bundle E over an open subset 2 of C with
metric-preserving connection D is said to be generic if K has distinct eigenvalues of multiplicity

one at each point of €.

From Lemma 4.1.7 (a) and Lemma 4.2.2 (a), we note that EX®) is generic if and only if 8,
are all distinct for 0 < r < m. Thus, using Corollary 4.1.9 the proof of the following Corollary is

complete.

Corollary 4.2.7. We have 6, = §,41 if and only if 0, = 0 for 1 < r < m with ayp = apms1 = 0.
In particular, if E&®) s generic then 0, # 0 for 1 <r < m.

Lemma 4.2.8. If (§,11)" is an ordered tuple of positive numbers such that KAm)(0) = diag
((6r41)720), then

(i) D Srer > m(m + 1)

k=0
m r—1

(i1) 5 Y Ok — Y Ok >r(m+1—7) for L<r<m.
k=0 k=0

Proof. By Lemma 4.2.2, Remark 4.2.5 and the hypothesis of the Lemma, we have
2)\7“ + oy — Qpy1 = Or41
for 0 < r < m. This is same as Ax = b, where

-1, j=1+1,
A(i, ) = 1, j=0o0ri=j,

0, otherwise;
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for 0 <i,7 <m; x(0) = 2o, (i) = a; for 1 <i <m and b(r) = 41 — 2r for 0 < r < m.
We observe that det A = (™} ! 2,) = m + 1, where B is a column vector with B(i) = 1 for
1 <4< m and A’ is an upper-triangular matrix of size m with 1 as its diagonal entries. So, the

system Ax = b of linear equations admits a unique solution. One verifies that

1 m r m r—1
2)\0:m——|—1];)5k+1_m and arzm—_'_lkz_oékﬂ—l;)ékﬂ_r(m-i-l—?‘) for 1<r <m.

Recall that 2)\g and «, = rzdr_ld; 1 (for 1 < r < m) are all positive. Therefore, a set of necessary
conditions for existence of the positive numbers {6, 1}, such that K*#)(0) = diag((64+1))

are the inequalities in the statement of the Lemma. O

As described in Notation 2.3.12, let p = (1, p1,..., )" and p' = (1,4}, ..., ul,)" with
pe, iy > 0 for 0 < £ < m; a = (v,...,q) and & = (af,...,a),). For 0 < j < m, set
2y; = 2y —m + 2j, where y = Aor v = XN. Set d = L(\)p?, d' = L(N)w'?, where p? and p'?
denote the componentwise square of g and p'. Let 2\g = 2\ —m, o = i%d;_1d; 15 2\ = 2N —m,
al = z’2d;_1di'_1 for 0 < ¢ < m. In this notation, we have:

A /
Lemma 4.2.9. (“> = (Q) if and only if (2o, ) = (2Xg, ).
Proof. We prove the “only if” part. Assuming (2Ao, &) = (2X(,@’) we have A = X\ and «o; = o,
for 1 <i < m. Thus d = d’. Now invertibility of L()\) implies that p? = p'?, that is, p = /. O

Corollary 4.2.10. Suppose B&) and BN#) are such that KO (0) = KWV#)(0). Then <2) =
A,

(i)

Proof. Let KA (0) = KA#)(0) = diag((érﬂ)’f;o). Consider the system of linear equations

Az = b and Az’ = b, where A, x, b are as in Lemma 4.2.9 and «/(0) = 2X), '(r) = o for

1 <r <m. Since det A = m+1, A is invertible. Hence & = &’ that is, (2\g, &) = (2, @’), where

a, & as in Lemma 4.2.9. Now by Lemma 4.2.9, we have <:> = <5/) U

Recall that M#) is the multiplication operator on the Hilbert space whose reproducing
kernel is BO#) and EA# denotes Hermitian holomorphic vector bundle associated with the

operator MM#)*, We recall a theorem from [31].

Theorem 4.2.11. [31, Theorem 6.2] The reproducing kernels BWMK) gnd BN H) are equivalent |

that is, the multiplication operators MWK and M K) are unitarily equivalent if and only if

()= ()

The following Corollary is an easy consequence of Corollary 4.2.10 and Theorem 4.2.11.

Corollary 4.2.12. Suppose B& and BX#) are such that KA#(0) = 16()‘/’“,)(0). Then the

multiplication operators M®) and M ot gre unitarily equivalent .
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Now we state the main theorem of this section.

