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Chapter 0O

Introduction

0.1 Background and Motivation

The notion of cohomology with local coefficients for topological spaces arose with the
work of Steenrod [Ste43, Ste99], in connection with the problem of extending sections
of a fibration. This cohomology is built on the notion of fundamental groupoid of the
space and can be described by the invariant cochain subcomplex of the cochain complex
of the universal cover under the action of the fundamental group of the space. This
later description is due to Eilenberg [Eil47]. Cohomology with local coefficients finds
applications in many other situations.

We focus on one such application of this cohomology which is due to S. Gitler [Git63],
where he has constructed Steenrod reduced power operations in cohomology with local
coefficients. The study of cohomology operations has been one of the important areas
of research in algebraic topology for a long time. They have been extensively used to
compute obstructions [Ste47], to study of homotopy type of complexes [Tho56] and to
show essentiality of maps of spheres [BS53]. Some of the basic operations are the reduced
powers of Steenrod [Ste53b, Ste53a]. These operations are defined for cohomology with
coefficients, in a fixed cyclic group of prime order p # 2. The main idea of Gitler’s
construction is to lift power operations in the invariant cochain subcomplex of the
universal cover and reproduce the operations in cohomology with local coefficients via
Eilenberg’s description of the cohomology with local coefficients, where the relevant
local coefficients are obtained by a fixed action of the fundamental group of the space
on a fixed cyclic group of prime order p # 2.

Among many important roles played by Eilenberg-MacLane complexes, a significant
one is its role in classifying cohomology. A simplicial version of this classification states
that for any abelian group A and natural number ¢, the ¢ Eilenberg-MacLane simpli-

cial set K (A, ¢) represents the ¢'" cohomology group functor with coefficients in A, in
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the sense that for every simplicial set X, there is a bijective correspondence [Dus75]
HY(X; A) = [X, K(4, q)].

These classification results have been generalized for cohomology with local coeffi-
cients in [Hir79], [GJ99], [BFGMO03|, where generalized Eilenberg-MacLane complexes
play the role of classifying spaces. A construction of a generalized Eilenberg-MacLane
complex L x (L, q) is obtained in [BFGMO03] as a homotopy colimit by using the method
of Bousfield and Kan [BK72], where 7 X is the fundamental groupoid of X and £ is a lo-
cal coefficient system on X. The complex L, x (L, q) appears as the total space of a Kan
fibration Lrx(L,q) — N(7nX), where N(wX) denotes the nerve of the category m.X.
The fibration may be interpreted as an object of the slice category S/N (7 X), where S
denotes the category of simplicial sets. There is a canonical map n: X — N(7X) and
the classification theorem states that the cohomology classes in the ¢** cohomology with
local coefficients of a Kan complex X correspond bijectively to the vertical homotopy
classes of liftings of 77. The proof of course depends on the usual closed model structure

for the category of simplicial sets.

0.2 Outline of the thesis

The aim of the thesis is to prove equivariant versions of the results mentioned in the
previous section, and are based on [MS10a, MS10b, MS11, Sen10]. The following is a
chapter-wise description of the thesis.

Chapter 1, is a review of simplicial theory [May67], [GJ99]. The primary goal of
this chapter is to set up notations and state results which will be used in subsequent
chapters.

In Chapter 2, we deal with simplicial sets equipped with an action of a discrete group
G and related objects. Let O¢ denote the category of canonical orbits of G [Bre67]. We
recall the notion of Og-Eilenberg-MacLane complexes [MN98], introduce the notion of
O¢-twisting function and Og-twisted cartesian product. At the end of this chapter, we
introduce an equivariant analogue of the twisted cohomology [Hir79] for a G-simplicial
set.

For spaces with group actions, the analogue of cohomology with local coefficients is
the Bredon-Illman cohomology with local coefficients, as introduced in [MM96], and is
based on the notion of fundamental groupoid of a space equipped with a group action.
We recall that for G-complexes, where GG is a group, an equivariant cohomology was
introduced by Bredon [Bre67]. The corresponding singular version was developed by
S. Hlman [I1175] and is generally known as Bredon cohomology. The coefficients for

such equivariant cohomology are contravariant functors from the category of canoni-
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cal orbits Og to the category of abelian groups, called abelian Og-groups. When the
local coefficient system is simple, in the equivariant sense, the cohomology as intro-
duced in [MM96] reduces to the Bredon cohomology. As in the non-equivariant case,
Bredon-Illman cohomology with local coefficients has been used in the study of extension
problem of equivariant sections of an equivariant fibration, and an equivariant version
of the Eilenberg theorem is proved in [MM96]. For some other applications of this
equivariant version of cohomology with local coefficients, see [Gin04], where Steenrod
squares were constructed in Bredon-Illman cohomology with suitable local coefficients
and [Won05], where the cohomology is used to study fixed point properties of self maps
of homogeneous spaces. In Chapter 3, we study a simplicial version of the Bredon-Illman
cohomology with local coefficients. First, we introduce the notion of the fundamental
groupoid of a simplicial set equipped with a given simplicial action of a discrete group
G and the notion of equivariant local coefficients. Based on these notions, we introduce
a simplicial version of Bredon-Illman cohomology with local coefficients [MS10a] of a
G-simplicial set. Next we prove that for a suitable Og-twisting function, induced from
given equivariant local coefficients, the simplicial version of the Bredon-Illman cohomol-
ogy with local coefficients of a G-simplicial set is isomorphic to its equivariant twisted
cohomology. Finally in this chapter, we derive a version of the Serre spectral sequence
for a G-Kan fibration, following [MS93, MP02].

In Chapter 4, we prove a classification theorem for the simplicial Bredon-Illman
cohomology with local coefficients. We refer to [MN98] for a classification theorem for
simplicial Bredon cohomology with coefficients in rational Og-vector spaces, where G is
a finite group. We generalize this classification result for the simplicial Bredon-Illman
cohomology with local coefficients. The notion of a closed model category in the sense of
Quillen [Qui67] is crucial in the proof of this classification result. Our result also retrieves
the corresponding non-equivariant classification theorem [Hir79], [GJ99], [BFGMO03],
when the group G is a trivial group.

A well known result of Eilenberg describes the cohomology of a space with local
coefficients by the cohomology of an invariant subcomplex of its universal cover equipped
with the action of the fundamental group of the space [Spa81]. A simplicial version of the
Eilenberg theorem is given in [Git63]. An equivariant version of the Eilenberg theorem
for the Bredon-Illman cohomology with local coefficients of a G-space was proved in
[MM96]. In Chapter 5, we derive Eilenberg’s theorem for the simplicial Bredon-Illman
cohomology with local coefficients. This is based on the notion of universal covering
complexes of one vertex Kan complexes [Gug60]. In the equivariant context, the role of
the universal cover is played by a contravariant functor from the category of canonical
orbits to the category of one vertex Kan complexes. The main result of this chapter is

deduced from a notion of an equivariant cohomology of an Og-simplicial set equipped
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with an action of an Og-group.

An important class of cohomology operations consists of the Steenrod squares and
reduced power operations [Ste53b], [Steb3al, [Arab6]. The Steenrod squares are defined
for cohomology with Zs-coefficients whereas the Steenrod reduced powers are defined in
cohomology with coefficients in Z,, p # 2 a prime. A very general and useful method for
constructing these operations is given in [May70]. A categorical approach to Steenrod
operations can be found in [Eps66]. In [Git63], S. Gitler constructed reduced power
operations in cohomology with local coefficients. The main idea of Gitler’s construction
is to lift power operations in the invariant cochain subcomplex of the universal cover of
a space and reproduce the operations in cohomology with local coefficients via Eilen-
berg’s description. The relevant local coefficient system in this context is obtained by
a fixed action of the fundamental group of the space on a fixed cyclic group of prime
order p # 2. In Chapter 6, we construct the Steenrod reduced power operations in
simplicial Bredon-Illman cohomology with local coefficients, where the equivariant local
coefficients take values in a Z,-algebra, for a prime p > 2. Throughout, our method
is simplicial. Working in the simplicial category has additional advantage of proving
results by combinatorial arguments. Moreover one can switch over to the topological
category via geometric realization functor to get the corresponding topological results.
Throughout the thesis we shall use the word complex synonymously as simplicial set.

It may be mentioned that for a space with a group action, Steenrod squares have
been introduced in the Bredon-Illman cohomology with local coefficients by G. Ginot
in [Gin04]. Following Gitler [Git63], we first construct the power operations in the
mX-equivariant cohomology of the ‘universal Og-covering complex’ of a one vertex
G-Kan complex X, where 71X is an Og-group defined by the fundamental groups of
the fixed point subcomplexes of X. This is done by applying the algebraic description
of Steenrod reduced power operations of P. May [May70]. We then use the equivariant
version of Eilenberg’s theorem (Theorem 5.3.4) to reproduce Steenrod reduced power
operations in the present context. It may be remarked that our method also applies
when p = 2, and hence yields Steenrod squares too.

In [Car76], H. Cartan introduced a notion of a ‘Cohomology theory’ to generalize
Sullivan’s theory of rational de Rham complexes on simplicial sets [Sul77] to cochain
complexes over an arbitrary ring of coefficients. A cohomology theory A over a com-
mutative ring A with identity, determines a contravariant functor from the category
of simplicial sets to the category of differential graded algebras which assigns to each
simplicial set X a differential graded algebra A(X), and a A-module A(A) such that the
simplicial cohomology groups of X with coefficients A(A) can be computed from the
cohomology groups of A(X). Cartan’s result was generalized for cohomology with local

coefficients in [Hir79]. An equivariant version of Cartan’s result was proved in [MN98],
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where cohomology of a simplicial set is replaced by Bredon cohomology of a G-simplicial
set, G being a discrete group. In Chapter 7, the final chapter of the thesis, we prove an
equivariant version of Cartan’s theorem for the simplicial Bredon-Illman cohomology

with local coefficients.
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Chapter 1

Preliminaries

1.1 Introduction

This chapter is a review of simplicial theory [May67], [GJ99]. Our primary aim in this
chapter is to set up notations and state results which will be used in subsequent chapters.
After reviewing some basic definitions, we recall some standard results in simplicial
theory. Eilenberg-MacLane complexes and generalized Eilenberg-MacLane complexes
( [Hir79], [Git63], [FG98]) play a crucial role in homotopy classification of ordinary
cohomology and cohomology with local coefficients of a simplicial set, respectively. We
state these classification results. We end this chapter by reviewing the notion of closed
model category [Qui67] and the closed model structure on the category of simplicial

sets.

1.2 Simplicial sets

Let A be the category whose objects are ordered sets
n]={0<1<---<n}, n>0,
and morphisms are non-decreasing maps [n] — [m]. There are some distinguished mor-
phisms d’: [n — 1] — [n],0 < i < n, called cofaces and s': [n 4+ 1] — [n], 0 < i < n,
called codegeneracies, defined as follows.
d'(j)=j, j<i and d'(j)=j+1, j>i, (n>0,0<i<n);

s'(j) =4, §<i, and s'(j)=j—1, >4, (n>0,0<i<n).
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These maps satisfy the standard cosimplicial relations,
dd=dd "t dd =ds' for i < j,
sd) =id=s'dt,
Sdt =d" sl fori > j+1; st = s's7T! for i < j.

Definition 1.2.1. A simplicial object X in a category C is a contravariant functor
X: A — C. In other words, a simplicial object is a sequence { Xy, },>0 of objects of C,
together with C-morphisms 0;: X,, — X,,—1 and s;: X;, — X,11, 0 < i < n, where
X, = X([n]), 8; = X(d*), and s; = X (s'), satisfying the following simplicial identities,

8i8j = 8];181', aiSj = ijlai, if 7<7,

aij =1id = aj+18j,
&»sj = Sjai_l, 1>7+1; 885 = 8418, 1<

A simplicial map f: X — Y between two simplicial objects in a category C, is a collec-

tion of C-morphisms f,: X, — Y,, n > 0, commuting with 0; and s;.

In particular, a simplicial object X in the category SETS of sets and set maps is
called a simplicial set. Throughout, & will denote the category of simplicial sets and
simplicial maps. Often we shall use the word complex (or subcomplex) synonymously
with simplicial set (or subsimplicial set). A simplicial object in the category Grp of
groups and group homomorphisms is called a simplicial group. The category of simplicial
groups is denoted by SG

For a simplicial set X, elements of X,, are called n-simplices. A simplex x € X, is
called degenerate if x = s;2’ for some 2’ € X,,_1, 0 <i < n — 1. Otherwise z € X, is
called non-degenerate.

For any n-simplex * € X,, in a simplicial set X, we shall use the notation
o

cessive face maps 0;, , to x, where 0 < i, <n—Fk, 0<k <r—1.

i,)T to denote the (n — 1)-simplex 0;, 0y, - - - 0;, @ obtained by applying the suc-

i17i27“' k)

Example 1.2.2. The simplicial set A[n], n > 0, is defined as follows. The set of

g-simplices is
Alnly = {(ao, a1, -+ ,aq); wherea; €Z, 0<ag<a; <---<ay <n}.
The face and degeneracy maps are defined by

a’i(a07' e 7aq) = (a07 Ty A1, Qg1 aaq)’
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Si(ao,--- 7aq) = (a’Ov"' y Qs Ay Q157 7aq)'

Alternatively, A[n] can be viewed as the contravariant functor
Aln] = Homa(, [n]),

so that A[n], is the set of A-morphisms from [g] to [n]. The only non-degenerate n-
simplex of A[n| is id: [n] — [n] and is denoted by A,. In the earlier notation, it is

SlmPIY7 An = (Oa 17 T 7n)‘

It is well known that if X is a simplicial set, then for any n-simplex = € X,, there
is a unique simplicial map Z: A[n] — X with T(4A,) = x. Often, by an n-simplex in a
simplicial set X, we shall mean either an element x € X, or the corresponding simplicial
map .

We have simplicial maps
0i: Aln—1] = Aln], oi: Aln+1] = A[n], 0<i<n,

defined by §;(A,—1) = 0;(Ay) and 0;(Ant1) = si(Ay).

Definition 1.2.3. The boundary subcomplex dA[n] of A[n] is defined as the smallest
subcomplex of A[n] containing the faces 9;A,, i =0,1,---,n. The k-th horn A} of
A[n] is the subcomplex of A[n] which is generated by all the faces 9;A,, except the k-th
face OpA,.

Example 1.2.4. For a topological space X, a singular n-simplex in X is a continuous
map f: A™ — X, where A" is the standard Euclidean n-simplex. Let S, X, n > 0, be

the set of all singular n-simplices of X. Define face and degeneracy operators by
(alf)(t()? e 7tn—1) = f(t07 e 7ti—17 07ti7 Tt 7tn—1)7

(sif)(to,- -+ s tng1) = f(to, -+ s tic1,ti + L1, tiva -+, tngr),s

where f is a singular n-simplex in X. Then the graded set SX = {5,X} becomes a

simplicial set.
Sometimes SX is called the total singular complex of X.

Definition 1.2.5. A simplicial set X is called a Kan complex if for every collection of
(n+1)-tuple of n-simplices (zg, - , Tk—1, Tk, Tki1, ", Tnt1) satisfying the compatibil-
ity conditions 0;x; = 0j—_1x;, 1 < j, i # k, j # k, there exists an (n + 1)-simplex x such
that 0, = x;, 1 # k.
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The defining condition of a Kan complex is equivalent to the following statement.
Any simplicial map from the k-th horn AZ“ to X can be extended to A[n + 1], where
n>0and 0 <k <n.

Example 1.2.6. For a topological space X, the simplicial set SX of Example 1.2.4 is

a Kan complex.
Example 1.2.7. The simplicial set A[n] is not a Kan complex for n > 2 [GJ99].

Definition 1.2.8. Let p: £ — B be a simplicial map. Then p is said to be a Kan
fibration if for every (n+ 1)-tuple (xq,- - ,Zk_1, Tk, Tk+1," -  Tnt1) Of n-simplices of E
such that Ojz; = 0j_124, 1 < j, i # k, j # k and an (n + 1)-simplex y of B satisfying
0y = p(x;), i # k, there exists an (n + 1)-simplex z of E such that d;z = z;, i # k,
and p(x) = y.

The Kan condition on a simplicial map p: £ — B is equivalent to the following fact.

For every commutative diagram of simplicial maps

1
AT E

Y

30 -
i K p

Aln+1] —— B

there exists a map 6 making the resulting triangles commutative, where i denotes the
inclusion of the subcomplex A} C A[n+ 1]. It may be remarked that a Kan fibration

yields a Serre fibration via the geometric realization functor (cf. Section 1.3).

Definition 1.2.9. A Kan complex X is said to be minimal if 0;x = 0;y, @ # k, implies
8k$ = Bky

Definition 1.2.10. A Kan fibration p: F — B is said to be minimal if p(z) = p(y) and
0;x = 0y, i # k, imply Opz = Ory. If p is minimal and B is a minimal simplicial set,
then (E,p, B) is called a minimal fibre space.

Lemma 1.2.11. [May67] Let p: E — B be a Kan fibration (respectively, minimal
fibration).

1. Each fibre of p is a Kan complex (respectively, minimal complex).

2. If E is a Kan complex (respectively, minimal complex) and p is surjective, then B

is a Kan complex (respectively, minimal complezx).

3. If B is a Kan complex then E is a Kan complex.
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Next we briefly recall the definitions of homology and cohomology of a simplicial set.
For a simplicial set X, let C},(X) denote the quotient of the free abelian group generated
by the n-simplices of X by the subgroup generated by the degenerate n-simplices. Define
d: Cp(X) = Cp—1(X) by d = Y31 1(—1)%0;. Then {C.(X),d} becomes a chain complex,
called the normalized chain complex of X. Given an abelian group A, the normalized
cochain complex {C*(X; A),d} is defined by C™"(X; A) = Hom 4 (C(X), A) with dif-
ferential §: C™(X; A) — C"FY(X; A), given by 0f = (-1)"*lfod, f € C*(X;A),
where Ab denote the category of abelian groups and group homomorphisms. Then the

homology and cohomology groups of X with coefficients A are defined by

H,(X;A):=H,(Cu(X)® A, d®1id), H"(X;A):=H"(C*"(X;A),0d), respectively.

1.3 Geometric realization

To every simplicial set X we can associate a topological space | X]|, called the geometric
realization (also called the Milnor realization) of X, as follows. Consider each X,,, n > 0,
as a discrete topological space and form the disjoint union X = [[,,5o(X, x A™) where
A" denotes the standard Euclidean n-simplex. Define an equivalen;:e relation ~ on X
by

(a’iwrw un—l) ~ (Ccna 771‘“71—1)7 (sixnv un-i—l) ~ (xna Ciun+1)7

where z, € X,,, u,_1 € A" 1w, € A" and n: AL A7 G AL 5 AT are

the maps given by
ni(th te 7tn71) - (t07 e 7ti71505ti7 e 5t’n*1)7

Gi(to, -+ stng1) = (to, -+ s tict, ti Ftip1, tiga - tng1).

Then |X| = X/ ~ is called the geometric realization of X and |X| is a CW-complex
with one n-cell for every non-degenerate n-simplex of X.

If f: X — Y is a simplicial map, then f induces a continuous map |f|: |X| — |Y]
defined by |f|([zn,un]) = [f(zn), un], where [x,,u,] denotes the equivalence class of
(n,up) in | X|. The geometric realization of a simplicial set is a functorial construction

and it is left adjoint to the total singular complex functor X — SX.
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1.4 Homotopy theory of simplicial sets

Definition 1.4.1. The cartesian product X x Y of two simplicial sets X and Y is
defined by (X x YY), = X,, x Y,, with the face and degeneracy maps given by

Oi(w,y) = (0sr, Opy) and s4(z,y) = (siz, 5iy).

Definition 1.4.2. Let f,g: X — Y be simplicial maps. Then f is said to be homotopic
to g, written as f ~ g, if there is a simplicial map H: X x A[l] — Y such that

Ho (id x 01) = f, Ho (id x &) = g,

where we identity X x A[0] with X and dp, d1: A[0] — A[l] are the simplicial maps as
defined in Section 1.2.

Suppose that X’ and Y’ are subcomplexes of X and Y respectively such that f,g
take X’ into Y. If f|x = g|x’ (=, say) then a homotopy H: f ~ g is called a relative
homotopy if H o (i X id) = « o prqy, where pr1 : X’ x A[1] — X' is the projection onto
the first factor and i: X’ < X is the inclusion. In this case we write f ~ g (rel X').

Intuitively, the homotopy leaves the restrictions of f to X’ unchanged.
We also have the following combinatorial definition of homotopy [May67].

Definition 1.4.3. Let f,g: X — Y be simplicial maps. Then f is homotopic to g if
there exist functions
hi: X = Yo, 0<i<n, n>0,

which satisfy the following identities,
8Ohn = fna 8n+1hz = Gn,

&h? = h?j}@z, 1< 7, 6j+1h?+1 = 6j+1h?, Ozh;l = h?_lai,l, 1>7+1,

n _ jpn+l - . n _ jpn+l . -
sihj = th Si, © < 7, sihj = hj Si—1, © > 7.

The homotopy relation may in general fail to be an equivalence relation on the
set Homg(X,Y). But, homotopy (relative homotopy) is an equivalence relation on
Homs(X,Y) (Homs((X,X'),(Y,Y"))) if Y is a Kan complex [May67].

Thus we have the notions of homotopy equivalence, contractibility, etc., of simplicial
sets. The following theorem shows that minimality of simplicial sets is a very strong

condition.

Theorem 1.4.4. [May67] A homotopy equivalence between minimal Kan complexes is

an isomorphism.
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Let X be a simplicial set and v € Xy. Then v generates a subcomplex of X which
has exactly one simplex s,_1---sg(v) in dimension n. We will write v unambiguously

to denote either this subcomplex or any of its simplices.

Definition 1.4.5. For a Kan complex X and v € X, define
TalX,v) = Homs((Aln], 0An]), (X,0))/ = (rel 9A[n]), n > 0,

For any simplicial set X, define 7, (X,v) := m,(S|X|, v).

Observe that if X is a Kan complex, then the two definitions agree. In general
mo(X,v) is just a set. For n > 1, m,(X,v) is a group and it is abelian for n > 1. One

calls 71 (X, v) the fundamental group of X.

Definition 1.4.6. A simplicial set X is said to be connected if the set mo(X,v) is a

singleton.

1.5 Fundamental groupoid and local coefficient system

We recall the definitions of fundamental groupoid and local coefficient system on a
simplicial set [GJ99], [Ste99)].

Definition 1.5.1. The fundamental groupoid 7X of a Kan complex X is a category
having as objects all 0-simplices of X, and a morphism  — y in 7.X is a homotopy
class [w] of 1-simplices w: A[1] — X (rel 9A[1]) such that wo dp =7, wo o ==.

The composition of morphisms is defined as follows. If ws represents an arrow
from z to y and wy represents an arrow from y to z, then their composite [wg] o [wo] is
represented by Q0d;, where the simplicial map 2: A[2] — X corresponds to a 2-simplex,
which is determined by the compatible pair of 1-simplices (zo = w(, #1,x2 = w}), where
wi =wi(Ay), i=1,2.

For any simplicial set X the notion of fundamental groupoid is defined by 7X :=
S| X]|.

Definition 1.5.2. A contravariant functor from 7X to the category Ab of abelian

groups is called a local coefficient system (of abelian groups) on X.

In general, one may talk of local coefficient system of A-modules or A-algebras,
where A is a commutative ring with unity, by replacing Ab by A-mod, the category of
A-modules and module maps, or A-alg, the category of commutative A-algebras with
unity and algebra homomorphisms preserving the unity, respectively. Unless otherwise
stated, by a local coefficient system we shall always mean a local coefficient system of

abelian groups.
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Given a local coefficient system £ on a simplicial set X, the cohomology of X with
local coefficients £ is defined as follows [BFGMO03], [Hir79).
For each m-simplex o: A[n] — X of X, we associate a 0-simplex oo: A[0] — X,
given by
0o =00 (id X 6(1,... ),

where d(;... ) is the composition

St my: AJ0] 25 A1) 25 ... 2% Aln] (cf. Section 1.2).

RITN

The j-th face of o, denoted by ¢, is defined by
o) = oo (id x §;), 0<j <n.

Remark 1.5.3. Note that aSj) = o, for j > 0, whereas

050) = 000(02, n)-

Let C™(X; L) be the group of all functions f defined on n-simplices o: Aln] - X
such that f(o) € L(0s) with f(o) = 0, if o is degenerate. We have a morphism o, = [a]
in 7X from o, to O‘SO) induced by o, where a: A[l] — X is given by a = g 0 0(3.... ).

