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Chapter 0

Introduction

Motivated by the major role played by probabilistic models in many areas of sci-
ence, several quantum (i.e. non-commutative) generalizations of classical probabil-
ity have been attempted by a number of mathematicians. The pioneering works
of K.R. Parthasarathy, L. Accardi, R.L. Hudson, P.A. Meyer and others led to
the development of one such non-commutative model called ‘quantum probabil-
ity’ which has a very rich theory of quantum stochastic calculus a la Hudson and
Parthasarathy. Within the framework of quantum stochastic calculus, the ‘grand
design’ that engages us is the canonical construction and study of *-homomorphic
flows (jt)¢>0 on a given C* or von-Neumann algebra of observables, say A, where
gi: A— A" @ B(L(L*(R4, ko))) satisfies a differential equation of the form

djie(-) = (0, (-)) Ay (dt),

A}/(dt) being the well-known quantum stochastic integrators in the Fock-space
[(L?(Ry, ko)) (see for example [52]), with ko being a Hilbert space called the noise
space. The vacuum expectation semigroup of the flow, generated by 6J(-), is a con-
tractive semigroup of completely positive maps on the said algebra. In the realm
of classical probability, such semigroups are typically the expectation semigroups
associated with Markov processes. Of particular importance are the so called heat
semigroups on Riemannian manifolds, which are the expectation semigroups asso-
ciated with manifold-valued Brownian motions. The quantum analogue of ‘dilation
problem’, i.e. to construct a Markov process from its expectation semigroup, is very
interesting and important in quantum probability too.

There is an interesting confluence of Riemannian geometry and classical stochas-
tic process, under the framework of ‘stochastic geometry’. In particular there are
interesting connections between the geometry of a Riemannian manifold and the
probabilistic information obtained from a Brownian motion taking value in the man-
ifold. For example, the geometric invariants of the manifold such as mean curvature,
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volume etc. can be obtained from the asymptotic analysis of exit time of the Brow-
nian motion from balls of small volume.

It is therefore natural to explore the possibility of extending this philosophy to
the quantum set-up, i.e. the possibility of connecting quantum stochastic calculus
with non-commutative geometry (a la Connes), leading to a development of ‘quan-
tum stochastic geometry’. As Brownian motions on manifolds are Markov processes
with unbounded generators, it is important for pursuing this programme to have a
reasonable theory of quantum stochastic calculus with unbounded coefficients.

In this thesis, we shall begin by studying different aspects of quantum stochastic
calculus with unbounded coefficients, and in the end, we shall try to connect the
theory with non-commutative geometry.

In chapter 1, we discuss the basic defintions and results e.g. C* and von-
Neumann algebras, quantum isometry group, compact quantum group, quantum
stochastic calculus, quantum dynamical semigroup, quantum stop-time etc, that we
will be using in this thesis.

The first difficulty in dealing with quantum stochastic calculus with unbounded
coefficients is the absence of a convenient method for proving the homomorphic prop-
erty of the quantum stochastic flow. Using the quantum Ito formula, ona can easily
write algebraic relations which are necessary for a quantum stochastic flow (j:)i>0
to be homomorphic. But it is not known whether such algebraic conditions are also
sufficient. We will prove in 2 that such algebraic conditions will be sufficient, if we
furthermore assume the existence of a faithful, semifinite trace on the underlying
(C* or von-Neumann) algebra, the analyticity of the vacuum expectation semigroup
and a suitable L'-bound for j; namely |{j;(x)uf®", vg®")| = O(e’)|z||1 for some
B > 0. The crucial aspect of this proof is implementation of an inductive procedure
on the Ito formula which is more natural in the set-up of quantum stochastic flows
with unbounded coefficients than the usual iterative procedure. In this chapter, we
also prove a Trotter-Kato product formula for quantum stochastic flows. Given two

quantum stochastic flows, say jt(l) and jt(z), with noise spaces k1 and ks respectively,

we form their ‘Trotter product’ qﬁgn)(-) € A" @ B(T'(L*(Ry, k1 @ k2))) and give sev-
eral sufficient conditions for its convergence in the weak as well as strong operator
topology.

In Chapter 3 we investigate the problem of dilating semigroups of completely
positive (CP for short) maps with unbounded generators. We employ the results
of Chapter 2 to generalize a previously known dilation result (due to Goswami,
Sahu and Sinha) of an important class of CP semigroups with unbounded gener-
ator, constructed on uniformly hyper-finite (UHF for short) algebras, which arise
in many physical context. In this chapter, we also prove the existence of dilation
of arbitrary symmetric (with respect to the canonical trace) quantum dynamical
semigroup on type-1 factors, which are implemented by unitary cocycles satisfying
Hudson-Parthasarathy type equations.

The main theme of Chapter 4 is to explore the possibility of connecting quan-



tum probability with non-commutative geometry through the theory of quantum
isometry group in the sense of [27], in the spirit of classical stochastic geometry.
We formulate and study various aspects of quantum Brownian motion including
an analytic counterpart of Schiirmann type (see [61]) construction, its behaviour
with respect to Rieffel deformation etc. We also give some explicit computations
of generators of quantum Brownian motion on some well-known quantum isometry
groups and their homogeneous spaces. Finally we formulate a general principle of
quantum exit-time asymptotics and as a case study, we explicitly compute these
asymptotics on non-commutative 2-torus, and try to give possible interpretations of
mean curvature, intrinsic dimension, extrinsic dimension etc.
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Chapter 1

Preliminaries

1.1 Operator algebras and Hilbert modules

We presume the reader’s familiarity with the theory of operator algebras and Hilbert
modules. However, for the sake of completeness, we give a sketchy review of some
basic definitions and facts and refer to [66, 18] for the details. Throughout this
thesis, all algebras will be over C unless otherwise mentioned.

1.1.1 (*-algebras

Definition 1.1.1. A complex *-algebra A, equipped with a C*-norm, i.e. ||x*z| =
llz||?, is called a pre-C*-algebra. Furthermore, if A is complete with respect to the

C*-norm, then it is called a C*-algebra.

A C*-algebra is called unital or non-unital depending upon the existence of iden-
tity element on it. The following result completely characterises the commutative
C*-algebras:

Theorem 1.1.2. (Gelfand-Naimark) Let A be a commutative C*-algebra. Then
there exists a locally compact Hausdorff space X such that A is isometrically iso-

morphic to the C*-algebra Co(X). Moreover if A is unital, then X is compact.

Any non-unital C*-algebra can be isometricaly embedded as a non-degenerate
two sided ideal in a unital C*-algebra canonically. The multiplier algebra of a pos-
sibly non-unital C* algebra, denoted by M (A) is the largest C* algebra containing
A as a non-degenerate two sided ideal. Suppose that A C B(H), the embedding
being non-degenerate. Then M(A) = {a € B(H) : az,za € AV x € A}. There
is a canonical locally convex topology on M(A) called the strict topology, which is
generated by the family of seminorms {|| - |4, || - [|*}aca, Where for x € B(H),a € A,

7
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|z]|a := |laz|| and [|z||* := ||zal||. For the rest of the section, we will consider unital
C*-algebras. Every C*-algebra has an approximate identity, i.e. a net (E))xea € A
such that limycp EyA = limyep AE) = A.

For x € A, the spectrum of x denoted by o(z) is the complement of the set
{AeC: (x— N1t e A} An element in a C* algebra A is called self-adjoint if
x* = x, normal if z*r = xz*, unitary if 2* = z~!, projection if 2* = x = 22 and
positive if x = y*y for some y € A. For any element = € A, there is a holomorphic
functional calculus for x which sends any function f € H(2), where € is any open set

containing o(z) to f(z) € A, defined by f(z) := 5L [, {J(f; dw, where T is any closed
curve surrounding the spectrum. If z is normal, holomorphic functional calculus
is a special case of the continuous functional calculus, which sends any function
feC(o(x)) to f(x) € C*(x), such that f — f(z) is an isometric *-homomorphism

between C(o(x)) and C*(x), where C*(x) is the C*-algebra generated by x.

1.1.2 von-Neumann algebras

We recall that for a Hilbert space #H, the strong operator topology (SOT),
the weak operator topology (WOT) and the ultraweak topology are the
locally convex topologies given by family of seminorms JF7, F2, F3 respectively, where
Fi:={pe| £ € H}, Fo := {pey| &,m € H}, F3 := {py| p is a trace class operator}
and pe(z) = |||, pey(x) = (& 2n), pp(x) = Tr(px), for x € B(H), where Tr is
the usual trace on B(H). SOT convergence, as well as ultraweak convergence are
stronger than WOT convergence. However, on bounded subsets of B(H), WOT
convergence and ultraweak convergence coincide.

For any subset B of B(#), let B’ denote the commutant of B in B(H). A x-
subalgebra 91 C B(H) is called a von-Neumann algebra, if 9 = N’ (:= (97')’), which
is equivalent to the fact that 91 is closed in any of the above three topologies. It
is worthwhile to mention that in general, given a * subalgebra A C B(H), which is
closed in any of the above three topologies, we need not have A = A”. It will be
so if A C B(H) is non-degenerate, so that in particular, unital algebras will satisfy
this. Henceforth all embeddings A C B(#) will be taken to be non-degenerate. A
von-Neumann algebra 91 is closed under L* functional calculus i.e. given a normal
element 2 € M and a bounded borel measurable function f, f(x) € M. As a result,
it follows that a von-Neumann algebra 91 contains enough projections and unitaries
i.e. it is the SOT closure of the x-algebra generated by all projections (unitaries) in
M. Furthermore, any self adjoint element of a von-Neumann algebra can be written
as a difference of two positive elements and any element in a von-Neumann algebra
can be written as sum of four unitary elements in it.

On the positive cone 91 of a von-Neumann algebra 91, there exists a partial order
denoted by “ <7 defined as: For a,b €My, a <bifb—a > 0. Let ®: 9 — Ny be
a positive map between von-Neumann algebras 91; and 913. We will call & normal,
if the following happens:
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if (zo)a is an increasing (in the partial order defined above) net of positive
elements in My, we have sup,P(zy) = P(supaza).

It is known that a positive linear map is normal if and only if it is ultraweakly
continuous. In view of this, we will call a bounded map between two von-Neumann
algebras normal if it is continuous in the ultraweak topology.

Proposition 1.1.3. [62, 66, 18] A functional ¢ on a von-Neumann algebra M C

B(H) is normal if and only if there exists a trace class operator p on H such that
¢(x) = Tr(px).

It is known that if a normal functional ¢ is * preserving, then ¢ = ¢+ — ¢,
where each of ¢ and ¢_ are positive normal functionals.

Proposition 1.1.4. [62, 66] Given a normal homomorphism m : N(C B(H)) —
B(K) for some Hilbert space K, there exists a pair (', k) where k is a Hilbert space
and I' is a partial isometry from IC to H ® k such that w(x) = I (x ® 1;)I", and the
projection I'T* commutes with x @ 1y for all x € M. Moreover if w is unital, I is an

isometry. In case H is separable, one can choose k to be seperable as well.

A closed densely defined linear operator B on #H, with the polar decomposition
B = V|B] is affiliated to the von-Neumann algebra DM if V' € 9 and f(|B|) € 9 for
any bounded borel measurable function f: Ry — R.

Given a faithful, semifinite, normal trace 7 on a von-Neumann algebra 91, there
exists a notion of non-commutative LP-spaces. For 1 < p < oo and = € Dom(7),
lzllp = (T(‘$|p))%, where |z| := V2*z, defines a norm on Dom(7). The closure
of Dom(7) under this norm is denoted by LP(7). It shares many natural similar
properties with the LP-spaces of measures. We denote 91 by L*°(7).

We conclude this section with examples of traces which are semifinite but not
finite.

(a) Consider L*°(IR) with respect to the usual Lebesgue measure on R. Integration
with respect to Lebesgue measure is an example of a trace on L*°(R) which
is semifinite but not finite e.g. the function f(z) = 1, = € [1,+00) and zero
elsewhere, is in L>°(R) but not integrable.

(b) Let H be a seperable Hilbert space. It is a well-known fact that B(?) has
a unique (upto a constant) faithful normal trace. This trace is not finite e.g.
Consider the following compact operator:>_ ;% He; >< e;], where {;}52; is
an orhtonormal basis for H and |e; >< ¢;| is the rank one projection on H,
defined by |e; >< e;|(x) := (e;, z)e;, This compact operator is not of trace
class as > 7%, 1 = co. Thus the trace in B(H) is indeed semifinite.
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1.2 Tensor product of Banach spaces

Here we collect a few facts about the minimal tensor product and the projective
tensor product of Banach spaces and algebras (see [66]) which is an important
technical tool.

For two Banach spaces F1, Es, there are generally many possible choices of a ‘cross-
norm’ || - ||, on Ey ®qq E> i.e. one which satisfies || @ n|| = [[£]|||n]|- The smallest
and the largest of such norms are called the injective (or minimal) and projective
(or maximal) norm respectively.

The projective norm || - || is given by

1X 1y = inf Y [l [l
7

where infimum is taken over all possible expressions of X of the form X = >"" | z;®
y;- The completion of Ey ®q4 E2 under this norm is called the projective tensor
product of Ey and E3 and is denoted by E1 ®, Es.

It is easy to see that a linear functional ¢ on Ey ®,1; Eo (equivalently, a bilinear
functional ¢ on Ey x Ej) extends to a bounded linear functional on Fy ®, E» if and
only if there is some constant C' such that |p(z @ y)| < Cllz||||y| for all z € Ey,y €
Es.

Lemma 1.2.1. Suppose T; € B(Ej, F;) where Ej, F;, for j = 1,2 are Banach

spaces. Then Th ®q4 1o extends to a bounded operator
Ti @y Ty : By @y By — F1 ®, F

with bound
171 @y Tol| < | Ta[l[|T2]]-

Proof. The proof is an easy consequence of the estimate:

k K
Ty @atg To) O i @ i)y < D ITa () @ Ta(wi) -

=1 =1
. . (1.1)

<Y T @) w1 T )l < ITUNTlD - il e il 2 -

i=1 =1
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Lemma 1.2.2. Suppose T; and Sy are two Cy semigroups of bounded operators
on E1 & Eo with generators Ly and Lo respectively. Then Ty ®. Sy becomes a
Co semigroup of operators on Ey ®~ Ey whose generator is the closed extension of
the operator Ly ®qig 1 + 1 Qqig Lo, defined on Dom(L1) ®q1g Dom(Ls) in the space
E\ ®y Es.

Proof. Since (T; ®~ S¢) o (Ts @ Ss) = (Tirs @ Sits) (in By ®qig E2), both sides
being continuous in Ey Qg4 E2, and as Ey ®qy E2 is dense in F; ®, Es, the above

identity extends by Lemma (1.2.1) to Ej ®, E» leading to the semigroup property
(Tt ®'y St) o (Ts ®-y Ss) = (E—‘y—s ®’y St—i—s)-

Also similar reasoning gives us (T; ®4 1) o (1 ®4 S¢) = T} ®, S; and thus the strong
continuity of T; ®, 1 as well as of 1 ®, S; as a function of t yields the strong
continuity of T; ®+.S;. Hence (T;®,,5¢)¢>0 is a Cp semigroup. Moreover T; ®.S; keeps
Dom(L1) ®q1g Dom(Lz) invariant, which is dense in Fy ®~ Ey. Thus Dom(L1) ®qq4
Dom(Ly) is a core for the generator of T; ®, S; (see [19]) which is the closure of the
operator Li ®qig 1 + 1 ®gi9 L2 denoted by L1 ®, 1+ 1®y Lo O

We state without proof the following corollary:

Corollary 1.2.3. The operator Li ®qq I defined on Dom(L1) ®qq E2 is closable
in By ® Ea. Similar results hold for I ®qq Lo on Ey ®qqg Dom(Lz). We denote the
respective closures by L1 @ I and I @~ Lo.

When A C B(H1) and B C B(H2) are two C*-algebras with the embeddings being
non-degenerate, one will be naturally interested in those cross-norms on A ®¢;4 B
which also have the C* property ie. | X*X| = || X|? for all X € A®qy, B. The
smallest C* cross-norm on A ®g, B is called the injective C*-norm on A ®., B and
the completion under it will be denoted by A ® B. This is the completion of A®¢;4 B
with respect to the C* norm inherited from B(H; ® Ha).

Remark 1.2.4. When A and B are von-Neumann algebras, we do NOT view them
merely as C* algebras and thus their canonical tensor product which we will denote
again by A @ B will be the von-Neumann algebra obtained by taking the closure
of the algebra A ®q4 B with respect to the strong operator topology inherited from

B(H1 ® Ha).
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At this point, we fix the convention that if A, B are vector spaces or algebras
without any underlying topology, A ® B will mean the algebraic tensor product. On
the other hand if A, B are C* (von-Neumann) algebras, A ® B will denote injective
(von-Neumann algebra) tensor product.

1.2.1 Positive maps and states on C*-algebras

Definition 1.2.5. Let A be a *-algebra and B be a C*-algebra. A linear map
T : A — B is called a positive map, if T(x*x) > 0. It will be called completely
positive map (CP for short), if T ® I, : A® M, (C) - B® M, (C) is positive for all

n.

Definition 1.2.6. Let A be a *-algebra and B be a *-subalgebra of A. A map
L: A— B is called Conditionally Completely positive (CCP for short) if we have

> biL(aja;)b; >0
=1

for a;,by € A, i=1,2,..n, whenever Y . | a;b; = 0.

Positive maps are real i.e. T'(z*) = T'(z)*. It is a well-known fact [64] that a map
T:A— B, where A and B C B(H) are C*-algebras, is CP if and only if it is of the
form V*n(z)V, where V € B(H,K) and 7 : A — B(K) is a C*-representation, #, K
being Hilbert spaces. Furthermore, if any of the C*-algebras A or B be abelian, then
any positive map T : A — B will also be a CP map. For a CP map say T from A to
B, A, B being unital x-algebras, we have the following analogue of Cauchy-Schwartz
inequality:

T()*T(x) < |T(1)|T(x"2)

for all x € A. A CP map between two C*-algebras A and B C B(H) is called
non-degenerate if for £ € H, T'(x)§ = 0 for all x € A implies £ = 0.