Theorem 4.2.13. Suppose that the Hermitian holomorphic vector bundles EO® and EX'M are
generic. Then the multiplication operators MM and M are unitarily equivalent if 16(’\’“)(0)
and (KM 2(0) are simultaneously unitarily equivalent to KX ™ (0) and (KWYM);(0) respectively.

The proof of this Theorem will be completed after proving a sequence of Lemmas. We omit

the easy proof of the first of these lemmas.

Lemma 4.2.14. Suppose that A= ((k‘iéij))?j:l, AU = ((k:a(i)éij))?j:p k’z 75 k’j Zf ) 75 j and C in
M., is such that CA = A,C. Then C = ((Oij(sa(i),j))?j:l for Cij € Candi,j=1,...,n, where o

is i Sy, Sp denotes the permutation group of degree n.

Lemma 4.2.15. Suppose that B in M,,41 is such that BS((ﬂk)Zzl)tr = S((ﬂk)gzl)trB for B # 0,
1<k <n. Then B is upper-triangular.

Proof. Let B = ((B(z,j)))?;r:ll The (i, 1)-th entries of BS((ﬁk)Zzl)tr and S((ﬁk)zzl)trB are 0 and
B:B(i+1,1) for 1 <i < n, respectively. By hypothesis, B(i +1,1) =0 for 1 < i < n. We want to
show that B(i+ 1,7) =0 for j <i<n, 1 <j <n. We prove this by induction. We know that
the assertion is true for j = 1. Assume that B(i+ 1,7 —1)=0forj—1<i<n, 2<j<n+1,
equivalently, B(i,j —1) =0for j <i<n+1, 2<j<n+1. Equating (i,j)-th entries from
BS((ﬁk)Zzl)tr and S((ﬁk)zzl)trB we have

B(i,j —1)Bj—1 = BiB(i+ 1,7) for 1<i<n,2<j<n+1.

We note that the left hand side of the above equality is zero for j <i<n+1, 2<j<n-+1,
by induction hypothesis. Hence B(i +1,j) =0for j <i<n+1, 2<j<n-+1asf #0 for
1<i<n+1. O

Lemma 4.2.16. Suppose that C = ((Cij5a(,~),j))?j:1 for Ci; € C, 4,5 =1,...,n and 0 is in Sy,
where Sy, denotes the permutation group of degree n. Then |det C| = [[}L |C; (|-

Proof. We observe that the only possible nonzero entries of C' are the (i, 0(i))-th entries for 1 < ¢ <
n and C(i, 0(i)) = Cj 5(;)- Let C = diag ((C’i,a(i))?zl). It is easy to see that |det C| = |det C|,

as C can be converted to C' by interchanging its rows and columns. This proves the Lemma. [

The next corollary is immediate.

Corollary 4.2.17. If C = ((C’ijég(im)) then C is wnvertible if and only if C; ;) # 0 for

o €8,,1<1i<n, where S,, denotes the permutation group of degree n.

n
1,j=1

Lemma 4.2.18. If C is invertible and satisfies the hypothesis of Lemma 4.2.14 for id # o € S,

then C' cannot be a triangular matrix.
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Proof. From Lemma 4.2.14 and Corollary 4.2.17, it follows that the only nonzero entries of C' are
the (4,0(i))-th entries for 1 <4 <n and C(i, 0(i)) = C; ,(;). Therefore, it suffices to show that
there is 1 < 4,7 < n with ¢ # j such that i > o(i) and j < o(j) for id # o € S,,. Since o # id,
there is ¢, 1 < i < n such that o(i) # ¢. Without loss of generality assume that i > o (7). Now,
if possible, let » > o(r) for 1 < r < n with strict inequalities for some r. Since o is a one-to-one
map of the finite set {1,...,n} onto itself, this is not possible by the pigeon hole principle. Hence
there is j, 1 < j < n such that j < o(j). O

Proof of Theorem 4.2.13: By hypothesis there is L € GL(m + 1,C) such that
(i) L'KAw(0)L = KX (0)
(i) L7HKA#)(0)L = (KX'™);(0).

Clearly, (i) implies that the sets of eigenvalues of KX*#)(0) and K (0) are the same. Since
K1) (0) and KX (0) are diagonal matrices it follows that either

(a) KO#(0) = KX7(0), or

(b) the set of diagonal entries of KM (0) equals the set of diagonal entries of KX (0) but
K1) (0) £ KXm(0).