Define a homomorphism

§: C"(X; L) — C" (X L), frsof,

n+1

(D" (Ef)(0) = L) f(0@) + Y (1) f(oV)

=1

for any (n+1)-simplex ¢ of X. Then doé = 0. Thus {C*(X; L), d} is a cochain complex.

Definition 1.5.4. Let X be a simplicial set and £ be a local coefficient system on X.
Then the n-th cohomology of X with local coefficients L is defined by

H™(X: L) := H"({C*(X; L), 6}).

The following discussion gives an alternative description of a local coefficient system

on a connected simplicial set.

Definition 1.5.5. Let 7 be a group. A m-module is a pair (A, ¢) where A is an

abelian group and ¢: m — Autgrp(A) a group homomorphism. A map of m-modules
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f:(A,¢) = (A, ¢) is a group homomorphism f: A — A’ such that

for all x € w and a € A. The category of m-modules is denoted by m-mod. Note that a

m-module is the same as a (left) module over the group ring Z.

Let X be a simplicial set and v € Xy be a 0-simplex. A local coefficient system L
on X determines a (X, v)-module (A, ¢) in the following way. Let A = L(v) and for
a € m(X,v), define ¢(a) = L(a)~t. Conversely, a 71(X,v)-module determines a local

coefficient system on a connected simplicial set X [GJ99].

1.6 Twisting function

Recall that a simplicial object in the category Grp of groups is called a simplicial group.

Definition 1.6.1. [Moo56] Let B be a simplicial set and I" be a simplicial group. Then
a graded function
k:B—=T, kg: By—T¢_1, g=>1,

is called a twisting function if it satisfies the following identities,

9o (kq(b)) = (’“”vq 1(00b)) kg1 (01D), b€ By,
0i(kiq(b)) = kg-1(di11b), i >0,

si(Kq(D)) = Kg+1(sit1d), =0,

Kg+1(s0b) = eq, €4 being the identity of the group I'y.

Example 1.6.2. Let X be a connected simplicial set. Fix a vertex v € Xy and for any
x € Xy, let w, € X7 such that diw, = v and Jyw, = x. We choose w, = sgv. Consider
the group m1(X,v) as a simplicial group, where 71(X,v),, = m1(X,v) and all the face

and degeneracy maps are the identity. Then the functions
{/{(X)n}nzoi X — 7T1(X, U),
given by

K/(X)Tb(y) = [wa(o,g,m,n)y]il ° [8(2,,n)y] © [wa(lyA.Ayn)y]7 Z/ € XTL7

is a twisting function. Here the composition is the composition of morphisms in the

fundamental groupoid 7.X.

We briefly recall the definition of twisted cohomology of a simplicial set and its

relation with cohomology with local coefficients [Hir79].
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Let 7 be a group and (A, ¢) be a m-module. Given a twisting function x: X — m,

define the group of twisted n-cochains by
Cy(X;k) == {f: Xn = A| f(x) =0 if x is degenerate, v € X, }.

The coboundary §: C3(X; k) — C;LH(X; k) is given by

n+1
(=1)"6f () = w(z) " f(Oox) + Y _(~1)'f(Bhz), f € CHX:K), ¥ € Xnp1.
=1

Then § o § = 0. Thus {C}(X;k),6} is a cochain complex. The twisted cohomology of
X is then defined by
HJ(X; ) o= H'({C3(X; 8), 6}).

For a local coefficient system £ on a simplicial set X, let (A, ¢) be the 71 (X, v)-

module as discussed at the end of Section 1.5. Then
H*(X; L) = Hy(X;k(X)),

where (X)) is the twisting function as described in Example 1.6.2.
Next we recall the definition of twisted cartesian product and related facts from
[May67] which will be used later in the thesis.

Definition 1.6.3. Let B, F' be simplicial sets, I' be a simplicial group which operates
on F' from the left, and k: B — I' be a twisting function. A twisted cartesian product
(TCP), with fibre F', base B and group I is a simplicial set, denoted by E (k) = F x, B
which satisfies

(F %y B)y, = F, x B,

and has face and degeneracy operators
aO(f, b) = (“(b)aoﬁ aob)a
Si(f, b) = (Sif, Sib), 7 Z 0.
If F =T with I' acting on itself by left multiplication, then E(k) is called a principal
twisted cartesian product (PTPC).

If B,F are Kan complexes then F(k) is also a Kan complex and the canonical
projection p: F(k) — B, p(f,b) =, is a Kan fibration.

Remark 1.6.4. The construction of twisted cartesian products is natural in the fol-

lowing sense. Let B’, F’ be simplicial sets, I a simplicial group which operates on F’
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from the left, and «': B’ — I be a twisting function. Let v: B — B’, (: F — F’ and
0: T — I be simplicial maps such that

Op, 0 Rn+1 = KJ;’L+1 Oln+1 and Cn(’}’f) = 0n(7)€n(f)7 v €y, f € Fp, n>0.

Then the map
E(k) = E(), (£.b) (C(f),0(b)), € F, beB

is a simplicial map, covering ¢.

Definition 1.6.5. A principal twisted cartesian product (PTPC) E(k) = T' x4 B is
said to be of type (W), if By has one element by and if Jy: e X B — E(k)q—1 is an
isomorphism of sets for all ¢ > 1, where e, denote the identity of the group I'.

In a subsequent chapter, we will need the following lemma [May67].

Lemma 1.6.6. 1. IfT' x, B is a PTPC of type (W) and T is a minimal complez,
then (E(k),p, B) is a minimal fibre space.

2. Any two PTPC’s of type (W) with group complex T are naturally isomorphic.

Principal twisted cartesian products have an alternative description in terms of

principal fibrations.

Definition 1.6.7. Let I" be a simplicial group which operates on the right of a simplicial
set £. Then I' is said to operate principally if xf = x for any z € E,, f € Iy, implies
f = eq, the identity of the group I'y. If I' operates principally on the right of F, then
define a quotient complex B by identifying  and zf for all z € E, and f € I';. The
quotient map p: F — B is called a principal fibration with base B and structure group
r.

On a PTPC E(k) =T x, B, the simplicial group I' operates on the right by

(f,0)fr=(ff,0)f, fLel, beB.

Clearly it is a principal action and B can be identified with the quotient complex of

E(k). Thus p: E(k) — B is a principal fibration. Conversely, we have the following.

Proposition 1.6.8. [May67] A principal fibration with base B and structure group T’
is a PTPC with group I' and base B, for some suitable twisting function.
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1.7 Eilenberg-MacLane complexes

Definition 1.7.1. Given a group 7 and a non-negative integer n, a Kan complex X is
called an Eilenberg-MacLane complex of type (m,n) if 7,(X,v) = 7 and m;(X,v) =0
for i # n (cf. Definition 1.4.5). Such a complex is called a K(m,n)-complex if it is

minimal.

Observe that 7 has to be abelian if n > 1. It is well known that any two K (m,n)
complexes are isomorphic and K (m,n),, = w. A standard fact about Eilenberg-MacLane

complexes is the following.

Proposition 1.7.2. [May67] If =, 7' are abelian groups and f: © — 7 is a group
homomorphism, then there exists a unique simplicial map ¢: K(m,n) — K(n',n) such
that

f=0¢n: K(m,n)y — K(7',n)p.

Note that the simplicial group 7, = 7, ¢ > 0, with all face and degeneracy maps the
identity, is a K (m,0)-complex.

Definition 1.7.3. For a group , the group complex W, known as the W-construction
of 7, is defined by setting

Wnrog =%, Wrg=mx---xn (¢g-factors), g > 0,

with face and degeneracy maps as

® o[y 579l = D2, vls

® Iyl 7)) =y vgls

o Oi([v1, 7)) = [y i Vi1 Yide, g 1< i< g1,
where vq,---,7, € 7.

Note that W is a K (m, 1)-complex and is the classifying space of the group =.
For an abelian group A and a non-negative integer n, we shall use the following
canonical model of K(A,n), for which the g-simplices are described as follows. Consider

the simplicial abelian group C(A,n) with g-simplices
C(A,n)q = C"(Alg]; A),

the group of normalized n-cochains of the simplicial g-simplex A[g]. For pn € C(A4,n)q,
a € Alg — 1], and g € Alg + 1], the face and degeneracy maps of C(A,n) are defined

as

Fip() = p(di(a)),  sipn(B) = p(o;(B))-
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Here §;: Alg—1] — Alq] and 0;: Alg+ 1] — Alq] are the simplicial maps as defined in
Section 1.2.

We have a simplicial group homomorphism
0" C(An) - C(A,n+1)

such that §"c € C(A,n + 1), = C""(A[g]; A) is the usual simplicial coboundary of
ce C(A,n)g=C"(Alg]; A). Then

K(A,n)y = Ker 6" = Z"(Alq]; A)

the group of normalized n-cocycles.
The Eilenberg-MacLane complexes classify simplicial cohomology in the following

sense.

Theorem 1.7.4. [May67] For a simplicial set X and an abelian group A, there is
natural bijection
H"(X;A) + [X,K(A,n).

Here [ X, K(m,n)| denote the homotopy class of simplicial maps from X to K(A,n).

An analogue of the above theorem ( [Hir79], [BFGMO03], [Git63]) holds for local coef-
ficients cohomology of simplicial sets, as defined in Section 1.5. The classifying complex
in this context is the so called generalized Eilenberg-MacLane complex. The notion
of a generalized Eilenberg-MacLane complex appears in [Git63], [Hir79], [BFGMO3].
Roughly speaking, a generalized Eilenberg-MacLane complex is a one vertex mini-
mal Kan complex having exactly two non-vanishing homotopy groups, one of them
being the fundamental group. It appears as the total complex of a Kan fibration.
Gitler [Git63] used it in the construction of cohomology operations in cohomology with
local coefficients. It also plays a crucial role in classifying cohomology with local coef-
ficients [Hir79], [BFGMO03]. It may be remarked that a product of Eilenberg-MacLane
complexes is also sometimes referred to as a generalized Eilenberg-MacLane complex.

We now describe a model for a generalized Eilenberg-MacLane complex.

Let n be a positive integer and (A, ¢) be a m-module. Then 7 acts on the minimal

one vertex Kan complex K(A,n) in the following way,
Y= ¢(7) o pp where p € K(A,n)y = Z"(Algl; A),y € 7.

A generalized Eilenberg-MacLane complex can be constructed as follows. Let (A, ¢)

be a m-module. Let W denotes the W construction of the group 7. We have a twisting
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function

R(m): Wr = m, k(m)q([y1, -+ 7)) = 71,

where 7y1,---7, € ™ and 7 is considered as a simplicial group with each component m

and all the face and the degeneracy maps being identities. For n > 1, let
LW(A, n) = K(A, n) X,{(ﬂ.) Wﬂ',

where the right hand side is the twisted cartesian product (cf. Definition 1.6.3). Then
it is a one vertex minimal Kan complex whose fundamental group is 7, n-th homotopy
group is A and all other homotopy groups are trivial. Moreover the action of the
fundamental group 7 on the n-th homotopy group A is given by ¢ [Thu97]. We have
a canonical map p: L(A,n) — W, p(c,z) = x for ¢ € X,z € Wr, which is a Kan

fibration.

Remark 1.7.5. Suppose (A4, ¢) is a m-module and (A’ ¢') is a 7’-module. Moreover,
suppose that a: m — 7’ is a group homomorphism. View A" as a m-module via a. Then

any m-module homomorphism f: A — A’ induces a map

fer K(A,n) X Wr — K(A',n) X o) wr'

in the obvious way.

Generalized Eilenberg-MacLane complexes classify cohomology with local coeffi-
cients of simplicial sets [Git63], [Hir79], [BFGMO03]. To state the result, we need to

recall some standard facts about closed model category [Qui67].

1.8 Closed model categories

In [Qui67], Quillen introduced the notion of a closed model category in order to lay
the foundations of what is known as ‘categorical homotopy theory’ or ‘axiomatic ho-
motopy theory’ or 'homotopical algebra’. Broadly speaking, a closed model category
is an ordinary category with three distinguished classes of morphisms which satisfy a
few simple axioms that are deliberately reminiscent of properties of topological spaces.
These axioms give a reasonably general context in which it is possible to set up the

basic machinery of homotopy theory.

Definition 1.8.1. Let C be a category and F be a distinguished class of morphisms in
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C. Suppose we have a commutative solid arrow diagram in C.

4>X

A
B Y

e

We say that i has the left lifting property (LLP) with respect to the class of mor-
phisms F if the dotted arrow exists making the resulting triangles commutative for any
peF.

We say that p has the right lifting property (RLP) with respect to the class of
morphisms F if the dotted arrow exists making the resulting triangles commutative for
any i € F.

Definition 1.8.2. A category C with three distinguished classes of morphisms, called
cofibrations, fibrations and weak equivalences (which are often denoted by <, —», =,

respectively) is called a closed model category if the following axioms are satisfied.

1. Finite limits and colimits exist in C.

2. If f, g are morphisms in C such that f o g defined, then any two of f, g, and fog

are weak equivalences imply the third is also so.
3. All three class of morphisms are closed under retracts.

4. (a) Every cofibration has the LLP with respect to every trivial fibration (i.e,

fibration which is also a weak equivalence).

(b) Every fibration has the RLP with respect to every trivial cofibration (i.e,

cofibration which is also a weak equivalence).
5. Any morphism f in C admits following factorizations.

(a) f = qi where i is a cofibration and ¢ is a trivial fibration.

(b) f = pj where p is a fibration and j is a trivial cofibration.

In a closed model category initial and terminal objects exist. To justify this, let
D be the empty category (i.e, category with no object) and F': D — C be the unique
functor. Then, by the first axiom, colimF and limF exist. Hence, by the definitions of
colimit and limit, it follows that ¢ = colimF is the initial object and * = limF is the

terminal object.

Definition 1.8.3. An object X of a closed model category C is said to be a fibrant
object if the unique map X — * is a fibration and X is called a cofibrant object if the

unique map ¢ — X is a cofibration.
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Example 1.8.4. The category S of simplicial sets has a closed model structure as

described below. A simplicial map f: X — Y is

e a weak equivalence if | f|: | X| — |Y| is a weak homotopy equivalence of topological

spaces.
e a fibration iff it is Kan fibration.
e a cofibration if it is dimensionwise injective.

With this closed model structure on S, every object of S is cofibrant, and fibrant objects

of S are precisely the Kan complexes.

Example 1.8.5. The category Top of topological spaces and continuous maps has a

closed model structure as described below. A map f: X — Y is
e a weak equivalence if it is a weak homotopy equivalence.

e a fibration if it has homotopy lifting property with respect to all CW-complexes
(called Serre fibration).

e a cofibration if it has LLP with respect to the acyclic fibrations.

Example 1.8.6. Let C be a closed model category and C' be an object of C. Recall
that the slice category C | C' is the category whose objects are pairs (X, u), where X is
an object of C and u: X — C'is a morphism in C. A morphism in C | C from (X, u) to
(Y,v) is a morphism f: X — Y in C, such that u = vo f. Then the slice category C | C
has a natural closed model structure, in which a morphism f: (X,u) — (Y,v) is is a
fibration, a cofibration, a weak equivalence if the same is true for the map f: X — Y
in the closed model category C (cf. page 330, [GJ99]).

Let C be a closed model category. Suppose that X is a cofibrant object and Y
is a fibrant object of C. Then it is possible to define ‘homotopy’ relation on the set
Home(X,Y) and it is an equivalence relation. For C € C, we use the notation [X, Y]
to denote the set of homotopy classes of maps in the slice category C | C.

We are now in a position to state the homotopy classification of cohomology with
local coefficients of simplicial sets.

Let X be a one vertex Kan complex with fundamental group w. Then there is
a unique simplicial map 6: X — Wr inducing the identity map on the fundamental
groups [Thu97]. Let £ be a local coefficient system on X determined by a m-module
(A,¢). Then (X,0) is fibrant and L.(A,n) is cofibrant in the closed model category
S| Wr.
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Theorem 1.8.7. [Hir79, Git63, BEGMO03, Thu97] With the above notations, there is a
natural bijection
H"(X;L) < [X, Lz (A, n)]p,-
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Chapter 2

(GG-simplicial sets and equivariant

twisted cohomology

2.1 Introduction

In this chapter we deal with simplicial sets equipped with an action of a discrete group
G and related objects. Let Og denote the category of canonical orbits of G [Bre67].
We recall the notion of Og-Eilenberg-MacLane complexes from [MN98] and introduce
the notion of Og-twisting function and Og-twisted cartesian product. At the end of
the chapter, we introduce an equivariant analogue of the twisted cohomology for a

G-simplicial set.

2.2 (G-simplicial sets

Let G be a discrete group.

Definition 2.2.1. A G-simplicial set is a simplicial object in the category of G-sets.
More precisely, a G-simplicial set is a simplicial set {X,,;0;, 5,0 < i < n}p>o such
that each X,, is a G-set and the face maps 0;: X,, — X,,_1 and the degeneracy maps
si: Xp — Xp41 commute with the G-action.

A G-simplicial map between G-simplicial sets is a simplicial map which commutes
with the G-action.

We shall denote the category of G-simplicial sets and G-simplicial maps by GS.

Let X be a G-simplicial set. For a subgroup H of G, the fixed point simplicial set
X1 is a simplicial set with XI = {x € X,|ax = a, Va € H} as its n-simplices and
the face and degeneracy maps of X are the restrictions of the face maps 9; and the

degeracy maps s; of X to X,

25
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Definition 2.2.2. A G-simplicial set X is called G-connected if the fixed point

simplicial set X is connected for each subgroup H of G.

Let G operate trivially on A[n]. Then for a G-simplicial set X, the product simplicial

set X x Aln] ,n >0, is considered as a G-simplicial set with the diagonal action of G.

Definition 2.2.3. Let X,Y be G-simplicial sets and f,g: X — Y be G-simplicial
maps. Then f and g are said to be G-homotopic if there exists a G-simplicial map
H: X x A[l] = Y such that

Ho(idx 6) = f, Hol(id x §o) = g,

where X x A[0] is identified with X. The map H is called a G-homotopy from f to g
and we write H: f ~g g.

Suppose 7: X’ C X is an inclusion of a subcomplex and f, g agree on X’. We say
that f is G-homotopic to g relative to X’ if there exists a G-homotopy H: f ~¢ g such
that H o (i x id) = a o pry, where a = f|x = g|xs and pri: X’ x A[l] = X' is the

projection onto the first factor. In this case, we write H: f ~¢g g(rel X').

Definition 2.2.4. A G-simplicial set is a G-Kan complex if the fixed point simplicial
set X is a Kan complex for every subgroup H of G.

Example 2.2.5. Let X be a G-simplicial set. Then the geometric realization | X| of X
has a natural G-action, given by a[z,u] = [ax,u], where a € G, z € X,, and u € A"™.
This induces a simplicial G-action on S|X|. Note that (S|X|)¥ = S|X|#, H being a
subgroup of G. Hence, for a G-simplicial set X, S|X]| is a G-Kan complex.

For a G-simplicial map f: X — Y, let f7: XH# — Y denote the simplicial map
flxm, where H C G is a subgroup.

Remark 2.2.6. Recall ( [AG94], [FG98]) that the category GS has a closed model
structure [Qui67], where a G-simplicial map f: X — Y is called a fibration or a weak
equivalence if the simplicial map f7: X# — Y*H is so for each subgroup H of G.
Therefore the fibrant objects of GS are the G-Kan complexes, and the cofibrant objects
are the G-simplicial sets. The cofibrations are defined by the left lifting property.
From this it follows that a G-homotopy on the set of G-simplicial maps X — Y is
an equivalence relation, for every G-simplicial set X and G-Kan complex Y. More
generally, a relative G-homotopy is an equivalence relation if the target is a G-Kan

complex.

Definition 2.2.7. A G-simplicial map f: X — Y between G-simplicial sets X and Y
is called a G-Kan fibration if the simplicial map f7: X# — Y is a Kan fibration for

each subgroup H of G.
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We consider G/H x A[n] as a simplicial set with (G/H x Aln])q = G/H x Aln], as
its g-simplices, and the face and degeneracy maps as id x 0; and id X s;, where 0; and s;
are the face and degeneracy maps of A[n] (cf. Example 1.2.2). Note that the group G
acts on G/H by left translation. With this G-action on the first factor and the trivial

action on the second factor, G/H x A[n] is a G-simplicial set.

Definition 2.2.8. Let X be a G-simplicial set. A G-simplicial map o: G/H xA[n] - X

is called an equivariant n-simplex of type H in X.

Remark 2.2.9. We remark that for a G-simplicial set X, the set of equivariant
n-simplices of type H in X is in a bijective correspondence with the n-simplices
of XH. For an equivariant n-simplex o of type H, the corresponding n-simplex is
o' = o(eH,A,). The simplicial map A[n] — X A, + ¢/, will be denoted by 5.

We shall call o degenerate or non-degenerate according as the n-simplex o’ € X

is degenerate or non-degenerate.

2.3 Og-simplicial sets

Recall that, for a discrete group G, the category of canonical orbits, denoted by Og,
is a category whose objects are left cosets G/H, as H runs over the all subgroups of
G. Note that the group G acts on the set G/H by left translation. A morphism from
G/H to G/K is a G-map. Recall that such a morphism determines and is determined
by a subconjugacy relation a~'Ha C K, and is given by a(eH) = aK. We denote this
morphism by a [Bre67].

Definition 2.3.1. A contravariant functor from Og to S is called an Og-simplicial set.

A map between Og-simplicial sets is a natural transformation of functors.

We shall denote the category of Og-simplicial sets by OgS. The notion of Og-groups
or abelian Og-groups has the obvious meaning replacing S by Grp or Ab. Similarly, a
contravariant functor from Og to the category of chain complexes and chain maps is
called an Og-chain complex. An Og-chain complex of abelian groups can be viewed
as a sequence {C, },>0 of abelian Og-groups with natural transformations 0,,: C,, —
C n > 1, such that 9, o 9,,+1(G/H) is the zero map for each object G/H of Og.

n—1»
Definition 2.3.2. An Og-simplicial set T is called an Og-Kan complex if T'(G/H)
is a Kan complex for each subgroup H of G. Similarly, a morphism f: T — S of

Og-simplicial sets is called an Og-Kan fibration if the simplicial map
f(G/H): T(G/H) — S(G/H)

is a Kan fibration for each subgroup H of G.
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Example 2.3.3. If X is a G-simplicial set, then we have an Og-simplicial set ®X
defined by
dX(G/H) := X,

for each object G/H of Og, and ®X (a)x = ax for x € XX, where a: G/H — G/K is
a morphism in Og.

Note that, if X is a G-Kan complex then ®X is an Og-Kan complex.

Observe that we have a functor ®: GS§ — OgS with ®X as defined above, and for
a G-simplicial map f: X — Y, the natural transformation ®(f): ®X — ®Y is defined
by ®(f)(G/H) = f7: XH — YH_ for each object G/H of Og.

Example 2.3.4. Let 7 be an Og-group. We define an Og-simplicial set W as follows.
For a subgroup H of G, let

Wn(G/H) =W (x(G/H)),

the W-construction of the group 7(G/H), as described in Definition 1.7.3. For a mor-

phism a: G/H — G/K in Og, let Wx(a): Wr(G/K) — Wx(G/H) be defined by
Wx(a)([y1, - vql) = [m(@)y, - (@),

where 71, , v, € m(G/K). Then Wr is an Og-simplicial set.

Example 2.3.5. For a G-simplicial set X, with a G-fixed O-simplex v, we have an
Og-group X defined as follows. For any subgroup H of G,

7 X(G/H) = m (X v),

and for a morphism a: G/H — G/K, a 'Ha C K, 7X(a) is the homomorphism in
the fundamental groups induced by the simplicial map a: X% — XH.

Definition 2.3.6. The cartesian product of two Og-simplicial sets T and S, denoted
by T x S, is defined by

(T x S)(G/H) = T(G/H) x S(G/H),

for each object G/H of Og and (T x S)(a) = (T'(a), S(a)) for a morphism a in Og.

Example 2.3.7. We may consider the simplicial set A[n], n > 0, as an Og-simplicial
set by taking A[n](G/H) = Aln| for each object G/H of Og and A[n](a) = id for a
morphism G in Og. Therefore, for T' € OgS, we have the Og-simplicial set T'x A[n], n >
0.
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The above construction of ‘constant’ Og-simplicial set works with any simplicial set
instead of A[n].

The homotopy of maps between Og-simplicial sets is defined as follows.