Henceforth, A will be a C*-algebra, unless mentioned otherwise. In the above
discussion, if B = C, then T will be called a positive functional. It is known that
if ¢ is a positive functional on A, then ||¢|| = ¢(1). Moreover, any Hahn-Banach
extension of a positive functional defined on a unital C*-subalgebra B C A, to
A, will be a positive functional on A. A positive functinal ¢ on A will be called
a state if ¢(1) = 1. A state ¢ on A will be called a trace if ¢(ab) = ¢(ba) for
all a,b € A (e.g. the usual normalized trace on M, (C) is a state) and faithful if
¢(x) =0 = 2 =0 for all x € A such that z > 0. Faithful states may not exist
in general but if A is seperable, it is possible to construct a faithful state on it.
Every state ¢ on a C*-algebra A gives rise to a triple (7g, He,&g) (called a GNS
triple), where H, is a Hilbert space, 74 : A — B(H,) is a C*-representation and &g
is a cyclic vector for m4(A), so that we have ¢(a) = (&4, 74(a)€s). Such triples are
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unique upto unitary equivalence. Let S(.A) denote the collection of all states on .A.
The representation 7 := @ges(4)7 is called the universal represenation of A and

the Hilbert space H = Dpes(a)He is called the universal Hilbert space of A. 7 is

a non-degenerate embedding of A in B(#H). The von-Neumann algebra A := 7 (A)”
is called the universal enveloping von-Neumann algebra of A. It has the following
universal proerty:

If 7 : A — B(K) be any representation of A in the Hilbert space K, then there
exists a unique normal x-homomorphism ¢ : A — 7(A)"” such that ¢ o™ = w. Thus
in particular, by virtue of Stinespring’s theorem, any CP map T": A — B lifts to a
normal CP map, again denoted by T such that T : A — B, for any von-Neumann
algebra B.

The extreme points of S(.A) are called pure states. If A is abelian, the pure states
are the complex valued homomorphisms of A. Note that in general pure states on A
need not be multiplicative. For a pure state ¢, the GNS representation 74 associated
with ¢ is irreducible. Conversely, given an irreducible representation 7 of A, there
exists a pure state ¢ such that 7 = 74. The pure states (equivalently the irreducible
representations of A) are point separating on A, i.e. given a z € A, = # 0, we
can get a pure state ¢ (equivalently an irreducible representation 7 of A) such that
¢(a) # 0 (m(a) # 0.) For a normal element x € A, we have o(z) = {¢(a) : ¢ is a
pure state on A}.

For a Hilbert space H, let () denote the non-unital C* algebra of compact
operators on H. It is known that KC(H) is simple and any irreducible representation
of KK(H) is unitarily equivalent to the identity representation, so that any non-
degenerate representation of K(H) can be extended to a normal representation of

B(H).

1.2.2 Hilbert C*- modules

Given a x-algebra A C B(H), a semi-Hilbert A-module E is a right A-module
equipped with a sesquilinear map (-,-) : £ x E — A satisfying (z,y)* = (y,z),
(x,ya) = (z,y)a and (xz,z) > 0 for x,y € E and a € A. A semi-Hilbert module F
is called a pre-Hilbert module if (z,z) = 0 if and only if x = 0; and it is called a
Hilbert C*-module if furthermore E is complete in the norm z — H(:v,x>|]% where
|| - || is the C* norm of A.

Let E, F' be two Hilbert A modules. We say that a C-linear map L : £ — F'is ad-
jointable if there exists a C-linear map L* : F' — E such that (L(x),y) = (x, L*(y)).
We call L* the adjoint of L. The set of all adjointable maps between F and F is
denoted by L(E, F). In case E = F, we write L(E) for L(E, E). For an adjointable
map L, both L and L* are automatically A linear and norm bounded maps between
Banach spaces. We say that L € L(E, F') is an isometry if (L(x), L(y)) = (x,y). It
is called unitary if it is an isometry and Ran(L) = F. On L(E, F'), we may define a
norm by ||L|| := supzep, |||<1llL(®)||, which becomes a C* norm for L(E).
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The simplest example of Hilbert .4 modules are the so called trivial A modules
of the form H ® A, where H is a Hilbert space with an 4 valued sesquilinear form
defined on H ®q9 A by: ({®a, ®@d') = (€,£')a*a’. The completion of H®44.A with
respect to this pre Hilbert module structure is a Hilbert A module and is denoted
by H ® A.

We state the following proposition, whose proof being straightforward is omitted.
For details, we refer to [36]

Proposition 1.2.7. 1. Suppose that A is a C* algebra and H is a Hilbert space
such that ¢ : A — B(H) is a non-degenerate CP map, which is continuous with
respect to norm topology on A and strong operator topology on B(H). Then ¢
can be extended to a strictly continuous (i.e. continuous with respect to the
strict topology on M(A)) CP map (which we again denote by ¢) from M(A)
to B(H).

2. For a Hilbert space k', define ¢ := d@idicry : ARatg K(K') = B(H) @atg K(K').
Then ¢ extends to a strictly continuous map (which we again denote by ¢) from
MARKK)) (ZLAREK)) to BHRK).

Let A be a C* algebra and H, k' be Hilbert spaces.

Lemma 1.2.8. Suppose that (¢¢)i>0 is a family of CP contractive maps, ¢ : A —
B(H). Assume that lim;_,s ¢:(z) = ¢s(x) in the strong operator topology of B(H).
Define ¢y : ¢y @id jr 2 A®@ay k' — B(H) Qaig k. Then

1. ngSt extends to a contractive map (which we again denote by ét) from the C*
Hilbert module A ® k' to the Banach space B(H,H ® k).

2. For X e AQK,t— gZ;t(X) 18 continuous with respect to the strong operator
topology of B(H,H @ K').

Proof. Proof of (1):

Let (eq)acs be an orthonormal basis of k'. The Hilbert C* module A&k’ consists of
elements of the form X =%z, ®eq, o € A such that ) x}x, is convergent in
the norm of A. Let Xp := ) cp 2o ®eq, where F' C J is a finite set. By definition,
ggt(XF) =D wer Pt(xa) ® eq. For £ € H, using complete positivity of the maps ¢y,
we have [ bi(Xpr—Xp)EB o < (O Sacrnpe 5706 €) < IEIP I Sacrmpe whtal,
for finite sets F, I’ such that F' C F’. This goes to zero as the sets F, F’ increase to
3. This proves (1).

Proof of (2):
Let t > 0 and £ € H. Fix X € A® k' such that X = )z, ® e, and as before,
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let Xp =) cpTa® €q, where F C J is a finite subset. Choose F' so that [|X —
Xrllagk < §. We have

Ge(X) — ds(X)
= 0(X — Xp) — 0s(X — Xp) + ¢e(XF) — s(Xp).

Since ¢ is contractive, [|¢¢(X — Xr)|laer < & and [¢s(X — Xp)|lagr < §. As
Xr € A®qyq K, by our hypothesis, there exists 6 > 0, small, depending on ¢, € H,
such that for all s with |t — s| < 6, ||[0:(XF) — ¢s(XF)]E|lner < . Thus we have
1[¢¢(X) — bs(X)]€ || ers < €. This proves (2). O

1.2.3 Hilbert von-Neumann modules

If Mt C B(h) is a non-degenrate von-Neumann algebra for some Hilbert space h, a
right Hilbert 9T module F is called a Hilbert von-Neumann module, if it is equipped
with the weakest possible locally convex topology such that the map (€ E) —

<§,§)%(€ M) is continuous (with respect to ultraweak topology on M) and E is
complete in this topology.

Lemma 1.2.9. [62] Any element X of the von-Neumann Hilbert module H @0 can
be written as X =Y c;Ya @ Ta, where (Ya)acs is an orthonormal basis of H and
To € M. The above sum possibly over an uncountable index set J makes sense in
the usual way: it is strongly convergent and for all uw € h, there exists an at most
countable subset Jy, of J such that Xu =73 c; Yo ® Tau. Moreover, once (Ya)acs

is fized, x! s are uniquely determined by X.

Lemma 1.2.10. [62] Let N C B(h) and X € B(h,h@H). Then X belongs to HRMN
if and only if (v, X) € N for all v in some dense subset D of H.

1.3 Some general theory of Semigroups on Banach spaces

Here we collect a few facts about semigroup of operators on locally convex spaces.
For details we refer to [69, 19].

Definition 1.3.1. Let X be a locally convex space. A one parameter family of
bounded linear operators on X, say (T)t>o, is called a semigroup of operators if
it satisfies Ty - Ty = Tyys for all t,s > 0, and Ty = I. The semigroup is called
Cy semigroup or strongly continuous semigroup if we have limg o Ty(a) = a for all
a€c X.
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For a Cp semigroup of oeprators (1}):>0, we define a linear operator £ on X" as
follows:

Dom(L) = {z € X| limy M exists} and for x € Dom(L), L(z) =
limy o M It is known that Dom(L) is dense in X and the operator £ becomes
a closed densely defined operator. L is called the infinitesimal generator of (7})¢>0.
If X is a Banach space, a Cy semigroup (T3):>0 on X is quasi-bounded, i.e. there
exist constants M > 0 and 8 > 0 such that || T3]] < Me* for all t > 0. We use
the notation G(M, /3) to denote the collection of all Cjy semigroups which are quasi-
bounded with constants M, 8. We will call (1}):>0 € G(M, ) contractive, if M = 1.
For (Ti)i>0 € G(M, f3), the set {\ € C| Re(\) > B} is contained in the resolvent of
L, such that (A — £)™' = [ dte"MT;, for Re(X) > B. For A € C with Re()) > 3,
we have Ran(A — £) = X. It is known [19] that a dense subspace D C Dom(L) is a
core for £ if T;(D) C D for all t > 0.

The following theorem due to Hille and Yosida completely characterizes the
generators of Cy semigroup of operators on Banach spaces:

Theorem 1.3.2. (Hille-Yosida theorem) Let (L,Dom(L)) be a densely defined
closed linear operator on a Banach space X. Then (L,Dom(L)) is the generator

of a quasi-bounded Cy semigroup (Ty)e>0 € G(M, ) if and only if L satisfies

0= 071 < oy =5

Let H(w,3) denote the set of all densely defined, closed linear map A on the
Banach space X, which has the property that for every € > 0, there exists a positive
constant M, such that for all complex number ¢ with Re(§) > 0 and |arg(§)| <
Z+w—¢, the operator (A—fB—¢) has a bounded inverse and ||(A—B—¢) 7! | < ?éﬁ The
semigroups generated by elements of H(w, #) for some w, 8 are called holomorphic
(analytic) semigroups.

We give an example of a semigroup which belongs to G(1,0) but is not a holo-
morphic semigroup:

Consider the Ornstein-Uhlenbeck operator given by:

d 82 d 9
i=1 % j !

4,j=1

, for some X € C with Re(\) > .

where y; € R, i = 1(1)d and B := (b;;) is a non-zero self-adjoint matrix. Then the
corresponding Ornstein-Uhlenbeck semigroup (7});>0 on Cy(RY) (the C* algebra of
bounded continuous functions on R?) belongs to G(1,0) but it is not holomorphic
(see [57]).

On the otherhand, the semigroup generated by the unbounded operator Zd o2

i=1 97
generates an analytic semigroup on Cj(R?). It is infact the so-called ‘Heat semi-
group’.
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Let £ and A be two operators with same domain space X with Dom(L) C
Dom(A). Then the operator A is said to be relatively bounded with respect to £ if
there exist non-negetive constants a and b such that

|Az|| < al|z|| + b]|Lx|| for all x € Dom(L).

The infimum of all possible constants b in the above inequality is called the bound
of A relative to L.

Proposition 1.3.3. [19, 3/] Given A € H(w,B) and ¢ > 0, there are positive
constants 7y, 6 such that whenever B is A-bounded and ||Bul|| < allul|| + b||Au|| for all
u € Dom(A), with a < 6, b <, then we have A+ B € H(w —€,7).

Proposition 1.3.4. (Trotter product formula) Let A, B, Z be densely defined closed
operators on a Banach space X. Suppose that A generates (Ty)i>0, B generates
(St)t>0 and Z generates (P;)¢>0, where each of these semigroups belongs to G(1, 3).
Furthermore, assume that there is a core D for Z such that D C Dom(A) N Dom(B)
and Z = A+ B on D. Then we have

(T

t
n

-S:)"(a) — Pi(a) for alla € X.

t
n
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1.4 Compact Quantum groups

In this section, we collect a few facts about compact quantum groups. For details,
we refer to [46, 35, 9].

1.4.1 Hopf algebras

We recall that an associative algebra with an unit is a vector space A over C,
equipped with two linear maps m : A ® A — A called multiplication and n : C — A
called unit, such that mo(m®id) = mo(id®@m) and mo (n®id) = mo (id®n) = id.
Dualizing this, we get the following definition:

Definition 1.4.1. A coalgebra A is a vector space over C equipped with two linear
maps A : A — AR A called comultiplication and € : A — C called counit, such that:

(A®id)o A= (id® A)o A,
(e®id)o A =id= (id®e€)o A.

Definition 1.4.2. Let (A, A, €e4) and (B, Ap,eg) be two coalgebras. A linear map
¢: A— B is called a cohomomorphism if we have

Apo¢=(p®0)o Ay,

€A = €O O.

Let 0 : A® A — A® A be the flip map given by o(a ®b) = b ® a.
Definition 1.4.3. A coalgebra is called cocommutative if 0 o A = A.

Definition 1.4.4. A linear subspace B C A is called a subcoalgebra if A(B) C B®B.

Sweedler notation: We introduce the so called Sweedler notation for comulti-
plication. Let A be a coalgebra and a € A. Then A(a) in A ®q4 A is a finite
sum, namely A(a) = >, a1; ® ag;, where for each 4, ai; and ag; belong to A. How-
ever such representation is not unique. For notational simplicity, we will write
A(a) = a(1) ® a(z), where the subscripts 1 and 2 refer to the corresponding tensor
factors.

Definition 1.4.5. A vector space A is called a bialgebra if it is an algebra as well
as a coalgebra along with the condition that A : A - AR A ande: A — C are
homomorphisms (or equivalently m : A®@ A — A and n: C — A are cohomomor-
phisms.)
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Definition 1.4.6. A bialgebra is called a Hopf algebra if there exist a linear map
k: A— A, called the antipode or coinverse, satisfying mo (k®id)o A =noe =
mo (id ® k) o A.

Definition 1.4.7. A Hopf x-algebra is a Hopf algebra (A, A, K, €) equipped with an
involution x such that A : A — A® A is a x homomorphism.

It is known that in a Hopf *-algebra A, one has €(a*) = €(a) and x((k(a*))*) = a
for all a € A.

1.4.2 Compact Quantum Groups: basic definitions and examples

Definition 1.4.8. A compact quantum group (CQG for short) is a pair (Q, A),
where Q is a seperable unital C*-algebra and A : Q@ — Q ® Q (® refers to injective

tensor product) is a * homomorphism such that:
e (A®id)oA=(id® A)oA,
e cach of the sets A(Q)(Q® 1) and A(Q)(1® Q) is total in Q ® Q.

It is well-known (see [46]) that there is a canonical dense *-subalgebra Qp of Q,
consisting of the matrix elements of inequivalent unitary (co)-representation (to be
defined shortly) of Q such that Qg is a Hopf *-algebra. On (Q,A), there exists a
unique state h called the Haar state, satisfying (h ® id) o A(a) = (id ® h) o A(a) =
h(a)l, for all a € Q. h is faithful on Qy. The Haar state is tracial if and only if
K? = id.

Definition 1.4.9. Let (Q1,A1) and (Q2, Ag) be two compact quantum groups. A
CQG morphism 7 : Q1 — Qs is a unital C* homomorphism such that (t@m)oA; =
As o,

It follows that in such a case, 7((Q1)o) C (Q2)p, T o K1 = Ke o7 and € o0
T = €1, where €1, K1, €2, ko are the counit and coinverse associated with Q1 and Q-
respectively.

Suppose (Q,A) is a CQG. A CQG (A, Ay) is called a quantum subgroup of Q
if there exists a surjective CQG morphism 7 : Q — A.

Corepresentation of a compact quantum group: For amap X € B(H1®H2),
we will use the notation X(i9) to denote the operator X ® I, and the notation X ;3
to denote the operator Y93 X (12) Y23, where Yoz € U(H1®@H2®H3) is the flip between
Ho and Hs.
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Definition 1.4.10. A map U : H - H ® Q, where H is a Hilbert space, is called a
unitary (co)representation of the CQG Q on the Hilbert space H, ifﬁ EMKH)®
Q) defined by ﬁ(f ®b):=U)(1®b) for § € H and b € Q, is a unitary operator
which further satisfies (idy ® A)ﬁ = (7(12)(7(13).

If dimension of H is n < 0o, we may alternatively represent U by the Q-valued
n x n invertible matrix [(Ue;, e;)]; j, where {ex}}_; is an orthonormal basis for H.
We will call n the dimension of the representation U. Henceforth, we will drop the
adjective ”co” from the word corepresentation.

By G.N.S construction, @ C B(L?(h)). Then A viewed as A : L?(h) — L*(h)®Q
becomes a unitary representaion (say U) such that A(z) = U(z ® 1)U*. Moreover,
Qp is the linear span of the matrix coefficients of all finite dimensional unitary
inequivalent representations (see [9, 46]). Furthermore, L?(h) = ®,H, and Qy(C
L2(h)) = ®@%9H, as a vector space, where H is of dimension d2 < oo, obtained
from the decomposition of A (viewed as U) into finite dimensional irreducibles 7 of
dimension d, by the Peter-Weyl theory for CQGI46].