Now, (b) is equivalent to the statement that X' (0) = diag ((6o(r+1))ig) for id # o € Spmyr,
where KA#) (0) = diag ((6,41)™)). This implies by Lemma 4.2.18 that L cannot be a triangular
matrix. Whereas (ii) implies by Corollary 4.2.7 and Lemma 4.2.15 that L is a upper-triangular
matrix. Hence (b) and (ii) cannot occur simultaneously. Having ruled out the possibility of (b),
we conclude that (a) must occur. Therefore, by Corollary 4.2.12, we have (2) = (/:;) O

4.3 Homogeneous bundles of rank 3

Now we specialize to the case m = 2. In this case, conclusions similar to those of Theorem 4.2.13
are true even if F#) is not assumed to be generic. Recall that the rank of the bundle EXM#) is

3 when m = 2.

Theorem 4.3.1. For m = 2, the multiplication operators MNP and MW gre unitarily
equivalent if KO (0) and (KO#);(0) are simultaneously unitarily equivalent to K™ (0) and
(KXY (0) respectively.

Proof. By Theorem 4.2.13, we only need to consider the case when one of EO#) and EX' is not
generic.

Let KM = diag(dy,d9,03) and KN = diag(d), 0y, 8%), where 811 = 2)\; + o — g,
O =2\, +al —al g with 2\; = 2\ — 24+ 27, 2\, = 2N — 24+ 20, o; = i2d;_1d; ", of = i%d)_d;
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for i = 0,1,2; ap = a3 = afy = ay = 0 and BM&H(0,0) = diag(dy, d1,da), do = 1; BX™(0,0) =
diag(dj,, dq,dS), df = 1. We observe that 03 —d; = a1 +az+4 > 0 and 05 — ] = o) +ah+4 > 0.

Now assume that
(i) L7IKOH(0)L = KX (0) for some L € GL(3,C).

It follows easily from (i) that if one of the two bundles is not generic then the other cannot
be generic. Noting that K*#)(0) and KX (0) are diagonal matrices we have the following

possibilities.

(a) 01 =062 and & =085 (b)dy =075 and &) =4,
(c) 0y =02 and &, =205 (d) 52 =093 and &) = .

From (a) we have §; = dy < 03 and &) = 5 < 5. As (i) implies that {d1,d2,03} = {8, 5,05},
as sets. Comparing order of magnitude we get §; = 07, d2 = ) and d3 = d5. It follows that
KO = KX Therefore by Corollary 3.1.1, we have (Z) = (/:;) So, MK and MM are
unitarily equivalent .

A similar argument shows that the assumptions in (b) lead to the same conclusion.

From (c), we have 0; = d2 < 3 and 0] < 04, = d5. From (i) we have {01, d2, 03} = {07, 05,05},
as sets. Comparing order of magnitude we get 6; = do = ¢} and d3 = &, = 5. Comparing
multiplicities of §; and ) we have §; = ¢, and d3 = ¢]. All the equalities together imply that
91 = d3 and 8] = d5, which are impossible. Similarly we see that (d) is also impossible as d3 > d;

and 5 > ¢}. This completes the proof. O

If 61, 02,03 are the eigenvalues KM#)(0) then we know from [18, Proposition 2.20] that &; > 0
for i = 1,2,3. Now, suppose (d1,d2,03) is a fixed ordered triple of positive numbers. Then there
exists B with A > 1 and pg > 0 (£ = 1,2) such that KO (0) = diag(dy, 6, d3) only if &;’s
satisfy the inequalities of Lemma 4.2.8.

Suppose (01, 0d2,03), 6; > 0 for i = 1,2,3 is given satisfying the inequalities of Lemma 4.2.8.
Then let us find A > 1, pu1, g2 > 0 such that KO (0) = diag(dy, 6, §3) with p = (1, pu1, p2)t. We

have L(\)u? = d, which is the same as
1 L
) <d1> - < dl_Z()\il) > .
2d
do dz_Tl+)\(2A171)

quzdl_ 1 :i_ 1 :2()\—1)—a1
! 20 —1) o 20—1) 2a;(A—1)
Recall from Lemma 4.2.8 that

Thus

(51+52+(53_

_524-(53—251—6
3 = .

20 =2\-2= 3

2 and oy
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So, we have

— 25 —
2()\—1)—(11:51+52+53—2—52+53 01 6:(51>O.
3 3
Similarly,
u2=d2—%+ 1 _ 4 2 1 _ 220 —ap)(2A = 1) + ey
2 A A2MA—1)  aas alh A2A—1) 12X — 1) ’

where a1, ay are as in Lemma 4.2.2. Consequently, we have the following Theorem by an applica-

tion of Lemma 4.2.8.