Definition 2.3.8. Let 7,5 € OgS and f,g: T — S be two maps of Og-simplicial sets.
Then f is homotopic to g if there exists a map H: T x A[l] — S of Og-simplicial sets
such that for every object G/H of O¢g, H(G/H) is a homotopy f(G/H) ~ g(G/H) of

simplicial maps. We use the notation H: f ~ g to denote such homotopies.

Recall that OgS has a closed model structure [Qui67], where a map f: T — S in
O¢S is called a fibration or a weak equivalence if the simplicial map f(G/H) is so, for
each object G/H of Og [DK83]. The cofibrations are defined by the left lifting property.
Then the abstract notion of homotopy becomes the same as the notion of homotopy, as

introduced above.

Definition 2.3.9. An Og-group = is said to act on an Og-simplicial set (Og-group or

abelian Og-group) T if we have a natural transformation ¢: = x T'— T such that
¢(G/H): n(G/H) x T(G/H) = T(G/H)

is an action of the group n(G/H) on T(G/H) for each subgroup H of G.

If  acts on an abelian Og-group T, then we call T' a m-module, and denote it by

(T’ ¢).

Next we recall the notion of an Og-Eilenberg-MacLane complex from [MN98]. It
may be relevant to remark that an equivariant analogue of an Eilenberg-MacLane space

can be constructed from this, using generalized bar construction [EIm83].

Definition 2.3.10. Given an abelian Og-group My and an integer n > 0, an Og-Kan
complex T is called an Og-FEilenberg-MacLane complex of type (My,n) if T(G/H) is a
K(My(G/H),n)-complex for each object G/H of Og, and for a morphism a: G/H —
G/K in Og, T(a): T(G/K) — T(G/H) is the unique simplicial map induced by
the linear map My(a): Mo(G/K) — My(G/H) such that T'(a),: K(My(G/K),n), —
K(My(G/H),n), is My(a) (cf. Proposition 1.7.2).

Using the uniqueness of K (m,n)s, the following result was proved in [MNO98|.

Proposition 2.3.11. Any two Og-FEilenberg-MacLane complexes of the same type are

naturally isomorphic.

We denote an Og-Eilenberg-MacLane complex of type (Mp,n) by K (Mg, n). Using

the canonical model of an ordinary Eilenberg-MacLane complex, as described in Chapter
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1, we have a canonical model of K(My,n) given by
K(Mo,n)(G/H)q = Z"(Alg]; Mo(G/H)),

for each object G/H of Og with K(Mjy,n)(a) being induced by a coefficients change

homomorphism, for a morphism a in Og-.

Remark 2.3.12. In [MN98], A. Mukherjee and A. Naolekar defined the Bredon
cohomology Hf(T'; My) of an Og-simplicial set T" with coefficients an abelian Og-group
Mjy. It has been proved in [MNO98] that the Bredon cohomology H@(T'; My) of T' is rep-
resented by the set of homotopy classes of maps from T to the Og-Eilenberg-MacLane
complex K (My,n).

2.4 Og-twisting function and Og-TCP

In the presence of an action of a discrete group G, the notion of a twisting function has

the following natural generalization to an Og-twisting function.

Definition 2.4.1. Let T be an Og-simplicial set and I' be a simplicial Og-group.
A natural transformation of functors x: T — T is called an Og-twisting function if
k(G/H): T(G/H) — I'(G/H) is an ordinary twisting function for each subgroup H of
G.

Example 2.4.2. Let 7 be an Og-group. Consider 7 as a simplicial Og-group {m,, }n>0,
where 7,, = 7 for all n > 0 and all the face and degeneracy maps are the identity natural

transformations. Define a natural transformation
k(r): Wr — m by k(m)g(G/H)([71,- -+ ,7q]) = 71, H subgroup of G,

where W is the Og-simplicial set as introduced in Example 2.3.4 and [y1,- - ,7,] €
Wn(G/H)q, vi € n(G/H), 1 <i < q. Then x(r) is an Og-twisting function.

Example 2.4.3. Let X be a G-connected G-simplicial set and v be a G-fixed 0-simplex
of X. Let #X: Og — Grp be the Og-group as introduced in Example 2.3.5. We
regard X as an Og-group complex by 7 X(G/H), = nX(G/H) for each object G/H
of Og and 7X(a) = id for a morphism a in Og. We choose a 0-simplex = on each
G-orbit of Xy and for each such 0-simplex z, we choose a 1-simplex w, € X 1G * such that
Oywz = x, 1w, = v. Here G is the isotropy subgroup at x € Xg, corresponding to the
G-action on the set Xg. We choose w, = sov. For any other 0-simplex y on the orbit
of x we define w, = aw, if y = ax. Then it is well-defined, for, if y = a1x = azx we

have aglal € (G and then aglalwx = w,, which yields ajw, = asw;. Also note that if
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y = ax, then G = aGza~'. Therefore wy € Xle. For a 0-simplex z € X, we shall
use the notation £y (z) to denote the homotopy class [w,] of @, : A[1] — X, Here for
any g-simplex o of a simplicial set Y, 7: A[g] = Y denotes the unique simplicial map

satisfying o(A,) = 0. Define
{k(G/H),}: X = my(XH v)
to be the twisting function (X ) as described in Example 1.6.2, that is,

K(G/H)n(y) = 1002, myy) " © [0, )yl © (01 m)Y)s

where y € X1
Let X be the Og-simplicial set as defined in Example 2.3.3. We now check that

k: ®X - 71X, G/H — k(G/H), H C G a subgroup,

is indeed an Og-twisting function. Suppose H and K are subgroups of G such that
a'Ha C K. Let z € XX. Then y = az € XH. Observe that if z1,20 € X& are
1-simplices such that T} ~ T, as simplicial maps into X* then 7, ~ 7, as simplicial

maps into X, where y; = ax;, i =1,2. Thus

K(G/H)po®X(a)(2)
=r(G/H)n(y)
= (00,2, m)¥) " © [0, myyl © €5 (D1, myy)
=£1(ad(02,. my2) " 0 [aD2,... 2] © En(adyy, .. o)2)
:afK(B(OQ,.., m)z)*1 o a[(?(g’_.. m)z] 0 alk(9,.. n)?)
=1X(a) o k(G/K)n(2).

Thus x: X — mX is an Og-twisting function.

Having defined an Og-twisting function, we now define an Og-twisted cartesian
product. Using the naturality of twisted cartesian product, as observed in Remark

1.6.4, we have the following definition.

Definition 2.4.4. Let B, F be Og-Kan complexes and I' be an Og-group complex.
Suppose that I' operates on B and x: B — I' is an Og-twisting function. Then the
Og-Kan complex F x, B, defined by

(F' <y B)(G/H) = F(G/H) Xc/m B(G/H),

for each object G/H of Og, and (F x, B)(a) = (F(a), B(a)) for a morphism a of the
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category Og, is called the Og-twisted cartesian product (Og-TCP) with fibre F, base
B, group I' and twisting «.

Note that the second factor projection gives an Og-Kan fibration p: (F' x, B) — B.
We view (F x, B,p) as an object in the slice category OgS | B (cf. Example 1.8.6).

Example 2.4.5. Let My be a m-module with module structure given by ¢. For each
subgroup H of G, define an action of 7(G/H) on K(My(G/H),n)

Y(G/H): n(G/H) x K(My(G/H),n) — K(My(G/H),n)

as follows. For v € n(G/H), let ¥(G/H)(7,-) be the unique simplicial automorphism
of K(My(G/H),n) such that

P(G/H)(Y,-)n: K(Mo(G/H),n)p — K(Mo(G/H),n)n,

is the automorphism ¢(G/H)(v,-): Mo(G/H) — My(G/H) (cf. Proposition 1.7.2).
This defines an action of the Og-group m on the Og-Kan complex K (Mj,n). Therefore
we can form the Og-Kan fibration p: K(Mo,n) Xz Wx — Wx, where x(x) is the
O¢-twisting function as described in Example 2.4.2. If we use the canonical model of
K (Mo, n), the total complex of the resulting Og-Kan fibration is denoted by Lg4(Mo,n).

2.5 Equivariant twisted cohomology

We end this chapter by introducing the equivariant version of twisted cohomology
as defined in Section 1.5. Let T be an Og-simplicial set and My be an abelian
Og-group equipped with an action ¢: w x Mg — My of an Og-group w. We regard
m as an Og-group complex by setting w,, = 7, n > 0, with all face and degeneracy maps
being identity natural transformations. Let x: T"— @ be a given Og-twisting function.
We define equivariant twisted cohomology of T with coeflicients My and twisting « as
follows.

Let Cg denote the category of contravariant functors from Og to the category .Ab.
We have a chain complex in the abelian category C¢, defined by

C,(T): Og — Ab, G/H — Co(T(G/H):Z),

where C,,(T(G/H);Z) denotes the free abelian group generated by the non-degenerate
n-simplices of T(G/H). For a morphism a: G/H — G/K, a 'Ha C K in Og, C,,(T)(a)
is given by the map ay: Cp(T(G/K);Z) — C,(T(G/H);Z) induced by the simplicial
map T'(a): T(G/K) — T(G/H). The boundary map 0,,: C,(T) — C,,_(T) is the nat-
ural transformation defined by 0,(G/H): C,(T(G/H);Z) — C,—1(T(G/H);Z), where
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On(G/H) is the ordinary boundary map of the simplicial set T(G/H). Dualizing this

chain complex in the abelian category Cq, we get the cochain complex
{CZ'(T; MO) = HomCG (Q* (T)7 MO)? 5*}7

which defines the ordinary Bredon cohomology of T with coefficients M.

Remark 2.5.1. In particular, for a G-simplicial set X, the cohomology groups of
the cochain complex Cf(®X; M) define the Bredon cohomology groups of X with
coefficients My, and is denoted by Hf(X; My) [Bre67].

To define the twisted cohomology of T', we modify the coboundary maps as follows.

87: CR(T; M) — C&N(T; My), f v 67,

where
S2F(G/H): Coit (T(G/H) Z) — My(G/H)
is given by
n+1
()" f(G/H) () = (5(G/H)nyr () F(G/H) (Do) + Y (1) f(G/H)(;),
i=1

for x € T(G/H)p4+1. Note that the first term of the expression in the right-hand side
is obtained by the given action ¢ of m on My. We denote the resulting cochain complex
by C&(T; K, §).

Definition 2.5.2. Let T be an Og-simplicial set, = be an Og-group, (My, ) be a
m-module and x: T'— 7 be an Og-twisting function. Then the n-th equivariant twisted

cohomology of T is defined by
Hg(T; 5, ¢) := Hn(Ci(T's 5, 9)).

Definition 2.5.3. Let X be a G-simplicial set, = be an Og-group, (My,®) be a
m-module and k: X — 7 be an Og-twisting function. We set C,(X) = C,(®X) and
let C%(X;k,¢) denote the cochain complex Cf(®X;k,¢). Then the n-th equivariant
twisted cohomology of X is defined by

HE(X; R, ¢) = Hy(CGH(X5 K, 9)).

Let Y be a G-simplicial set, 7’ be an Og-group, k': ®Y — 7’ be an Og-twisting
function and (Ny, ¢’) be a m’-module. Let F: X — Y, v: Ng — My, l: m — 7’ be maps
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in the appropriate categories such that
v(G/H)[((G/H)v)no] = y[v(G/H)(no)l; £ o ®F =lok,

where H is a subgroup of G, ng € No(G/H), v € n(G/H). Then we have an induced

map in the cochain complexes of equivariant twisted cohomology
(F,v, )" CH(Yiw', ¢) = CEH(Xsk, ),
defined by
(Fv, )" (f)(G/H) = v(G/H) o f(G/H) o (2F)(G/H), [eCa(Y:r',¢).
In particular, a G-simplicial map F': X — Y induces a cochain map
(F,id,id)*: CL(Y; K, ¢) = C&L(X; K ®F, ).

Often, we shall denote this cochain map simply by F™*.



Chapter 3

Simplicial Bredon-Illman

cohomology with local coefficients

3.1 Introduction

In this chapter we introduce the fundamental groupoid of a simplicial set equipped with a
given simplicial action of a discrete group G and the notion of equivariant local coefficient
system. Based on these notions, we introduce simplicial version of the Bredon-Illman
cohomology with local coefficients [MM96] of a G-simplicial set. Next we prove that
for a suitable Og-twisting function, induced from a given equivariant local coefficient
system, the simplicial version of the Bredon-Illman cohomology with local coefficients
of a G-simplicial set is isomorphic to its equivariant twisted cohomology. Finally, in this

chapter we derive a version of the Serre spectral sequence for a G-Kan fibration.

3.2 Fundamental groupoid

Let X be a G-simplicial set. Recall that an equivariant n-simplex of type H in X,
H being a subgroup of G, is a G-simplicial map o: G/H x A[n] — X. Each such o
corresponds to an n-simplex ¢/ € X and @: Aln] — X is the simplicial map given
by 7(A,) = o' =o(eH,A,,). Suppose xy and yy are equivariant 0-simplices of type H
and K respectively, and a: G/H — G/K is a morphism in Og, given by a subconjugacy
relation a 'Ha C K, a € G, such that a(eH) = aK. Moreover, suppose that we have
an equivariant 1-simplex ¢¥: G/H x A[1] — X of type H such that

190(idX61):$H, ﬂo(idX(So):yKO(dXid).

35
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Then, in particular, ¢’ is a l-simplex in X such that 919 = z'5 and 9o = ayk-.
Observe that the 0-simplex ay} in X H corresponds to the composition

axid

G/H x Aj0] =5 G/K x Al0] 25 X

and ¥ is a G-homotopy xpy ~¢ yx o (a X id).

Definition 3.2.1. Let X be a G-Kan complex. The fundamental groupoid I1X of X

is a category with objects equivariant O-simplices
xg: G/H x Al0] = X

of type H, as H varies over all subgroups of G. Given two objects zy and yx in I1X, a
morphism from z — yx is defined as follows. Consider the set of all pairs (a, 1)) where
a: G/H — G/K is a morphism in Og given by a subconjugacy relation ¢ 'Ha C K,
a € G, such that a(eH) = aK and ¥: G/H x A[l] — X is an equivariant 1-simplex
such that

Yo (id x 61) =xp, Vo (idx dy) = yx o (a X id).

The set of morphisms in IIX from z g to yx is a quotient of the set of pairs mentioned
above by an equivalence relation ‘ ~ ’, where (a1,91) ~ (Gg,v2) if, and only if, a; = ay =
a (say) and there exists a G-homotopy H: G/H x A[l] x A[l] = X of G-homotopies
such that H: 91 ~g ¥2 (rel G/H x 0A]l]). Since X is a G-Kan complex, by Remark
2.2.6, ~ is an equivalence relation. We denote the equivalence class of (a,v) by [a, 9].
The set of equivalence classes is the set of morphisms in IIX from zg to yx.

The composition of morphisms in IIX is defined as follows. Given two morphisms

[a1 71911 n [a2,02]

TH >~ ZL

their composition [ag, 93] o [a1,1] is [a1a2,v]: g — 21, where the first factor ajaz is

the composition
az

G/H —"+ G/K G/L

and ¢: G/H x A[l] — X is an equivariant 1-simplex of type H as described below.
Let © be a 2-simplex in the Kan complex X, determined by the compatible pair of
1-simplices (xg = a1h, T1, 2 = ¥)) so that 9y = a1, and 922 = ¥|. Then ¢ is given
by ¥(eH, A1) = 0.

For a version of the fundamental groupoid of a G-space, we refer to [MM96] and
[Liic89).

The following lemma shows that the composition is well-defined.
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Lemma 3.2.2. The equivalence class of (a1az,1)) does not depend on the choice of the

representatives of [a1,%1] and [az, J2].

Proof. Suppose that [a;,%;] = [a;,Ai], © = 1,2. Then there exist G-homotopies
0;: Vi =g \i (rel G/H x OA[1]) for i = 1,2. Let y be a 2-simplex in X determined by
the compatible pair of 1-simplices (zg = a1y, &1,22 = N)) as described above, where
doy = a1 Ny and doy = N|. Let £: G/H x A[l] — X be the equivariant 1-simplex deter-
mined by &(eH, A1) = d1y. We need to show that (ajaz,v) ~ (ajaz,&). Observe that
O;: J; = \; (rel DA[1]), for i = 1,2. Now consider the right lifting problem

(7.9,01,02)

(A[2] x OA[1]) U (A% x A[1]) xH

A[2] x A[1] -

where in the above diagram, the right vertical arrow is a fibration and the left vertical
arrow is an anodyne extension [GJ99]. Therefore, the above right lifting problem has a
solution F: A[2] x A[1] — X and the composition of F with

01 xid: A[l] x A[1] — A[2] x A[1]
is a homotopy 1 ~ & (rel OA[1]). Let F: G/H x A[2] x A[1] — X be the G-simplicial
map determined by F(eH, s,t) = F(s,t). Then the composition

1dx 51 Xd
—_—

G/H x A[1] x A[1] G/H x A2 x All] & X

is a G-homotopy 1 ~¢ & (rel G/H x 0A[l]). Consequently,

la1az, Y] = [araz, £].
O

Recall that if X is a G-simplicial set then S|X| is a G-Kan complex (cf. Example

2.2.5) and the canonical map X — S|X| is a weak equivalence of G-simplicial sets.

Definition 3.2.3. For a G-simplicial set X, we define the fundamental groupoid I1.X
of X by IIX :=IIS|X|.

Note that if X,Y are G-simplicial sets and F': X — Y is a G-simplicial map then
there exists an obvious induced functor II(F'): IIX — ITY which assigns to each object
xg of IIX, the object F o zy of IIY and to a morphism [a,d] in IIX, the morphism
[a, F o] in ITY.
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Remark 3.2.4. If G is a trivial group, then IIX reduces to the fundamental groupoid
7 X of the simplicial set X. Again, for a fixed H, the objects xp together with the
morphisms xy — ygy with identity in the first factor, constitute a subcategory of II.X
which is precisely the fundamental groupoid 7X* of X*. Moreover, a morphism [a, V]
from 7 to yx, corresponds to the morphism [J] in the fundamental groupoid 7 X of
XH from 2y to ay, where ¥ is as in Remark 2.2.9.

Suppose T is a morphism in 7 X from z to y given by a homotopy class [@], where
w: A[l] — X is a 1-simplex in X such that 6jw = 2 and dyw = y. Let xx and yx
be the objects in I1.X, defined by

xH(eH, AO) =z, and yH(6H, AO) =Y.

Then we have a morphism [id,w]|: 2y — yg in IIX, where w(eH,A;) = W(A;1). We
shall denote this morphism in IIX corresponding to a morphism Y in 7X* by bY.

3.3 Equivariant local coefficient system

Definition 3.3.1. An equivariant local coefficient system (of abelian groups) on a G-
simplicial set X is a contravariant functor from IIX to the category Ab of abelian

groups.

More generally, for a commutative ring A with unity, an equivariant local coefficient
system of A-algebras has the obvious meaning replacing Ab by the category A-alg of

commutative A-algebras with unity and algebra homomorphisms preserving the unity.

Example 3.3.2. Let X be a G-simplicial set and n > 1. For any object xg in 11X,
define M(xy) = 7, (X 2y (eH, Ag)) and, for any morphism [a,9]: x5 — yk, define

M([a, 9]) = ([0])* o ma(a),

where a: XX — X1 is the left translation by a, and ([J])* is the isomorphism in the
n-th homotopy group of X induced by a morphism [J] from 2; to ay),. Then M is

an equivariant local coefficient system on X.

The following discussion gives a generic example of an equivariant local coefficient
system on a G-connected G-simplicial set X having a G-fixed 0-simplex.

Suppose that v is a G-fixed 0-simplex of X and M is an equivariant local coefficient
system of A-algebras on X. For any subgroup H of G, let vy be the object of type H
in IIX defined by

v G/H x Al0] — X,
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(eH,Ag) — v.

Then for any morphism a: G/H — G/K in Og, given by a subconjugacy relation
a"'Ha C K, we have a morphism [a, k]: vg — vk in I1X, where k: G/H x A[l] - X
is given by k(eH, A1) = sgv.

Define an Og-A-algebra, My: Og — A-alg by

Mo(G/H) = M(vg),

for each object G/H of Og and My(a) = M([a,k]) for a morphism @ in Og. Then
the Og-A-algebra My comes equipped with a natural action of the Og-group X (cf.
Example 2.3.5) as described below.

Let v = [J] € 7X(G/H) = m (X", v). Then the morphism [id,9]: vy — vy,
where J(eH, A1) = 9(A1), is an equivalence in the category I1X. This yields a group

homomorphism
b: m (X, v) = Autnx (vy), v = [J] — b(y) = [id, V).

We remark that the composition in the fundamental group 73 (X i v) coincides with
the morphism composition in 11X, contrary to the usual notion of composition in the
fundamental group. The composition of the map b with the group homomorphism
Autrix (vyg) — AutA_alg(M(vH)) which sends u € Autyx(vy) to [M(u)]~! defines the
action of m (X v) on Mo(G/H). We now check that this action is natural with respect

to morphisms in Og, that is, for a subconjugacy relation e 'Ha C K,

Mo(a)(vz) = m(a)(y)(Mo(a)z),

where v € 71 (X%, v) and 2z € My(G/K). The above equality follows from the definition

of My and the following commutative diagram in I1X.

b(av)

VH <—— UH

[a,k] [a,k]
b(v)

VK VK

Conversely, suppose that an Og-A-algebra My is equipped with an action of the
Og-group wX, where X is a G-connected G-simplicial set and v € X is a fixed
0-simplex. We define an equivariant local coefficient system M on X as follows.

For every object zpy of type H, define M(zy) = My(G/H). To define M on
morphisms, we choose a 0-simplex, say x, from each G-orbit of Xy and an 1-simplex w,

to fix a morphism [@,] from v to = in 7X%. Here G, is the isotropy subgroup at .
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For any other point y in the orbit of x, we fix the 1-simplex w, = aw;, where y = ax.
Note that, if y = a1z = asx then a;lal € G, and hence aijw, = asw,;. Thus w, is
well-defined. Also w, € X%, since G, = aGra~!. Therefore, [@,] is a morphism from
v to y in mX%v. Observe that if x € X, where H is a subgroup G, then [@.] is also a
morphism in 7XH from v to z, as H C G,.

Suppose xp Eﬁ]—) Yk is a morphism in IIX. Then by Remark 3.2.4, we have a
morphism [J] from ' to ayy in 7X. Define M([a,]) as the following composition

Mo(G/K) 229 apya/H) 5 Mo (G H),

where v € m (X", v) is

Y= [way’K}il o [79] o [w ’ ]7

TH
a composition of morphisms in 7X# and the second arrow denotes the inverse of the

given action of v on My(G/H). Then M is an equivariant local coefficient system of

A-algebras on X. Thus we have the following proposition.

Proposition 3.3.3. Let X be a G-simplicial set with a G-fixzed 0-simplex and M be
an equivariant local coefficient system of A-algebras on X. Then M determines an
Og-A-algebra My, equipped with an action of the Og-group ©X. Conversely, if X is a
G-connected G-simplicial set with X& # (), then an action of the Og-group X on an

Og-A-algebra My determines an equivariant local coefficient system of A-algebras on X .

Let F': X — Y be a G-simplicial map between G-simplicial sets X,Y and N is an
equivariant local coefficient system on Y. Then the functor N o II(F') is an equivariant
local coefficient system on X, which we shall denote by F*N. This is sometimes called

the pull-back of the equivariant local coefficient system N via F'.

3.4 Simplicial Bredon-Illman cohomology with local coef-

ficients

In this section, we derive simplicial version of Bredon-Illman cohomology with local
coefficients [MM96] and prove that this cohomology may be described in terms of the
equivariant twisted cohomology, as introduced in Section 2.4.

Let X be a G-simplicial set and M an equivariant local coefficient system on X. For
each equivariant n-simplex o: G/H x A[n] — X, we associate an equivariant 0-simplex
og: G/H x Al0] — X, given by

og =00 (id X (12, n));
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where (1 ... ) is the composition
o1 02 on
81,2, .m) A[0] = A[l] = -+ = Aln],

the maps 6;, ¢ = 1,--- ,n being defined in Section 1.2. The j-th face of ¢ is an equiv-
ariant (n — 1)-simplex of type H, denoted by 0@, and is defined by

a(j):ao(z'dx5j), 0<j<n.
Remark 3.4.1. Note that Ug) = oy for 7 > 0, whereas
0 .
O'l(q) =00 (id X 6(0,2,... n))-

Let CA&(X; M) be the group of all functions f defined on equivariant n-simplices
o: G/H x Aln] — X such that f(o) € M(on), with f(o) = 0, if o is degenerate.
(0)

We have a morphism o, = [id,a] in IIX from oy to o, induced by o, where the

equivariant 1-simplex a: G/H x A[l] — X is given by a = 0 0 (id X 0(3.... )). Define a
homomorphism

§: C&(X; M) — C&H (X; M),
by fdf,

where, for any equivariant (n + 1)-simplex o of type H,

(=)™ (6f) (o) = M(0.) f (o) + ) (=17 f(o)).