We cite few examples of CQG:

1. Consider C(G), the algebra of continuous functions on a compact group G.
Define A : C(G) — C(G) ® C(G) by A(f)(g,h) = f(gh) where f € C(G),
g,h € G. Then (C(G),A) is a CQG. Note that here the CQG is cocommuta-

tive.

2. An important non-commutative example of a CQG is SU,(2) whose descrip-
tion is as follows:

As a C* algebra, it is the universal C* algebra generated by two elements a;,~y
satisfying

ara+yy =1, a'a+ ¢y =1
ay = qyo, oyt = qyte, =ty

The comultiplication is given by
Ala)=a®a—qy" @7,

Ay) =y@a+a"®@1.

Action of a compact quantum group on a C*-algebra: We say that a CQG
(Q,A) (co)-acts on a unital C*-algebra B, if there is a unital C* homomorphism
(called a coaction) a: B — B ® Q, satisfying the following:

l. (a®id)oa=(id® A)oa,

2. the linear span of a(B)(1 ® Q) is dense in B® Q.
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Henceforth, we will drop the adjective “co” from the word coaction.

It has been shown in [58] that (2) is equivalent to the existence of a dense x*-
subalgebra By C B such that a(By) C By®a1g Qo. We say that an action « is faithful,
if there is no proper Woronowicz C*-subalgebra (see [9],[46]) Q1 of Q such that «
is a C* action of Q1 on B. We refer the reader to [9] and the references therein for
details of C* action.

For a CQG (Q,A), denote by Irr,, the index set of inequivalent, unitary irre-
ducible representations of Q and let «” be a representation of Q of dimension d,,
for v € Irr,. We will call a vector subspace V' C BB a subspace corresonding to u” if

o dimV =d,,
o ae) = Zi;l e ® uy., for some orthonormal basis {ej};-lll of V.

Proposition 1.4.11. [58] Let « be an action of a CQG (Q,A) on a C*-algebra B.

Then there exists vector subspaces {Wﬂ,}vehrg of B such that
1. B - EB’YGIT‘T'Q W»y

2. For each vy € Irr, there exists a set I, and vector subspaces We;, i € I, such
that

a. W7 = GBiEIvWW"
b. W,; corresponds to u” for each i € L.

3. Each vector subspace V' C B corresponding to u? is contained in W.,.

4. The cardinal number of I, does not depend on the choice of {Wyi}ier,. It is
denoted by ¢, and called the multiplicity of u” in the spectrum of c.

Definition 1.4.12. [58] Suppose a CQG (Q, A) acts on a C*-algebra B. Then B is
called

1. A quotient of (Q,A) by a quantum subgroup (S5, A|) if:
a) B is C*-isomorphic to the algebra C := {x € Q: (1 ® id)A(x) =1 ®@ x},
b) the action « is given by o := Alc,
where 7 is the CQG morphism from Q to S.

2. Embeddable, if there exists a faithful C*-homomorphism 1 : B — Q such
that
Aoty = (Y ®id)oa.
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3. Homogeneous if the multiplicity of the trivial representation of Q in the
spectrum of a be 1 (see [58]).

Henceforth, we will refer to a C*-algebra B on which a CQG acts, as a quantum
space. It can be easily shown that a quantum space is homogeneous if and only if
the corresponding action of the CQG is ergodic (i.e. a(z) = x ® I implies x is a
scalar multiple of the identity of 5.

We observe the following fact, the proof of which is trivial and hence omitted.

Lemma 1.4.13. The action is ergodic if and only if the quantum space is homoge-

neous.

Proposition 1.4.14. [58] Let « be the action of a CQG (Q,A) on a C*-algebra B.
Then

a) (B,«a) is quotient = (B, a) is embeddable = (B, ) is homogeneous.

b) In the classical case, (B,a) is quotient <= (B, «) is embeddable <= (B, a)

is homogeneous.

We refer the reader to [58] for more discussions on these three types of quantum
spaces.

1.4.3 Rieffel Deformation

Let @ = ((Ar)) be a skew symmetric matrix of order n. We denote by C*(Ty)
the universal C*-algebra generated by n unitaries (Uy, Us,...U,) satisfying UpU; =
2™ Uy, for k # 1. If 0y = Oy for k < [, where 6y € R, we will denote the
corresponding universal C*-algebra by C* (’]I‘go) and W will denote the x-subalgebra
generated by unitaries Uy, Us, ...U,.

Let A be a unital C*-algebra on which there is a strongly continuous *-automorphic
action o of T™. Denote by 7 the natural action of T" on C*(T}) given on the gen-
erators (U;)_ by 7(2)U; = z;U;, for i = 1,2, ...n, where Z = (21, 22, ...2,) € T™. Let
7~1 denote the inverse action s — 7_s.

Definition 1.4.15. The fized point algebra of A® C*(Ty), under the action (o x
= h, e (ARC* (’]Tg))””_l, is called the Rieffel deformation of A under the action
o of T, and is denoted by Ag.

In Rieffel’s original approach (see [60]), the Rieffel deformation Ay of the C*-
algebra A was given by completing (with respect to a suitable norm) the algebra
obtained from A (see [60, 9]) with respect to a new (twisted) multiplication xg
gieven by:

axgb:= / / agy(a)ay (b)e(u.v)dudv,
ueT™ JveTn
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where the integral is an oscillatory integral [9, 60] and e(u.v) := e>™{®%) [9, 60].

There is a natural isomorphism between (Ag)_p and A, given by the identifi-
cation of A with the subalgebra of ((A® C*('JI‘Q))"XF1 ® C*('11"19))("@Did)XF1 gen-
erated by elements of the form az ® UP ® (U')P, where D = (p1,p2,...pn) € Z",
UP .=yl .Uk, (UP .= (U])P1(U})P2....(U},)P~, Uy, U, ..U}, being the genera-
tors of C*(T" ) and ap belongs to the spectral subspace of the action o corresponding
to the character p.

Let (Q,A) be a CQG and assume that there exists a surjective CQG morphism
7w : Q@ — C(T") which identifies C(T") as a quantum subgroup of Q. For s € T",
let €2(s) denote the state defined by Q(s) := evs o m, where evs denotes evaluation
at s. Define an action of T?" on Q by (s,u) — X(s,u)> Where x5,y = (Q2(s) ® id) o
Ao (id ® Q(—u)) o A. It has been shown in [67] that the Rieffel deformation %
0 ¢
-0 0
the coalgebra structure of the Hopfx algebra of Qg g is isomorphic with that of the
canonical Hopfx algebra of Q.

of Q with respect to 0 := can be given a unique CQG structure such that

1.5 Quantum Isometry group

We begin by defining spectral triple (also called spectral data). We shall refer the
reader to [16] and [9] for details.

Definition 1.5.1. An odd spectral triple or spectral data is a triple (A, H, D)
where H is a separable Hilbert space, A is a x-subalgebra of B(H),(not necessarily
norm closed) and D is a self adjoint (typically unbounded) operator such that for
all @ in A, the operator [D,a| has a bounded extension. Such a spectral triple
is also called an odd spectral triple. If in addition, we have 7 in B(H) satisfying
v =~ =7~ Dy =+D and [a,7] = 0 for all a in A>®, then we say that the
quadruplet (A, H,D,~) is an even spectral triple. The operator D 1is called the
Dirac operator corresponding to the spectral triple.

Since in the classical case, the Dirac operator has compact resolvent if the mani-
fold is compact, we say that the spectral triple is of compact type if A is unital and
D has compact resolvent. A spectral triple (A%, H, D) will be called © summable if

e~ tP? is a trace class operator (t > 0). Next we discuss the notion of Hilbert space
of k-forms in non-commutative geometry.

Proposition 1.5.2. Given an algebra B, there is a (unique upto isomorphism)B—B

bimodule Q' (B) and a derivation § : B — QY (B), satisfying the following properties:

1. QY(B) is spanned as a vector space by elements of the form ad(b) with a, b
belonging to B;
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2. for any B— B bimodule E and a derivation d : B — E, there is a unique B — B
linear map 1 : QY(B) — E such that d = n o 6.

The bimodule Q!(B) is called the space of universal 1-forms on B and § is called
the universal derivation. Given a O-summable spectral triple (A%, H, D), it is
possible to define an inner product structure on Q°(A>®) = A® and Q!(A>°). The
corresponding Hilbert spaces are denoted by ’HOD and H}j respectively. ’HOD and "H}D
are called the Hilbert space of zero and one forms respectively (see[9]).

We now define quantum isometry group. Let (A*°,H, D) be a ©-summable spec-

tral triple which is admissible in the sense that it satisfies the regularity conditions
(i)-(v) as given in [27, pages 9-10].
Let £ := —d}dp, which is a densely defined self-adjoint operator on Hg and is called
the Laplacian of the spectral triple. We will denote by Q"* the category whose ob-
jects are triplets (S, A, ) where (S, A) is a CQG acting smoothly and isometrically
on the given noncommutative manifold, with « being the corresponding action.

Proposition 1.5.3. [27] For any admissible spectral triple (A, H, D), the cate-
gory Q"% has a universal object denoted by (QISO*, ap). Moreover, QISO* has a
coproduct Ao such that (QISO*, Ag) is a CQG and (QISO*, Ay, ap) is a universal
object in the category Q"*. The action aq is faithful.

The reader may see [27] and [9] for further details of Q1SO*. We now give some
examples of quantum isometry groups.

1. non-commutative 2-tori: The non-commutative 2-tori C*(T3) is the univer-
sal C*-algebra generated by a pair of unitaries U,V such that UV = >0V U

4 .
0 0 . The C* algebra

underlying the quantum isometry group of the standard spectral triple on
C*(T3) (see [16]) is given by

@} (C(T?) & C*(T%)) (see [10]). Let Uy, Uxa be the generators of C(T?) for
odd k and C*(T3) for even k, k =1,2,...8. Define

Ay Ay CF C3

B By, D Dj

C1 Cy At A5 |7

D, Dy Bf Bj

where Ay = Uy + Uy1, Ay = Uga + Urz, B = Usz + Us1, B = Uiz + Usa,
C1 = Uz + U3y, Co = Usy + Uge, D1 = Upp + Us1, D2 = Usz + Uya. Then
the coproduct A and the counit € are given by A(M;;) = Zizl M;, ® My,
€(M;j) = &;;. The action of the QISO on C*(T3%), say «, is given by

AU)=U® (U +Un) +V @ (Usa + Us1) + Ut @ Uy + Usy) + VI @ (Uny + Usy),
a(V)=U® (Usy + U) + V@ (U + Upp) + Ut @ (Usy + Uga) + V1 @ (Usg + Uga).

i.e. Rieffel deformation of C(T?) with respect to

M =
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2. The 6 deformed sphere Sg"_lz The non-commutative manifold Sg”_l, for a
skew symmetric matrix 6 is the universal C*-algebra generated by 2n elements
{z, 2"} 1=1,2,.2n, satisfying the relations:

o (zM)* =7zH,

o HzV 27”9ulfz Z[L ZH LV 27r10yuz Z/L

2 —
o YL M =1

The quantum isometry group of the spectral triples on Sg"_l, as described in

16, 17] is Oy(2n) whose CQG structure is described as follows: It is generated
g

by (al, b)) up=12,..2n, satisfying:

I

ayat = /\m)\p,,a aly, aba*" = )\T“)\Vpa Tal,

(a) p= p
(b) alb] = Aur Apbyalt, albs™ = XTRN, biTal,
()

)

BUBT = Nur Ao bbE , BEBET = ATHA,, b7 bl
(d) S22 (act'aly + Vaby') = Sapl, Yooy (adl'Vy + bhai') =0,

The coproduct A is given by A(al) = 337 [ah ® a) + by @ b,
A = iil[a’)f ® b} + by ® a;M); and the counit € is given by €(al) = 6,

(b)) = 0.
The action of the QISO on Sg"_l, say a, is given by

a(z") =) (" @al+2 @), a@) =) (Zoal+2" ab)).

v v

3. The free sphere 5’2”_1. The free sphere denoted by Si"_l is defined as the
universal C* algebra generated by elements {xz il U satisfying z; = x; and
21221 ! x? = 1. Consider the spectral triples as described in Theorem 6.4 in
page 13 of [6]. It has been shown (see [6]) that the quantum isometry group
associated to this spectral triple is the free orthogonal group C*(O4(n)) which
is described as the universal C*-algebra generated by 4n? elements {:nlj}

satisfying

2,7=1

a. xi; = aj; for i, 5 =1,2,..2n;
2n 2n
b. Ek:l Tpillky = (51']'1, Zk:l Tigljk = 5@'1.

For more examples, we refer the reader to [9].
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1.6 Quantum Dynamical Semigroup

Definition 1.6.1. A one parameter Cy semigroup (1;)>o of CP maps on a C*
algebra A is called a quantum dynamical semigroup (QDS for short). For a von-
Neumann algebra A, a QDS is a one parameter Cy (with respect to the ultraweak

topology) semigroup of normal CP maps (T;)i>0 on A.

In either case, the semigroup will be called conservative if T3(1) = 1 Vt > 0.

Any bounded CCP map L on a C* or von-Neumann algebra gives rise to a QDS
(etﬁ)tzo. Conversely, the generator of a uniformly continuous QDS is a bounded
CCP map. The generators of uniformly continuous QDS are characterised by the
following Theorem:

Theorem 1.6.2 (Christensen-Evans). Let A C B(H) be a unital von-Neumann
algebra and (Ti)¢>0 be a uniformly continuous QDS. Suppose that L be its ultraweakly
continuous generator. Then there is a quintuple (p,KC, o, H, R) where p is a unital
normal x-representation of A in a Hilbert space K and a p-derivation o : A —
B(H,K) (i.e. a(zxy) = a(z)y + p(x)a(y)) such that the set D = {a(z)u : x €
A, uw € H} is total in K, H is a self-adjoint element of A and R € B(H, ) such that
a(z) = Re—p(z)R, and L(z) = R*p(z)R—3(R*R—L(1))z—ix(R*R—L(1))+i[H, z]
for all x € A. Furthermore, L satisfies the following algebraic identity, called the

cocycle property (or cocycle relation) with « as coboundary, i.e.
L(z"y) — L(z")y — 2" L(y) + 2" L(1)y = az) a(y).

Moreover, R can be chosen from the ultraweak closure of sp{a(x)y: z,y € A} and

hence in particular R*p(z)R € A.

1.6.1 Minimal quantum dynamical semigroups associated to form

generators

We briefly state the theory of minimal quantum dynamical semigroup associated
with a given form generator. For details, we refer to [62].

Suppose that h and K are two Hilbert spaces, A C B(h) is a von-Neumann
algebra, m : A — B(K) is a normal, unital, s-representation;(P;);>o is a Cp-
contraction semigroup on h with generator G; and R : h — K is a closed, densely
defined, linear (possibly unbounded) map. Formally we introduce a map L by
L(z) = R*n(z)R+ G + G*z, v € A; where G is the generator of (P;);>0. Let us
make the following assumptions on G and R :

(Ai) G is affiliated to A and R*m(x)R is affiliated to A, for all z € A.
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(Aii) Dom(G) € Dom(R) and for all u,v € Dom(G), (Ru, Rv)+(u, Gv)+(Gu,v) =
0.

We define an equivalence relation on Bj(h) as follows:

For p1,p2 € By(h), p1 ~ pe if tr(pix) = tr(pez) for all x € A. Then we have
A, = Bi(h)/ ~ (see [62]). .

It is known [62] that there exists an ultraweakly continuous semigroup (7} )>0
on A such that the generator of its predual semigroup (T:L m)tz[) extends the map
[p] € Bi(h)/ ~— m.([RpR*]) + [Gp] + [pG*], where p = (1 — G)"lo(1 — G*)7! for
o € Bi(h) and 7, is the predual map of w. Moreover, if (T})¢>0 be another QDS on
A, such that the generator of its predual semigroup (7%)s>0 (which is a semigroup
on A,) extends the map decribed above, then we have T*T:m (p) < Ty(p) for p € A,
such that p is a positive functional on A. The semigroup (7} )i>o is called the
minimal semigroup. _

If the minimal semigroup is conservative, i.e. T}
have the following “Feller condition” [62]:

(1) =1 for all t > 0, then we

{z € A: (Ru,n(z)Rv) + (Gu,zv) + (u, Gxv) = Xu,zv) V u,v € Dom(G)} =0

for some A\ > 0.
Suppose that h and kg are Hilbert spaces.

Proposition 1.6.3. Let R : Dom(R) — h® kg be a densely defined closed operator
with Dom(R) C h. Furthermore, let G be a densely defined operator on h such that
G generates a Cy semigroup in h. Moreover, we have Dom(G), Dom(G*) C Dom(R)
and (Ru, Rv) + (u, Gv) + (Gu,v) = 0.

Then the minimal semigroup on B(h), generated by the form generator by R*(x®
idy, )R + G + G*x is conservative.