Theorem 4.3.2. There exists BO such that KW (0) = diag(dy, 62, d3) for some 61,082,83 > 0
if
01 + 02 + 03 > 6,
02 + 3 — 261 > 6,
203 — 01 — 0o > 6;
22\ —a2)(2A — 1) + a1 > 0,

where o,y are as in Notation 4.2.4.

Notation 4.3.3. From now on, we will adhere to the following notational convention (here, (A, )

is fized but arbitrary).

(A p) : KMW(0) = diag(d1, 62, 83),
N,p) o KY#)(0) = diag(de, 01, 83);

X\ f) o KOB(0) = diag(dy, 05, 02).

Proposition 4.3.4. Suppose §; > 0 for i = 1,2,3 are such that 61 # d2 and 2(61 + d2) >
03 — 6 > max{20; — d2,202 — 61}. Then there exists reproducing kernels BAH gnd BXY M) sych
that KO (0) = diag(dy, 82, 03) and KX #)(0) = diag(da, 01, 03), where M, N > 1, p = (1, p1, pg)™,
w = (1,1, o)™, pug, iy >0 for £=1,2.

Proof. Consider (01,0d2,03), 6; > 0 for ¢ = 1,2,3 such that there exists BXMH) and 16<M>(0) =
diag(d1, b2, 63) for some A > 1, p = (1, 1, po)®™ with pq, s > 0. So, 61, do, I3 satisfy the inequalities
of Lemma 4.2.8. We now produce N > 1, ' = (1, yy, ph)¥ with ),y > 0 such that £KX#)(0) =
diag(da,81,03). We recall that KX #) is the curvature of the metric BY#) (2, 2)t and BW:#)
denotes the normalization of the reproducing kernel BA#). By Lemma 4.2.2 and Remark 4.2.5,

we need to consider the equations
2)\/—0/1—2:52,
2N + o) — afy = 6y,
2N + ahy + 2 = 03,

where o) = d} ", oy = 4d)d, . This is same as Az’ = b/, where

1-10 2) Sa+2
A:<1 1 —1),m’: o |0 =1 & ).
10 1 o) 53—2
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61+02+6;

This system of linear equations has only one solution, namely, ' = % <g}$ 4:5;3—22223—2) We observe
3—01—02—

from Lemma 4.2.8 that A = X and ay = o, but ag # of if 1 # d2. From Lemma 4.2.8 and

Theorem 4.3.2, we know that there exists BX#) such that KX #)(0) = diag(dy, 1, 03) if

01 4 02 + 03 > 6,
01 + 03 — 262 > 6,
203 — 01 — 0o > 6;
202N — ah) (2N — 1) + oy > 0.
Hence there exists B&#) and BX %) such that
KA (0) = diag(81, 82, d3) and KA H)(0) = diag(da, 51, 53)
if
01 + 02 + 03 > 6,
09 + 03 — 261 > 6,
01 + 03 — 269 > 6,
203 — 01 — o > 6;
22\ —a2)(2A — 1) + a1 > 0,
202N — ah) (2N — 1) + oy > 0.
Suppose §; > 0 for ¢ = 1,2,3 are chosen such that §; # d» and

(i) 2((51 + (52) >3 — 6> max{251 — 09,209 — (51}.

Then the last part of the inequality (i) is clearly seen to force the two inequalities d2 + d3 — 257 > 6
and 01 + d3 — 202 > 6. Adding these two inequalities, we have 203 — d1 — do > 12. This choice of ¢;,
1 =1,2,3, also implies d3 > 6. Consequently, the first four of the six inequalities listed above are
valid. Since A = X and agy = af, 2\ — 1 =2\ —1 > 0, it follows from the first part of inequality
(i) that 2\ — b = 2\ — ap = (2(61 + 02) — d3) + 2 > 0. Thus the last two inequalities of the six
inequalities listed above are valid with our choice of the 9;, i = 1,2, 3. Hence all the inequalities we
need for the existence of BMH) and BXN#) are verified by this choice of §; > 0 for i = 1,2,3. O

Proposition 4.3.5. Suppose 6; > 0 for i = 1,2,3 are such that 03 > do > 3 + %3 and 01 <
min{203 — 02,202 — 03} — 6. Then there exists reproducing kernels BOH and BOR sych that
KOW(0) = diag(s1,09,83) and KO®(0) = diag(dr, 05, 82), where MA > 1, p = (1, 1, po)',
b= (1,71, fi2)™, pue, fig > 0 for £ =1,2.