Proposition 3.4.2. The map 60 6: CH(X; M) — Cg”(X; M) is the zero map.

Proof. Let f € C&(X; M) and o: G/H x A[n+2] — X be an equivariant (n+2)-simplex
of type H in X. Then,

(=)™ (=1)"25(5f)(o)

n+2
=(=1)""[M(0,)(6f) (o +Z U]
n+1
=[M (o) {M(o\")f +Z (0©@))}
n+2 A ) ' n+1 ]
+ 5 (M) F((0D)O) £ ST (=1)FF((0D) ).
Jj=1 k=1

Note that (¢U)®) = (¢*)0-D if k < j and (¢W)®) = (c*k+)G) if & > 5.
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M () _

Also aio) 00w = O and oy = o, for j > 1. Then the first term of the above
expression M (0 )M ( ) ((cO)©) cancels with the first term of the summation
Z”+2( 1)/ Moy ) Vf((61)(©). The remaining (n 4 1)-terms of this sum cancels with

(a*){z"“( 1) f((¢(@)@))}. The double summation adds up to 0. O

Thus {C&(X;M),d} is a cochain complex. We are interested in a subcomplex of
this cochain complex as defined below.

Let 0: G/H x Aln] — X and 7: G/K x A[n] — X be two equivariant n-simplices.
Suppose there exists a G-map a: G/H — G/K, a~'Ha C K, such that 7o (a x id) = o.
Then o and 7 are said to be compatible under a. Observe that if ¢ and 7 are compatible,
then o is degenerate if, and only if, 7 is degenerate. Moreover, notice that in this case,
we have a morphism [a, k]: o — 7k in 11X, where k = o o (id X 0¢), 0¢: A[1] — A[0]
being the map as defined in Section 2, Chapter 1. Let us denote this induced morphism
by ax.

Definition 3.4.3. We define S{(X; M) to be the subgroup of C&(X; M) consisting of
all functions f such that if o and 7 are equivariant n-simplices in X which are compatible
under a then f(o) = M(a.)(f(7)).

Proposition 3.4.4. If f € S&(X; M), then of € SB(X; M).

Proof. Suppose o, T are equivariant (n + 1)-simplices of type H and K respectively,
compatible under a: G/H — G/K, a~'Ha C K. Then the faces ¢U) and 7U) are
also compatible under a for all j, 0 < 5 < n + 1. Moreover, the induced mor-
phism a,: ag) — Tf(g) is the same as the induced morphism a,: oy — 7, for 7 > 1

(cf. Remark 3.4.1) and the compositions

(0) a», _(0)

0
O’H—)O'H —>TK and UH—>TK—> ()

are the same. Thus

M (a.)(0f(7))
n+1
=(=1)"" M (a)M +Z 1)/ M (a.) f(rV)]

n+1

=(=1)" M (o) M a. )+ Z ) ()]
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O]

Thus we have a cochain complex Si(X; M) = {SZ(X;M),0} which defines the

simplicial Bredon-Illman cohomology.

Definition 3.4.5. Let X be a G-simplicial set with an equivariant local coefficient
system M on it. Then the n-th Bredon-Illman cohomology of X with local coefficients
M is defined by

HE(X5 M) = HP(S5(X; M)).

Suppose that X,Y are G-simplicial sets and M, N are equivariant local coefficient
systems on X and Y respectively. A map from (X,M) to (Y,N) is a pair (F,\),
where F': X — Y is a G-simplicial map and A: F*N — M is a natural trans-
formation of functors. A map (F,\): (X,M) — (Y,N) naturally induces a map
(F,N%: S5(Y5;N) — Si(X; M) as follows. For f € SA(Y;N) and an equivariant
n-simplex ¢ in X of type H, define

(EN*(f)(0) = Mon) f(Foo).

Proposition 3.4.6. If f € S&(Y;N), then (F,\)*f € SA(X;M). Further, (F,\)*
commutes with the differential 6.

Proof. Let o: G/H xA[n] - X and 7: G/K x A[n] — X be two equivariant n-simplices
in X, compatible under a: G/H — G/K, a *Ha C K. Then

M(og <= 7)) (F, N)*(f)(7)
=M(on Ly TR)NTR)f(F o)
=Xog)o F*N(a.)f(ForT).

The last equality follows from the fact that \: F*N — M is a natural transformation.
Since f € SE(Y;N) and the equivariant n-simplices F' o o and F o 7 are compatible
under a, we have F*N(a.)f(F o7) = A(op). Hence

M(a)(F, N (f)(7) = MNom) f(F o o) = (F,)7(f)(0).

Next, we prove that (F), /\)# commutes with . Let o be an equivariant (n + 1)-simplex
of type H in X. Then

(F, N7 (01)(o)

=Aon)(0f)(Foo)
n+1

=(=)" " Mo {N((F o o)) f(F oo )+ (1Y f(Foa?)}].

j=1
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On the other hand,

S((F, )% f)(0)
n+1

=(=1)"" [M (o) ((F. A7 f)(o +Z (E,0* ) (@)

n+1
=(=1)" M (e f(F o o)+ 3" Mo f(F o aD)].
j=1

Since N((F' o o)) = F*N(o4) and A\: F*N — M is a natural transformation, we have
Mog)N((F oo)s) = M(a*))\(ag{))). Also recall that ag) = oy, for j > 1. Hence
(F,\)#5 = 6(F,\)*.

O

Thus (F,\)# is a well-defined cochain map and hence it induces a map
(PN s HE(YN) = HE(X; M)

in cohomology.

If M is an equivariant local coefficient system of A-algebras on a G-simplicial set
X, then we define cup product in the simplicial Bredon-Illman cohomology with local
coefficients Hj(X; M) = ®p>0H%(X; M) as follows.

Let 0: G/H x Aln +m] — X be an equivariant (n 4+ m)-simplex of type H in X.

Then define equivariant simplices
0ln =00 (ida/g X St mtm))s Lm0 =00 (idg g X §(0,... n))-
Here the simplicial maps
O(n41, mtm) : Aln] = Aln+m] and &g ... py: Alm] = Aln +m]
are defined as the compositions
Smt vt iy D] 25 Afn+ 1) 252 Aln + 2]+ 225 Al +n),

and

(cf. Section 1.2 for the definitions of the maps d;, ¢ =0,---n +m.)
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Let f € CA(X; M) and g € CZ(X; M). Then the cup product fUg € CAT™(X; M)

is the cochain whose value on an equivariant (n + m)-simplex o is given by the formula

(fUg)o) = (=)™ flo)u){M(o;77)9(lmo)},

where 0,— = [id, 0 o (idg/mr X 6(1,. nn+2, n+m))] 1S @ morphism in IIX from (o |n)n

to (|mo)m-
Proposition 3.4.7. If f € SL(X; M) and g € SZ(X; M), then fUg € SE™(X; M)
and

5(fug)=68(f)Ug+(—1)* P fus(g).

Proof. We first prove that f U g € Sg“”‘(X ;M). Let o and 7 be equivariant
(n + m)-simplices of type H and K respectively. Suppose o and 7 are compatible
under G, a~'Ha C K. Then the equivariant n-simplices (respectively, m-simplices) oln

and 7|, (respectively, |, and |,,7) are also compatible under a. Therefore

M(om = 75)(f U g)(7)
=M (o = 7 ){(=1)"™" f (7)) {M (777)9([m7) }}
=(=1)"™{M(om = 75) f (7)) {M (05 = 75) M (T277)9([mT) }-

Observe that o = (0|,) g and 7k = (7|n) k. Also following equality holds in 11X,

(Ln@)r 2 (L)) © (011 75 (o)) = (e 5 (L)) © (011 5 7).

Combining these and using the facts that f € SE(X;M) and g € SE(X; M), we get
M(om = 7)(f U g)(T) = (f U g)(0), that is, fUg € SET™(X; M).

Next, we prove the coboundary formula for the cup product f Ug. Let ¢ be an
equivariant (n + m + 1)-simplex of type H. Then,

6(fUg)(o)
n+m+1 ' '
:(—1)n+m+l{M(U*)(f U g)(a(o)) + Z (=1)7(fuU g)(g(a))}
j=1
:(—1)mn+n+m+1[M(U*){f(U(O)Jn)M(U%)g(Lm(O_(O)))}
n+m+1

n+1

+ D W FEDMEE)g(Ln(e D))
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On the other hand,

(0fUg)(o) + (=1)"(f U dg)(o)
=(=D)" IS f) (0 w1 M(075)9(Lmo))
+ (=)= f (0] ) M (0777)(69) (Lin+10)

n+1
=(= )" UM ((0]n41)2) F(o) i) +Z (o)L HM (025)9(Lmo)}
m—+1
+ (=1)" (o)) M (oM (Ln10) )9 ((Ln19) D) + D~ (=17 g((Lms10) )}
j=1

Note that,

ol =l (Ln10)@ = Lo and (Ln+10)s 0 0 = 0
Therefore, the last term of the first summation of the above expression cancels with the
next term. Also
00, =0l0)) and 0y = (0)ni1)s, 0,05 = (0@) 00
Hence the first term of §(f U g)(o) agrees with the first term of (6fUg)(o) + (—1)"(f U

0g)(c). Similar argument shows that other terms also agree. Hence fUg € Sg+m(X ; M).
]

Definition 3.4.8. Let M be an equivariant local coefficient system of A-algebras on
X. Let f e SE(X;M), g€ SE(X; M) and o be an equivariant (m + n)-simplex of type
H in X. Then the cup product fUg € Sg+m(X ; M) is the cochain whose value on o

is given by the formula

(fUg)(o) = (=)™ f(o]n){M(o;77)9(lmo)},

where 0,— = [id, 0 o (idg/i X (1, nn+2, ntm))] i @ morphism in IIX from (o|,)n

to (|mo)m-

The coboundary formula for the cup product shows that we have an induced cup
product in cohomology. The cup product in cohomology is associative and graded com-
mutative. Hence H(X; M) is an associative graded algebra, where M is an equivariant
local coefficient system of A-algebras.

Next we relate the simplicial Bredon-Illman cohomology with local coefficients of
a G-simplicial set X to the equivariant twisted cohomology of X. Suppose X is a G-

connected G-simplicial set with a G-fixed 0-simplex v. Let M be an equivariant local
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coefficient system of abelian groups on X and My be the associated abelian Og-group
equipped with an action ¢ of the Og-group wX as described in Section 3.3. Let s be
the Og-twisting function on ®X as introduced in Example 2.4.3.

Theorem 3.4.9. With the above hypothesis
He (X5 M) = Hg (X5 k5, ¢)

for all n.

Proof. Define a cochain map
U*: SG(X; M) — CH(X R, )

as follows. Let f € SE(X; M) and y € XM be non-degenerate. Let o be the unique
equivariant n-simplex of type H such that o(eH,A,) =y. Then

U (f)(G/H): Co(XT) = Mo(G/H)

is given by

UH(NG/H)(y) = M (09, myy)) [ (0),

where 01 ... )y is the simplex 01 - - - 0y, as introduced in Section 1.2 (cf. Example 2.4.3
and Remark 3.2.4 for other notations).

To check that ¥"(f) € CA(X;k, ¢), suppose a ' Ha C K. Note that if z € XK and
y = az, then y € X . Moreover, if o is as above and 7 denotes the unique equivariant
n-simplex of type K such that 7(eK,A,) = z, then the equivariant n-simplices ¢ and
are compatible under a. As f € S%(X; M), we must have f(o) = M(oy <> 7i) f(7).
Therefore, by the definition of U", we have

U (fIG/H)(y)
bEu(9(1,... m)Y)
:M(UH _— UH)f(U)
=M (vy M on)M(on = 1) f(T).

On the other hand,

ber (D1, m)2))
-7

Mo (a)¥™(f)(G/K)(z) = Mo(a)M (vie &) [ (7).

Recall that My(a) = M(vy N vk ), where k: G/H x A[l] — X is given by
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k(eH, A1) = sov. Then note that

ax 0 bEu(01,... nyy) = bk (O(1,... ny2) © [a, K],

as composition of morphisms in IIX. Thus V"(f) € CA(X; K, ¢).

To check that ¥* is a cochain map, let f € SE(X; M), y € XK ‘1 and let o be the
equivariant (n + 1)-simplex of type H such that o(eH, A, 1) = y. Observe that the
i-th face ¢® is such that ¢ (eH,A,) = 8;y. Thus by the definition of the twisted

coboundary we have

(=1)" 16 (¥ ())(G/H)(y)

n+1
=r(G/H)(y) " O™ (f)(G/H)(oy) + > _(=1)'W"(f)(G/H)(dy)
=1
n+1
=r(G/H)(y) " M (bm (9, . n)0oy)) f +Z M (b€ (D.... yDiy)) f(o @)
n+1
=H(G/H) )" M€ O ) (@) & 3 (1) M Oty S o).

Note that J(y ... ny1)y = 0(1,... n)0iy for i > 0.
On the other hand,

U (1)) (G/H) (y)
om)((=1)""16f)(y)

n+1

w){M (o) f ‘|‘Z

bm (01, n+1)Y)

be(a 1,---,n+1 y)
=M (vy ki ke L

Therefore, we need to compare the first two terms on the left hand side of the above
two expressions. By the definition of the action of 71X on M; and by Example 2.4.3, we

have

e By .. O
w(G/H)(y) " M (v M ag))

=M (b&;' (00,2, 1)) © b0z, mr1)¥] © €l (O ,e 1y y)) M (b€ (Oia... ) Boy)
=M (b (01, m)O0y) © bEx (80,2, ms1)¥) © b0z, 1y ] © DEH (D1, t1yY))
=M ([02,... n+1)Yl © VR (D1, mi1)Y))

:M(be(a(l, . ,n+1)y))M(U*)

Observe that J(g2,... n+1)¥ = (1,2, ,n)90y. Hence ¥* is a cochain map.
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Next we define a map
I': Ca(X;k,0) = Sa(X; M)

as follows. Let f € CA(X;k,¢) and o: G/H x A[n] — X be a non-degenerate
equivariant n-simplex of type H. Let y = o(eH,A,). Define

b (O, myY)
A,

I*(f)(o) := M(on vn) f(G/H)(y).

To show that I'™(f) € SA(X; M), suppose a~'Ha C K, and o, 7 are non-degenerate
equivariant n-simplices in X of type H and K respectively, such that ¢ and 7 are
compatible under a: G/H — G/K. Let z = 7(eK,A,,). Then y = az. Note that

M(on = 7 )T (f)(7)

b (01, m
Moy 25 1) M (g 00,

=M (91, m?) 0 ax) f(G/K)(2)

vi) f(G/K)(2)

and
I"(f)(0) = Mo 2Oy (G H) ).

But by the naturality of f we have f(G/H)(y) = Mp(a)f(G/K)(z). Moreover,
b€k (01, m)2) © @, k] = ax 0 bE[ (O(1,... n)Y)-

Hence I'(f)(0) = M(a.)T™(f)(7). Thus I'*(f) € SE(X; M).
It remains to show that U* and I'* are inverses to each other. Take f € S&(X; M)

and let o be an equivariant n-simplex of type H. Then,

() o)
I @ ()(0)
=M (o S0, ()G H) )
b (O, myY) bEr (01, .m)Y)
=M(ocyg ——————— vg)M(vg ———————— o) f(0)

=f(0).

Thus we have I'"U" = ¢d. Similarly, "I = 4d. This completes the proof of the

theorem. O
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3.5 The equivariant Serre spectral sequence

The aim of this last section is to derive a version of the Serre spectral sequence for a
G-Kan fibration. To do this, we give an alternative description of the simplicial Bredon-
Illman cohomology with local coefficients of a GG-simplicial set in terms of the cohomology
of small categories, following [MS93], [MP02].

We briefly recall the definition of the cohomology of a small category, in the sense
of Quillen [Qui67]. Suppose that C is a small category. The nerve of C is the simplicial
set N(C) = {N,(C)}n>0 whose O-simplices are the objects of C and whose n-simplices
(n > 0) are n-tuples (uy,--- ,u,) of composable maps Cyp - C; 2 ... X% C,, in C.

The face and degeneracy maps are given as follows.

80(“’17'” ,Un) = (UQ,"' 7un)7 871(”17'” ,Un) = (Ul,"' 7un—1)7
Oi(ur, - yup) = (U1, -+, Uim1, Ui1 O Uj, Uig2, -+ ,Up), 0<i<m,
SO(ula"' 7un) = (id,U1,"' 7“%)7 Si(uly"' 7un) = (ula"' 7ui7id7ui+17"' aun)a 1> 0.

Let M : C — Ab be a contravariant functor. Let C™(C; M) be the set of all functions on
N,,(C) which sends an n-simplex (u1, - ,uy) to an element of M(Cp). The differentials
in the associated cochain complex C*(C; M) = {C™(C; M)},>0 are obtained from the
face maps of N(C) by taking alternating sums. Then the cohomology of the category C
with coefficients M is defined by

H™(C; M) := H"(C*(C; M)).

Let G be a discrete group and X be a G-Kan complex. Then we have a category
Ag(X) described as follows. Its objects are G-simplicial maps o: G/H x A[n] — X,
where H is a subgroup of G and n > 0. A morphism from o: G/H x A[n] — X to
7: G/K x Alm] — X is a pair (@, a), where a: G/H — G/K, a 'Ha C K, is a G-map
and a: A[n] — A[m] is a simplicial map such that 7o (a x «) = 0. There is a canonical
functor vx : Ag(X) — IIX which sends 0: G/H xA[n] — X to oy = 00(idXd(12,... ))-
For a morphism (a, ) in Ag(X), vx(a,a): og — T is the morphism [a, ¢] in IIX where
Y¥: G/H x A[1] — X is an equivariant 1-simplex of type H obtained as follows. Suppose
that

- _ K
7o (id x 5(1’.__,07(5)._.’m))(eK, A)=we X

Let Q be a 2-simplex in X% determined by the compatible pair of 1-simplices (&g, 21 =
$101w, 2 = w). Then ¥ is given by d(eH, A1) = adpf2.
If X is any G-simplicial set, then we define Ag(X) = Ag(S]|X]).

For a small category C, let Ab(C) be the category of all contravariant functors from
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C to Ab. The set of morphisms between two objects of Ab(C) is the set of all natural

transformations of functors.

Definition 3.5.1. A functor M € Ab(Ag(X)) is said to be G-local if
M =viM =M ovx

for some M’ € Ab(I1X). For a G-local coefficient system M, the equivariant cohomology
of X with coefficients M is defined to be

he(X5 M) == H*(Ag(X); M),

where the right-hand side denotes the cohomology of the category Ag(X).

Theorem 3.5.2. Let X be a G-simplicial set and M be an equivariant local coefficient

system on X. Then there is an isomorphism
HE(X; M) 2 hi(X; M).

(On the right we identify M with v (M)).

Proof. Let X be the bisimplicial set whose (p, ¢)-simplices are triples (u,a,0) € Xp,q,
where

w= (fno] 5 [m] = - = [ny]) € Np(A),

a=(G/Hy %% G/H, — --- 2% G/H,) € N (O¢),

o: G/H, x Alnp] — X is a G-simplicial map.

The face and degeneracy maps of X are induced from those of N(A) and N(Og). Then

diagonal(X) = N(Ag(X)).
To every (u,a,0) € anv associate a G-simplicial map
T=00(ago---oar xupo---our): G/Hy x Alng] — X.

Let CP9(X; M) denote the set of all functions on X,, which sends an element
(u,a,0) of X,, to an element of M(vx(7)). This yields a bicomplex C**(X; M) with
obvious differentials dj, and d, induced from the face maps of X. Denote the total
complex of C**(X; M) by Tot C**(X; M). Let diag C**(X; M) be the cochain complex
whose p-th group is CPP(X; M) and differential is dd,. Then by a result of Dold and
Puppe ( [DP61]), we have

H™(Tot C**(X; M)) = H"™(diag C**(X; M)).
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Now CPP(X; M) can be interpreted as the set of all functions on N(A¢g(X)) which sends
a p-simplex (19 — 71 — --- — 7) to an element of M (vx(7p)), and the differential on
CPP(X; M) is just the differential induced from the face maps of N,(Ag(X)). Hence,

H"(diag C**(X; M) = H" (Ac(X); vy M) = hy(X; M).

Recall that the spectral sequence associated with the p-filtration of the bicomplex
C**(X; M) converges to the cohomology of the total complex, since it is a first quadrant
spectral sequence.

We now compute the F1-term of the spectral sequence associated with the p-filtration
of the bicomplex C**(X, M).

Suppose Xr(f): OF — SETS C Cat is the functor which sends G/H to XH . Let

Co=[ X[
Oc
be the category obtained by the Grothendieck construction on the functor X}l_). We
can identify C,, with the category whose objects are equivariant n-simplices of X, and
a morphism from o: G/H x A[n] - X to7: G/K x A[n] - X is a G-maps a: G/H —
G/K such that 7o (a x 1) =o.

Define a functor
M, : CP — Ab

which takes an object o: G/H x A[n] — X of C, to M(vx(0)). If a: G/H — G/K
is a morphism from o to 7, then [a, k] is a morphism in IIX from vx (o) to vx(7) and
we define M, (a) = M([a,k]). Here k: G/H x A[l] — X is given by k(eH,A;) =
so(vx (o) (eH, Ag)).

Fix a u = ([ng] =% --- -5 [np]) € Np(A). Let us denote the composition upyo---oug
by w again. Corresponding to this u, there is a functor F': C,,, — Cy, which takes an
object o: G/H x Alny] — X of Cp, to oo (id xu): G/H x Alng] — X and a morphism
a: G/H — G/K between o: G/H x Aln] - X and 7: G/K x A[n] — X to a. We

define a functor M, on C,, to be
M, = M,, o F.

Then for all p > 0,
cri(x;M) = [ CUCw,: M),
u€Np(A)

the correspondence being given as follows. Let f be an element of C?9(X, M). Then f
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induces an element

(fu) € H Cq(cnp;Mu)a

u€ENR(A)

where f, € C4(Cy,; M) is as defined below. To a simplex

a1 x1 agx1
V=09 — - —— 0,4, 0;: G/H; x Aln,] = X,

of the nerve of C,,, we associate an element (u,a,0) € Xp,q, where u is given by the
choice of the index, 0 = o, and o = (G/H LN G/Hy — --- G, G/H;). Then
fu() = f(u,a,0).

Conversely, let (fu) € [l,en,a)C¥Cny; Mu). Then we get f € CPI(X; M) as
follows. A (p, q)-simplex (u,«, o) of X, given by

u = ([ng] 5 [ra] = -+ % [ny]) € Np(A),

o= (G/Hy 2 G/Hy — - 25 G/H,) € Ny(Og),
o: G/H, x Alnp] — X is a G-simplicial map,

A Ay x1
corresponds to a g-simplex v = 7 G, T — BN 74 of the nerve of C,,, where
7o =0 and 7; = 741 (&1 X 1). Set f(u,a,0) = fu(v).
Let us denote the differential on C*(C,,; M,,) by dy. Then CP*(X; M) is isomorphic

to the cochain complex

( TI cc@Cnid), T )

uEN,H(A) u€ENp(A)

It follows that
HYCP*(X; M)) = H HY(Cp,; My).
uEN,(A)

We now compute H9(Cy,; M,). Let ey denote the 0-simplex (0) € A[ng]. Then
u(eg) € Alnplo. Define a G-simplicial map ¢: G/H x A[0] - X by o(eH,u(ep)) = 0.
Then M, is naturally isomorphic to the functor which takes o to M (o) and hence to
M, Thus,

H*(Cp,;s My) = H*(Cpyys Mp,,).

Now, for any n > 0, S,,(X) is a G-set, the G action being induced by the action on X.
Recall that for the G-set S = G/H, the “global section” or the “inverse limit” functor,

r: Ab </OG(S)<>> — Ab
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is an exact functor ( [MS93]). Also, any G-set S can be written as a union of orbits,
say S = |Jy G/H, where the union is over conjugacy classes of isotropy subgroups, one

representative chosen from each class. If D = fOG S(-) and we let

/ (G/H)) = Dy,
Oc

then D is the union of the categories Dy. Also, if M € Ab(D) and we denote M|p,, =
My, then My is a contravariant functor on Dpg. It is clear from the definition of

cohomology of categories that

HY(D; M) = P H(Du; Mu).
H
Also I'(M) = @y I'(Mp). Combining these facts, we get for all n > 0,

F(Mn) if¢g=0,

H(Cni M) = { 0 if >0

Now recall that I'(M,,) consists of all functions ¢ which take an object o of C, to
an element of M, (c) = M(vx (o)) so that if a: G/H — G/K is a morphism between
o: G/HxAln] - X and 7: G/K xA[n] — X i.e. if ro(ax 1) = o, then M, (a)(¢(1)) =
¢(o). Hence

[(M,) = SH(X; M).