Proof. Observe that by our hypothesis, both the assumptions (Ai) and (Aii) hold
for the maps R and G. Thus by the discussion above, there is a minimal semigroup
say (I;"")i=0 on B(h), whose form generator £™" on a certain dense subspace is
of the form R*(z ® 1x,)R + G + G*x. We prove that (Ttmm)tzo is conservative:
Let D C h be the subspace such that for x € D, L(z) := R*(z ® 1i,)R + =G +
G*x € B(h). Note that 1 := 1) € D. Let (Tmm*ﬂg)tzo be the predual semigroup
of (T;"")i>0. It is known (see chapter 3 of [62]) that for o € By(h) (Bi(h) is the
space of trace class operators on h), the linear span of operators p of the form
p=(1-G)to(l - G*)"L, denoted by B, belongs to Dom(L™™), L7 being the

min

generator of (T, )i>0. Moreover we have L7 (p) = RpR* + Gp + pG* for p € B,
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and B is a core for L. Now for a € D, p € B, tr(L(a)p) = tr(aLT"(p)). Since B is
a core for L7 we have tr(L(a)p) = tr(aL™"(p)) for all p € Dom(LT"). Observe
that for p € Dom/(LT"),

tr (Ttmm (:) — ap) = tr (a <T:Zn(f) — p)) =tr (aETi" <t—1 /Ot T:sm(p)ds»
= tr (L(a) <t1 /O t T:;n(p)ds>> ;

which proves that a € Dom(L£™") and by continuity, £L™"(a) = L(a), for all a € D.
Now L(1) = 0 which implies that £™"(1) = 0, i.e. (T} )i>0 is conservative. O

(1.2)

1.6.2 Symmetric quantum dynamical semigroup

Definition 1.6.4. Let A be a C* or von-Neumann algebra, equipped with a faithful,
semifinite and lower-semicontinuous (normal if A is a von-Neumann algebra) trace
7. A QDS (T1)t>0 on A is called a symmetric QDS if we have T(T(z)y) = 7(zT:(y))
for x,y € Dom(T).

Let L?(7) denote the non-commutative L? space as described in subsection 1.0.2.
Then it is well known (see [62]) that (7});>0 extends to a Cjy semigroup of self-adjoint
operators (denoted again by (13)s>0) on L?(7). We will use the notation £ to denote
the norm (ultraweak) generator of (T})¢>0 whereas Lo will denote the L2-generator
of (Tt)tZO-

It can be shown (see [62]) that —L2 is a densely defined positive operator on
L?(7). The densely defined sesquilinear form &€ on L?(7), given by

E(x,y) = ((—Ez)%x, (—ﬁg)%y% x,y € Dom((—ﬁg)%), is called the Dirichlet form
associated with the symmetric QDS (7}):>0. If A is a C*-algebra, it is a well known
fact (see [20, 21]) that B := AN Dom((—Lg)%) is a dense *-subalgebra of A.

Let £ be the Dirichlet form associated with the symmetric QDS (7}):>0 and let
Dom/(€&) denote the domain of the Dirichlet from.

We now state without proof a list of propositions, which we will be using in the
next chapters.

Proposition 1.6.5. [15]

1. For anyn € IN\ O, ay,aq,...a, € B, the matrix

(=L2) (e e (S (L)l
[m(a]) a’+ajf+e(—£2>( 2) I+€(_£2)( ' z)]z,y:l,...n

is positive in M, (A);
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2. for a,b,c and d € B, the limit

(—£L2)
I+e(—Lo)

(—Ls)

* * K (_[’2) *
(¢)*ab+ d*c¢* ——F——(a)b—d T+ e(-L2)

T+ e(—Lo) (c"a)b)

1
l’imeuO*T(d*

2
exists in C and equals

%5(6, abd®) 4+ E(cbd*, a) — E(db*, c*a);

3. the sesquilinear form, linear in the right-hand side and conjugate linear in the
left-hand one, on the algebraic tensor product B ®q4 B which, to ¢ ® d and

a ® b, associates the limit above, is positive.

Denote by K, the Hilbert space obtained by separation and completion of the
B ®q14 B with respect to the seminorm provided by the positive sesquilinear form
described in the above lemma.

Proposition 1.6.6. [62] Let B := AN Dom(E). Furthermore, assume that there
exists a norm dense x-subalgebra Ay C Dom(L) N Dom(Lsa), which is a core for the

norm generator L on one hand and a form core for £ on the other. Suppose that
L(Ao) C Ag. Then the following conditions hold:

1. The Hilbert space K is equipped with an A — A bimodule structure, in which
the right action is denoted by (a,§&) — &a, £ € K, a € A and the left action by
(a,&) » m(a)€, £ €K, ac A

2. There is a densely defined closable linear map oy from A into K such that B =
Dom(dp), and 6y is a bimodule derivation, that is, dp(ab) = dg(a)b+ m(a)do(b)
for all a,b € B.

3. Fora € Ay, b € B, ||[6p(a)blx < Cy||bll2, where || - || denotes the Hilbert space

norm of IC, and Cy is a constant depending only on a.

4. Let 6(-) := \/200(+). The triple (L, 7,6) satisfy the following cocycle relation:

d(a)*m(b)d(c) = L(a*bc) — L(a*b)e — a*L(be) + a*L(b)c,
for a,b,c € Ag.
5. K is the closed linear span of {6(a)b: a,b € Ag}.

6. 7 extends to a normal x-homomorphism on A”.
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Proposition 1.6.7. [62] Let R: L?(7) — K be defined as follows:

Dom(R) = Ay, Rz :=/26y(x).

Then R has a densely defined adjoint R*, whose domain contains the linear span of
the vectors 0(x)y for xz,y € Ag and R*(6(x)y) = zL(y) — L(z)y — L(zy).
We denote the closure of R by the same notation R. For x,y € Ay,

L)y = (Rm(@)R — LR Re — SoR*R)(y).
Furthermore,
(z)y = (Rz — 7(z)R)(y),

for x,y € A,
1

1.7 Quantum Stochastic Calculus

In this section we review the basics of the coordinatized as well as the cordinate free
versions of the quantum stochastic calculus. For details, we refer to [52, 62].

1.7.1 Symmetric Fock space
Let H be a Hilbert space. For n € IV, let H®" .= HRQH QH --- @ H, the usual

n copies
tensor product of Hilbert spaces and #H®" := C. Then the Hilbert space

Tpr(H) = O H®

is called the free Fock space over H. Let S,, denote the permutation group of n-
elements. Define a projection operator S on B(H®") by defining its values on the
simple tensors as:

1
5(”)(91 R R - ®gn) = E Z 9o-1(1) X 9o—1(2) ® - ®ga_1(n).
" oSy,

Note that P := @22 ,S™ is a projection in B(T t,(H)).

Definition 1.7.1. The range of the projection P namely, Ran(P) is defined as the
symmetric Fock space over H and is denoted by I'(H).
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Let f € # and suppose that f(®) == f@ f® f®--- f € H®". The vector e(f)
defined by e(f) := @nZO\/% ™ is called an exponential vector. The exponential

vector ¢(0) = 1@ 040 --- is called the vacuum vector. It is well known that
the set of exponential vectors is total in H. Also note that for f,g € H, we have
(e(f), elg)) = etF),

Let H and K be two Hilbert spaces. Consider the symmetric Fock space over
H @K, denoted by T(HBK). Let U : T(H®K) — I'(H) ® I'(K) be the map defined
by U(e(f@®g)) = e(f) ®e(g) and extending by linearity and continuity to I'(H & K),
where f € H, g € K. Since U is an inner product preserving map on a total set of
vectors which sends a total subset of the domain into a total subset of the range, it
extends to a unitary operator. Thus I'(H & K) 2 I'(H) ® I'(K).

Let ko be a Hilbert space. Let L2(Ry, ko) := L*(Ry) ® kg. We will use the nota-
tions Iy, T(5y and L'y to denote the Hilbert spaces T'(L*([0,], ko)), T(L*((s, t], ko))
and T'(L?([t, +00), ko)) respectively. Since we have L2(R) = L?([0, s]) ® L?((s,t]) ®
L2([t,400) for s < t, it follows that ['(L*(Ry, ko)) = I ®L(s 4 ®T';. Note that since
multiplication by x,, for any borel set A, is a projection in L?(Ry, ko), denoting
Xio. /> XS @0d X, ) f by fq, f(s.) and f|; respectively, for f € L?(Ry, ko), we
have e(f) = e(fs]) ® e(f(s,t}) ® e(f[t) and (2 = Qs} ® Q(s,t] ® Q[t’ where €2, Qs}) Q(s,t]
and ; denotes respectively the vacuum vectors of I', 'y, I'(5 ;) and I'[;. We define
the three basic operators (creation, annihilation and number or conservation) over
['(H) as follows:

Let f,g € H, H € B(H). On the finite particle level, we have

o Creation: af(f)g®" =31 59" © @ g

e Annihilation: a(f)g®" := /n(f, g>g®<"_l);
e Number: A(H)g®" := ij;)l) ¢® Q@ Hg® g®(nﬂ~).

We note that each of these operators is closable and the closures will be denoted by
the same symbols.

Let £(H) denote the subspace spanned by the exponential vectors over H. This
subspace belongs to the domain of each of the above three operators and we have:

e a(fle(g) = (f,g)e(9);
o al(fle(g) = &li_pelg + L1);
o (e(f),A(H)e(g)) = (f, Hg)(e(f),e(9));

e Annihilation and creation operators are adjoint of one another over the expo-
nential vectors Le. (e(g1), a'(f)e(g2)) = {a(f)e(gr), e(g2)) = (f, g1)(e(g1), e(g2)).
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1.7.2 Quantum Stochastic Calculus: The cordinate formalism

Let h, ko be Hilbert spaces. Let D and M be two dense subspaces of h and L?(R., kq)
respectively.

Definition 1.7.2. A family of operators {Vi}t>0 on h @I is said to be a (D, M)-
adapted process if:

1. D M C Dom(Vy) for all t > 0,

2. Foru e D, fe M, wehave Vi(ue(f)) € h@Ty and Vi(ue(f)) = Vi(ue(fy)) ®
e(f[t)'

It is said to be regular if for u € h, f € M, the map t — V;(ue(f)) is a continuous
h ® T valued function.
Let {e;j};>0 be an orthonormal basis for kg. Then fundamental processes associ-
ated with this basis, namely {A}},,,>0 are defined as follows:
t1 for (1,) = (0,0),
Al,j(t) — a(X[o,t] ® ej)a for (p,v) = (4, 0?7
aT(X[O,t] ® ei)7 for (H? V) = (07 7’)7
A(Moq @ lei)(e;l), for (u,v) = (i,]),
where M)y, denotes multiplication operator on L?(Ry) by X0~ The quantum Ito
formula is given by

AL (A (dt) = S5AL(dD), Vi, v, & > 0,

where 8 = 0 for y=0o0rv=0,
= ! otherwise,
where 4}, is the usual kronecker delta symbol.

Suppose that {X (¢)}+>0 and {LU(¢)} .60 are D ® E(M) adapted, regular pro-
cesses. We say that the process X (t) satisfies a Hudson-Parthasarathy (HP) type
quantum stochastic differential equation with initial value idpgr, symbolically:

dX(t) = X(1)Ly(t)A}(dt),
X(0) = idpgr,

if we have the following weak equation:

(X(t)ue(f), ve(g)) =
(ue(f),ve(g)) +Z/O ds(X (s) Ly (s)ue(f),ve(g))g" (s) fu(s)
"%
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for u,v € D and f,g € M, where fi(s) := (e;, f(s)) and fi(s) := fi(s), fo(s) =
fos) =

Let A be a unital C* or von-Neumann algebra. A family of maps {j;}+>0 from
A to A” @ B(T') is said to be adapted to the filtration {A” ® B(T'y)}i>o if ji(z) €
A" @ B(Ty) @ I, for all 2 € A, t > 0.

Definition 1.7.3. We say that a family of completely positive maps (j)i>0 adapted
to {A" @ B(L'y)}i>0, is a completely positive, contractive (CPC for short) flow with
a noise or multiplicity space ko (Hilbert space) and structure maps (04) belonging to

Lin(A, A), where p,v € {0} U{1,2,....dimky}, if the following holds:

(i) There is a dense x-subalgebra Ay of A (norm dense for C* algebra and ul-
traweakly dense for von-Neumann algebra) such that Agy is contained in the
domain of all the maps 01, and j; is normal if A is a von-Neumann algebra.
Furthermore for ue(f) € h®@T, the map t — ji(z)ue(f) is continuous.

(i1) The family {j:(x) }+>0 satisfy a weak q.s.d.e. of the form: for u,v € H, f,g €
L2(Ry, ko) and x € Ay :

(Je(@)ue(f), ve(g))
= ( wue(f),ve(g)) +Z/ ds( js(0} (x))ue(f),ve(g))g" () fu(s)
v V0

or symbolically,

—“2/ Ja(08 ()AL (ds) (1.4)

where f'(s) = (ei, f(5)) , fis) = [i(s) , fo(s) = fO(s) = 1, {ei}{Z}™ being
an orthonormal basis for the noise space ko with respect to which the struc-
ture maps 9;((2',]') # (0,0)) are given, and where AL(s) are the fundamental

integrators as described above.

The CPC flow (ji)t>0 is called a *-homomorphic quantum stochastic flow if
each j; is a x homomorphism. Such x-homomorphic flows are often refered to

as Evans-Hudson flows.
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A necessary condition for a CPC flow j; to be *-homomorphic is the following
algebraic relations among the structure maps:

For = € Ay,
dimkg ‘
0u(zy) = OL(x)y + 20l (y) + D 0/(2)0,(y), O4(x)" =0 (a"). (1.5)
i=1

Often it is convenient to associate a matrix, called the structure matrix, with
the structure maps 6. as follows:
£ ot
6 o )’

where o = 3, Hé(x) ® lej >< e, 6(x) == Y., 0i(z) @ e;, 07(x) == d(z*)*, and
L(z) = 03(x), for z € Ao.

1.7.3 Cordinate free quantum stochastic calculus

In this subsection, we briefly review the cordinate free formalism of the quantum
stochastic calculus, as developed in [62].

Let H1,Ha be two Hilbert spaces. Suppose that R € Lin(H1, H1 @ Hs) and T €
Lin(H1 ® Ha, H1 ® Ha). Given f € Ho, we define an operator (f, R) € Lin(H1,H1)
such that Dom({f, R)) = Dom(R) and for u € Dom(R), (f, R)u is the unique vector
in H; determined by ((f, R)u,v) = (Ru,v ® f), for all v € H;.

For f,g € Ha, we define another operator (f,T,) € Lin(H1,H1) as follows:
Dom((f,T,)) = {u| u® f € Dom(T) for f € Ha}, and for u € Dom((f,T,)),
(f,T,)u is the unique vector in H; determined by ((f,T,)u,v) = (T'(u ® g),v ® f)
for all v € H;. Likewise, we may define the operator T, € Lin(H1,H1 ® Hz2) by
(Tyu,v® g) = (T(u® f),v®g), for u such that u® f € Dom(T).

Recall the symmetrization operator from the free Fock space I'¢,(H2) to the
symmetric Fock space I'(H3), as defined in the subsection 1.7.1. We define the cre-
ation operator a'(R) which will act on linear span of vectors of the form ug®" for
u € Dom(R) and g € Hs as follows:
al(R)ug®" := \/anLl(lHl ®S)((Ru)®f®"). It is easy to observe that Y-, o o llaf (R)uf®"(|* <
00, as a result, we may define af(R)ue(f) := @nzoﬁaT(R)uf‘gn.

n!
We define annihilation a(R) as a(R)ue(f) := (R, f)ue(f), where (R, f) :=
(f, R)*, assuming that it exists. The number operator, denoted by A(T") is defined
by A(T)ue(f) := aT(Tf)ue(f).
Now we use these definitions to define the three fundamental processes as follows:
Let Hi = h, Hg := ko, Let Kp := L*([t, +00), ko). Then we have:

1. Creation process: Suppose that A C [t,+00). Define R® € Lin(h ® Ly b ®
Pt] ® K[t) by:
R (ue(fy)) := P(1, ® x5 (Ru) @ e(fy)),
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where P is the unitary flip sending h ® Ky @ I'y to h @ I'y @ K. Then we
define the creation process as aE(A) = al(RP).

2. Annihilation process: We define the annihilation process as: ar(A)ue(f) :=

((Ja (R, f()))ue(fy))e(fie)-

3. Number process: Define T € Lin(L3([t, +00), h ® ko), L3([t, +00),h ® ko))
by (T(ufy))(s) = T(uf(s)). Define Tﬁt € Lin(h ® Ty,h ® Ty ® Kp;) by
TfA[tue(ft]) = P((1, ® ﬁ)f(uf[t)e(ft])). Now we define the number process
Ar(A) as Ap(A)ue(f) == aT(TfA[t)ue(f).

1.7.4 Hudson-Parthasarathy (HP) type equation in cordinate free
form

Let R,S € Lin(h,h ® ko), and T € Lin(h ® ko, h ® ko). Suppose that D and M
are dense subsets of h and I respectively. Let (X;)i>0, (Et)t>0, (Ft)i>0, (Gt)e>0 and
(H¢)t>0 be (D, M) adapted, regular processes. We will symbolically write

t
X, = / (E.Ar(dt) + Faag(ds) + Gyal(ds) + Hads)
0
Xo = idpgr

to mean that X; satisfies an equation of the form:

(Xwe(g), ue(f)) =
| s @) 22T, )+ FRgs)+
Gy (f(5), S) + H,Yve(g), ue(f).

We will call a process (X¢)¢>0 admissible, if we have

supozs<e| Xeue(f)| < [lrful,

for u € D, where r{ is a densely defined closable operator.

Suppose that (X¢)e>0, (E)i>0, (£1)e>0, (G0, (H)i>0, (X{)i>0, (B0, (F})e>0,
(G))i>0, (H})t>0, are (D, M)-adapted, regular processes. Furthermore, assume that
all these processes are also admissible in the above sense.