Proof. We construct a reproducing kernel BOA such that KO (0) = diag(d1,03,02) for some
2> 1, o = (1,71, 12)", e > 0 for £ = 1,2. By Lemma 4.2.2 and Remark 4.2.5, we obtain
(2X, a1, ag) from the following set of equations

N —a; — 2 =10y,

2/)\\4-@1—@2 = 43,

I\ + Qg + 2 = o,
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where a; = dl_l, Qo = 4d1d2_1. This is same as AT = b, where

1-10 . 2\ =~ 52+2
A:(11—1),w: a |,b=1 & |.
10 1 Qo 53—2

01402403, . . . .
<62+63—261—6,> is the only solution of this system of equations. From Lemma
202—01—03—6

4.2.8 and Theorem 4.3.2, we know that there exists BM® such that K8 (0) = diag(dy, 83, 6) if

The vector T =

Wl

01 4 02 + 03 > 6,
0o + 03 — 261 > 6,
209 — 01 — 3 > 6;
2(2X — @2)(2X — 1) + @1ap > 0.

If (81,02,03), 6; > 0 for i = 1,2, 3 are such that there exists BW ) and 16@7“)(0) = diag(dy, b2, 93).
Then 6;’s for i = 1, 2, 3 satisfies the inequalities of Lemma 4.2.8. So, by Theorem 4.3.2, there exist
BXM K and BMR) such that

KM (0) = diag(61, 02, 85) and K ’m(O) = diag(d1, 03, 92)
if

01 + 2 + 93 > 6,
0o + 03 — 261 > 6,
209 — 01 — 03 > 6,
203 — 01 — 0o > 6;

22\ —a2)(2A — 1) + a1 > 0,

2(2X — @2) (2X — 1) + &1aip > 0.

We observe that A = A and a1 = a1 but ag # ap if 09 # d3. Suppose §; > 0 for i = 1,2,3 are
chosen satisfying

(a) 03 > 09 >3+ % and (b) 0 < min{2(53 — 09,209 — (53} — 6.

Then the inequality (a) implies that d3 > 6, hence the first of the set of six inequalities above holds.
The inequality (b) implies that 203 —d1 —do > 6 and 209 — 01 —J3 > 6, adding these two inequalities
we have o + d3 — 201 > 12. Hence the first four inequalities, from the list of six inequalities given
above, are verified. The second, third and the second, fourth from the set of the six inequalities
respectively imply that o —d1 > 4 and d3 —d1 > 4. An easy computation involving the expressions
for A\, a1, a9 and X, a1, Qs in terms of §; for i = 1,2, 3 shows that 2(2A —a9)(2A—1) +ayas > 0 and
2(2X — Q1) (2A — 1) + @12 > 0 together is equivalent to (61 4+ 62)(261 + 82) + 03(62 — 61) + 651 > 0
and (01 + 03)(201 + 03) + d2(d3 — 81) + 687 > 0. These are satisfied as do — 61 > 4 and d3 — §; > 4.
Hence all the required inequalities for the existence of BA#) and BOA) are met by this choice of
6; >0fori=1,2,3. O



4. On a question of Cowen and Douglas 85

Remark 4.3.6. The set {§; > 0 : i = 1,2,3} satisfying the inequalities of Proposition 4.3.4 is
non-empty. For instance, take 6; = 1, o = 2 and any d3 in the open interval (9,12). Then
{61, 92, 03} meets the requirement. Similarly, taking any d; in the open interval (0,1), o = 7.5 and
03 = 8, we find that {d1, 02,03} satisfies the inequalities prescribed in Proposition 4.3.5. Thus, the

two sets which are obtained from Propositions 4.3.4 and 4.3.5 are not identical.
Corollary 4.3.7. In Proposition 4.3.4 and Proposition 4.3.5, <2) # <;\L/,) and <2) # <§)

Proof. By Lemma 4.2.9, it suffices to show that (2, a1,a2) # (2N, ), ah) and (2X\, a1, a2) #
(2X, @1, @2). However, in Proposition 4.3.4, a; # o since §; # d2. Similarly, in Proposition 4.3.5,
a9 # Qg since 0y # I3. O

Recall that M) denotes the multiplication operator on the reproducing kernel Hilbert spaces

whose reproducing kernel is BO#),

Corollary 4.3.8. Suppose that B BAH) gnd BO#) | BO® are as in Proposition 4.8.4 and
Proposition 4.3.5 respectively. Then

(a) the multiplication operators M A1) gnd MYE) are not unitarily equivalent .