Thus for each u = ([ng] = -+ — [np]) in N,(A) we get a copy of Si¥(X; M) which we
denote by Sg(u) (X; M), and we have

n(u) (3. e
EPY = HY(CP*(X; M)) = HueNp(A) Sa (X;M) if ¢ =0,
1 ) .
0 if g > 0;

where Sg(u) (X; M) is a copy of SiF(X; M) for every u = ([ng] — -+ — [n,]). Thus,
HP(Tot O**(X:M)) = HP([],en(a) 56" (X M)
= HP(A;55(X; M)),

where Sg.(X; M) is the cosimplicial group which takes [n] to S{(X; M) with obvious
face and degeneracy maps induced from those of A. Then we know that ( [MS93]),

HP(A; S&(X; M) = HP(5¢(X; M)).
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Hence,
HP(Tot C**(X; M)) = HZ(X; M).

O]

We are now in a position to derive the required spectral sequence. Let X,Y be
G-simplicial sets and f: Y — X be a G-Kan fibration. Let M be a G-local coefficient

system on Y. For g > 0, we have a contravariant functor
h&(f, M): Aq(X) — Ab,

defined as follows. For an object o: G/H x A[n] - X of Ag(X), let 0*(Y') be the total
complex of the pull-back of the G-Kan fibration f: Y — X via o. Then o*(Y) is a

G-simplicial set and define
h&(f, M)(0) = hi (0™ (Y); 6" M),

where : 0*(Y) — Y is the canonical map and 6*M is the equivariant local coefficient
system on o*(Y) obtained by the pull-back of M via & . We claim that h&(f, M)
factors through vx yielding a G-local coefficient system on X. To prove this, we use
the following result ( [MS93], the proof of Theorem 2.3).

Theorem 3.5.3. Let f: Y — X be a weak equivalence in GS. Then for any G-local

coefficient system M on X, f induces an isomorphism
ha(X; M) = he(Ys f*M).

Recall that a G-simplicial map f: Y — X is a weak equivalence in GS if, and only
if, f7:YH — XH is a weak equivalence in S for each subgroup H of G. Therefore,
the claim will follow from the above result, provided we prove that for a simplicial map
u: Alm] — Aln], the map (o(id x u))*(Y) UN o*(Y') covering (id x u): G/K x Alm| —
G/K x Aln], is a weak equivalence in GS. To justify this, observe that the middle and
the left vertical arrows of the following pull-back diagram are G-Kan fibrations. This is

because in a closed model category, the class of fibrations is closed under pull-back.

(o(id x u))*(Y) o (Y) - Y

f2 fi f

idxXu o

G/K x Alm] “Z% G/K x Aln]

X

Moreover, for each subgroup H of G, the simplicial map (id x u) is a weak equivalence
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in §. Therefore, it follows from the homotopy long exact sequences of the fibrations
A that @ is a weak equivalence in S for each subgroup H of G. Hence @ is a

weak equivalence in GS.

Theorem 3.5.4. Let X,Y be G-simplicial sets. For any G-Kan fibration f: Y — X
and a G-local coefficient system M on 'Y, there is a natural spectral sequence with Fo-
term EY? = HE(X; h%(f, M)) converging to HE™(Y; M).

Proof. The proof is parallel to the proof of Theorem 3.2, [MS93]. We only mention
the essential steps. A G-Kan fibration f: Y — X induces a functor Ag(f): Ag(Y) —
Ag(X) and we have a Grothendieck spectral sequence [Seg74]

HP(Ac(X); h(AG(f)/ = M) = HP T (Ag(Y); M).

It is enough to show that the two contravariant functors h?(Ag(Y)/—; M) and hi,(f, M)
from Ag(X) to Ab are naturally isomorphic. For an object o of Ag(X), let Ag(f)/o
be the comma category. This is defined as follows. Objects of Ag(f)/o are pairs (7, u)
where 7 € Ob(Ag(Y)) and u: Ag(f)(1) — o is a map in Ag(X). Morphisms from
(1,u) to (7',u’) are maps a: 7 — 7/ such that v’ o (Ag(f)a) = u. A direct computation

shows that there is a canonical equivalence of the categories

which is natural in o. Hence we have natural isomorphism of functors
hi(Ag(o™(Y);6°M)) = h*(Ag(f)/o; M).

The result now follows from Theorem 3.5.2.



Chapter 4

Classification of simplicial
Bredon-Illman cohomology with

local coefficients

4.1 Introduction

The aim of this chapter is to prove a classification theorem for simplicial Bredon-Illman
cohomology with local coefficients of a G-simplicial set, as introduced in the previous
chapter. We first prove a classification theorem for equivariant twisted cohomology of a
G-simplicial set, generalizing the corresponding non-equivariant result [Hir79]. We then

use Theorem 3.4.9 to deduce the desired result.

4.2 Generalized Ogs-Eilenberg-MacLane complexes

For a group m and a non-negative integer n, let L;(A,n) denote the general-
ized Eilenberg-MacLane complex determined by a m-module (A, ¢), as described in
Section 1.7. Our aim is to derive an equivariant version of Theorem 1.8.7. The role of
the classifying complex in the equivariant context is played by an Og-Kan complex as
described below.

Let = be an Og-group and My be an abelian Og-group equipped with an action
¢: m x My — My of w. For an integer n > 0, we have a simplicial abelian G-group (i.e,
a simplicial object in the category of abelian Og-groups) C(Mp,n), where

C(Mo,n)(G/H)q = C"(Alg]; Mo(G/H)), q=0,

for every object G/H of Og. For a morphism a: G/H — G/K in Og, the map

o7
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C(Mp,n)(a) is the coefficients change homomorphism, induced by the homomorphism
My(a): My(G/K) — My(G/H). Define natural transformations

0": C(My,n) — C(My,n+1), n>0,

where 6"(G/H),: C"(A[g]; Mo(G/H)) — C™" 1 (Alq]; Mo(G/H)) is the ordinary simpli-
cial coboundary of the simplicial set A[g], H C G being a subgroup and ¢ > 0. Then
it follows that 6"*! o 6" = 0. Note that the m-action on My induces an m-action on

C(Mp,n) in the following way. For a subgroup H of G,

= ¢(G/H)(v,-) o p, p€ C*(Alg]; Mo(G/H)), v € m(G/H).

Let Wr denote the Og-Kan complex, as described in Example 2.3.4. Recall
that (cf. Example 2.4.2) we have an Og-twisting function x(w): Wr — m, given
by k(m)(G/H)([71,72: " ,Y]) = 71. We denote the Og-twisted cartesian product
C(Mo,n) X Wr by xg(Mo,n). Then x4(Mo,n) is an Og-Kan complex and for
any subgroup H of G,

Xo(Mo,n)(G/H) = C"(A[~]; Mo(G/H)) X y(x)(c/m) Wr(G/H).

Let K(My,n) denote an Og-Eilenberg-MacLane complex of type (My,n). Then the
canonical model of K (Mj,n) is given by

K(My,n) = Ker(6": C(Mp,n) — C(Mp,n+1)).

For the canonical model of K (Mo, n), let Lgy(Mo,n) = K(Mo,n) X,.x) W be the Og-
Kan complex as introduced in Example 2.4.5. Note that for any subgroup H of G,
Lg(My,n)(G/H) is the generalized Eilenberg-MacLane complex

Lu(Gm)(Mo(G/H),n) = Z"(A[=]; Mo(G/H)) X wmy(c/my Wa(G/H).
Since any two models of K(My,n) are naturally isomorphic, K(Mo,n) X, Wr is
isomorphic to Ly (Mo, n) for any model of K (Mo, n).

Definition 4.2.1. The Og-Kan complex Lg(My,n) is called the generalized Og-
Eilenberg-MacLane complex determined by the m-module (M, ¢).

We have the natural projections onto the second factor

X¢(M0,n) £> Wﬂ, L¢(M0,n) £> Wx

and we view these Og-Kan complexes as objects in the slice category OgS | Wrr.
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We shall need the following lemma.

Lemma 4.2.2. For a subgroup H of G and an integer ¢ > 0, consider the G-simplicial
set G/H x Alq]. Let = be an Og-group and (My,$) be a m-module. Suppose that
k: ®(G/HxA[q)) — m is an Og-twisting function. Then there is a cochain isomorphism

Ep: Co(G/H x Algl; 5, ¢) = C*(Alg]; Mo(G/H))

which is natural with respect to the morphisms in O¢.

Proof. Let f € CA(G/H x Algl;k,¢) and a € Alg], be non-degenerate. Suppose
a = (ag, -+ ,0ap), where 0 < ap < a1 < -+ < a, < ¢. Recall that (cf. Section 2.5)
f:C,(G/H x Alq]) — My is a natural transformation. Define

Efy: Ca(G/H x Algl; k5, ¢) = C"(Alg]; Mo(G/H)),

by
B (f)(a) = k(G/H)(eH, (0,0)) " f(G/H)(eH, ).
Observe that (eH, (0,ag)) and (eH, «) are respectively a 1-simplex and an n-simplex in
(G/H x Alg])", and the right-hand side of the above equality is given by the action of
=(G/H) on Mo(G/H).
To check that E} is a cochain map, let f € CA YG/H x Algl;s,¢) and
a = (ag, -+ ,an) € Algl,. Then

EF(6xf)()
=r(G/H)(eH, (0,00)) ™" (6:f)(G/H)(eH, )
=(=1)"k(G/H)(eH, (0,00))" {x(G/H)(eH, )" f(G/H)(8o(eH, )

n

+Y (~1)'f(G/H)(@i(eH, a))}.

=1

On the other hand,
(B ()
= —mi B ()0
=(=1)"[x(G/H)(eH, (0,01))"" f(G/H)(eH, do)

+ (~1)'K(G/H)(eH, (0, 00)) " f(G/H)(eH, d;0x)).
i=1

Note that 0;(eH,«) = (eH,0;r). Therefore, E}, will be a cochain map provided we
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show that
#(G/H)(eH, a)x(G/H)(eH, (0,00)) = 5(G/H)(eH, (0, a1)).
We may assume that ag # 0. For, if ag = 0, then by the property of a twisting function
R(G/H)(eH, (0,00)) = £(G/H)(so(cH, (0))) = ex,
er being the identity of the group #(G/H). Moreover,

w(G/H)(eH, (0,a1))
=k(G/H)(9a,... ny(eH,a))
=00,... n-1)k(G/H)(eH, o)
=k(G/H)(eH, ).

The last equality holds because all the face maps of the group complex n(G/H) are
identity. So suppose ag # 0. Now observe that o = 9y, where 8 = (0, ap,- -+ ,ap) is
an (n + 1)-simplex of Alg]. So K(G/H)(eH,a) = k(G/H)(0o(eH, 3)). Furthermore,

K(G/H)(eH, (0,00)) = £(G/H)(2,... nt1)(eH, B)) = w(G/H)(eH, ).

Therefore,
k(G/H)(eH,a)x(G/H)(eH, (0, 0))
=r(G/H)(0o(eH, B))r(G/H)(eH, B)
=r(G/H)(eH, 01 p).
Now note that 015 = (0, a1, a9, -+ ,ay,). As a consequence,

K(G/H)(eH, (0,a1)) = &(G/H)(a,... my)(eH,018)) = k(G/H)(eH, 1 8).
The inverse
(Bfp) ™" C*(Algl: Mo(G/H)) — CG(G/H x Alg]; 5, ¢)
is defined as follows. Suppose ¢ € C™(A[g]; Mo(G/H)). Then
f=(Er) " (c): Co(G/H x Alg]) = Mo

is given by
F(G/K)((a, o)) = Mo(a)(r(G/H)(eH, (0, a0))c(a)),
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for any object G/K in Og and for any n-simplex (G, ) in (G/H x Alq])X, where
a=(ap, - ,ap) with 0<ay<a; <+ <a, <q.
Observe that
a € (G/H)X = Homg(G/K,G/H) = Moro,(G/K,G/H).

To prove the last part, suppose 4: G/H — G/K,a *Ha C K, is a morphism in Og.
Let ': ®(G/K x Alg]) — © be an Og-twisting function. Let x = ®(a X id)x’ be the
twisting function induced by the G-simplicial map (a xid): G/H x Alq] - G/ K x A[q].
Let

(@ x id)": CG(G/K x Algl; ', ¢) — C&(G/H x Algli k, )

be the cochain map induced by (a x id) (cf. Section 2.5) and let
Mo (a).: C*(Algl; Mo(G/K)) — C*(Alg); Mo(G/H))

be the map induced by the coefficient homomorphism My(a): My(G/K) — My(G/H).
We need to verify the commutativity of the following diagram.
E*
C&(G/H x Algli v, ¢) — C*(Algl; Mo(G/H))

(axid)* Mo(a)«

CH(G/K x Alg); ', ¢) —— C*(Alg]; Mo(G/K))

Let f € CL(G/K x Algl; v, ¢) and a = (ap, - - , ) be a non-degenerate n-simplex
of Alg]. Then

Mo(@)n o B (f)(a) = Mo(a)(w'(G/K)(eK, (0,a0)) "' f(G/K)(eK, a)).
On the other hand,

Ejp o (axid)"(f)(a)
=r(G/H)(eH, (0,00)) " (@ x id)n())(G/H)(eH, a)
=k(G/H)(eH, (0,00)) " f(G/H)(a x id)(eK, a)
=r'(G/H)(aK, (0,a0)) "' Mo(a) f(G/K)(eK, )
=Mo(a)(x'(G/K)(eK, (0, a0)) ' f(G/K)(eK, a)),
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by naturality of f and the definition of the twisting function x’. Hence the above

equality holds. O

Suppose X is a G-simplicial set. As before, let My be an abelian Og-group with
a given action ¢ of an Og-group . Let k: ®X — 7 be a given Og-twisting function.
Recall that the Og-twisting function x(zx): Wr — 7 of Example 2.4.2 is given by
k() (G/H)([v1, -+ +7q)) = 71, where y1,- -+ ,v4 € m(G/H). We have a natural map of
Og-simplicial sets
0(k): ®X — W,

defined as follows.
0(k)(G/H)q: Xf — Wr(G/H),;, H C G asubgroup,

x> [5(G/H)g(x), K(G/H)q-1(00), -, 5(G/H)1(8 ' )).

Note that x(m) o 0(k) = . Let (2X, x¢(Mo,n))yp, denote the set of all liftings of the
map 0(k) with respect to p: x4(Mo,n) — Wr. Clearly, (®X, Xo(Mo, 1))y, has an
abelian group structure induced fibrewise from that of the cochain group. Note that we

have a map
X mid —
C(Mo,n) X k(x) Wnx A) C(My,n+1) X k(x) w

,

and the following commutative diagram.

5% o (myid —
C(Mo,n) Xz Wn e C(Mo,n +1) Xy Wr

dX 50 Wx

Therefore, if f € (PX, X¢(Mg,n))W£, then (0" X (ryid)o f € (®X, xg(Mo,n+1))77,-

We write

f(G/H)(z) = (¢,s), where = € Xf, ce C"(Alq); My(G/H)) and s = 0(k)(G/H )4(z).

Then (0" X () id) f(G/H)(x) = (6"¢,s). But "1 06" = 0. Thus
{(<1>X) X¢(M07 *))Wﬁv o XH(E) Zd} = {(CI)Xv X(b(MOa n))Wﬂa 5" XH(E) id}nzo
is a cochain complex.

Theorem 4.2.3. Let X be a G-simplicial set,  be an Og-group, (Mg, ¢) be a m-module
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and k: X — 7 be an Og-twisting function. Then there is a cochain isomorphism

U {(@X, Xo(Mos %))z (0 Xu(m) id)} = {CG(X; K, 9),0r -

Proof. Suppose f € (2X, x4(Mo,n))y,. Then V" f: C, X — My is a natural trans-
formation defined as follows. Let G/H be any object in Og and z € XI. Suppose

f(G/H)(x) = (c,s), c € C"(A[n]; Mo(G/H)), s € Wr(G/H)s.

Then V" f(G/H)(x) = c(A,). The naturality of ¥"f follows from that of f. The
assignment f — WU f defines the homomorphism ¥™.

To check that U* is a cochain map, we compute W+ (5" X u(m) id) f. As before, for
v e X[, it f(G/H)(x) = (.9), ¢ € CM(Aln+1; My(G/H)), 5 = 0(x) (G H)s (x) €
Wa(G/H)ny1, then (6™ X (x id) f(G/H)(z) = (0"¢,s). Therefore,

VO X () id) f(G/H) ()

=0c(An+1)
n+1

=(—1)"*! Z(_l)ic(aiAn+1)'
=0

On the other hand,

0x (V" f)(G/H) ()
n+1
=(=1)" " [5(G/H )1 (2) 10" f(G/H)(Doz) + Y (=1)' 0" f(G/H)(9z)).
i=1

Since f(G/H) is simplicial, we have
F(G/H)(Gox) = 00 f (G/H)(x) = ((x)(G/H)(s)oc, Bos),
by the definition of the face map dy in x (Mo, n)(G/H). Therefore,

Ut f(G/H)(Oox) = (@) (G/H)(8)0oc(An).-
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Now observe that the following diagram is commutative.

Recall that 5 = 0(x)(G/H)p+1(z) and, as a consequence,
w(m)(G/H)(s) = K(G/H ) ().
Thus
K(G/H) i () 0" £(G/H)(B0z) = 0pe( D) = e(Bo(An)) = e(O0Ans1).
Similarly, for i > 0,

U f(G/H)(0ix) = Oic(An) = c(0i(An)) = c(0iAny1).

Therefore, we have
5e(U™f) = W™ X () id) £

Hence ¥ is a chain map.

Conversely, we define a homomorphism
I CB(X3k,6) = (DX, xo(Mo,n))ir,
in the following way. Let
[ € Ca(Xsk,¢) = Home, (C,(X), Mo).
To define I f: ®X — x4(My, n), note that for any subgroup H of G and x € Xf,
I"(f)(G/H)(x) € C"(Alg]; Mo(G/H)) x (Wr(G/H))q

with 0(k)(G/H)(x) as the second component, as I'(f) has to be a lift of §(x). To
determine the first component of I'(f)(G/H)(x), note that the G-simplicial map



65 4.2 Generalized Og-FEilenberg-MacLane complexes

o:G/H x Alq] = X, o(eH,A,) =z induces a cochain map
0" Ca(X;k,9) » Co(G/H x Algl; k®o, ¢).
Using the isomorphism E}; of Lemma 4.2.2, we define

*(G/H)(x) = (Efo™(f), 0(r)(G/H)(x)).

Suppose a: G/H — G/K, a~'Ha C K is any morphism in Og. Let y € X(f( and z = ay.
Suppose 7: G/K x Alg] — X is the G-simplicial map with 7(eK,A;) = y. Then the

G-simplicial map o = 7 o (a x id) corresponds to x. Clearly, (a x id)* o 7% = o*, where
(a x id)*: CE(G/K x Algls w5, 6) — C5(C/H x Algl: x0T, 6)

is induced by a x id. This observation along with the naturality of £}, imply that I'"(f)
is a natural transformation. It remains to prove that I'* is the inverse of U*.

Let f € CA(X;k,¢). Then "I (f) = f. For, if H C G is a subgroup, = € XH and
o be the equivariant n-simplex of type H with o(eH, A;,) = x, then

T (f)(G/H) ()
=Ep (0" f)(An)
={rk®o(G/H)(eH, (0,0))} ' (o" f)(eH, Ap)
={k®a(G/H)(s0(eH, (0)))} ' f(G/H)(x)
=en [(G/H)(z) = [(G/H)(z).
The last two equalities follow from the properties of the twisting function x®o. It
follows that "I = id.
Next we prove that I"W¥"(f) = f for f: ®X — x4(Mo,n), a lift of (). Let H be

a subgroup of G and z € Xf. Let 0: G/H x Alg] — X be the G-simplicial map such
that o(eH,A;) = x. Then, by the definition of I'*, we have

W (f)(G/H)(x) = (Efo™ (V" ), 0(r)(G/H)(x)).

On the other hand, since f: ®X — x4(Mo,n) is a lift of 0(x), f(G/H)(x) = (c,5),
where s = 0(k)(G/H)(x) for some cochain ¢ € C™(Alg]; Mo(G/H)). We show that
c=E}o*(V"f). Let a = (ap, -+ , ) € Alg]y, be a non-degenerate n-simplex. Then

a =0 Ag,

ilai2)“' 77:(1771)
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where 0 <iq <ip < -+ <ig—p < ¢ and

{aoa"'anailv"' aiqf’n}:{o’l,Q?"' ,Q}

Then
Ef (0™ (¥" f))(@)
=r(G/H)190(G/H)(eH, (0,a0)) " o*(¥" [)(G/H)(eH, a)
=r(G/H)190(G/H)(eH, (0,a0)) " f(G/H)(o(eH, )
=r(G/H)1@0(G/H)(eH, (0,00)) 0" f(G/H) (i, i gy (eH, Ag))
=r(G/H)1®@0(G/H)(eH, (0,00)) " (Y™ f(G/H) iy g, - iy _n)T)-

Suppose ag = 0. Then the properties of a twisting function imply that
k®o(G/H)(eH, (0,0)) = ep.
Moreover, as f(G/H) is simplicial, we have

F(G/H)O, . iy ()
=0y - ,iq_n)f(G/H)(x)
=iy ig_n) (€, 8)

:(3(z‘1~-- dg—n)Cs iy - ,z'q,n)ﬁ)'

Note that since ag = 0, 71 is greater than zero. Therefore, by the definition of U*,

Ef (o™ (V" f))(a)
:‘I’nf(G/H)(a(il,ig,.-- ,iq_n)$)
:3(11 2, ,iq_n)C(An)
=c(8iy in, - ,z'q,n)An)

=c(a).
On the other hand, if ag # 0 then we must have ig = 0 and therefore,

F(G/H) (O, iy ) )
:8(i1,~~ Jq,n)f(G/H)(«T)
=0(0,i3,+ ig_n)(C: )
=00(Oiy, - ig—n)C g, ig—n)%)
=(K(m)(G/H) (O iz, ig)5) 0, ig—n) s O(0siz oo sign)5)s
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by the definition of the face map Jp in a twisted cartesian product (cf. Definition 1.6.3).
Thus, using the definition of U*, we get

U (G/H) (O igy sigom)T) = BTG/ H ) (Ofig, - ig—)5) 0, sign) C(An)-
Now observe that

K

x

)(G/H)(a(iz,--- ,z'q_n)ﬁ)
NG/H) Oy, ign)0(w)(G/H)(Po)(G/H)(eH, Ag))
m)(G/H)0(k)(G/H)®o(G/H)(eH, 0, )Aq)

&)

KR

(
(
w(
(
(

y " lg—n

k(G/H)p+1P0o(G/H)(eH, (0,0, ,ap))
k(G/H)1Po(G/H)(eH, (0, ap)).

The last equality holds because ®o(G/H) is a simplicial map,

(07 Oé(]) = a(?,m ;n+1) (Oa aqQ, - - 7an)

and all the face maps of the group complex 7(G/H) are identity maps.

Therefore,
Ef(a*(¥"f))(a) = 3(0,¢2,~~~,iqfn)C(An) = c(a).
O

Let (X, Lgy(Mo,n)), be the set of liftings of the map 0(x): X — Wr with
respect to the map p: Ly(Mo,n) — W.

Corollary 4.2.4. For every n,
I CG(X5 5, 0) = (@X, xo(Mo, 1))y
restricted to cocycles induces an isomorphism
Z6(X5k,0) = (2X,  Ly(Mo, 1))y,

Proof. The n-cocycles of the cochain complex {(®X, x4(Mo,*))y,, (0 Xu(x) id)} are
precisely (®X, Lg(Mo,n))3y,- Hence the corollary follows from the fact that a cochain

isomorphism restricts to an isomorphism of cocycles. ]

4.3 Classification

We are now ready to prove the desired classification theorem for the simplicial Bredon-

Illman cohomology with local coefficients.
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Composing the Og-twisting function x(r): Wx — 7 (cf. Example 2.4.2) with the
canonical projection p: Lg(My,n) — W, we have the Og-twisting function

k(m)p: Ly(Mo,n) — 7.