Assume that

t
X, = / (EsAr(ds) + Fsag(ds) + Gsak(ds) + Hyds),
0
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t
X = / (E'Ar(ds) + Flag(ds) + Glali(ds) + Hlds).
0

Assume that D C NgepqDom((R,&)) N Dom((R',&)). Then for u,v € D and f,g €
L*(R4, ko) such that fgds |£(s)|* < oo and fgds lg(s)]|* < oo, we have the
quantum Ito formula given by:

(Xewe(g), Xjue(f))

/ ds [(X,ve(9), {{g(s), ELPT}()) + FUR', £(5) + Gllg(s), ') + HLyue(f))
/ ds [({{f () EPTy()) + Fu(R.g(s)) + GulF(5),8) + HaJvelg), Xue(f))]

+/0 ds [(EsPTy(s)(ve(g)), EcPT}) (ue(f))) + (EsPTy(s)(ve(g)), GiPS (ue(f)))

+(GsPS(ve(g)), EPT} g (ue(f))) + (GsPS(ve(g)), GL PS (ue(f)))]-
(1.6)

We will say that X; satisfies a Hudson-Parthasarathy (HP for short) quantum
stochastic differential equation with coefficients (R,S,T, A) and initial condition
Xo = idpgr if

Xi= /Ot Xy o (an(dt) + a(dt) + Ar(dt) + Adt), (L.7)

Xo = idper,

where R, S € Lin(h,h®ky), T € Lin(h®ko, h®ky), A € Lin(h,h). We will call the

matrix Z = (g ];

) , the coefficient matrix associated with the above HP type
equation.

An HP equation with bounded coefficients always admits a unique solution i.e. if
R, S, T, A are bounded, then there exists a unique (X;):>0 satisfying equation (1.7).
The solution will be contractive i.e. X; will be contractive for each ¢t > 0 if and only
if Z+2Z*+ZQZ* < 0 and the solution will be a co-isometry if Z + Z* + ZQZ* = 0,

~ 0 0

where @) := <0 1

We now briefly state few facts about HP equation with unbounded coefficients.
For details we refer to [62, 49, 50].
Fix dense subspaces Dy C h and Vy C ko, and for the quadruple (R, S, T, A), as-
sume that Dyp C Dom(R)NDom(S)NDom(A) and Dy®@Vy C Dom(T). Furthermore
assume that Dy C ﬁgeyoDom(<R €)). Suppose that there exists a sequence of opera—
tors (Z™),, € B(h@ko) where ko := C&ky, such that Z(M +ZMW* 4z Qzm
satisfying:
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limy, o0 (€, Z5”)u = (€, Zg)u,
supnleZq%n)uH < o0, for 7] € k.

Theorem 1.7.4. [50, 49, 62] Let (R,S,T,A) satisfy the conditions stated above.
Then the HP equation

dV; = Vi(ar(dt) + al(dt) + Ap(dt) + Adt), Vo = idner

admits a contractive, (h,T") adapted reqular solution.

Let Lo(x) be the bilinear form on Dy given by:

(v, Lo(x)u) := (v,zAu) + (Av, zu) + (Rv, zRu).
and for X e B(haT), {,ne CadVy, let L’%(X) denote the bilinear form on Dy @ I’
given by:
<U¢’ X<£7 Zn>u¢/> + <<§7 Zn>v¢7 XU¢/> + <@Z§U¢7 X@Znu¢/>7

where u,v € Dy and 9,1’ € I' and extend linearly. Let 8y := {x € B(h) : (v, Lo(x)u) =
Mo, zu) for all u,v € Dy}.

Theorem 1.7.5. [50, 49, 62]
I The solution of the HP equation in Theorem 1.7.4 will be isometric, if we have
E%(I) =0 for all £,m € Cd YV,
B = {0} for some .

II If furthermore there exists dense subspaces i?vo C h and % C kg, such that
Dy @ Vo C Dom(Z*) and the following conditions hold:
limnﬁoo@, Zg(”)m = <§A, Z%)u, forall &, € %, u € 136;
supnleZ?%n)*uH < 00 for alln € Vy, u € Dy;
L5(1) =0 for all £, € C @ Vy;
By = {0} for some A > 0;
where the definitions of EN% and E,\ are similar to the definitions of E%

and By, with the replacement of Z by Z*, Dy by 236 and Vo by %.

Then the solution in Theorem 1.7.4 will be a co-isometry.
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II1 If both the conditions in I and I1 hold, then the solution will be unitary.

Theorem 1.7.6. Let R : Dom(R) — h ® ko be a densely defined closed operator
with Dom(R) C h, for Hilbert spaces h,ky. Suppose there exists a dense subspace
Wo C ko, such that v ® § € Dom(R*) for u € Dom(R),§ € Wy. Let H be a
densely defined self adjoint operator on h such that iH — %R*R (= G) as well as
—iH — %R*R (= G*) generate Cy semigroups in h. Furthermore, suppose that both
of Dom(G) and Dom(G*) are contained in Dom(R). Then the QSDE:

AU, = Uy o (aly(dt) — an(dt) + (iH — 5 R*R)dt) (1.8)

Uo = ’id;
has a unique solution, which is unitary.
iH—3R*R —R*

R 0

decomposition of H and R respectively.
Put AM = ju(1+ ED=1 7| — LRM*RM where R™ := R(1 4+ B)=1 and z(W =

A _Rn)«

RM™ 0
hold. Thus the above equation has a contractive solution Uy, t > 0. Now observe that
in the notation of Theorem 1.7.5, £ (1) = 0, for all v, € C®&W). We will prove that
By = {0}. Formally define L(z) = R*(2®14,)R+2G +G*z, where G = iH — 1 R*R.

Then the conditions of Theorem 1.6.3 hold, so that the minimal semigroup associated

Proof. Let Z = . Suppose H = u|H|, R = v|R| be the polar

. Then it can be verified that all the conditions of Theorem 1.7.4

with the form generator is conservative. Thus by condition (v) of Theorem 3.2.16 of
[62], B\ = {0}. The same set of arguments hold for G = —iH — 1 R*R, which implies
that 3y = {0} (in the notation of Theorem 1.7.5). Moreover Zg(]) = 0. Thus all the
conditions of Theorem 1.7.5 hold, which proves that the solution is unitary. The

uniqueness follows from the results in [50, 49]. O

1.7.5 Evans-Hudson (EH) type equation in cordinate free form

Let A be a C* or von-Neumann algebra. Let us assume that we are given the linear
maps (£, d,0) (called structure maps, defined on a dense * subalgebra Ay of A),
where £ € Lin(A, A), § € Lin(A, AR ky), 0 € B(A, A® B(kg)).

We now define the four fundamental processes as follows:
Let A C [t,+00). All the basic four processes that we will define, are well-defined
on Ay ® £(K) and takes values in A® I (see [62]). We define them as:

Annihilation: (as(A) (32, 2 ®@ e(fi)) w = 370, as(er) (D) (ue( fi)),
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Creation: (ag(A) (S 2 ® e fi))) w=Y"1 af (D) (ue(f),
Number: (Aq(A) (X211 2 @ e(fi)) u = 32711 Moy (D) (ue(fi)),
Time: (Zo(A) (S i o f))u = S0y [AI(L(ws)u) © e(f:)), where |A] is

the Lebesgue measure of A.

Definition 1.7.7. Suppose that A is a C* algebra. Let j. : Ay — A" @ B(T)
be a family of CP maps. Suppose that J; : Ay @ E(K) — A” @ T be defined by
Ji(z @ e(f))u := je(x)(ue(f)), where ue(f) := u® e(f). We say that j; is a CPC
flow satisfying an FEvans-Hudson type quantum stochastic differential equation with

structure maps (L, 9, 0) and initial condition jo(z) := x ® 1p, symbolically

dJ; = Jy o (as(dt) + al(dt) + A, (dt) + Tedt) (19
Jo = idargr, '

1. Forue(f) € h®T, the map t — ji(x)ue(f) is continuous for all x € A.

2. ji satisfies the following equation on Ay :

Gu(w)ve(g), ue(f)) = (zve(g), ue(f))
| s Qi) o@) + 8@, + (1.10)
(£(5),6) + £(&) ve(g), ue(f),

for x € Ag.

Remark 1.7.8. If A is a von-Neumann algebra, then a family of completely positive
contractive maps (ji)i>o0 from A to A® B(I") will be called a CPC flow if it satisfies
all the hypotheses of definition 1.7.7 along with the additional hypothesis that for
each t > 0, the map j; is normal.

T
The matrix © := g i) , where 6f(z) := (§(x*))*, is called the structure or

coefficient matrix associated with the above equation.

Note that for x € A, (j:(x)):>0 is an operator valued process, which is (h, £(L?(R4, ko)))-
adapted, regular and admissible (being contractive). This, together with Proposition
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1.2.7, Lemma 1.2.8 and equation (1.6) yields the following quantum Ito formula for
map valued processes (see [62]):

Geleyue(f). i (y)velg))
= (zue(f), yoe(g)) + /O ds {ja(£(2) + (g(s).5(2))

+81(2) )+ (9(s), 0(2) 0 ue (D). o wve(o)) w11)
+ (s (@)ue(f), Js(L(y) + ((5),6(v)) + "), ..,
+ (f(s),0(y) ) ))ve(9))
+ (Js(0(x) + o () ) Jue(f), Js(6(y) + oY), Jve(9))
where jt = ® Z'd[‘fr, as in Lemma 1.2.8.
The natural necessary algebraic conditions for such a CPC flow j; to be *-

homomorphic are the following, which are cordinate free versions of equation (1.5)
discussed previously:

1. o(z) :==m(x) —x®1y,, where 7 : A — A® B(ko) is a normal * representation;

2. § is a w derivation i.e. §(zy) = 0(z)y + m(x)d(y) for z,y € Dom(9).

3. L(z*) = L(x)* for all x € Ay.

4.

6(x)"0(y) = L(z"y) — L(z")y — 2" L(y),
for all z,y € Aj.

It is known [52, 62] that if the structure maps £, are bounded, then there ex-
ists a unique process (j¢)¢>0 consisting of normal *-homomorphisms, which satisfies
equation (1.10) with the initial condition jy(z) = = ® idr. However, such existence

are not known in general (except some special cases e.g. [62, 30, 28, 25]), if the
structure maps are unbounded.

1.7.6 Time-shift and cocycle property

Define 6; : L?*(Ry) — L*(Ry) by 6:(f)(s) := f(s — )X (s 400 (8)- This is known as
the time-shift operator. We take the second quantization of the time-shift i.e. I'(6;)
which is defined on the exponential vectors as I'(6;)(e(f)) := e(6:(f)). Note that
['(6;) maps I isometrically onto I';.

Proposition 1.7.9. [62] Suppose that (V)0 is a bounded, adapted, reqular solution
of an HP equation of the form (1.7) such that the coefficients R,S,T, A are all
bounded. Then we have

Vt-‘rs = Vs [F(Qs)vtr(@:)]
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for allt,s > 0.

As a result of this, the family of maps Vf’n : h — h defined by Vtg’" =

(e(Xpp.4): Vte(x[o , o) t =0, are Co semigroups.

Proposition 1.7.10. Suppose that (ji)i>0 ts a CPC flow, which satisfies an EH
equation of the from (1.9) such that the structure maps L,6,0 are all bounded.

Then we have

Jits(-) = Js(T(0:)7: ()T (65))

Such a property is usually referred to as cocycle property of the CPC flow (ji)>0.
As a result, if j;(A) C A® B(I') V¢t > 0, where A is a C*-algebra, the map
jf"() = (e(€X(0.)sJt()e(nX,)) is a Co (with respect to the C*-norm) semi-

group on A. If on the other hand, A is a von-Neumann algebra, then jf"() =
(e(€xo), Jt(-)e(nx ) 1s @ Co (with respect to the ultraweak topology) semigroup

on A. The semigroup ( j? ’O)tzo is called the vacuum expectation semigroup, associ-
ated with the CPC cocycle (j¢)e>0.

It is not known in general that if (j;)i>0 is a CPC flow which satisfies an EH
equation of the form (1.9) with unbounded structure maps, then whether (j):>0 is
. f ) . . 0,0,
a cocycle. However, in this case, if we assume that (j;);>0 is a cocycle and (7, )+>0
is a Cp semigroup, we have the following lemma:

Lemma 1.7.11. For a CPC cocycle flow jq, jtc’d(x) defined by jtc’d(:c) = (e(cljo ), je(z)e(dlyg )
forxz € A, is a Cy semigroup on A. Furthermore, the restriction of the generator of

o4 z) to Ag is

L+ (¢,8) + 61 + (¢, 04) + (¢, d)id.

Proof. Let s < t, the semigroup property follows as:

ot (@) = (e(clpern), dste(@)e(dlgerg))

= (e(clig ) ® e(Clissrg): ds 0 T(05)je(2)T(07)e(dLg5) ® e(dL(s 41)
= jEU((e(cLis ). T(05) e ()T (03)e(dLfs 1))

= j¢(eclip ), di(@)e(dly ) = j54 o j; (x).

(1.12)
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Cop property can be proved as follows: For a vector ¢ € ko, we write ¢; for ¢l .

(we(co), ju(@pve(dn)) — (u,zv)|

< I{ule(cr) — (O], ge(w)ve(©)] + {ue(0). j ()ve(0)) — (u,z0)]

+ [{ue(er), @)eledr) = e(0)]) (1.13)
12t

lld] llel|?t
< e {4 Vel =1+ ¢/ Ve =1} ¢

[(u, (¢ (2) = 2)))|

If j?’o is Cy in the norm topology of A i.e. if A is a C* algebra, then the above
estimates implies that (u, j; ’d(x)v> — (u,zv), uniformly over the unit ball of h.
On the other hand, if j? 0 g Cy in the ultraweak topology of A, in case A is a
von-Neumann algebra, then it follows from the above estimates that (u, j; d(z)v) —
(u, zv) for a given u,v € h.

Now for z € Ay and u,v € h, we have

(ue(clig,g), js(x)ve(dlp,y)) = (u, zv)el™D?

S

+ ; dr(ue(clyg q), jr (L(x) + (c,d(z)) + ot (x)g + (e, o(z)a))ve(dly))

(u, e=5D jd (1)) = (u, zv) + /0 | dr(u, e ™D S L () + (¢, 6(z)) + 6T (x)g + (¢, o(2)g))v),
(1.14)

and from this the conclusion follows. O

1.7.7 Quantum stop time

There are many formulations of the concept of quantum stop times. We refer to
[54],[5],[7] for details of such formulations. We briefly describe the two notions of
quantum stop time:

Definition 1.7.12 (Parthasarathy,Sinha,Attal). Suppose that (Hy)e>o0 be a family
of Hilbert spaces such that for s < t, Hy C Hy C H for some Hilbert space H
(called a filtration). A quantum stop time adapted to this filtration is a resolution
of identity E : [0,4+00] — P(H), P(H) being the set of projections on H, such that
B(0.1]) € P(Hy).

Another formulation of the concept is:
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Definition 1.7.13. [7/[Barnett] Let (A;)¢>0 be an increasing family of von-Neumann
algebras (called a filtration). A quantum random time or stop time adapted to the
filtration (A¢)i>0 is an increasing family of projections (Et)i>0, Exo = I such that
E: is a projection in Ay and Es < E; whenever 0 < s <t < 400 and furthermore,

fort>s, Ey | Es ast] s.



44

Chapter 1 : Preliminaries



Chapter 2

A new proof of homomorphism

for flows

2.1 Set-up

Let A be a C* or von-Neumann algebra, equipped with a semifinite, faithful, lower-
semicontinuous (also normal in case A is a von-Neumann algebra) trace 7, and let
Ap be a dense x-subalgebra of A as described in definition 1.7.3 in chapter 1, which is
also dense in h(= L?(A, 7)) in the L2- topology. Assume that (j;):>0 is a CPC flow as
described in subsection 1.7.2 and let (7}):>0 be the vacuum expectation semigroup
of ji, ie. (u,Ty(x)v) = (ue(0),ji(x)ve(0)) = (u,j?’o(:):)w for u,v € h, x € A.
We assume that the vacuum expectation semigroup (j,” )+>0 is a Cp (in the norm
or ultraweak topology according as A is C* or von-Neumann algebra) semigroup.
Furthermore, we make the following assumptions:

A(i) For each t > 0, T} extends to a bounded operator (again denoted by 73,) on
the Hilbert space h such that (T})i>0 is a contractive, analytic Cy-semigroup
of operators in the Hilbert space h. We shall denote by Lo the generator of
((T1)¢>0) in h.

A (ii) Suppose that Ay C Dom(L) N Dom(Ls2), and that Ty leaves Agy invariant.

A(iii) The map 7 defined by
m(x) =0(x) + & L,

is a x-homomorphism (normal if A is a von-Neumann algebra) from A to A®

B(ko), and the map 6 is a well defined m-derivation belonging to Lin(Ap, A ®

45
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ko), i.e.
d(zy) = d(z)y + 7(x)d(y), for x,y € Ayp.

A(iv) For x,y in Ay, the following second order cocycle relation holds:

0(2)"o(y) = L(z"y) — L(z")y — 2" L(y)- (2.1)

A(v) Forz € Ay, L(z*x) € AN LY(7) and 7(L(z*x)) <0 (a kind of weak dissipa-
tivity).

Remark 2.1.1. A(ii) implies Ao is a core for both L and Lo (see section 1.3 of
chapter 1). Furthermore observe that because of analyticity in A1), A(iv) and
A(Vv), the real part of the operator (—2L3) exists as an operator and is non-negative

(see pages 322 and 336 of [34]).
Moreover it also follows from these assumptions that §(x) € h ® ko for x € Ap.

this is because for x € Ay, we have

T(L(x*z) — 2" L(x) — L(x) )
= 7(L(x*x)) + (Re(—2Ls)x, x)

since T(L(x*x)) <0

7(6(2)"5(x))

L2(7)

< (Re(—2Ly)x,x)

L2(7)

< +00.

Lemma 2.1.2. If (T})¢>0 is symmetric with respect to T, then A(i) follows. Also if
we assume furthermore that Ty is conservative and A(ii) is valid, then A(v) also

follows.

Proof. On Ay, we have the cocycle identity given in assumption A(iv) by proposi-
tion 1.6.6 in chapter 1. Using assumption A (ii), we may apply the same arguments

as given in pages 66 — 67 of [62] to conclude that

T7(6(2)*6(x)) = sup,7(end(z)*d(x)ey)
= 25upn| 2 e 2, < 2supallenlZE ()

en
V2
< (2.2)
(where £ is the Dirichlet form associated with (73):>0

and (ey), is an approximate identity from A;.)
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This proves that §(z)*§(z) € L'(r), z € Ap. Since on Ay, we have the cocycle
identity given by A(iv) and L(z*)z as well as z*£(x) belongs to L'(7), it follows
that £(x*x) belongs to L(7).