(b) the multiplication operators M OB gnd MOB) gre not unitarily equivalent .

Proof. The proof is immediate from Theorem 4.2.11 and Corollary 4.3.7. ]

Remark 4.3.9. In Proposition 4.3.4 and Proposition 4.3.5, we have shown the following: Given a
reproducing kernel BM#) such that KM (0) = diag(dy,d9,d3) there exists a reproducing ker-
nel BX#) with (Z) #* (ﬁi) sucl} that 160’4”(0) = diag(d,(1),0p(2), 0p(3)) and given a re-
producing kernel BM#) such that KA#)(0) = diag(d1,d2,83) there exists a reproducing ker-

nel B&®) with <:> # <i> such that K(X"A‘)(O) = diag(d;(1), 67(2), 0r(3)), Where p,7 € S3 with
m
p(1) =2,p(2) = 1,p(3) =3 and 7(1) = 1,7(2) = 3,7(3) = 2. In the next Proposition we prove

that if there exists a reproducing kernel BM#) such that KM (0) = diag(dy, 6, 3) there does
not exist B4 with (2) #* (Z) such that K74 (0) = diag(d,(1); 95(2), 9(3)) unless o = p or
T, for o,p,7 € S3 . Obviously, there exists B((,)"”) = P(,.B()"")R’,k such that 16(9’“)(0) =diag
(05(1),90(2), 0s(3)) for all o € S3, where P, is in Mg such that P,(i,j) = d,(;); and Ia((,)"“) is
the curvature with respect to the metric hy(z) = B )(z, z)". The reproducing kernels B*#)
and B((,—A’“ ) are equivalent, that is, the multiplication operators on the reproducing kernel Hilbert

spaces with reproducing kernels BXH) and B((,—A’“ ) are unitarily equivalent . Therefore, we do not

distinguish between the two reproducing kernels BM#) and B((,—A’“ ),

Notation 4.3.10. Let p,7 € S3 such that

p(1)=2,p(2) =1,p(3) =3 and 7(1) = 1,7(2) = 3,7(3) = 2.
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Proposition 4.3.11. Given a reproducing kernel BM®) such that KO (0) = diag(dy, 02, 03)

there does not exist a reproducing kernel B8 such that K(4) (0) = diag(d,(1); 9r(2)s Oor(3)) With
A 9

( ) #* <£> unless o =p oro =7.

"
Proof. Case 1. Pick o € S3 such that o(1) =3,0(2) =2,0(3) = 1.

The existence of two reproducing kernels BXM#) and B(€) such that K (0) = diag(dy, da, 03)
and K78 (0) = diag(d,(1); 95(2), 0s(3)) Would imply, by an application of Lemma 4.2.8 to the
ordered triples (d1,02,03) and (d5(1), 95(2); 95 (3)) = (03,02, 1) that

01 + 2 + 93 > 6,

0o + 03 — 261 > 6,
203 — 01 — o > 6;
do(1) T 95(2) t d5(3) > 6,
do(2) T o(3) — 205(1) > 6,
200(3) — 0o(1) — 0o(2) > 6.

This set of inequalities are equivalent to

01 + 02 + 03 > 6,
0o + 03 — 261 > 6,
203 — 01 — 02 > 6,
01 + 09 — 263 > 6,
261 — 6o — 63 > 6.

Adding the third and the fourth from these inequalities gives 0 > 12.

Case 2. Choose o € S3 such that o(1) =2,0(2) =3,0(3) = 1.

As in the first case the existence of two reproducing kernels BM#) and B4 such that
KA (0) = diag(dy, o, 63) and K(78)(0) = diag(do(1), 95(2)5 9o(3)) would imply, by an application
of Lemma 4.2.8 to the ordered triples (01, 02,d3) and (0o(1),05(2)> 95(3)) = (d2,03,61), that

01 + d2 + 63 > 6,
do + 03 — 261 > 6,
203 — 61 — 09 > 6,
01 + 03 — 262 > 6,
261 — 99 — 63 > 6.
Adding second and fifth of these inequalities gives 0 > 12.
Case 3. Take o € S3 such that o(1) = 3,0(2) =1,0(3) = 2.
Finally, continuing in the same manner in the previous two cases, the existence of two reproduc-
ing kernels B&#) and B(?:¢) such that KW (0) = diag(61, 2, d3) and K7€)(0) = diag(dy(1), 65(2), o(3))
would imply, by an application of Lemma 4.2.8 to the ordered triples (01, d2,3) and (dg(1), 0 (2)> 0 (3)) =
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(03,01, 02), that
01 + 2 + 93 > 6,
0o + 03 — 261 > 6,
203 — 01 — 09 > 6,
01 + 0o — 203 > 6,
209 — 03 — 61 > 6.