From Section 2.5, we have the twisted cochain complex CZ(Lg(Mo,n); k(x)p, ¢). We

define a cochain
Uo € CG(Lg(Mo,n); k(m)p, ¢) = Home, (C,, (Lg(Mo,n)), Mo)
as follows. For an object G/H in Og,
Uo(G/H): Cp(Lg(Mo,n))(G/H) = Mo(G/H)
is given by Uy(G/H)(c,s) = c(A,,), where
(¢,;8) € Ly(Mo,n)(G/H)n = Z"(Aln]; Mo(G/H)) X (xyc/my) Wr(G/H).

Then Uy as defined above satisfies the required naturality condition and hence is a

cochain.

Definition 4.3.1. We call the cochain Uy € C(Lg(Mo,n); k(x)p, ¢) the fundamental

cochain.
We have the following proposition.

Proposition 4.3.2. The fundamental cochain Uy € C&(Lg(Mo,n); k(m)p, @) is a cocy-

cle.

Proof. Let (¢,s) € Ly(Mo,n)(G/H)p+1 = Z™(Aln + 1]; Mo(G/H)) x Wr(G/H)pt1,
where § = [y1,- -, y1] € Wa(G/H)ni1, 11+ ,nr1 € m(G/H). Then,

(6pn(£) UO) (G/H) (C7 5)

n+1
=(=1)" M [(pr(m))(G/H)(c,5) " Uo(G/H)(Do(c,8)) + Y (=1)"Uo(G/H)(Di(c,5))]
=1
n+1
=(=1)" "y ' Uo(G/H) (k(x) (G/H)(5)doc, 00s)) + > _(—1)'Uo(G/H)(Dic, is)]
i=1
n+1
=(=1)" [y " 80c(Anta) + Z(—l)iaiC(AnH)]
=1

=0c(Apt1)
=0 (. ce Z"(An+1]; My(G/H))).
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Thus Uy € C%(Lg(Mo, n); 5(x)p, ) is a cocycle. 0
Remark 4.3.3. Suppose f € (X, Ly(My,n))gp,. Then, for any object G/H in Og,
FG/H): X = ZM(A[-]; Mo(G/H)) X () () (Wa(G/H))

induces a cochain map f(G/H)* from the cochain complex
CH(Z™(A[=); Mo(G/H)) % (wy(cymy W(G/H); Mo(G/H))
to the cochain complex C*(XH; My(G/H)) and hence
f(G/H)[Ug(G/H)) € C"(X™; My(G/H)) = Hom ap(C(X™), Mo(G/H)).
Therefore, for any = € X!,
F(G/H) Uo(G/H)(x) = Uo(G/H)(f(G/H)(z)) = Uo(G/H)(c,8) = c(An).

Thus V"(f)(G/H)(z) = f(G/H)*Uy(G/H)(z). Hence, for f € (®X, L¢(M07"))W@
the map V" f can be described as the pull-back of the cochain Uy by f, that is,

v f =1 (Vo).

Definition 4.3.4. Suppose f, g € (?X, Lg(Mo,n))y,- Then f and g are said to be
vertically homotopic if there is a homotopy H: f ~ g of maps of the Og-simplicial sets
(cf. Definition 2.3.8) such that po H = 0(k) o pr1, where pri: X x A[l] - ®X is the

projection onto the first factor.

Proposition 4.3.5. Under the isomorphism
Z&(X; K, 6) = (8X, Ly(Mo, )y
fo, f1 € ZZ(X; k) are cohomologous if and only if T™ fo, T'™ f1 are vertically homotopic.
Proof. Suppose fo, fi € Z%(X; K, $) are cohomologous. Then
fo=f1+dxh

for some h € Cp~ 1 (X, ¢). Let k1 denote the Og-twisting function obtained by com-
posing k with the projection ®X x A[l] — ®X. To show that I'fy,'fi are vertically
homotopic, it suffices to find ¥ € ZA(X x A[l];k1,¢) such that i§()) = fo and

i1(Y) = f1, where ig,i;: X — X x A[l] are two obvious inclusions. This is because, in
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that case, the image of ) under the isomorphism
Ui ZE(X x All];51,0) = (B(X x A[1]), Lg(Mo,n))y

will serve as a vertical homotopy between I' fy and T'f;.
Let Vo = prifo € Z&(X x All]; k1, ¢), where

pri: Ca(X; K, @) = CaH(X x All]; k1, ¢)
is the cochain map induced by the projection X x A[1] — X. Clearly,
i0(Vo) = 11(Jo) = fo,

where if,417: C&H(X x A[l];k1,¢0) = CE(X; kK, ¢) are the maps induced by ip and 4
respectively. Regard h € C’g*l(X ;K,®) as a cochain defined on i1(X) and we may
extend it to a cochain

B e Cg (X x A1) k1, 9)

as follows. Define 8(G/H): XM | x A[l],—1 — Mo(G/H) by sending (z, (1,---,1)) to
h(G/H)(x), and to 0, otherwise. Clearly 8 € C% (X x A[l]; k1, $) satisfies

i5(8) =0, i1(8) = h.
Set Y = Yy — 6. Observe that
i0(V) = 15(Yo — (6x,8)) = fo — 6 (i) = fo,
and similarly,

1Y) = fo = 6x(118) = fo — dxh = fr.

Conversely, suppose ' fo and I'” f1 are vertically homotopic. Then they are homo-
topic in the sense of Definition 2.3.8 and so I'" fo(G/H ) and I'" f1(G/H ) are simplicially

homotopic for any subgroup H of GG. As a consequence,
I fo(G/H)" =T"f1(G/H)".

Therefore, by Remark 4.3.3, fo = fi. O

Recall [DK83] that the category OgS of Og-simplicial sets is a closed model category
in the sense of Quillen [Qui67]. Moreover, recall that if C' is an object of a closed model
category C, then the slice category C | C, the category of objects over C, has a closed

model structure induced from that of C (cf. Example 1.8.6). In particular, the category
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OgS | Wt of objects over W € OgS is a closed model category. Consequently,
the vertical homotopy of liftings of §(x) to Ly(Mo,n), viewed as abstract homotopy of
morphisms of OgS | W, is an equivalence relation.

From Corollary 4.2.4 and Proposition 4.3.5, we obtain the following result.

Theorem 4.3.6. Suppose X is a G-simplicial set, ™ is an Og-group and k: X — @
is an Og-twisting function. Let My be an abelian Og-group and w operates on M.

Suppose that this action is given by ¢: m X My — My. Then

HG (X5 5, ¢) = [®X, Ly(Mo, n)lyp,
where the expression on the right hand side denotes the vertical homotopy classes of
liftings of the map 0(k).

Remark 4.3.7. Let T € OgS, 7 be an Og-group. Given a w-module (My, ¢) and an
Og-twisting function x: T — 7, let HA(T'; K, ¢) be the equivariant twisted cohomology
of T (cf. Definition 2.5.2). As before, we have a natural map 0(k): T — W,

0(k)(G/H)y: T(G/H); — Wx(G/H);, H C G a subgroup,

v > [K(G/H) (@), K(G/H)g-1(B0z), -, ~(G/H) (0 2)]

Observe that the proof of Theorem 4.3.6 can be carried through by replacing ®X by T
Therefore, we have
He(Ts v, 0) = [T, L¢(M07 n)]Wg

Suppose X is a G-connected G-simplicial set with a G-fixed 0-simplex v and assume
that M is a given equivariant local coefficient system on X. Let My be the associated
abelian Og-group equipped with an action ¢ of the Og-group # = 7 X. Let k be the O¢-
twisting function as given in Example 2.4.3. Then, from Theorem 4.3.6 and Theorem

4.2.3, we obtain the following result.

Theorem 4.3.8. Under the above hypothesis, we have

He(X; M) = [0X, Ly(Mo,n)lyp, for all n.
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Chapter 5

The Eilenberg theorem

5.1 Introduction

A well-known result of Eilenberg describes the cohomology of a space with local coef-
ficients by the cohomology of an invariant subcomplex of its universal cover equipped
with the action of the fundamental group of the space [Spa81], [Whi78]. A simplicial
version of the Eilenberg theorem is given in [Git63]. An equivariant version of the Eilen-
berg theorem for the Bredon-Illman cohomology with local coefficients of a G-space was
proved in [MM96]. The aim of this chapter is to derive Eilenberg’s theorem for the
simplicial Bredon-Illman cohomology with local coefficients, as introduced in Chapter
3. This is based on the notion of the universal covering complexes of one vertex Kan
complexes [Gug60]. In the equivariant context, the role of the universal cover is played
by a contravariant functor from the category of canonical orbits to the category of one
vertex Kan complexes. We begin by introducing a notion of an equivariant cohomology
of an Og-simplicial set, equipped with an action of an Og-group. This will be used to

deduce the main result of this chapter.

5.2 Equivariant cohomology of Og-simplicial sets

Let A be a commutative ring with unity.

Definition 5.2.1. An Og-group p is said to act on an Og-chain complex {C), }n>0 of
A-modules if p acts on C,,, for each n > 0, such that the differentials 9,,: C,, — C,,_;
satisfy

on(G/H)(vz) = v0u(G/H)(z), v € C,(G/H), v € p(G/H), n>1,

for each subgroup H of G.

73
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Let Ap denote the category with objects the triples (T, My, p), where T is an Og-
simplicial set, My an Og-A-algebra and p is an Og-group which operates on both T" and
My. A morphism from (T, My, p) to (T", M|, p) is a triple (fo, f1, f2), where fo: T — T",
fi: My — My and fa: p — p/ are maps in the appropriate categories such that

fo(G/H)(ax) = fo(G/H)(a) fo(G/H)(x),

f(G/H)f2(G/H)(a)mg] = afi(G/H)(myp),

for each subgroup H of G, x € T(G/H),a € p(G/H), m € My(G/H).
The p-equivariant cohomology of T" with coefficients My is defined as follows. We
have an Og-chain complex {C,(T'), 0.}, defined by

C,(T): Og — A-mod, G/H — Cp(T(G/H); A),

where Cy,(T(G/H); A) is the free A-module generated by the non-degenerate n-simplices
of T(G/H). For any morphism a: G/H — G/K in Og,

Cp(T)(a) = ag: Co(T(G/K); A) = Co(T(G/H); A)

is induced by the simplicial map T'(a) from T(G/K) to T(G/H). The boundary
On: C,(T) — C,,_,(T) is the natural transformation

On(GH): Cu(T(G/H); A) = Coy(T(G/H); A), H € G,

where 0,,(G/H) is the ordinary boundary map of the simplicial set T'(G/H). The action
of p on T induces an action of p on the Og-chain complex {C,(T),0«}. We form the

cochain complex
{C; (Tv MO) = HomP(Q* (T)v MO)a 5*}

where Hom,(C,,(T), My) consists of all natural transformations C,,(T') ERN My respect-
ing the action of p and the coboundary is given by 6"f = (=1)"*!f 0 0,41.

Definition 5.2.2. Given an object (T, My, p) € Ap, the n-th p-equivariant cohomology
of T with coeflicients M is defined as

HJ(X; Mo) == Hn(CL(T; Mo)).

Remark 5.2.3. Observe that a morphism (fo, f1, f2): (T, Mo, p) — (T", My, p") induces
a cochain map C*(fo, f1, f2): C}, (T"; M) — C(T'; Mo) as follows. For f € C7,(T"; My),
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define a natural transformation C*(fo, f1, fo)(f): C.(T) — My, by

C*(fo, J1, ) (ING/H)(x) = f1(G/H) o f(G/H) o fo(G/H)(x),

for each subgroup H of G and z € T(G/H). Then C*(fo, f1, f2)(f) € C,(T; My) and
C*(fo, f1, f2) is indeed a cochain map.

The cochain complex C} (T'; My) is equipped with a cup product defined as follows.

We have a natural transformation

§: C (T xT) = C.(T) @ C(T),

where

§(G/H): Ci(T(G/H) x T(G/H)) — C\(T(G/H)) ® C.(T(G/H))
is the Alexander-Whitney map for the simplicial set T(G/H), H C G being a subgroup.
The map {(G/H) is given by [May67],

é(G/H)(.ﬁE, y) = Z 8(i—i—l,m n)T ® 8(0,1,~-- n—NY T,YE T(G/H)n
i+j=n

We have a p-action on C,(T') induced by the p-action on T and hence, the diagonal
actions of pon T'xT and C,(T)®C,(T). Since the Alexander-Whitney map of simplicial
sets is a natural map, § is equivariant with the induced actions of p on C, (7' x T') and
C.(T)® C,(T). Then the cup product is defined as the composition

C (T Mo (T5 My) 5 Hom,(C.(T)&C. (1), Mo) S+ C3(TXT; Mo) 25 € (T My).
Here a: C;(T; My) @ C(T; Mo) — Hom,(C,.(T x T'), My) is defined by
a(f @ g)(G/H)(x @y) = (~1)*0*9W) £(G/H) (2)g(G/H)(y),

where f,g € C;(T; Mo); x,y € C,.(T)(G/H) and D: T — T x T is the diagonal map.

Remark 5.2.4. The cochain complex C}(T'; M), equipped with the above cup product,
is an associative differential graded A-algebra and the induced product in the cohomol-

ogy is associative and graded commutative.

5.3 The equivariant Eilenberg theorem

Let X be a one vertex Kan complex. For any = € X;, we denote by [z] the element of

m = m1(X,v) represented by the 1-simplex x, where v is the unique vertex of X. Recall
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that ( [Git63], [Gug60]) the universal covering complex X of X is defined as follows.
)Zn:ﬂ'xXn, n >0,
with the face maps
Oi(v,x) = (v,0ix), 0<i<n, z€X,, vEm,

and (v, %) = ([023,.. m)]7, o),

where 0(23.... )T = 0205 - - - Opz. The degeneracy maps are
81‘(77 l’) = (77 Six) 0<i<n.

Then the projection onto the second factor p: X — X has the usual properties of a
universal cover. Any map f: X — Y of such complexes induces a map f: X oY
by f(v,2) = (fo(7), f(x)), where f.: 71 (X) — m(Y) is the homomorphism of the
fundamental groups induced by f.

Remark 5.3.1. We note that given any two 0-simplices 1 = (y1,v) and zo = (y2,v)
in X , there is a unique homotopy class of 1-simplices w such that Oijw = 1, Jyw = z9,
as X is simply connected. We may represent this class by w = (y1,waw; 1), where w;

represents v;, ¢ = 1, 2.

For a one vertex Kan complex X, the fundamental group (X, v) operates on X
freely by
(Tv (’Ya 'T)) = (’YT_vaL‘)v T e 7T1(X,’U).

This action is natural with respect to maps of complexes. The following simplicial

version of the Eilenberg theorem holds.

Theorem 5.3.2. [Git63] Let X be a one vertex Kan complex with fundamental group
7 and let p: X — X be the universal covering complex. Let £ denote the local coefficient
system on X determined by a m-module (A, ¢). Then the projection p induces a natural
isomorphism

p*: H*(X; L) — H(X; A).

To prove an equivariant version of the above result, we define a contravariant functor
from the category of canonical orbits to the category of one vertex Kan complexes as
follows.

Let X be a one vertex G-Kan complex. We denote the G-fixed vertex by v. Let M

be an equivariant local coefficient system of A-algebras on X. Let My be the associated
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Og-A-algebra, equipped with an action of the Og-group X, as described in Proposition
3.3.3. For any subgroup H of G, let

thX/TI%XH

be the universal cover of X . The left translation a: X* — XH  corresponding to a
G-map a: G/H — G/K, a"'Ha C K, induces a simplicial map

a: XK - XH,
such that pgoa =aopg.

Definition 5.3.3. Let X be a one vertex G-Kan complex. Then define an Og-Kan
complex X by,

X(G/H) = XH,
for each subgroup H of G, and X (4) = a for a morphism & in Og. We call X the

universal Og-covering complex of X.

The notion of the universal Og-covering complex is the simplicial analogue of the
Og-covering space as introduced in [MM96]. A more general version, called ‘universal
covering functor’, was introduced by W. Luck [Liic89].

For any subgroup H, let o
is the identity element of 71X (G/H) = m1(X*,v). Note that the map @, induced by
a: XX — X" maps o5 to o. The natural actions of X (G/H) = 7 (X" v) on
X (G/H) = XH as H varies over subgroups of G, define an action of the Og-group #.X
on X. Thus ()?,MO,EX) is an object of Aj.

€ XH denote the zero simplex (ey,v), where ey

Theorem 5.3.4. Let X be a one vertex G-Kan compler and M be an equivariant
local coefficient system of A-algebras on X. Then, with the notations as above, there

exists an isomorphism of graded algebras
HG (X5 M) = ;X(X§M0)a

where the right-hand side denotes the wX -equivariant cohomology of X as introduced in

the last section.

Proof. Recall that for any two O-simplices =, y € XH of the universal cover of the
H-fixed point complex X there is a unique homotopy class of 1-simplices w with
Oiw = = and Oyw = y. Let us denote this class by gH(az,y) In particular, if x = 9%,
then we shall write g(f)H,y) simply by gH(y) Upon projecting EH(Jr,y) via py we

get an element &g (z,y) € m (X, v). By Remark 3.2.4, £g(x,y) corresponds to an
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automorphism b€z (z,y) of vy in IIX. To simplify notation, we will denote £ (z, y) by

£r(y) when z = oM.

Define a map

s Sg(X; M) — Homgx (C,(X), M)
as follows. Let f € S{%(X;M) and y be a non-degenerate n-simplex in XH. Let o be

the equivariant n-simplex of type H in X such that ¢’ = py o7, where 7: A[n] — XH

is the simplicial map with 5(A,) = y. Then p(f) € Hom,x(C,(X), Mp) is given by

w(F)(G/H)(y) = M(b€r(05,. my))f(0), where H C G a subgroup.

Recall that f(o) € M(op) and oy in this case coincides with v.
We check that u(f)(G/H) is equivariant with respect to the respective actions of
7X(G/H) on C,(X)(G/H) and on My(G/H). Let v € =X(G/H), y € XH and o be

the equivariant n-simplex determined by y as above. Then

u(f)(G/H)(vy) = M (b (D 2, ) 7y)) F(T),

where 7/ = pg o7y. By the definition of the action of 7 X (G/H) on C’n()/(\ﬁ; Z), we have
PH © 7Y = pH © Y, hence 7" = ¢’ It follows that

u(f)(G/H)(vy) = M(bEu (01,2, my71y)) f(0).

Now write EH(E)(LQ’,_, ,n)YY) as a composition
Ea (v, 0012, myvy) © Eu(v0™)

of morphisms in the fundamental groupoid of XH. Observe that by Remark 5.3.1,
fH(VﬁH) = ’Y_l and fH(’YﬁH7 a(1,2,-~,nﬂy) = fH(3(1,2,-~-,n)y)' Therefore,

M€ (D12, my1y)) = M(by) ™ 0 M (b (81,2, my¥))-
Thus

u()G/H)(vy) = M(by) ™ () (G/H)(y)-
It follows from the definition of the action of #X(G/H) on My(G/H) that u(f)(G/H)

is equivariant.

To check that p(f): C,(X) — My is a natural transformation, we have to show that

Mo(a) o u(f)(G/K) = pu(f)(G/H) o ay
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whenever ¢ 'Ha C K. Recall that (cf. Section 3.3) by definition of My, My(a) =

. L
M (vg 10K, vk ), where k: G/H x A[1] — X is given by k(eH, A1) = sov. Let y € XK
and a"'Ha C K. Let 7 be an equivariant n-simplex of type K in X such that 7/ = pgo7.

Then,

Mo (d)o ( NG/K)(y)

—M(vg 5 ) o M b€k (D12, myy)) f(T)

—M (v 25 vy o M([idg)x,w]) f(T)

=M([ide/m,w] o [a, k]) f(7),

where as in Remark 3.2.4, w is the equivariant 1-simplex of type K in X such that «’

represents éK(8(1727... n)¥). On the other hand,

n(fUG/H) o ay(y)
=u(f)(G/H)(ay) (5.3.1)
(é (8(12 gy))f( ),

where 0/ = pyoay = pyoaoy = aopx oy = ao7’. In particular, o and 7 are compatible

n-simplices. Thus

WFG/H) 0 ay(y) = MbEr (9 o, myay)) o M(a) f (7).

Note that v is the only vertex in X which is G-fixed and hence a, is a morphism from
vy to v, and is given by [a, k], where k = vy o (idg g X 00), 09: A[l] — A[0] being
the simplicial map as defined in Section 1.2 . Now observe that éH((?(LQ,..‘m)dy) =

f H (&0(1727... ,n)y) can be represented by aw’. As a consequence, we may write

b€ (01,9, myay) = lidgym,w o (@ X idap)]-
Therefore,

p(G/H) o ay(y)
M([’ldG/H,w o (a X ZdAm)D o M([d, k])f(T)
=M([a, k] o [idg/p,w o (& x idap))]) f (7).

From the definition of composition of morphisms in II1.X, we have

[idg/K,w] o [&, k] = [&,k‘] o [’idg/H,w o (d X ZdA[l})}
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Thus p(f) is natural.

Next we check that p is a cochain map. Let f € SE(X; M), y Xfﬂ Let o denote

the equivariant (n 4+ 1)-simplex of type H corresponding to y as described before. Then

u(0f)(G/H)(y)
:M(béH(a(Lz,-.- 1Y) (6f) (o)

n+1

=(—=1)" "' M B€r (01,2, may W) {M (0:) F( D) + D (=1 f (o))},

Jj=1

On the other hand,

op(f)(G/H)(y)

n+1

=(=1)"" D> (=1 () (G/H) ()]
=0
n+1

=(=1)" " D (=)' M0Eu (01 2, ) 0i9)) f (o))
=0
n+1

=1 M O Pz (0) 4 3 MO P i) (o)

Note that, since X# is simply connected, the morphism é 1(00,2, n+1)y) in TX H can

be factored as

fH(a(LQ,..- n+1)Ys 5(0,2,... ,n+1)y) © fH(a(l,Q,..- ,n+1)y)

and be(a(LQ,... n+1)¥s 90,2, n+1)Y) 1 precisely the morphism o. Therefore,
béH(a(o,z.-. ,n+1)y) = 0% 0 béH(a(l,Z,m ,n+1)y)-

Hence (3 f) = du(f).
To show that p is a cochain isomorphism define a map

Y Homyx (C,(X), My) — C&(X; M)

as follows. Let f € Homgyx(C,(X),My) and o be a non-degenerate equivariant
n-simplex of type H in X. Choose an n-simplex y in X such that py(y) = o(eH, A,,).
Then v(f) is given by

(o) = M(bEx (0.2, myy)) " F(G/H)(y)-

Suppose z is another n-simplex in XH such that pu(z) = o(eH, A,). Since 71 (X, v)
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acts transitively on each fibre of pg: XH _ xH , there exists an element v € 71 (X, v)
such that vy = z and hence ¥9; 5,... n)y = 9(1,2,... n)z- Thus

M (b (01,2, m)2)) " F(G/H)(2)

=M (b (01 2, myvy)) " F(G/H)(vy)

=M (bsrr (81,2, ) M (by) ' F(G/H)(y)
(b€1 (D12, myy) " F(G/H) (y).

The last equality follows from the fact that
M(béH(a(l,2,---,n)7y)) = M(b’Y)fl o M(béH(a(l,Z---,n)y))a

which we have observed in the first part of the proof while showing that p takes any
cocycle in S%(X; M) into Homyx (C,,(X), Mp). Thus the map v is well defined.

We claim that ¢(f) € S&(X; M) for any f € Homyx(C,(X), Mp). Let a~'Ha C K.
Let 0: G/H x A[n] - X and 7: G/K x A[n] — X be equivariant n-simplices such that
7o (a x id) = o, so that they are compatible. We need to show that

V(f)(o) = M(a ) (f)(T).
Let y € XX be such that px(y) = 7(eK, A,). Then the n-simplex ay € X is such that
pi(ay) = api(y) = ar(eK, Ap) = 7(aK, Ay) = o(eH, Ay).
By our choice, we have
D)) = M(bEx (01,2, myy) F(G/K)(y)

and

W(f)(0) = M(bEn (9.2, mydy)) " F(G/H)(ay).

Since f: C, (X) — My is natural, we have

f(G/H)(ay) = Mo(a) f(G/K)(y).