The fact that 7(Ti(z)y) = 7(xT3(y)) for all z,y € A such that z,y > 0, implies
that for z € Ay, y € Dom(L), such that z,y > 0, we have 7(L(z)y) = T(xL(y)).
Taking y = 1, we have 7(L(x)) = 0 for all x € Ay with > 0 (since £(1) = 0). This
implies assumption A(v).

a

Remark 2.1.3. Consider a typical diffusion process in R whose generator is of the

form:

d d

_1d o2
2dx (@ )@—i_b( )dac

The coefficients a and b are assumed to be smooth and a is assumed to be non-

vanishing everywhere. Consider a change of variable
2b t)

= =J; dselo 2(f> + C (where C is a constant} It can be seen that L
18 symmetmc with respect to the trace 7' given by 7'(f) = [ f(x)¢'(x)dz. Thus
the assumption of symmetry can accommodate the semigroup correspondmg to an

arbitrary one-dimensional diffusion with smooth coefficients.

Remark 2.1.4. On the other hand, some of the most common QDS arising in
classical probability for which the assumptions A(i)- A(v) hold, cannot be made
symmetric even by a change of measure on the underlying function algebra. For
example, consider the semigroup of the standard Poisson process on Ziy, realized on
the commutative von-Neumann algebra 1°°(Z..), equipped with the trace given by the
counting measure. Here, the generator Lo is the bounded operator | — I, where [
denotes the unilateral shift operator on 1?(Zy). It is straightforward to see that for
¢ € 1®°(Zy), ¢ >0, 7((l = I)(¢)) < 0. However, if L is symmetric with respect
to some measure , say given by a sequence {p; = u({i})} of nonnegative numbers,
then the symmetry condition will imply (since £ has 1 € I*° in its domain) that
Yool —=1)(9(2))pi = 0 for all ¢ € I°°(Z.). From this, one can easily conclude that
Di —0 for all i. That is, there does not exist any faithful positive trace on [*° for

which L is symmetric.

Remark 2.1.5. Let E be a Banach space, F : R — FE be a strongly measur-
able map and let pu be a measure on R. Suppose that the integrals [o du(t)F(t)
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and [, du(t)T(F(t)) exist, where T is a closed densely defined operator in E. Then
Jg du(t)F(t) € Dom(T) and

7( /R dp(t)F (1)) = /R dp(BT(F(1)).

Let us denote by I'y. the free fock space over ko. Let L= ﬁg Ry 1+1R®,y ﬁg,
where Lo() := Lo ® idr,,, C = (—2Re(£2))%, C=C® idr,, and let

C@,C:=(C®,1)o(10,0)=(1®,0)0(C®,1)in (h@Ts) @y (AT y).

Observe that Lo is the pregenerator of the semigroup (Tt)tz(] on h @ I'y,, where
Tt() := Ti(-) ® idr,,. Note that by our hypothesis, Tt(.Ag ®Qalg L'pr) € Ao Qalg L' fr,
which implies that Ay ® I'y, is a core for Lo.
Moreover we set F := (Ao@agD fr)Qatg(Ao®atgLpr), and YV := {(A — L) " HX @ Y)| X,Y € Ay Quty T'fr}-

The following lemma will be useful in proving the main result of this section:

Lemma 2.1.6. Let E be a Banach space, and let A and B belong to Lin(E, E)
with dense domains Dom(A) and Dom(B) respectively. Suppose there is a total set
D C Dom(A) N Dom(B) with the properties :

(i) A(D) is total in E, (ii) [|B(z)| < ||A(z)|| for all x € D.
Then (A + B)(D) is also total in E.

Proof. First note that if A(D) C (A+ B)(D), then F' = span{(A+ B)(D)} is dense
in E. Therefore without loss of generality we suppose F # E, or that there is a non-
zero yo in A(D), such that yo ¢ (A + B)(D), and let yo = A(xg), for some zp € D.
Then by Hahn-Banach theorem, there exists A € E*, the topological dual of E, such
that [|A]l = 1, [A(go)| = [lgoll as well as A((A+ B)(D)) = 0. Then [lgo]) = [A(A(z0))|
and [A(A(z0))| = |A(B(zo))].

But |[A(B(z0))| < ||B(zo)|| < ||A(z0)|| = ||yo|| which leads to a contradiction. There-
fore F = E. O

2.2 Proof of homomorphism property.

The next two lemmas set the stage for the application of lemma 2.1.6 to our problem,
leading to the main result of this section, viz. the proof of the homomorphism
property of j; under an additional hypothesis.
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Lemma 2.2.1. For X € Ay ®qq 'y, , X #0,
o0 ~ A
| e anedon® < jxe

Proof. For X in A ®qig I fr,

~

%HT}(X)H2 = (La(Ty(X)), Te(X)Dnor,, H{TH(X), Lo(TH(X)))ner,, = —IICTH(X)|*.
(2.3)
We get for A > 0,

[e's) A 00 d .
[ eedep =~ [ e LImeo)?
0 0

={ixie - [T e inoor).

Thus if X [ dt e M| Ty(X)|? = 0, for some A > 0, then we have | T;(X)| = 0 for
almost all t and by virtue of the continuity of ||7}(X)|| as a function of t, this leads
to the contradiction X = 0. Thus A [;°dt e || T3(X)||> > 0 for all A > 0 which

gives us the required strict inequality. O

(2.4)

Lemma 2.2.2. |(C @, C)(X)|l, < [|[(A = £)(X)], for all X in Dom(L) and we
have strict inequality if X is in Y.

Proof. Let X € F, such that X = Zle X; ®Y;. It is obvious that
(1®, C)(F) € Dom((C @, 1)). So using lemma 2.2.1,

/ dt e M| C @, C(Ty @, T1)(X)]|4
0

00 k
dt e Z C(Ty(X:)) @ C(Te(Yi) |l
i=1

|
S~

[NIE

<

W

o o0 k
Xt A ) [12) 3 paire At f 2 ; dll
( / dt M| CT X)) / dt ORI < 3 K|

(2.5)

1

-
Il

Equation(2.5) and Remark 2.1.5 together yields:
1(C @, OYA = L) Oy < 1X ]l

Thus (C ®v C)(\ — £)~! is a contraction. As a consequence, C ®- C extends

to Dom(L) and we have the required inequality. Now with X = z ® y, where
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z,y € Ag ®qig I' fr, the above equations give

IC @y YA = L)z @)y < lelllyll = llz  yll

L A (2.6)
or [[(C e, C)Y)lly <[[A=L)YV)]y forY €.
g
The assumptions A (iv) and A(v) lead to
16(2) I3k, = T(8(x)*0(2)) < |C ()7 < I(C + €)(@)lI7, (2.7)

for all x in Ag, € > 0. This implies §(-) can be extended to Dom(C'). Now define a
map B belonging to Lin ((Dom(C) ®aig I ) @atg (Dom(C) Qqig I'tr), (R @ 4) @ (R @Ty,))
by

BX®Y) = (d®idr;,)(X)® (0 @idr,, )(Y),

and extend linearly. This operator is well-defined, which can be proved as follows:
using (2.7)

16 & idr,, (X160 @ idr,, (V)] < I(C + )X)IC + )Y

(2.8)
< 00.
Let 0 := 6 ® idr,, .
Thus we have
IB{(C+e&) &y (C+e)  HX@Y)|y < X RY],, (2.9)

for X, Y € Dom(C) ®q14T 47, which implies that B{(C'+ €)' @, (C +¢)~'} extends
to a contraction from h ® I', ®4 h @ I'y, to itself and hence

IBX) ]y < I{(C + ) @, (C + e }HX)l, (2.10)
for all X € (Dom(C') ®qig L' fr) @atg (Dom(C) ®qig I'fr). Letting € — 0, we see that
1By < (€ @y OYX)l, (2.11)

for all X in (Dom(C) ®aig I' ) ®atg (Dom(C) @qig I'r). By Lemma 2.2.2, C ®- C

N A~

extends to Dom(L) and thus we can also extend B to Dom(L). So we have
IBX)] < 1(C @y CYX)ly < (A= £)(X)ly for all X € Dom(L).  (2.12)
Now span{Y} € Dom(L), and in particular for Y in ),
IBY)ly < 1€ @5 CYY)ly < (A = L)X (2.13)

a
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Theorem 2.2.3. Assume that the flow j, satisfies A(i) - A(v) and suppose that
the following hold:

A(vi) There exists a total subset W of L*(Ry, ko), such that for f,g in W, x €
AN LY7) and u,v in L°°(7) N L%(7), we have:
sup g<s<t|(uf®", je(x)vg®" )| < C(u,v, f,g,m,n, )|z, (2.14)
such that for fized u,v,f,g,m,n, C(u,v, f,g,m,n,t) = O(eP) for some > 0.
Then j; is a x-homomorphism.
Proof. For f,g in W, the flow equation 1.10 of subsection 1.7.5 in chapter 1, leads
to :
(Je(@)ue(f),ve(g)) = (zue(f), ve(g))+
/ot ds (js(L(x) + (g(s),8(2)) +8'(2) ) + (9(s), (), )ue(f), ve(g)).
Recall that using the quantum Ito formula (equation (1.11)) we get:

(Je(w)ue(f), ji(y)ve(g))
=(zue(f),yve(g))

+/0 ds [(js(L(x) + (g(s), () + 8" (2) ) + (g(s), o), ue(f). js(y)ve(9))

(Js(x)ue(f), js(L(y) + (f(s),0(y)) + 5T(y)g(s) + (f(s), U(y)g(s)»ve(g»
(Js(8(x) +a(@) . Jue(f), Js(6(y) + oY) ) )ve(9)) roran )

(2.15)

+
+
(2.16)

where J, is the extension of the map j, ® idp s, to the Hilbert module A®Tf,., which
makes sense because of Lemma 1.2.8.
For fixed u,v in ANh, f,g in W, we define for each ¢t > 0,
&t (Ao Datg U'pr) % (Ao Qalg I'pr) = C by
$(X,Y) = (Ge(X)ue(f), je(Y)ve(9)norar,, —(Ge((Y, X))ue(f), ve(9)) g (217)
Using (2.15) and (2.16), we get:

H(X.Y) = / ds [Bu(£(X),Y) + 6u(X, £(Y)) + 0a(3(X), (7))
Y

+65(67(X) ), Y) + 6s({g(5), 6(X)), Y) + 65((9(s), 6(X) ;). V) (2.18)
+5(X,07(Y) ) + 85(X, (F(5),0(Y))) + 65(X, (f(5),6(Y),(,))
+5(0(X),8(Y), ) + 0s(6(X) ;) 3(Y)) + 5(6(X) 1), 6(Y) )]

—~ ~
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Next we follow the ideas indicated in the pages 178-181 in [62] and define for mn
in INUQO,

Y )i G0N 0™ XS ™) )
= i o GO0 ), (Y Jee(n) = (Y. X))ue(p ), ve(g)) oo

(2.19)

for X,Y € Ag ®qig I'fr-

Let ¢ (X,Y) = (Gi(X)ue(pf), ji(Y Jve(ng)) — (: (Y, X))ue(pf), ve(ng)). Ob-

serve that ¢ (X,Y) = L L0 0" (P )(X,Y)]

m! nl dp™m Onn 7't p=0, n=0"

Then in terms of ¢§p’n) (X,Y), equation (2.18) becomes:

= / s (@ (LX), Y) + 6P (X, L(Y)) + ¢ (3(X),8(Y))

PG, Y) + B8 ((ng(s), (X)), V) + 60 (g (5), 6(X),5,)). Y)
+ (X, 8N(Y),,00) + 0K (pf (5), (V) + 6P (X, (pf (), 6(Y),,0)
+ M (0(X), 5(Y) ) + P (E(X) 50 6(0)) + 9 (5(X) ), 5(Y)

ng(s) )] ’
(2.20)

On simplification, this becomes

~

(X, Y) = / ds [0M(ECX),Y) + 60X £Y) + 607 (3(X), 6(V))
0

Observe that except the first three terms on the right hand side of equation
(2.21), all the other terms are either of the form qug”’") (X1, X2) or n¢>§p’") (X1,X2)
or pn¢§p’n)(X1,X2), for X1, Xs € A®T'f,.. Now we have
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1 omo

mapmanmﬁ”’”) (X1, X2)

1 o™t 9o "
= mln! 9pm-1 [p(?pé?n" ¢ (X1, Xo) + 877771¢gp’n) (X1, X2)]

1 9m? aan 928n
= (p"? X (P:n) X X

(2.22)

1 (9m_18n omon
= (PJI) (p,n)
p—— [mapmflann P (X1, Xo) + P P (X1, X5)]

man m—1A9n
So that we have —— 8(2’”277” pol (X1, X0)| oy = i A0 (o
¢;n71’n(X17 XZ)

(m—1)Inl §pm—Topn ¥'s ’n)(X17X2)|

p=0,n=0 —

L 1 gman (pm) _ 1 amon—1_(pm)
Similarly we have —— BpmonT nos” " (X1, X2)| om0 =
-1

5" (X1, Xa).

Gyt apro—19s (X1, X2)|

p=0,n=0 —

1 omo”
(pm)
mln! 8pm8n"m7¢3 (X1, X3)
1 gm  gn—l (o) on o) (2.23)
= P X X 2] X X .
ml(nfl)lapmp[annflgﬁs ( 1) 2)+77677n¢s ( 1 2)]
Thus
1 omo" 1 om on—1
mint aprag 194" K0 Xe)lo = Sy g g gt 0T (X0 X))
(2.24)
Taking f(p) = {59777:11 o qu(p n)<X1,X2)}, proceeding as before, we see that
m—1 m 9n m—1
g P (0) = migim=r F(p)+p5m [ (p), s0 that we have 57w pf (p),—o = mggm=r f(p)],o-
m an m—1an—1
Thus we have i 52780 (™ (X1, X2)},-o,-0 = oty sprigmet o8

m=T)I(n=1) 8y Toyn T Ps (X1, Xo)|

p=0,n=0"
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So we get a recursive integral relation amongst ¢;""(X,Y’) as follows:

¢ (X, Y) :/0 ds [¢7" (L(X),Y) + ¢ (X, L(Y) + ¢ (8(X), 6(Y))

I (OT(X) 1), Y) + 0T (g(), (X)), Y) + 9 ({g(s), (X)) Y)
+ G THXL (YY), )+ S8 T (F(9),0(Y))) + ¢ TN (), 6(Y), )
(X

(
+ @I THO(X), 6(Y), ) + S8 THH(E(X) 0 6(Y)) + 0 THE(X) (0 6(Y) )]
(2.25)

where ¢; 7" (X,Y) := ¢/} (X,Y) := 0 for all m,n and X,Y.
We set in (2.25), m =n =0 to get

o(X,Y) = /t ds{¢?(L(X),Y) + ¢00(X, L(Y) + 62 (6(X),6(Y)}  (2.26)
0

and if we can show that the hypothesis of this theorem and (2.26) imply that
qb?’o(X ,Y) =0, then we can embark on our induction hypothesis as

SEUX,Y) =0 for k+1<m+n—1.

Under the induction hypothesis, (2.25) reduces to

¢?1’"(X7Y)=/O ds[¢0" (LX), Y) + ¢7"(X, L(Y)) + ¢ (8(X), 6(Y))] (2.27)

for X, Y € (Ao®aqiglL fr), which is an equation similar to (2.26) leading to ¢;""(X,Y) =
0, as earlier and this will complete the induction process. Thus it only remains
to show that the assumptions of this theorem lead to a trivial solution of equa-
tion of the type (2.26). Omitting the indices m,n, define a map 1; belonging to
Lin((Ao ®aig ' fr) ®atg (Ao @aig T'gr), C) by:

WX RY)=¢""(X,Y),
and extend linearly. Thus equation (2.26) leads to:
t
Y (X) = / dslps(L®1+10L+0®06)(X))], for X in F. (2.28)
0

The complete positivity of the map j; implies that

(G1(@)€, ji(2)€) < (Ge(x" )€, €) (2.29)
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for £ € h®T and hence by A(vi), we get that

|Ge(@)uf®"  je(y)og® N < (| Gela* ) uf & wfe™) Gy y)vg®"  vg®" )2
<(C(u,u, f, fom,m,)C(v,v, g, g,n,n,1)2||z|2]|yll2 (2-30)
= O(e™)[|zl2llyll2-

Furthermore, by assumption A(vi) we have
[Ge(y 2)uf®"  vg®")| < Clu,v, £g,m )|y z]y < O(™)l|z]allyll2. (2.31)

Thus we have |¢s(z,y)| < O(eP)||z2]|yll2, for 2,y € Ay ® Q, Q being the vacuum
vector in I'g,.. Now since A is dense in h, ¢; : Ag X Ag — C extends to a bounded
sesquilinear form on h. Thus there exists an operator M € B(h) such that ¢.(z,y) =
(Mx,y), for 2,y € Ay, ||[M| = O(e’!). ¢; can be extended to a sesquilinear form
on h ®I'y, as follows:

Observe that M := M ®idp, € B(h®Ty,). So for X,Y € h@ Ty, (X,Y) —
<MX’Y>;L®FfT
extended to a bounded sesquilinear form on h®I¢,. Note that for X, Y € Ag®qiq1 7,
(MX,Y) = ¢4(X,Y), so that we have |¢:(X,Y)| < O(eﬂt)HXH;@prHYH;@FJCT for
X, Y e Ay ®atg L' fre

This yields

defines a bounded sesquilinear form on Ag ®44 ¢, and hence can be

[0e(X)| < O™ X|l5, for X € F, (2.32)

which proves (by virtue of denseness of F in (h®1T'f,) ®, (h®@Iy,)) that ¢y extends
as a bounded map from (h®@T'y,) ®, (h®T'f,) to C. If we let G = L + B, then for
X € F, the equation (2.28) becomes:

t
(X)) = /0 Da(G(X))ds.