Adding third and fourth inequalities from this set of inequalities, we have 0 > 12. O

Corollary 4.3.12. There does not exist any multiplication operator M) other than M #)
or MB) such that the sets of eigenvalues of K€ (0) and KO (0) are equal but K08 (0) #
Ié(’\’“)(O), where BO#) | B(’\/”‘/), BN gre as in Proposition 4.3.4 and Proposition 4.3.5.

Proof. Combining Corollary 4.3.8, Corollary 4.2.10, Theorem 4.2.11 and Proposition 4.3.11, we

obtain a proof of this corollary. O

Remark 4.3.13. We discuss the case m = 1. From Lemma 4.2.2, we see that
KAM(0) = diag(2A — a1 — 1,20 + oy + 1),

where A > 1/2, = (1, 11), 1 > 0, @y = dy %, dy is defined as before. If KA (0) = diag(dy, d2),
0; > 0 for i = 1,2, for some A\ > 1/2 and p = (1, 1), g1 > 0. Then arguing as in Lemma 4.2.8,
one notes that 2\ = @, o = W. As 2\ > 1 and oy = d~! > 0 it follows that §; + 5y > 2
and dy — §; > 2 are necessary conditions for existence of a reproducing kernel B such that

KA1 (0) = diag(dy, 7). If §; > 0 for i = 1,2, proceeding as in Theorem 4.3.2, one observes that

0g — 01 > 2,01+ 62 > 2 and d; > 2)\1_1 = 51+§2_2 are the sufficient conditions for existence of
a reproducing kernel BO#) such that KM#(0) = diag(1,d2). Conversely, if §; > 0 for i = 1,2
and do — 01 > 2 then clearly §; + do > 2 and dy = 52_§1_2 > 51+§2_2. So, 9; > 0 for i = 1,2 and

89— 0, > 2 are the necessary and sufficient conditions for the existence of reproducing kernel B(*#)
such that KM (0) = diag(dy, d2).

Remark 4.3.14. If §; > 0 for i = 1,2 such that K*#)(0) = diag(d;, d2) there does not exist a
reproducing kernel B8 other than BAH) (up to equivalence as discussed in Remark 4.3.9) such
that K74 (0) = diag(dz, 01). If B4 exists satisfying the above requirements then from Remark
4.3.13, we see that both of d5 — 41 > 2 and §; — Jo > 2 have to be simultaneously satisfied. This is
impossible. Hence there does not exist inequivalent multiplication operators MK and M (96
such that the set of eigenvalues of K("€)(0) equals those of K*#)(0) but K78 (0) # KX (0).

Theorem 4.3.15. Suppose that B&# BN :#) gnd B | BOR) gre as in Proposition 4.5.4 and
Proposition 4.3.5 respectively. Then

(i) the multiplication operators MM and M WK are not unitarily equivalent although KO+ (2)

and 160’#’)(2) are unitarily equivalent for z in D.
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(ii) the multiplication operators MH) and M OB gre not unitarily equivalent although KOM) (2)

and Ia(x’m(z) are unitarily equivalent for z in D.

Proof. From Proposition 4.3.4, we see that the curvatures of the associated bundles have the same
set of eigenvalues at zero namely, {d1,d2,3}. Since curvature is self-adjoint the set of eigenvalues is
the complete set of unitary invariants for the curvature. So, K*#)(0) and K*#)(0) are unitarily
equivalent. Since the operators M*# and MX#) are homogeneous , by an application of
Theorem 4.1.6, we see that K #) (2) and KA #)(z) are unitarily equivalent for z € . Now, (i)
follows from part (a) of Corollary 4.3.8. The proof of part (ii) of this theorem is similar. O

The proof of the next Theorem will be completed after proving a sequence of Lemmas.