In the first part of the proof we have observed that

Ay O béH(a(1,27... ,n)dy) = béK(a(LQ,,.. ,n)y) O Ax.
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Moreover, recall that My(a) = M (a.). Therefore

M () (f)(T)
=M (a.)M (be(a(lz mY)” 'H(G/E)(y)
=M bk (01,2, m)¥) ™ 1OG*)J"(G/K)(y)
=M (a, 0 bsp (91 p,... myay)) F(G/EK)(y)
=M (b (D12, my@y)) ™ M (@) f(G/EK)(y)
=M (b1 (D12, my@y)) ™ Mo (a) f(G/K)(y)
=¢(f) (o).

We now check that 1) is the inverse of p. For f € S{(X; M), we have
u(f)(o)
=¢(nf)(o)
=M (b (81,9, myy) " 1e(f)(G/H)(y) (5.3.2)
:M(bfAK(a(Lz.-- ,n)y)_lM(béK(a(l,Q,m Y f(o)
=f(0).

o

Thus Yp = id. Similarly py = id. Thus p is indeed a cochain isomorphism.
To complete the proof, we need to check that u(fUg) = pu(f)Un(g) for f € SE(X; M)
and g € ST(X; M). Let y € X1

m-+n

and o be the equivariant n-simplex of type H in X

such that ¢/ = pg o7. Then we have,

u(fUg)(G/H)(y)
:M(béH(a(l,Q,mm—l-n)y))(f Ug)(o)
=M (b€ (01 2,mm¥) (=)™ [f (7)) {M (0:57)9(Lm0)}] (cf. Definition 3.4.8)
=(=1)"™"{ M (b€r (012, +m)¥)) () HM (0€8 (01, 2,--rm +m)¥)) M (0:77) 9 (Lin ) }-

On the other hand,

(nf Upg)(y)
=(=1)""(u f)(a(nJrl ) {(19) (901, my¥)}
=(—1)"™"{ M (bEr (D1, m)Oni1 msmy¥)) L (@) HM (b (B1,. )P0, m)¥))9(Lm0) }-

Note that,

a(1,2,--~m+n)y = a(l,m ,n)a(n—l—l,m n+m)Ys a(l,u- ,m)a(O,m Y = 6(0’... L, ,n+m)y'
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Since X H is simply-connected, the following composition holds in 7 X,

é-H(a(()7 o ,n+m)y) = gH(a(l,Q,--- nt+m)Ys 8(07... L, m_,_m)y) o gH (8(1,2,--- ,n+m))'

Upon projecting via pgy, we get the following composition of morphisms in ITX,
bEH(a(()7 7,-L/—\_|_1,... ,n+m)y) = bgH(a(l,Z--- n+m)Ys 8(07,,, ,n/-l‘\l,"' ,n_,_m)y) o bgH(a(l,Z,--- ,n+m)y)'

Observe that o= = b&u (912, m+m)Y; 8(0,---,n/ﬁ,~--,n+m)y)' Hence

Therefore u(f U g) = pu(f) U u(g). O
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Chapter 6

Steenrod reduced power

operations

6.1 Introduction

An important class of cohomology operations is that of the Steenrod squares and re-
duced power operations [Ste53b], [Steb3al, [Arab6]. Steenrod squares are defined for
cohomology with Zy coefficients whereas Steenrod reduced powers are defined in coho-
mology with coefficients in Z,, p # 2 a prime. A very general and useful method of
constructing these operations is given in [May70]. A categorical approach to Steenrod
operations can be found in [Eps66]. In [Git63], S. Gitler constructed reduced power
operations in cohomology with local coefficients. The main idea of Gitler’s construc-
tion is to lift the power operations in the invariant cochain subcomplex of the universal
cover of a space and reproduce the operations in cohomology with local coefficients via
Eilenberg’s description. The relevant local coefficient system in this context is obtained
by a fixed action of the fundamental group of the space on a fixed cyclic group of prime
order p # 2.

The aim of this chapter is to construct Steenrod reduced power operations in the
simplicial Bredon-Illman cohomology with local coefficients, where the equivariant local
coefficient system takes values in a Z,-algebra, for a prime p > 2. Throughout, our
method is simplicial. It may be mentioned that for a space with a group action, the
Steenrod squares have been introduced in the Bredon-Illman cohomology with local
coefficients by G. Ginot in [Gin04]. Following Gitler [Git63], we first construct the power
operations in the w X-equivariant cohomology of the ‘universal Og-covering complex’ of
a one vertex G-Kan complex X. This is done by applying the algebraic description of
the Steenrod reduced power operations of P. May [May70]. We then use the equivariant

version of Eilenberg’s theorem, Theorem 5.3.4, to reproduce the Steenrod reduced power

85
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operations in the present context. It may be remarked that our method also applies

when p = 2, and hence yields Steenrod squares too.

6.2 Algebraic approach to Steenrod operations

In this section we briefly recall the relevant part of the general algebraic approach to
the Steenrod operations by P. May [May70], necessary for our purpose.

Let A be a commutative ring. By a A-complex K, we will mean a Z-graded cochain
complex of A-modules with differential of degree 1. A morphism of A-complexes is a
degree zero map commuting with the differential. If 7 is a group, we let A7 denote its
group ring over A.

Let p be an odd prime and ¥, denote the symmetric group on p-letters. For the rest
of this chapter, unless otherwise stated, A will be the commutative ring Z, and 7 will
be the cyclic subgroup of ¥, generated by the permutation o = (p,1,2,--- ,p —1). If
not mentioned explicitly, all tensor products are over the ring A.

Let V,W be the free resolutions of A over AX,, Am respectively. We shall use the
following canonical model of W. Let W; be the An-free module on one generator e;,7 > 0.
Let N = 14+a+---+a? Y and T = a—1 in An. Define the differential d, the augmentation
e: Wy — A and the coproduct ¥ on W, respectively by the formulas

d(egiv1) = Teai, d(ea;) = Neg;_1, e(aleg) = 1;

Ylezrr) = Y e ®eaps1+ Y €251 © e,

k=i k=i
— s S
z/1(€2i) = Z €2; Q eaf + Z Z a e2j+1 X a”€egp.
j+k=i j+k=(i—1) 0<r<s<p

Thus W is a differential Am-coalgebra and a An-free resolution of A.
We denote the p-fold tensor product K ® --- ® K by KP. Then K? becomes a

Am-complex by the following 7 operation,
T(u1 @ @up) =y(T)u1 @ -+ - Ujim1 @ Ujr1 @ U @ Ujg2 -+ @ Up,

where (1) = (—1)%9(wi)deg(uit1) if 7 is the interchange of i-th and (i + 1)-th factor. We
consider W as a non-positively graded Am-complex. The inclusion of 7 in 3, induces a
morphism j: W — V of Ar-complexes.

We have the following algebraic category €(p) on which the Steenrod operations are
defined. The objects of this category are pairs (K, #), where K is a A-complex, equipped
with a homotopy associative multiplication K ® K — K, and 0: W @ K? — K is a

morphism of Am-complexes satisfying the following two conditions.
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1. The restriction of 8 to eg ® KP is A-homotopic to the iterated product K? — K,

associative in one fixed order.
. . . . i®1
2. The morphism 6 is Aw-homotopic to a composite W @ KP 2Ly @ KP 5 K ,

where @ is a morphism of AY,-complexes.

A morphism f: (K,0) — (K',6) is a morphism of A-complexes f: K — K’ such that

the following diagram is Am-homotopy commutative.

W & K?

K
id® f? f

W e (K'Y LAY

The tensor product of two objects (K, 6) and (K’,#) is the pair (K ® K', ), where
6 is the composition

We (KoK Y wewe kP o K? 4995%14 g o grow e k7 29 K o K.

Here ¢: W — W @ W is the coproduct, U: (K @ K')? — KP ® K'P is the shuffling
isomorphism and #(z @ y) = (—1)%9(@)desW)y & g,

Definition 6.2.1. An object (K, 60) € €(p) is said to be a Cartan object if the product
K ® K — K is a morphism from (K ® K, 0) to (K, 8).

For an object (K, #) of €(p), there are maps D;: HY(K) — HPI"*(K),i > 0, defined
as follows. For x € HI(K), e;®xP is a well-defined element of HPI~{(W @5, KP) [May70]
and define D;(z) = 0.(e; ® zP), where 0,: HPT 4 (W @5, KP) — HP1"{(K) is induced
by 6. We make the convention that D; = 0 for ¢ < 0. Then the Steenrod reduced power

operations
P HY(K) — HTP2P-D(K), gP*: HI(K) — HIP2P-D+(K),
are defined by the following formulas
Pi(x) = (=1)"(m)) D (g_25)(p—1) (), BP*(z) = (=1)" (M) D(g_25)(p—1)-1(2),

where m = (p — 1)/2 and r = s + m(q + ¢*)/2.
Proposition 6.2.2. The power operations satisfies the following properties.

1. P% and BP? are natural homomorphisms.
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2. PS(x) =0if 2s > q, BP° =0 if 2s > q, and P*(z) = 2P if 2s = q.

3. If (K, ) is a Cartan object then P* and SP* satisfy the Cartan formulas

Pilay) = > Pa)P(y),

i+j=s

BP M (ay) = D [BPTH )P (y) + (—1) 9P () 8P (y)).

i+j=s

Remark 6.2.3. In general SP? is single notation. But if (K,0) is reduced mod p
( [May70]) then the Bockstein homomorphism

B: H'(K) — H" ' (K),

can be defined and gP? is the composition of P*® with the Bockstein homomorphism S.

Next we recall the definition of ‘Adem object’ in €(p) [May70]. We need the following
notations for the definition.

Consider X2 as permutations on the p? symbols {(i,5)|1 < i,j < p}. Embed
T =< a > (C %) in X, by letting a(i,j) = (4,5 +1). Let oy € Ej2,1 < i < p,
be defined by «;(i,7) = (1,5 + 1) and «(k,j) = (k,j) for k # i. Let

B=ai-ap v=<pB> oc=1v, T=<ai, Q0> .
Note that § and «; are of order p and the following relations hold.
Qo = ip10G o = oy off = Ba.

Let Wi = W and Wy = W regarded as An-free and Av-free resolutions of A,
respectively. Let v, 7 operate trivially on Wy, Wy respectively. Then Wp ® Ws is a
Ao-free resolution of A with the diagonal action of o on Wi ® Wh.

For any v-module M, let T operate on MP? by letting a operate by cyclic permutation,
and by letting «; operate on the i-th factor as does 5. Let «; operate trivially on W7.
Then 7 operates on W; and hence 7 operates diagonally on Wi ® MP. In particular,
Wi ® W; is then a A7-free resolution of A.

Let (K,0) € €(p). We let X2 operate on K’ by permutations, where we consider
KP as ®f:1(®§:1Ki,j), K;; = K. We let v operate on Wy ® KP by letting (3 act as
a cyclic permutation on KP. By the previous paragraph, this fixes an action of 7 on
Wi ® (Wy ® KP)P.

Let Y be any AY:-free resolution of A with Yy = AX,» and let w: W1 ® Wl —Y

be any morphism of A7-complexes. Observe that w exists since Y is acyclic and any
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two choices of w are Ar-equivariantly homotopic.

With these notations, we have the following definition.

Definition 6.2.4. Let (K,0) € €(p). We say that (K,60) is an Adem object if there
exists a morphism of the AY »-complexes 7: Y ® KP K, such that the following

diagram is A7-equivariant homotopy commutative.

w®id

(W, @ WP) @ K¥* Y @ K7’ K
idxU id
W1®(W2®Ki”)”@» Wi, @ KP d K

Here U is the shuffle map and Y2 acts trivially on K.

The following relations among the operations P* and SP?* are valid on all cohomology

classes of Adem objects in €(p), p > 2 a prime, [May70]
e If a < pb then BePan = Zi<_1)a+i(a — pi, (p _ 1)[) —a4+i— I)BelpaerfifPi_
o T < b then GP5P" = (1) T (<) (a—pi, (9= )b —a-+i— )PP
=Y (=) (a—pi—1,(p— )b — a+1i) P gP,

where e = 0,1 and 3°P® = P* and p'P* = BP".

6.3 Steenrod reduced power operations in simplicial

Bredon-Illman cohomology with local coefficients

We apply the general method of the previous section to construct the Steenrod re-
duced power operations in the equivariant cohomology of Og-simplicial sets, as defined
in Section 6.3.4. In particular, for a one vertex G-Kan complex X, we have the re-
duced power operations defined for the wX-equivariant cohomology of the universal
Og-covering complex X of X (cf. Definition 5.3.3). We then apply Theorem 5.3.4 to
deduce the Steenrod reduced power operations in the simplicial Bredon-Illman coho-

mology with local coefficients.

Definition 6.3.1. Let p be an Og-group and T, T” be O¢-simplicial sets. Assume that
p acts on both T"and 77. A map f: T — T’ is called p-equivariant if

(G/H)(ax) = af (G/H)(x), a € p(G/H), x € T(G/H),

for each subgroup H of G.
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Definition 6.3.2. Let E,E’ be Og-chain complexes. Two natural transformations
v=Av,},w ={w,}: E — E’ are said to be homotopic if there exist natural transfor-
mations

Hy 2 Uy — Wpy1, 1 >0,

such that {#,,(G/H)}n>0 is a chain homotopy of the chain maps v(G/H),w(G/H) for
each subgroup H of G. Symbolically, we write H : v ~ w.
If an Og-group p acts on E, E' and v, w are p-equivariant, then v, w are said to be

p-equivariantly homotopic if there exists a homotopy H: v ~ w which satisfies
HolG/H)(az) = aHo(G/H) (@) for a € p(G/H), @ € B(G/H),,

for each subgroup H of G.

Definition 6.3.3. Let E, E’ be two Og-chain complexes. Then their tensor product is
the Og-chain complex E ® E’, defined by

(E® E)(G/H) = E(G/H) ® E'(G/H),

for each object G/H of Og and (E ® E')(a) = E(a) ® E’'(a) for a morphism a in Og.

Note that a chain complex W can be considered as an Og-chain complex in the
obvious way, that is, W(G/H) = W for an object G/H of Og and W(a) = id for a
morphism @ in Og. So the tensor product of W with an Og-chain complex is defined.

Let (T, My, p) be an object of A (cf. Section 5.2). Recall that the cochain
complex C(T'; Mp), equipped with the cup product, is an associative differential graded

A-algebra (cf. Remark 5.2.4). We now construct a morphism of Aw-complexes
0:W® C;(T, M())p — C;(T, M()),

so that (C}(T'; Mo),¢) becomes an object of the category &(p).
For a simplicial set L, let C.(L) denote the normalized chain complex of L with

coefficients A. We recall the following lemma from [May70].

Lemma 6.3.4. Let m be a subgroup of ¥, (m not necessarily cyclic of order p) and W
be a Am-free resolution of A such that Wy = Amw with generator eq. For simplicial sets

Ly,---,L,, there exists a chain map
Q: W RCW (L X+ X Lp) 5> W&RCy(L1) @+ @ Cy(Lyp),

which is natural in the L; and satisfies the following properties.
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1. For o € m, the following diagram is commutative.

W @ Cy(Ly % -+ X L) i

W & Cu(Lo(ry X +++ X Lo(p) —2v W& Cu(Ly(1)) @+ @ CulLo(p)

2. @ is the identity homomorphism on W ® Co(L1 X -+ x Lp).

3. ®leg ® (z1,--- ,2p)) =€ ®&(x1,- - ,xp), where z; € L; for 1 <i < p and
§:Cu(Ly X -+ x Lp) = Cy(L1) @ -+ @ Ci(Lyp)

is the Alexander- Whitney map.
4o BW & CyLy x - x L) © Tieyy W@ [Cu(L1) @ - @ Cul L.
5. Any two such ® are naturally equivariantly homotopic.

In the special case Ly = --- = L, = L, we obtain a natural morphism of chain

complexes of Am-modules
O: W R C(LP) > W ® Cu(L)?,

which satisfies the last four conditions of Lemma 6.3.4.

Let T € OgS. Applying the above special case of Lemma 6.3.4 to each simplicial set
T(G/H), we obtain chain maps ®: W Cu(T(G/H)?) - W C.(T(G/H))P which is
m-equivariant. Since @ is natural with respect to maps of simplicial sets, we see that
Oy o (idw @ C,(T(a)?)) = (idw @ C,(T(a))P) o ®x, where a~' Ha C K. Thus we have

a morphism ® of Og-chain complexes
P WeC,(TP) > W C,(T)P, defined by ®(G/H) = ¢y, G/H € Og.

Now suppose that an Og-group p operates on 1. The diagonal action of p on TP
induces a p-action on C,(T?). Also, we have an induced p-action on C,(T). We let p
operate diagonally on C,(T)? and trivially on W. The naturality of ®p with respect
to maps from T'(G/H) into itself shows that ®y is p(G/H )-equivariant. Thus the map

® is (m X p)-equivariant. Hence we obtain the following corollary.
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Corollary 6.3.5. Let T € OgS and suppose an Og-group p operates on T. For a
subgroup m of ¥, (m not necessarily cyclic of order p), let W be a Am-free resolution of

A such that Wy = Am with generator eq. Then there is a natural transformation
P WeC,(TP) > WC,(T)P

such that
1. @ is (7 X p)-equivariant.
2. ® is the identity homomorphism on W @ Cy(TP).

3. ®(G/H)(eo ® (x1,--- ,xp)) = eo ® E(G/H) (21, ,xp), where x; € T(G/H) for
1<i<pand{(G/H): Ci,(T(G/H)P) = C.(T(G/H))P is the Alexander- Whitney
map of the simplicial set T(G/H).

4. 2(G/H)W @ Ci(T(G/H)P)) € 3 papy W @ (Cu(T(G/H)))-

5. The map © is natural with respect to the equivariant maps of Og-simplicial sets

and any two such ® are naturally equivariantly homotopic.

Next we construct the map 0: W @ C;(T; Mo)? — C;(T'; Mo).
For an object (T, My, p) € Ap, let D: T'— TP be the diagonal map

D(G/H)(:L’) = (,- 1), @ ET(G/H)v

which induces a map D,: C,(T) — C,(T?). Define A: W& C,(T') — C,(T)? to be the
composite
AW @ C(T) 225 W e, (17) S W o C,(T)F — C,(T),

where the last map is the augmentation. Observe that the map A is (7 x p)-equivariant.

Moreover, we have a natural map
a: [C3(T; Mo)]P — Hom,(C.(T)", Mo)
defined by
a(fi @ @ f)(G/H) (21 @ @ ap) = (=1)"[1(G/H)(x1) -+ fo(G/H)(xp),

where f; € C3(T; Mo), z; € C,(T)(G/H), i =1,---,p and a = [[}_; deg(z}). Hence

dualising A, we get a natural morphism of Ar-complexes,

0:W® C;(T, Mo)p — C;(T, MQ),
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given by
O(w® f)(G/H)(x) = (=)™ a(f)(G/H)AG/H)(w @ z)),

where w € W, f € Cy(T; Mo)?, x € C«(T(G/H)).

Remark 6.3.6. Note that (g ® f) = D*¢*a(f) for any f € C5(T; Mp)P. As before
let V denote a AY¥,-free resolution of A and j: W — V be the map induced by the
inclusion 7 < 3,. We apply Corollary 6.3.5 for the (sub)group X, to get d:V®
C.(TP) - W ® C,(T)P. Then ® o (j ®id) satisfies the first four conditions of Corollary
6.3.5 for the subgroup 7 and hence must be equivariantly homotopic to ®. Therefore,
0: V& Ch(T; My)? — C,(T; M) can be defined such that o (j®id) is Am-equivariantly
homotopic to ¢. Therefore (C}(T; Mo),0) is an object of the category &€(p). Thus we
obtain a contravariant functor I': Ay — &€(p) by letting T'(T', Mo, p) = (C;(T'; Mo), 0)
and IT'(fo, f1, f2) = C*(fo, f1, f2) on morphisms (cf. Remark 5.2.3).

The next lemma is the key to show that (C(1'; Mo), 0) is a Cartan object of €(p). Let
¢ = (e®id)® where ® is obtained from Lemma 6.3.4 and e: W — A is the augmentation.

Lemma 6.3.7. Let L;,S; i =1,--- ,p be simplicial sets. Let u: ([]5_; Ly x [[t_; Si) —
[[-1(Li x S) and U (®7_Cx(Li)) ® (@71 Ci(Si)) = ®7_[Cu(Li) ® Cu(S;)] be shuffle
maps. Let t denote the flip map, that is t(x ®y) = y®@x. Then there exists a homotopy

p p p

H:W® C*(H L; x Hsz) — ®[C*(Lz) ® Cy(S;)]

i=1 i=1 i=1

of the chain maps £P¢(id @ u) and U(¢ @ ¢)(id @ t @ id)(¢ @ id ® id)(id x &), so that
the following diagram is homotopy commutative.

P p ‘ p p
we O[] Lix [T8) 5 we Cu([[(Li x 8)) —— Q)ICu(Li x 5))
=1 =1 =1 =1
id®¢ &P
p p p
we C*(E L)@ C*(E 5i) U(p0e)(idotoid)(bidsid) g[C’*(L,») @ Cu(Si)]

Moreover, the homotopy H is natural in the L;, S; and the following diagram com-
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mutes for o € m.

p p

W e[ Lox T8 — e QL)@ C.(s)
=1

i=1 =1

oo o

p p p
W @ Co([ [ Loy * [T Soay) - QCu(Loi)) ® Cu(Soi))]
; j =1

Proof. The proof is similar to the proof of Lemma 7.1 of [May70]. Let A; = C;([T%_; Li x
[17_, Si) and B; = [®_,Ci(L;i) ® C+(S;)]j. We construct H on W; ® A; by induction on
7 and for fixed ¢ by induction on j. Note that the two maps agree on W ® Ag. So H is
the zero map on W ® Ag. To define H on Wy ® A;, j > 0, it suffices to define on eg ® A;,
since H can then be uniquely extended to all of Wy ® A; using the commutativity of
the second diagram. The functor ey ® A; is represented by the model A[j]? x A[j]?
and W ® Bj is acyclic on this model. Therefore, by acyclic model argument, H can be
defined on eg ® A;, provided H is known on ey ® A;_1. But H has already been defined
on Wo ® Ap. Hence by induction on j, we can define H on eg ® A;, j > 0. To define H
on W; ® Aj, assume that it has already been defined on Wy @ A;, i <4, j > 0 and on
W; ® Ajr, j' < j. Choose a Am-basis {wy} for W;. As before, it suffices to define  on

w® Aj, we {wg}. We can repeat the acyclic model argument replacing ey by w, and

hence we are through by induction. O
In the special case L1 = --- = L, = L, S1 = --- = S, = S, we obtain the following
corollary.

Corollary 6.3.8. For simplicial sets L,S the two chain maps P¢(id ® u) and
Up®e)(idot®id)(y ®id®id)(id x §) from W @ C(LP x SP) to [Cy(L) @ C.(5)]P
are Am-equivariantly homotopic and the homotopy is natural in L and S.

Suppose (T, My, p) and (T', Mj, p’) are objects of Ax. With the product actions of
pxp onT xT and My® M, we have an object (T' x T", My @ M}, p x p') € Ax. The
following lemma relates I'(T x T', My @ M/, p x p') = (?’;Xp,(T x T'; My @ M}),0) to
D(T, Mo, p) & T(T', M}, f) = (C5(T; My) @ C5(T's M), 0).

Let

a: Gy (T Mo) @ Cp(T' My) — Homypyp (Co(T) @ C.(T"), Mo ® My)
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be defined by
a(f @ g)(G/H)(z @ y) = (~1)*919W) 1(G/H) () @ g(G/H)(y), H C G,

where f € CJ(T; My), g € C3(T"; My), w € C.(T)(G/H), y € C.(T")(G/H).

Lemma 6.3.9. With the notations as above, the following diagram is Am-homotopy

commutative.

(T x T'; My ® M)

* 0 *
W ® Cpo/(T X T,, MO &® M(/))p Cpol

1d@(£*a)P §ra

* * é * *
W @ [Ch(T; Mo) @ Cpy(T'; Mg)[P —— C(T5 Mo) ® Cpp (T"; M)
Proof. Let D, D', D be the diagonals for T, T", T x T’ respectively. Let
wu: TP x TP — (T x TP and U: C (T’ @ C (T")? — [C.(T) ® C, (TP

be the shuffle maps. Let ¢ be the switch map.
By the definitions of # and 6, it suffices to prove that the following diagram of

Og-chain complexes is A(m x p X p')-equivariant homotopy commutative.