Note that by (2.32), [, dt e M|y (X)| < oo for A > S and thus
00 00 t
|0 = [Care [asuGon),
0 0 0
which on an integration by parts leads to
/ dt e My((G = A)(X)) = 0, for X € F. (2.33)
0

Now for Y € (V)c, let {X,, € F} be a sequence such that G(X,,) goes to G(Y) (this
happens because of the fact that F is a core for £ and the inequality in (2.13)).
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Thus we have

/ Tt e M (G — N)(Y)) =0,
0

by an application of the dominated convergence theorem. Lemma 2.1.6 with A =
(£ —=)), D =Y, and the inequality (2.13) together yields the denseness of (G —
A)(span{Y}) follows. Therefore the last equation and (2.32) lead to

/ dt e My (X) = 0 for all X € h®, h, for A > B.
0

This implies that 1;(X) = 0 which in turn proves that ¢;""(X,Y) =0 for X,Y €
Ao ®qig I'fr, t > 0, and hence taking X =2 ®Q, Y =y ®Q for x,yAg, {2 being the

vacuum vector in I'y,., we get the required result. O

Corollary 2.2.4. Suppose the trace T on the algebra is finite. Assume A (i) through
A(v), and replace the assumption of analyticity in condition A (i) by the following:
Ao € Dom(L2) N Dom(L5). Then the conclusion of Theorem 2.2.3 remains valid.

Proof. Define a symmetric form ¢(z,y) = —(La(z),y) — (z, La(y)) for all z,y € A,
with domain Dom(q) = Ag. This form is non-negative by A(iv) and A(v). Since
q(z,y) = (x,(—L2 — L3)y), YVx,y € Dom(q), the standard proof for the Friedrich
extension (see [59], vol-II, page-177) is valid and we get a positive self-adjoint oper-
ator Z with Dom(q) C Dom(Z) such that q(z,y) = (z, Z(y)). Set C = Z3. Observe
that by the form extension and hypothesis A(v), we have

d
@HTt(fL’)H2 = (La2(Ty(@)), Ty (2)) + (Te(x), L2(Ti())) = = Co Ty(x) % (2:34)
Thus the rest of the proofs of Lemma 2.2.2 and of Theorem 2.2.3 remains valid. O

As an application to this method, we prove the Trotter product formula for
quantum stochstic flows.

2.3 The Weak Trotter Product Formulae for q.s.d.e.

with unbounded coefficients.
Definition 2.3.1. The time shift operator 0y, 0;: L*>(Ry) — L?([t,o0)) is defined as

0:(f)(s) =0 if s<t

= f(s—1t) if s>t. (2.35)
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Let I'(A;) denotes its second quantization, that is I'(6;)(e(g)) = e(6:(g)), for g
in L?(Ry, ko) and extended linearly as an isometry on whole T'(L?(R, kg)). For
XeA® B(F[r,s])7

L(0)(X ® Ir)T(0;) = Pra(|% >< | @ 1pe |, ® X @ Ipees) Py,

where Pio : Ty @ h @ Tt — h@ Ty @ T2 h @T) is the unitary flip between first
and second tensor components. Let & : B(h @ I'}) — B(h ® I'}1%) be given by :

&(X)=X.
Definition 2.3.2. A CPC flow j; is called a cocycle if

jert(J:) = Jjs0&s Ojt(l')a for x e A.

Henceforth, all the CPC flows considered are assumed to be cocycles.
Note that by virtue of Lemma 1.7.11, the maps jf”() 1= (e(€X(0.)s Gt ()e(MX04))
for &, € kg are Cy semigroups.

Lemma 2.3.3. Suppose the CPC flow (ji)i>0 satisfies A(i)-A(v) and that for x €
AN LY(7),

15 @)1y < exp(tM)]ally (2.36)
for ¢,d in ko, where M depends only on ||c||,||d||. Then the condition A(vi) and

hence the conclusion of Theorem 2.2.3 holds.

Proof. Note that for a partition 0 = sg < s1 < s9 < .... < s, = t, and for functions

of the form f =3 1, 516, 9=, 15,159 (¢j,dj € kj for j =1,2,) we get
using the cocycle property of j;(-) and (2.36) that

[Ke(f); de(x)e(9)) 1 < exp(tM)|x]1,

where M = max;(Mj), where each M; depends only on ||¢;j|| and ||d;||. Let A(z) :=
(ue(zf), je(w)ve(g)) and hence [(ue(Zf), ji(x)ve(g))| < exp(tM)|z|y, for [z] = 1.
Clearly A is entire in z since {z — e(zf)} is strongly entire, and by considering a

unit disc around zero and applying Cauchy’s estimate for this function ,we obtain
1 mo,
(m)2{uf®", ji(z)ve(g))] < [[uvl|lomlexp(tM)]|zl1, (2.37)

for u,v € AN L%(7) and 2 € AN L'(7). Doing a similar calculation to the function
B(2) == (uf®", js(x)ve(zg)), we get:

[(wf"ju(@)og®" )| < [[uvlloo(mint) 2 exp(tM))|2], (2.38)
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which proves that the CPC flow j; satisfies A(vi), if we take
C(f.g,m,n. 1) = vl (mlnl) 2 eap(tM). -

Corollary 2.3.4. For a CPC flow (jt)t>0 on a type-I von-Neumann algebra with
atomic centre, the conditions A (i) through A(v) imply A(vi) and hence also imply

that j; is a * homomorphism.
Proof. Observe that in a type-I algebra with atomic centre, we have for = € L(7),
[#]lo0 < [|l1-

As j; is a contractive flow, we have that for x € L!(7),

sup [(uf®", ji(x)vg®")|
0<s<t

m n 2
< lllooll £ 1" Mleellallv]l2 (2:39)

< [l Mg ™ Mlull2llvl2,

from which the required estimate A (vi) follows. O

Let A be a C* or von-Neumann algebra which is equipped with a faithful, semifi-
nite and lower-semicontinuous trace 7. Suppose we are given two quantum stochastic
flows

i A — A @ B(LA(Ry, k1))
and

37 A A @ BIU(L(Ry., k),
which satisfy two quantum stochastic differential equations of the type (1.4) with
coefficients (L1, 61, M) and (LB, 63 5(3)) respectively. In the following, we
assume that the hypothesis in the definition (2.1) is true for both sets of structure
maps with the same Ag. Let Ty := I'(L?(Ry, k1)) and Ty := T'(L?(Ry, ko)). For

. ) j j i (@) ql)
9 dl) e ki, 7 = 1,2, define jtc(J)’d(J) = jt(J) 47" We now define the Trotter
product of these two flows:

For x € A, define g, : A — A® B(I'1 ®T'2) by :

me(x) = (1" @ idgry) 0 57 (). (2.40)

Take a dyadic partition of the whole real line R and consider the part of the
partition in [s, ¢] for large n, described in the picture below:
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T T T sl T T T {3 — =@y ————————= ‘[Qnt}.rn T
where [t] = integer <t for real t.
Definition 2.3.5. Set
(2] -1
flen = (& o sl .:[Q] H(gﬂn o O g (e ?ﬁfiw)) " (241)

[(f[Qnt]z—n © ﬁt—[znt]z—n)]-

Set ¢§n) = gbfg;] The map ¢§”) will be called the n-fold Trotter product of the flows

i and j®.

Clearly this map ngE:i] s a x-homomorphism for each n and being compositions of

cocycles, (bgn) itself is a cocycle. Let (e;);>1 be an orthonormal basis for k1 and (1;);>1
be an orthonormal basis for k2 so that the set G = {(Xe;,0), (0, B1;)|\, B € C}4 j>1 is
total in k1 @ ko. Let M be the set of step functions f supported over intervals with
dyadic end points and taking values in G.

It is known [63] that {e(f)|f € M} is total in T'(L?(Ry, k1 @ k2)).
Now we state the weak version of the Random Trotter Product Formula for quantum
stochastic flows, leaving the strong one for the next section.

Theorem 2.3.6. The (weak) Trotter product formula-I :

Suppose A is a C*-algebra and that for each cj,d; belonging to kj,j = 1,2, the
closure of the operator Z§:1 <E(j) + {c;,60)) + 52§j) +{cj,04,) + {cj, dj>) generates
a Cy contractive semigroup in A.

Then qﬁl(fn) (7) as defined above converges in the weak operator topology of h@T!®
I'? to ji(x) where j; is another CPC flow satisfying a q.s.d.e. with structure matriz
£ L @ st §57(2)
5 s 0
52) 0 o2

Proof of Theorem 2.5.6 :
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Since Hd)gn) () |loo < ||Z||loo, it is enough to prove the weak convergence of this se-
quence of maps for u, v belonging to some dense subset of L?(7) and f, g belonging
to some total subset L?(R,,k; @ kz). Let f € M be of the form :

2" 2n 1
f(z)=0 ifx<[n8] r:v>[t2]n+
1) o (2 : 2"s] +1
= © € |ls,———
€o Co if v€[s on ) (2.42)
. 2"sl 4+ 7 [2"s|+7+1
:Cﬁl)@CEQ) foe[[ 2]n J’[ ]an )

(1)

where ¢; @c egGforj=12,.

Similarly, let g be of the form (2.42) with cgl) D C§2) replaced by dg-l) @ d§2)_ For
[[2”257};‘,-]" [2”5]2—::]'-"-1 ), let

an interval [a,b] C

JEREICY &2 4@ E RIS 2 4@ (1) (1) (2) 4(2)
(p) . ,d d d ,d oP¢ op 1 d e d;
2][s,t] =(J [2]P3]+1 O][QPS +1 ) (] L °J f )[ 72l o4’ i [2Pt] o]t’_@ )-
ap S 2P 2r 2P 2P

For m, sufficiently larger than n, for x € A and considering f and g as above,
we have:

{ o7 (x)ue(f), ve(g)
(=™, OEEm) Lxm o...E(m[lnt]]](:L‘)u,w

[s, é]+1] [27s]+ "SH?] [[2” +i [2"s ]+J+1] [t

) oM

(2.43)

’ yT oM

(»)

So it is enough to prove the strong convergence of the operators Z[M} (z) for a

single interval [a,b]. So let ¢ = ¢ @ ¢(? and d = dV) @ d® belong to G. Now for
f=(CMao 0(2))X[a’b], g=(dV @ d(2))x[a’b], we have from (2.41) that

( S (@)ue(f), ve(g))

2"b|—[2"a]—1
W) g (2 4@ ) {jc(1>7d<1)ojc<2)7d<2>}[ |—[2"a] D g @ 4@
1

<(][2n 2] +1 aoj[ ]+1 a ©

& n 2n PI
(@1 0 {Qu}P I 6 0y,

(2.44)
We note that the semigroups jf(j>7d(j)
for j = 1,2, and that @ — t as n — oo. Thus the maps Q)1 and @3 strongly
converge to 1 4. As for O3, we get

(discussed in page 14) are Cp semigroups

[27b]—[2"a]—-1 _ /.M dD) @) g3 [onp)—[27a]—1
L = (j4 0% )[ ]—[2"a]

21 21
2.45)
(D) q(1) (2 4@ on [2"b]—[2"a] -1 (
c\Hd O]c1 ,d )2 o

= ((45

2n 2n

° (jb— (3] °J, ) (T) U, v)
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which converges strongly by the Trotter product formula for semigroups on Banach
spaces, since the generator of (jf(l)’dm)tzo restricted to A is
LO 4 (¢, 60) + 521(1) + (¢j,04;) + (e, di)id, for I = 1,2 and by the assumption
of the theorem, the closure of 2?21 (E(j) + {c;,60)) + 5259‘) + (¢j,04;) + {cj, dj)z'd>
generates a Cjy contractive semigroup in A.

On Ay, the semigroup j; 4 satisfies the following:

t
@) =35 @) = [ dsigto (CV@) + £Aw) + (e @ .60 & 52)) (a)+

((5“1) S5 5T(2))d(1)@d(2) (x) + < (C(l) ©® 0(2)), (0(1) D 0(2))d(1)@d(2)> (:U) + <C(1) ©® 6(2), d(l) D d(2)>(x)).
(2.46)

Thus there exists a contractive map ji,4 : Ao — A" @ B(I'[s ) such that QSfZi] (z)
converges in the weak operator topology to j () in h ® I'. Clearly by density
of A in A, ji,4 extends to the whole of A. Thus j; satisfies a weak q.s.d.e. in
heoTi®Ty =2 h®T(L?(Ry,k)), with the structure matrix :

£ L@ st §57(2)

5 oD 0 7

52) 0 o2

where k := k1 & ko being the noise space.

It is clear that j; is a cocycle and since j; is contractive, j; also satisfies the
strong q.s.d.e. with the above structure matrix. O

Theorem 2.3.7. The (Weak) Trotter product formula-IT :
Let A be a C* or von-Neumann algebra, and T be a trace on it. Furthermore assume

that:

(a) in the structure matrices associated with jt(l) and jt(Q), o) =0 forj=1,2,

(b) the closure of ES) + Eg) generates a Cy, contractive, analytic semigroup in
L2(1).

Then ¢§n) (z) as defined above converges in the weak operator topology of h ®
't ® T2 to ji(x) for all x in A, where j; is a CPC flow satisfying the q.s.d.e. with

structure matrix
£ @ st §12)

51 0 0
52 0 0
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Proof of Theorem 2.3.7 : Set 96’(1)@) = (e;, M) (x), 96’(2) (z) == (I;,6@)(x), for

i > 1. For x € Ay and every positive integer n, we have

189@)13 = Y~ 166 @Iz < 20125 (@) 2]l

1 j 1
<216 @) —nllel>
n

V2 V2 (2.47)
' 2

< {\}5(;”(59)(%))\2 +nux\2>}

forj=1,2.

Thus the operators 08’0 ) are relatively bounded with respect to Egj ) with arbi-
trarily small bound. Similar calculations hold for 9?’0 )(m)(z 98(3‘ )(x)*), Jj=12.
Since Egj ) are the pre-generators of contractive analytic semigroups in L?(7), we see
that the operators

98(j) +927(j) +£(2j),
for j = 1,2 are pre-generators of Cjy semigroups (see [34] Theorem 2.4 and Corollary
2.5, p 497-498). A similar proof as above yields that for x € Ay, ¢,d € G,

(e, ©5®) (@) < {( 1025 + L) @)l) + 2

1
- Zlella el
1

6% 52,0 @)l < { (-1 + 2@ ) + T}

Thus because of the hypothesis that [,gl) + 552) generates an analytic Cjy semigroups
in L?(7), we see that for ¢,d € G, the operator

(c,00 &) + (W 5@ ay+ £+ £ + (¢, d)

generates a Cy semigroup in L?(7). The rest of the proof proceeds as that of the
Theorem 2.3.6. O

Remark 2.3.8. As can be noticed in the proof of the theorems 2.3.6 and 2.3.7,
the convergence of ¢§m) () is actually in a topology stronger than the weak operator
topology in h @ 'y ® I'y; it is in the product topology of strong operator topology in
h with weak operator topology in I'1 ® I's.

Proposition 2.3.9. Let jt(k) (k=1,2) be two CPC cocycle flows satisfying all the
assumptions for Theorem 2.8.6 such that the weak limit of the Trotter product ¢§”)
exists. Assume furthermore that jgk) satisfy (2.36) for each k. Then j; also satisfies

(2.56).
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Proof. Let Ag = [s, %)7 A= [[2"237}1—1-]'7 [Qns];ﬂl) for

1<j<[2™]—[2"s] —1and A’ = [[227;ﬂ,t). Let xo = 1ag, Xj = 1a; and
X' = 1as. Then for ¢ = ¢; ® ca,d = dy ® dy and x € L' N A, define nﬁ’d(a:) =

{e(exio,7)s 1 (z)e(dx o)) -
(e(clsn), Sy (2)e(dl )

= (e(exo) ®; e(ex;) @ e(ex), &) (w)eldxo) @5 e(dxy) @ e(dy))  (2.48)
)[2"75]—[2"5]—1

_ o cd c,d c,d
= M2ns)+1)2-n—s © (- C M _[gnyo—n-
Now n2%(z) = j&t% o j&2% (). Thus

Iz (@)l < e 152 ()

(2.49)
< eTMAFM) |11 (where M depends on ||¢jl|, ||d;]| for j =1,2.)
Thus
[{e(clisa), ol (@)e(dl s )|l < et AR gy
and from this the conclusion follows. O

2.4 The Strong Trotter product formula.

The theorems 2.3.6 and 2.3.7 have established that ¢§n) converges weakly to j; (a
CPC cocycle flow) on h@T'1 @ 'y 2 h @ I'. Clearly since gbgn) is a *-homomorphism
from A — A” ® B(T'), the above convergence is strong if and only if j; itself is a
x-homomorphism. The next theorem, using the crucial results of Lemma 2.3.3 and
Proposition 2.3.9, exactly does that.

Theorem 2.4.1. The (strong) Trotter product formula-IIT :

(1) Suppose A is a C* algebra. Let jt(l) and jt(Q) be two quantum stochastic flows

satisfying the condition of Theorem 2.8.6. Suppose furthermore that these two
flows satisfy the following:

(a) For x € AN LY(7), jf<j)’d(j>(a:) satisfies (2.36) or A(vi) for ¢;,d; € k;j,
J=12;

(b) (LY (z*z)) <0 for j=1,2;

(c) each of the semigroups generated by LD and £LP as well as their Trotter

product limit have analytic L?(7) extensions as

semigroups.
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Then qﬁgn)(x) as defined above converges in the strong operator
topology of h @ I'1 ® 'y to ji(x) where j is another quantum stochastic flow

which satisfy a q.s.d.e. with the structure matrix

£ L@ ) §H@)
5 +0 0
5@ )

(ii) Let A be a von-Neumann algebra. Suppose the two quantum stochastic flows
(jt(]))tzo, for 5 = 1,2, satisfy the conditions of theorem 2.3.7 and conditions
(a) and (b) of part(i) of the statement above. Then the same conclusion as in

part(i) above holds.