Theorem 4.3.16. Suppose that MMM and M4 are not unitarily equivalent and the two curva-
tures KO (2) and K7€) (2) are unitarily equivalent for z € D. Then there does not exist any in-
vertible matriz L in M3 satisfying LKA (0) = K€ (0)L for which LIKM#);(0) = (K?4)(0)L

also. In other words, the covariant derivative of order (0,1) detects the inequivalence.

Lemma 4.3.17. Suppose that there exists reproducing kernels BOH) | BWH) yigh, IKO#) (0) =
diag (1, 62, d3), KX #)(0) = diag(5,(1), 6,(2) Op(3)), 01 # 02 and C in My is such that CKAH (0) =
KXN-#)(0)C. Then C = ((C’wép )) for Ci; € C, i,j =1,2,3, where p € S3 is given by p(1)
2,p(2) =1,p(3) = 3.

Proof. The proof of this Lemma is immediate from Lemma 4.2.14, once we ensure that d1,ds, d3
are distinct. Recalling notations from Lemma 4.2.2, we write 61 = 2A — a3 — 2, §2 = 2A+ a1 — ao,
03 = 2XA + a9 + 2. Clearly, 03 — 01 = a1 + as + 4 > 0. Recalling notations from Proposition 4.3.4,
one has do =2\ —af — 2,01 =2N + o) —ah, d3 =2V +ah+2. So, 03 — 2 = o) + o, +4 > 0.
We have §3 > §1, 3 > d9 and &1 # o by hypothesis. Hence the proof is complete. O

The proof of the next Lemma is similar and is therefore omitted.

Lemma 4.3.18. Suppose that there exists reproducing kernels BXK) BOR) with 16@7“)(0) =
diag(31, 82, 83), KA (0) = diag(6,(; b, 0r(2),6-(3)), 02 # 03 and C' in My is such that CKMW(0) =
16(3@(0)0. Then C = (Cijd() ))
(1) =1,7(2) = 3,7(3) = 2.

iie1 for Ciy; € C, 4,5 = 1,2,3, where 7 € S3 is given by

Lemma 4.3.19. Suppose that C' = ((C’ijég(i) ))fj L Joro=p or7in S3. Then C is invertible if
and only if C(i,o(i)) #0 fori=1,2,3 and 0 = p or 7 in Ss.

Proof. We observe that the only possible nonzero entries of C are the (i,0(i))-th entries for 1 <
i <3 and C(i,0(i)) = Cj o). Since |det C| = |C1 5(1)C2,5(2)C3,0(3)l; it follows that det C' # 0 if
and only if C(i,0(i)) # 0 for i = 1,2,3 and 0 = p or 7 in S3. The proof is therefore complete. [
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The proof of the following Lemma is straight forward. We recall that S(ci,...,cn)(l,p) =
ceOpt1,0, 0 < p, £ < m.

Lemma 4.3.20. Suppose that C = ((02]5 (0).] ))” 1 Cioy #0 fori=1,2,3 and 0 = p,7 in S3
is such that CS(cy,c2)™ = S(é1,¢2)"C for ¢;,¢; in C, i =1,2. Then c; =¢ =0 fori=1,2.

Lemma 4.3.21. (KM#)(0) is not the zero matriz.

Proof. If possible let (KX*#))_(0) = 0. Then it follows from Lemma 4.2.2 that —/a, (14 -) =
—V/ay(1 + ag — &) = 0. Equivalently, 1 +a1 — % =1+ az — G, as a; and ap are positive.
This implies that o = as. So, (KM#);(0) = 0 1mphes by an application of Lemma 4.2.2 that

—V/a; (14 %) = 0, which is impossible as a1 is positive. O

Proof of Theorem 4.3.16: We observe by applying Proposition 4.3.4, Proposition 4.3.5 and Propo-
sition 4.3.11 that if M) is a multiplication operator not unitarily equivalent to M (A1) then
(9,€) = (N, ') or ()\ ). We arrive at the desired conclusion by an straight forward application
of Lemma 4.3.17, Lemma 4.3.18, Lemma 4.3.19, Lemma 4.3.20 and Lemma 4.3.21. ]

Remark 4.3.22. The calculations for all the homogeneous operators constructed in [31] are not
very different. However, we have not succeeded in completely answering the question raised in [20,
page. 39] using these calculations. Indeed, for generic bundles associated with the entire class of
operators from [31], we have shown 4.2.13 that the simultaneous unitary equivalence class of the
curvature at 0 along with the covariant derivative of curvature at 0 of order (0,1) is a complete

set of unitary invariants for these operators.
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