W®C,(TxT) C.(T xT"P
(1)--- idx§ €°
W&C(T)®C(T') —— [C(T) @ C (T

Here
A= (e®id)2(id® D), ( =U(A® A)(id®t ® id)(¢) ® id ® id).
Let ¢ = (e ® id)®. Observe that D =u(D x D') and
(id® D ®id® D')(id®t®id)(¢Y ® id ® id) = (id ® t ® id) () ® id ® id)(id @ D @ D").

Observe that the following diagram commutes by the naturality of §.
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id®@(DxD')
_

W®C,(T xT') W ® C, (TP x T')

(2) - idRE id®E

W e Q* (T) ® Q* (T,)id®D®D/

W® C,(T") @ C,(T")

Let F denote the following diagram of Og-chain complexes of A-modules.

W e (TP x TP) ““ W C,(T x T'P) CT X Ty
(3> e 1d®¢ I3
U(¢p®9¢)(idot®id) (YRidRid)
W®C,(T7) ® C.(T7) — - [CU(T) @ C(T)P

Then F(G/H) is Am-equivariant homotopy commutative, by Corollary 6.3.8. The nat-
urality of this homotopy with respect to maps from T'(G/H) into itself implies that the
homotopy is equivariant for the p(G/H)-action on T'(G/H). Similarly, the homotopy is
p'(G/H)-equivariant. These natural equivariant homotopies of chain complexes com-
bine together to form A(m x p X p')-equivariant homotopy, which makes the diagram (3)
A(m x p x p')-equivariant homotopy commutative.

Now observe that the diagram (1) is the juxtaposition of the diagrams (2) and (3).

Hence the diagram (1) is A(7 x p x p)-equivariant homotopy commutative. O

Proposition 6.3.10. For an object (T, Mo, p) of A, T'(T, Mo, p) = (C;(T; My), 0) is
a Cartan object of €(p).

Proof. Recall that (C}(T; My),0) is called a Cartan object if the cup product is a
morphism of €(p). Now observe that

(D,id,id) (id,m,D)
5 —

(T, Mo, p) (T'x T, Mo, p) (T'x T, Mo ® Mo, p x p)

are morphisms in Ay, where m: My ® My — My is the multiplication, D denotes the
diagonal map, and we let p to operate diagonally on T x T'.

Applying Lemma 6.3.9 with (T, My, p) = (T7, M}, p’), and composing with the mor-
phism C*(id, m, D), we see that the composite {*a

@ &
C,(T; My) @ Co(T; Mo) — Hom,(C,.(T) @ C,(T), Mo) — C,(T x T'; Mo)

is a morphism in &(p). Also note that C*(D,id,id): C;(T x T'; Mo) — C,(T; Mp) is a
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morphism in €(p). Hence the cup product is a morphism in €(p). O

Next we show that C}(T'; Mp) is an ‘Adem object’ in €(p).

Proposition 6.3.11. For (T, My, p) € Ax, I'(T, My, p) = (C,(T; My),0) is an Adem
object in &(p).

Proof. With the notations of Definition 6.2.4, we first construct the map
02 Y @ C5(T; Mo)?” — C(T; My).

The procedure is similar to the construction of . We remark that the proof of Lemma
6.3.4 works for any subgroup m of Y., r being any positive integer. Thus we have a
chain map

Q:YRC (L1 X xLy) - Y®C(L1) ®--- @ Cu(Ly),

satisfying the properties of Lemma 6.3.4. As before, we specialize to Ly = -+ =
L, = L and take m = X,. The naturality of ® with respect to maps of a simplicial
set into itself allows us to pass to an Og-simplicial set T', equipped with an action
of an Og-group p, so that we get A(3, X p)-equivariant map of Og-chain complexes
P:Y@C(T') - Y®C(T)". As a consequence, we obtain a map of Og-chain
complexes A: Y ® C(T) — C(T)P* which is (X2 x p)-equivariant. Next, following the
construction of the map 6, we obtain 7.

Note that, dualizing the diagram in Definition 6.2.4, it suffices to prove that the
following diagram is A(7 X p)-homotopy commutative.

Wi e WP e C,(T) 24,

A
Y ®C.(T) —=—— ¢ (T
t®id AP

1dQA U
WY @ W1 ® C,(T) ~— W @ C (T ——— Wo® C.(T)]

Here the notations are as in Lemma 6.3.9. Define the maps of Og-chain complexes
X Q: Wi @ WE © C(TP) — C.(T)"" by

X = o(w® idg*(sz)) and Q = QPQ(idW@WQp ®P)(t® idg*(sz)).

Let D: C,(T) — C,(T?") be induced by the diagonal. Following [May67], we observe
that,
A(w ®id) = x(id ® id ® D),

and
APU(id ® A)(t ® id) = Q(id ® id ® D).
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Therefore it suffices to show that the maps of Og-chain complexes x, 2 are A(T x p)-
equivariantly homotopic. Here 7 operates by permutation of factors and the OG -group
p operates diagonally on TP° and on C,(T)?". We replace C, (T7") by C.(IT" i j=1Lij)
and C,(T)P" by ®Z] 1 C«(L; ;) in the definitions of the maps x and 2, where st
are simplicial sets. Then the chain maps, corresponding to x and ) can be shown
to be 7T-equivariantly homotopic, and the homotopy is natural with respect to maps
of simplicial sets. In the special case L;; = L, 1 < 4,5 < p, the naturality of this
homotopy for maps of a simplicial set into itself implies that the chain maps x(G/H)
and Q(G/H) are A(T x p(G/H))-equivariantly homotopic, H C G being a subgroup.
Again the naturality of homotopy shows that the maps of Og-chain complexes y, €2 are
A(T x p)-equivariantly homotopic.

O

Thus we have the following theorem.

Theorem 6.3.12. Let (T, My,p) € Ax, A = Zy, p > 2 a prime. Then there exist
functions
P HY(T; My) — HIP20=D (T M),

BP*: HYT; My) — HIP2@=UH(T; M),
which satisfy the following properties.
1. P% and BP? are natural homomorphisms.
2. PS=pBP°=0ifs<0. Also P*(z) =0 if 2s > q, fP* =0 if 2s > q.
3. Ps(x) = aP if 2s = q.

4. (Cartan formula) For z,y € HE(T; M),

S(xUy) = ZP’ YU P (y),

i+j=s

BP @uy) = Y [BPH(2) UPI(y) + (—1)* P @) U BRI (y)].
i+ =s
5. (Adem relation) If a < pb then
pepPrpb = Z(—naﬂ'(a —pi, (p— 1)b—a+i—1)gePett=ipi,
If a < pb then

BEPUBPY = (1 —e) Z(_l)a”(a —pi, (p—1)b—a+i—1)gPattripi

i
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— Z(_l)a—i-i(a —pi . 17 (p . l)b —a+ i)ﬂe'Pa+b_iIBPi7

where e = 0,1 and OP* = P* and SYP* = BP5.

Proof. We only need to prove that P° = gP® = 0 for s < 0. By definition of the power
operations, it suffices to show that D;(z) = 0 for i > pq — q, deg(z) = q (cf. Section
6.2). Recall that A = (e ® id)®(id x D) and

P(e; ® D(x)) € Z Wpg—j ® [Q*(T)]g.’ C Ker(e ®id) for i > pqg—q.

J<pq
Hence A(e; ® x) = 0 for x € C,,,_;(T). O

Let X be a one vertex G-Kan complex and M be an equivariant local coefficient sys-
tem of A-algebras on X, where A = Z,, p > 2 a prime. We define the Steenrod reduced

power operations in the simplicial Bredon-Illman cohomology with local coefficients by
Ps _ Iu*flzps'u* and BPS _ M*il(ﬁlps)u*,

where the symbols P°® and SP° on the right side of the above equalities denote the
power operations as constructed in the category Ax and p*: HE(X; M) = H;X()N(; M)

is the isomorphism as obtained in Theorem 5.3.4. Thus we have the following theorem.

Theorem 6.3.13. Let X be a one vertex G-Kan complex and M be an equivariant local
coefficient system of A-algebras on X, A = Zp, p > 2 a prime. Then there exist natural
homomorphisms

P HL(X; M) — HEV (X M),

BP*: HL(X; M) — HE P~V (X 0,

which satisfy the properties (1) — (5) of Theorem 6.3.12.
If G is a trivial group, then P® can be naturally identified with the reduced power
operations in cohomology with local coefficients [Git63].

Proof. Since the isomorphism p* of the FEilenberg theorem, Theorem 5.3.4, is natural
and respects the cup product, the first part follows from Theorem 6.3.12.

For the second part, we just remark that when G is trivial, the map
A: W@ C(T)— C(T)P

reduces to the (m X p)-equivariant chain mapping ¢': W ® Ci(X) — C.(X)P, as con-
structed by Gitler in Section 4.2 of [Git63]. O
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Chapter 7

Equivariant twisted Cartan

cohomology theory

7.1 Introduction

In this final chapter of the thesis, we prove an equivariant version of a result of Cartan
( [Car76], [McC82]) for the simplicial Bredon-Illman cohomology with local coefficients.
In Section 7.2, we recall the statement of Cartan’s theorem. In Section 7.3 we introduce
the notion of an equivariant twisted Cartan cohomology theory and prove the main

result.

7.2 Cartan cohomology theory

To generalize Sullivan’s theory of rational de Rham complexes of simplicial sets [Sul77]
to cochain complexes over arbitrary ring of coefficients, Cartan [Car76] introduced the

notion of a ‘Cohomology theory’. Let A be a commutative ring with identity.

Definition 7.2.1. A differential graded algebra over A is a graded A-modules A* =
®p>0A™ with an associative A-linear multiplication A™ @5 A™ — A" and a degree 1
A-linear map 0: A* — A* such that

6% =0; §(xy) = (5z)y + (—1)*" )z (sy).

Let DGA/A be the category whose objects are differential graded algebras over A,

and morphisms are degree zero maps commuting with the differentials.

Definition 7.2.2. A simplicial differential graded algebra over A is a simplicial object

101
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in the category DGA/A, so that for each p > 0 we have a differential graded algebra

(A%,6): A9 AL S A2
together with face and degeneracy maps 0;: Aj; — Aj and s;: Aj — A7, which
are homomorphisms of differential graded algebras satisfying the usual simplicial and

differential identities.

A map of simplicial differential graded algebras over A is a natural transformation
of functors. The category of simplicial differential graded algebras over A is denoted by
SDGA/A.

With these definitions, Cartan’s result can be described as follows.

Definition 7.2.3. A cohomology theory in the sense of Cartan over a commutative
ring A is a simplicial differential graded algebra A over A which satisfies the following

conditions.

1. For each p > 0, the cochain complex (A3, §) is exact and Z°A = Ker(A? LN Al is
a simplicially trivial algebra over A (A simplicial object is said to be simplicially

trivial if all the face and degeneracy maps are isomorphisms).

2. The homotopy groups 7;(A}) of the simplicial set A} = {A}},>0 are trivial for all
1,m > 0.

Example 7.2.4. Let A = R, the field of real numbers and Q2 = Q*(AP), the differential
graded algebra of smooth differential forms on the standard Euclidean p-simplex AP.

Then Q* is a is a cohomology theory in the sense of Cartan with (Z°Q)y = R.

A cohomology theory A determines a contravariant functor from the category of
simplicial sets to DGA /A which assigns to each simplicial set X the differential graded
algebra A(X) = {Hom(X, A})}n>0, where Hom(X, A7) is the A-module of simplicial
maps X — A7 and the differential on A(X) is induced from that of A. Then Cartan’s

theorem can be stated as follows.

Theorem 7.2.5. ( [Car76]) Let A be a cohomology theory. Then there is a natural

isomorphism of graded A-modules
HY(A(X)) = H*(X; A(4)),

for every simplicial set X, where A(A) is the A-module (Z°A)q.

In [Hir79], Hirashima generalized Cartan’s result for cohomology with local coeffi-

cients. Moreover, for a discrete group G, Cartan’s theorem was generalized in [MN98]
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for G-simplicial sets, where in the equivariant setting, the ordinary cohomology of sim-
plicial sets is replaced by the Bredon cohomology of G-simplicial sets (cf. Remark 2.5.1).

Thus Cartan’s theorem as generalized in [MNO98] may be described as follows.

Definition 7.2.6. Let G be a discrete group. Then a G-cohomology theory over A is a
contravariant functor A: Og — SDGA/A such that A(G/H) is a cohomology theory
over A for each subgroup H of G.

For a G-cohomology theory A, let A" € OgS be defined by A™(G/H), = A(G/H)y,
for an object G/H of Og and A"(4), = A(d)‘A(G/H)g for a morphism @ in Og. Note
that, A determines an Og-A-module A 4, defined by

Aa(G/H) = MA(G/H)),

for each object G/H of Og and Aa(a) = A(a)|z0(a(G/K)), for a morphism a: G/H —
G/K in Og. Moreover, A determines a differential graded algebra of A-modules Ag(X)

for any G-simplicial set X, where

Aa(X) = D Homois (X, A™).

n>0

The differential and the algebra structures on Ag(X) are induced from those of the
G-cohomology theory A.

Theorem 7.2.7. [MN98] Let A be a G-cohomology theory. Then for a G-simplicial

set X, there is a natural isomorphism of graded A-modules
HG(X524) = H' (Ac(X)),

where HE(X;Aa) is the Bredon cohomology of the G-simplicial set X with coefficients
A4 (c¢f. Remark 2.5.1).

7.3 Equivariant twisted Cartan cohomology theory

In this section, we formulate an equivariant twisted version of Cartan Cohomology
theory [Car76] and prove that the simplicial Bredon-Illman cohomology with local coef-
ficients of a G-simplicial set can be computed by the cohomology of a differential graded
algebra determined by a given cohomology theory.

Let G be a discrete group. Let Og-A-mod denote the category of contravariant
functors from Og¢ to the category A-mod of A-modules and module maps. An object of

Ocg-A-mod is called an Og-A-module and a simplicial object in the category Og-A-mod
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is called a simplicial Og-A-module. The category of simplicial objects in the category
A-mod is denoted by SA-mod.

We formulate the following equivariant generalization of Cartan Cohomology theory

suitable for our purpose.

Definition 7.3.1. An equivariant twisted Cartan cohomology theory over A is a se-

quence A = {A'};>¢ of simplicial Og-A-modules A, together with simplicial differentials

dt: A® — A1 such that the following axioms are satisfied.

1.

For each subgroup H C G, A(G/H) = (A*(G/H).,0*(G/H)) is a simplicial
differential graded algebra over A.

. For each p > 0,

0 %, 41 % 42
Ay — A, — Aj— -
is an exact sequence in the abelian category of Og-A-modules.

The Og-group , o A* is the zero Og-group, for all n,i > 0.

. The simplicial Og-A-module Z°A = ker(A° LI Al) is simplicially trivial.

. For each subgroup H C G and an integer ¢ > 0 there is a group homomorphism

@D}{ : AUtA-mod((ZO-A)O(G/H)) - AUtSA-mod(Ai(G/H»
satisfying

o Jiotpl(a) =il (a) o a e Aut((Z°A)o(G/H)), i > 0.

o Ifa € Auty ) q((Z°A)o(G/H)) and 8 € Aut,_, 4((Z°A)o(G/K)) be such
that
ao(Z°A)g(a) = (Z°A)o(a) o B, where a 'Ha C K,

then the following diagram commutes.

Aiaym) 2L xiqym)

Ai(a) A(a)

AYG/K) Vi) A (G/K)

Example 7.3.2. Let My be an Og-A-module. Define

A" = C(My,n), n >0,
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with differentials " as described in Section 4.2. Then A = {A"},,>0 is an equivariant
twisted Cartan cohomology theory with (Z°A)g = M.

Given an equivariant twisted Cartan Cohomology theory 4, we have simplicial
Og-A-modules Z™ A, n > 0, defined by

Z"A(G/H) = {Ker(6"(G/H): A"(G/H) — A""(G/H))},

for each object G/H of Og and Z"A(a) = A"(a)|z» 4(q/m) for a morphism a in Og.

Lemma 7.3.3. Let A: A° % A1 % ... be an equivariant twisted Cartan cohomology
theory. Then each A™ is contractible as an object of OgS.

Proof. For an integer n > 0 and a subgroup H of GG, we have a short exact sequence
0= Z"AG/H) — A"(G/H) % 2" A(G/H) — 0

of simplicial abelian groups. Therefore A"(G/H) — Z" "' A(G/H) is a principal fi-
bration with fibre Z" A(G/H) in the category of simplicial sets, and hence a principal
twisted cartesian product (PTCP) of type (W) with group complex Z"A(G/H) (cf.
Proposition 1.6.8). This PTCP of type (W) is naturally isomorphic to the universal
PTCP of type (W), W(Z"A(G/H)) — W(Z"A(G/H)). But W(Z"A(G/H)) is con-

tractible. The functions
B W(ZMA(GIH))y — W(Z"A(G/H))gs1, 0<i < g, g0,

H _ H H q—1
hq—i(x(b e >$0) - (Oq—i—l? e 7Oi+1760 Lg - 'aoxiJrl c Ly Li—1, " '330)’

where z; € Z"A(G/H);, 0 < j < ¢ and Oéil_r is the zero element of the abelian
group Z"A(G/H)g4+1—r, 0 <1 < q—1, define a contraction of W (Z"A(G/H)) which is
natural with respect to morphisms in Og. Hence A™(G/H) is also contractible and the

contraction is natural. Consequently, A™ is contractible as an object of OgS. O

Consider an equivariant twisted Cartan cohomology theory A = {A};>o. Let My
denote the Og-A-module (Z°A)y. Given a G-simplicial set X, an Og-group m, an
Og-twisting function x: ?X — m and a w-module structure ¢ on My, we shall con-
struct a differential graded algebra over A whose cohomology will compute the equiv-
ariant twisted cohomology of (X, ¢, k).

Observe that a m-module structure ¢ on the Og-A-module M, determines and is
determined by the group homomorphisms ¢y : m(G/H) — Aut,_,,,q(Mo(G/H)) for
each subgroup H of G, such that

¢u(m(a)y) o Mo(a) = Mo(a) o ¢k (7),
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for amorphism a: G/H — G/K in Og. Then (A", 9" ¢) is a m-module, where (¢"¢) g =
Yo dn: n(G/H) — Autg, 0q(A™(G/H)). To justify this, we take a = ¢y (m(a)y)
and = ¢x(y) in the second condition of the fifth axiom in Definition 7.3.1 and hence

we obtain the relation
Yo dp(m(a)y) o A™(a) = A™(@) o Y% o ¢ (7), where a 'Ha C K.

Therefore, in view of the observation at the beginning of this paragraph, (A", y"¢) is a
m-module.

Given an Og-group 7, consider the Og-twisting function x(rx): Wr — 7, as intro-
duced in Example 2.4.2. We form the Og-Kan fibration p: A™ X, (x Wzn — Wr by
taking the Og-twisted cartesian product as described in Section 2.4.

The given Og-twisting function x: ®X — 7 determines a map of the Og-simplicial
sets 0(k): ®X — W, defined by

0(k)(G/H)q(x) = [x(G/H) (), s(G/H)(D0x), -~ . #(G/H)(OF )], = € X,I.

We define a differential graded algebra Ay (X; k) as follows.
Definition 7.3.4. Let

AR (X5 k) ={f: @X — A" X, Wr|po f=0(k)}

This set has a A-module structure by fibrewise addition, scalar multiplication and the
zero section. We define a differential 8" : A (X k) — AZH(X ; k) by

(8" /) (G/H)(z) = (8"(G/H)e,b),

where f € AY(X;k), z € X", f(G/H)(z) = (c,b). Then Ay(X; k) = {.A;;(X;Fd),g} is a
cochain complex of A-modules. Furthermore, A, (X; ) admits a graded algebra struc-
ture induced from the differential graded algebra A. The zero element of this algebra is
given by the trivial lift 0, defined by

0(G/H)q(x) = (07, 0(k)(G/H)q()),

where x € X;I and Of is the zero of the abelian group A(G/H),.

As before we use the notation [®X, Z"A Xz Wy, to denote the set of vertical
homotopy classes of liftings of 0(k).

Proposition 7.3.5. With the above notations, we have

H(Ag(X; k) = [BX, Z"A X o) Wiy
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Proof. From the definition of 4, it follows that Ker(3") = (®X, Z"A X o(xr) WE)WE' We

now show that
Im(3"") = {f € (8X, Z"A Xym) W)yl f ~0 O}.

Let F': f ~, 0. Consider the following left lifting problem in the closed model category
OcS | Wr (cf. Example 1.8.6).

O(k)x _ —
ox M 4 ) Wn

. v
11 . Sn71

PX x A[l] 4F> Z"A X k(x) Wﬂ

We identify ®X with ®X x A[0]. The canonical inclusions dg, d1: A[0] — A[l] induce
natural inclusions ig,i;: X — ®X x A[l] where we identify X x A[0] with X. Note
that 4; is a trivial cofibration and gn_l is a fibration in OgS | Wr. Hence the above
left lifting problem has a solution £. Then Fig € Ag_l(X; k) such that gnil(ﬁio) = f.
Therefore f € Im(gn_l).

On the other hand, suppose that f = gnflh, where [ € Ag(X; k) and h €
Agfl(X;/-i). Then clearly f € (®X, Z"A X, (x) WE)WE' Composing h with first
factor projection map, we get a map h': X — A" of OgS. But by Lemma 7.3.3
A"l is contractible. Let H: ®X x A[l] — A" ! be a contracting homotopy for the
O¢-simplicial set A”~!. Then define

H: @X x All] = AL (X k)

by H(x,t) = (H(z,t),0(k)z). Clearly H: h ~, 0in OgS | Wx. Hence 5" oA [~ 0.
This proves the proposition for n > 0.

For n = 0, we note that H?(Ay(X;x)) = (2X, Z°AX,;(x) W)y, and two elements
in the right hand side are homotopic if and only of they are equal. - O

Observe that the fourth axiom of Definition 7.3.1 implies that Z°A is an Og-
Eilenberg-MacLane complex of type (Mj,0) and hence by induction Z"A is an Og-
Eilenberg-MacLane complex of type (Mg, n). To justify this, consider the fibration

A™(G/H) — Z" M A(G/H)

with fiber Z"A(G/H), H < G. As noted in Lemma 7.3.3, this is a PTCP with fi-
bre Z"A(G/H). Therefore, if Z" A(G/H) is minimal then the above fibration is a
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minimal fibre space by Lemma 1.6.6 and so Z""' A(G/H) is a minimal complex. But
Z°A(G/H), being simplicially trivial, is minimal. Hence by induction on n, it follows
that Z"A(G/H) is minimal for all n.

Now applying the homotopy long exact sequence to the above fibration, we get the

following long exact sequence.
— mi(Z"A(G/H)) = m(A"(G/H)) — m(Z" L A(G/H)) — mi_1(Z"A(G/H)) — .

In view of the third axiom of Definition 7.3.1, we see that if Z"A is an Og-Eilenberg-
MacLane complex of type (Mg, n), then Z"*! A is an Og-Eilenberg-MacLane complex of
type (Mg, n +1). But we have already observed that Z°A is an Og-Eilenberg-MacLane
complex of type (M, 0). Therefore by induction on n, it follows that Z"A is an O¢-
Eilenberg-MacLane complex of type (My,n) and hence it is isomorphic to the canonical
model of K(Mjy,n) by Proposition 2.3.11.

As a result (Z"A X, ny W, p) is isomorphic to (Lg(Mo, n), p) as objects in the slice
category OgS | Wr. So we have,

H"(Ap(X;k)) = [0X, Z"A Xo(m) Wi,
2 [®X, Ly(Mo,n)lgp,-
It follows from Theorem 4.3.6 that
H"(Ap(X;k)) = HE(X; ¢, k).
Thus we have proved the following theorem.

Theorem 7.3.6. Suppose A is an equivariant twisted Cartan cohomology theory. Then
for every G-simplicial set X together with an Og-group w, an Og-twisting function
k: ®X — 1 and an action ¢ of ® on the abelian Og-group (Z°A)g there is a natural

isomorphism of graded A-modules
Hg (X5 k) = H (Ag(X5 5)),
where Ay(X; k) is the differential graded algebra as defined in Definition 7.5.4.

Combining Theorem 3.4.9 with Theorem 7.3.6 we have the following result.

Theorem 7.3.7. Suppose A is an equivariant twisted Cartan cohomology theory. Given
any G-connected G-simplicial set X with a G-fized 0-simplex and an action ¢ of 1X on

(Z°A)o, let M be the equivariant local coefficient system of A-modules determined by the
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7 X -module (Z°A)g on X. Then there is a natural isomorphism of graded A-modules
HE(X M) = Y (Ay(X: 1)),

where Ay(X; k) is the differential graded algebra as defined in Definition 7.5.4.
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