Proof of Theorem 2.4.1 :
It suffices to prove that the limiting CPC flow j; is a *-homomorphism. Condi-
tion (2.36) implies A(vi) and thus by Proposition 2.3.9 and Theorem 2.2.3, j; is a
x—homomorphism. O

Remark 2.4.2. Assumption (c) of Theorem 2.4.1 can be replaced by the assumption
that each of the maps Egl) and Egz) satisfy the condition of Corollary 2.2.4.

2.5 Applications.

2.5.1 Construction of classical and non-commutative stochastic pro-
cesses

We shall now illustrate how to construct various multidimensional processes as ran-
dom Trotter-Kato limits of the corresponding “marginals”. Our examples will in-
clude Brownian Motion on Lie groups and random walk on discrete groups.

Let G be a second countable locally compact group. Let {¢;}°; constitute a
countable family of functions from Cjy(G) which separates points on G. Define a
metric p as follows:

6u(g) — 6u(d)
Z{2n1+\¢n ORI (2:50)

It can be shown that this metric gives the same topology on G and also that G is
complete, and thus in particular, G is a Polish group.

Let A be a C* algebra equipped with a faithful, semifinite, lower-semicontinuous
trace 7. As before, we imbed A in B(h), where h = L?(7), and extend 7 as a normal
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semifinite trace on A”. Assume furthermore that there is a strongly continuous, x-
automorphic G-action ay on A which is also T-preserving ie 7(cogy(a)) = 7(a). This
allows us to extend oy to a unitary operator U, on L?(7), and we extend o to A”
as a normal * automorphism given by ay(-) = Uy - Uy

Lemma 2.5.1. Let (X,), be a G-valued random variable on some space (Q, F, P),
and suppose that for all v in L?(G) and for all ¢ in Co(G),

/ dg / AP (@) [(9)216(9.Xn) — (9. Xm)[2 — 0
G Q

as n,m —> 0o, where dg is the left-invariant Haar measure on G. Then there exists
a random variable X : Q — G such that X,, — X in probability.

Proof. We choose and fix some ¢ in L?(G) with |[1|2 = 1, and let dIP(w,g) :=
dP(w)®|i(g)[*dg. Since [, dglv(9)* [o dP(w)]6i(9-Xn) = ¢i(9-Xm)[* — 0, for every
i, it follows by setting Y, (g,w) = ¢.X,(w), and using the dominated convergence
theorem for g € G w € (), that for every € > 0,

1
P(p(Yn, Yim) > €) < 5B (p(Yn, Yim)) = 0,

as m,n — oo. Thus there is a G-valued random variable Y, defined on 2, such

that

v, L.y,

So

P(p(Ya,Y) > €) = /G dgl0(g) PP (plg. X, Y) > ) = /G dgl ()2 falg) —s O,

where f,(g) = P(d(9.X,,Y) > €). By Egoroff’s theorem, there exists a measurable
set say A of positive Haar-measure such that for all g in A, we have f,(g) — 0,
and the proof of the theorem is complete by taking X (w) = ¢~ 'Y (g,w), for any
fixed g in A. O

Lemma 2.5.2. Let (g¢)t>0 be a G valued Levy process, defined on some probability
space (Q, F, P). Define j; : A" — L>®(Q, A") C B(L*(1) ® L*(Q)), by ji(x)(w) :=
agt(w)(x), and

Ti(x) = E(ag,w)(2))-
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(i) Then for f,g € L*(Ry), x € AN LY(7), we have

7 ([{e(f), ge(@)e(9))])

2.51
< le(Dll2lle(@) . (251)

(it) (T¢)e>0 is a normal QDS on A", and if its restriction on A leaves A invari-
ant, it is a QDS on A with respect to the norm-topology. Furthermore, if
gt and (g¢)~' have the same distribution for each t, then the semigroup is

T-symmetric.

Proof. To prove (i), it suffices to show the inequality for positive z € A. For such

x, we have

(el del@)ela)))
< EBr ( eapl /0 TG tgydw -t / TP 4 Adju(a) )

2 Jo
from which the result follows. (ii) From the defining property of Levy processes,

D (2.52)

the semigroup property of T; follows; while the normality of T} is a consequence of
the fact that j; is implemented by an automorphism of A”. Moreover, if g; and g; !

have the same distribution, we have

7(Ti(a)b) = T[IE{ oy, () (a)b}]
= T[IE{ otg, () (actg, (w)-1(0))}] = E[T{ayg,w)(acg,@-1(b))}]
Elr{(acy,w)-1(0))} = T[E{(acy,)-1(b))}]
= tlalE{ay, ) (0)}] = 7(aTy(b)).

(2.53)

After these two lemmas, we now give a few concrete examples .

(A) Classical and non-commutative Brownian motion: Assume now that
G be a compact Lie group (of dimension k) acting smoothly on a C* algebra
A and 7 is a lower semicontinuous, faithful, finite trace on A. Denote by A,
the *-subalgebra of A generated by elements = such that g — a4(x) is norm-
smooth, where g — a4 is the group action. Let {Xg}];:l be a basis for the
Lie algebra of G and let G be the one-parameter subgroup exp(ty;), t € R.
Deﬁne

P A= A @ B(LP(WW)) (2 A” @ B(D(L*(R+)))), by
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(B)

jt(g) (2)(w) == O (w® (w)xl)(m), where Wt(e) is the standard Brownian motion

on R. Then by (i) of Lemma 2.5.2, replacing G by Gy, estimate (2.36) or equiv-
alently the condition (a) of

Theorem 2.4.1-(i) is verified for jt(e). Furthermore, since Wt(e) and — Wt(e) have
the same distribution, (ii) of Lemma 2.5.2 applies. Combining this with Re-
mark 2.1.2 for 4y = A, we see that condition (b) of Theorem 2.4.1-(i) holds.
For applying Theorem 2.4.1-(i), we now need to check only that lezl Eéz) is
the pregenerator of a Cy semigroup. For this we proceed as follows:

As oy is a trace preserving automorphism, it extends to a unitary operator Uy,
in the Hilbert space L?(7). Let J; be the norm generator of the automorphism
group (Qexp(ty,))tek- Then d; extends to an unbounded, densely defined skew-
adjoint operator in L?(7), which generates the unitary group (Uexp(te) JteR-
By an abuse of notation, we again denote this extension by d;. Note that
Eg) = %5%, on A, for all £. Thus Zlgzl Eg) = % Z?:l 5% is a densely defined,
negative and symmetric operator. By Nelson’s analytic vector theorem for
the representations of the Lie algebra [51, Theorem 3, p. 591] and [59, Theo-
rem X.39], Eéf:l Eg@ is essentially selfadjoint in L?(7), and hence its’ closure
generates a Cjy contraction semigroup. Thus condition (c¢) of Theorem 2.4.1-
(i) holds. So Theorem 2.4.1-(i) applies. Specializing this to the case when
A = C(G), and by Lemma 2.5.1, we get the convergence in probability of the
following sequence of random variables:

k2 | |
X =TT T (Wi — W), (2.54)
i=1 =0 B "

where the limiting random variable is clearly a Brownian motion on G, giving
a result similar to that in [53].

In case of G = T? and A the irrational-rotational C* algebra Ay (see page
254 of [62]), the quantum Brownian motion described in page-275 of [62] can
be constructed using the method described here.

Random walk in discrete group: Let G be a discrete, finitely gener-
ated group, generated by a symmetric set of torsion free generators, say
{91,92, .....92k}, let e be the identity element of G and gigr+1 = e, and oy for
each g be the automorphism obtained by the action of G on itself. Take A =
Co(G), T to be the trace with respect to the counting measure. Consider 2k
mutually independent Poisson-processes (Nt(l))tzo, i=1,...,2k, on INU{0},
with intensity parameter (\;)?,, respectively. Let Zt(i) = Nt(i) - Nt(kﬂ),
i=1,2,... k Define i : A = L®(G) @ B(LAND, N (1=1,2,..k,)
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by jt(l)(gb) (w) = ozZt(z)(w)(gt). Since the generator £ of the vacuum semigroup
)

associated with j,’ is bounded, so are the other structure maps. This implies
that all the hypotheses of the Theorem 2.3.6 are satisfied and we do not need
the homomorphism theorem of section 3 because homomorphism property fol-
lows from the fact that j;, the limiting flow satisfies a q.s.d.e. with bounded
structure maps [22]. So by Lemma 2.5.1, we have convergence in probability
of the following sequence of random variables

[271]

X(n . H Hgl+1 in 7

=0 =1

)
where gt(” (w) = ngt ) The limit is a random variable X; which is a time

homogeneous continuous time simple random walk.



Chapter 3

Dilation of quantum dynamical

semigroups: Some new results

Dilation of quantum dynamical semigroups (QDS for short) using quantum stochas-
tic calculus is one of the most interesting and important problem of Quantum Prob-
ability (see [1, 62, 52, 32]). It is known that a QDS with bounded generator always
admits Hudson-Parthasarathy (HP for short) dilation (see [62, 45]). Construction of
such dilation amounts to solving quantum stochastic differential equation (QSDE)
with bounded coefficients, and prescribed initial values and proving the unitarity
of the solution. Such unitary solution always exists as long as the coefficients are
bounded [62, 45]. For a QDS with unbounded generator, no such results are known
in general. However, certain sufficient conditions on the unbounded operator coef-
ficients for e.g. [62, p.174],[25, 14, 50, 49, 2] are known using which one can solve
QSDE with unbounded coefficients. Using these techniques, the authors of [62]
proved the existence of Hudson-Parthasarathy dilation of symmetric QDS which
are covariant with respect to the action of a Lie group [62, Theorem 8.1.23]. The
key fact that allowed them to construct such dilations is the existence of a “nice”
dense subspace within the domain of the adjoints of the coefficients. Such subspaces
may not exist in general. In this chapter in section 1.1 we will show that in context
of B(H), symmetry with respect to the canonical trace is sufficient to ensure the
existence HP dilation of a QDS and hence the additional assumption of covariance
is not required. Besides in section 1.2, we shall apply the techniques developed in
chapter 2 to obtain EH dilation of a large class of interesting QDS appearing in
mathematical physics literature, generalizing results of [29]. In chapter 4, another
dilation result (HP type) will bepresented in section 4.3.

69
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3.1 HP dilation of symmetric quantum dynamical semi-

group on type-I factor

3.1.1 Notations and terminologies
HP dilation of a quantum dynamical semigroup

Definition 3.1.1. A Hudson-Parthasarathy dilation (HP dilation for short) of a
QDS (Tt)i>0 on a C* or von-Neumann algebra A C B(H) is given by a family
(Ut)t>0 of unitary operators acting on h @ I', such that the following holds:

(i) Uy satisfies a QSDE of the form (1.7) with initial condition Uy = 1.
(ii) For all u,v € h, x € A,
(ve(0), Ur(z @ IU;ue(0)) = (v, Ty(2)u).

It is known that QDS with bounded generator always admits HP dilation (see
[62, 45]). Some partial results are also known for QDS with unbounded generator
(see [62, 14, 2]).

The main goal of this paper is to prove the following theorem:

Theorem 3.1.2. Suppose (T})i>0 is a conservative, symmetric QDS on B(H) (sym-
metric with respect to the canonical trace), with ultraweak generator L. Then (T)e>o0
always admits an HP dilation.

Before proving Theorem 3.1.2, we recall some facts about unbounded derivations
in the next section. We refer the reader to [11] for more discussions on the topic.

3.1.2 Unbounded derivations.

For a Hilbert space H, let K(#H) denote the space of compact operators on H. A
derivation ¢ € Lin(A,.A), where A is a *-algebra, is called symmetric if 6(A4*) =
I(A)*.

Proposition 3.1.3. [11, p.238] Let 6 be a symmetric derivation defined on a *-
subalgebra D of the bounded operators in a Hilbert space H. Let Q € H be a unit
vector, cyclic for D in H and denote the corresponding state by w (i.e. w(x) =
(Q,29Q)). Suppose we have |w(5(A))| < L{w(A*A) + w(AA*)}% for some constant

L. Then there exists a symmetric operator H on H such that
Dom(H) = Dom(9)X2,
6(A)Y = i[H, Ay for ¢ € H;
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where [H,z] := Hx — xH.

Lemma 3.1.4. Let (A),, B € M,(C), such that A, — IB as p — co. Suppose that
A € C is an eigenvalue of IB with multiplicity m. Then given a small neighbourhood U
of A, there ezists po(U) € IN such that for allp > po(U), Ap will have m eigenvalues
(including the multiplicities) in the neighbourhood U.

Proof. Observe that |det(A — z1,,) — det(IB — z1,,)| — 0. The result now follows by

an application of Schwarz’s theorem. O

Lemma 3.1.5. Let § be a symmetric derivation on B(H), such that Dom(d) is dense
in the weak operator topology. Assume that Dom(d) is closed under holomorphic
functional calculus and Dom(8) N K (H) # {0}. Then Dom(0) contains a rank-one

projection.

Proof. The proof is an adaptation of the arguments given in [11]:

Suppose that B (# 0) € Dom(d) N K(H) and C = B*B. Choose a non-zero
eigenvalue A of C. Note that A\ is an isolated point of the spectrum of C, since
C € K(H). Let E) be the finite rank spectral projection onto the eigenspace of .
Then

1 1

\ = QM)\/Fd’Y Cly—0C)
1 1 1
XC% Fd’Y(’Y—C) )

where I' is a closed curve in an open neighbourhood say V, such that VNo(C) = {\}
and A is in the interior of 7. Let U be another neighbourhood such that UNV = ¢
and (o(C) —{A\}) C U. Thus E\ = +Cf(C), where f(:) is the function f(z) =
1, zeVand f(2) =0, z € U. So f(-) is holomorphic in a neighbourhood of o(C).
Thus E) € Dom(J), since by the hypothesis, Dom(¢) is closed under holomorphic
functional calculus. Now choose a rank one projection P such that E\PFE) = P. Get
A, € Dom(9) such that A,, = A} and A, 59T p. We have E A E, = E,\PE,
which implies that |E\A,E)\ — ExPE,| — 0 since the C*-algebra E\B(H)E) is
finite dimensional. Notice that 1 is a simple eigenvalue of E\PFE), since P is a rank
one projection. Thus for large n, E\A,FE) has a simple eigenvalue in a neighbour-
hood around 1, by lemma 3.1.4. Fix a large n. Let p(# 0) be the simple eigenvalue
of E\A,FE) in a neighbourhood of 1. Let F be the rank one projection onto the 1
dimensional eigenspace of the eigenvalue p. Let v be a closed curve in a neighbour-
hood say W, such that WNo(E)\A,E)) = {p} and as before, suppose that v encloses
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the point p. Note that E\A, Ey\ € Dom(d). As before, consider a function g(-), such
that g(z) = 1, z € W and zero in another neighbourhood which is disjoint from
W and contains o(E)A,E\) — {p}. Thus g(-) is holomorphic in a neighbourhood of
o(E\A,E)). We have E = %EAANEAQ(EAANEA), which proves that E € Dom/(9d),
by virtue of our hypothesis that Dom(d) is closed under holomorphic functional

calculus. U

Lemma 3.1.6. Let 0 be a symmetric derivation satisfying the hypotheses of Lemma
3.1.5. Then there exists a symmetric operator H on H such that Dom(H) :=
Dom(0)Q and 6(x) = i[H, x] for all x € Dom(d), for some Q € H, ||| = 1.

Proof. Let E be the finite rank projection as obtained in Lemma 3.1.5. Suppose
that Q € Ran(F) such that ||| = 1. Let w(z) = (2, zQ). Then

w(6(A))] = |w(ES(A)E)|
< [w(O(EAE))| + [w(6(E)A)| + |w(AS(E))]
<3[0(E)] [w(A™A) + w(AA")]

[NIES

)

so that by Proposition 3.1.3, we have the required result. O

Proposition 3.1.7. [59] If H is a densely defined symmetric operator on H such
that dim(H — i)+ # dim(H + iI)L. Then there exists a Hilbert space H O H and
a self-adjoint operator K acting on H such that K|,, = H and we have the integral
representation
oo
(Hu,v) = / t d{Fyu,v);
—o0

forw € Dom(H), v € H; where F; is the generalized resolution of identity.

3.1.3 Existence of HP-dilation

Let tr,, denote the canonical trace of B(?). Observe that in this case, the Hilbert
space L2 (tr,,) is identified with the space of Hilbert-Schmidt operators on H which
we denote by By(H). Let Lo denote the L2-extension of £ and B denote the as-
sociated Dirichlet algebra. Clearly B = Dom((—EQ)%). Note that with respect to
the C*-subalgebra K (H), the Dirichlet form associated with the semigroup is a C*-
Dirichlet form since the x-subalgebra B is norm dense in K (H). So the set of results
in [15, p.84-p.89, p.91, p.96.] gives the following:
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e There exists a K (H) — K (H) Hilbert-bi-module K and a m-derivation &y : B —
K such that

(30(a). do(w)e)c = lim tr,, (K (. y)e).
where Ke(z,y) = La(1 = eL2) "' (a'y) = L2(1 — eL2) ! (z")y — 2" La(1 — eL2) (1),
for x,y € B,e € K(H) where 7 is the left action of K(H) on K.

e §p viewed as an element of Lin(L?(tr,,),K)) denoted by Ry, has domain B
such that

(Ro(x), Ro(y))xc = —try, (2L(z")y), for x € Dom(Ly) C B, (3.1)

so that vectors of KC of the form dy(z) for x € Dom(Ls) belongs to Dom(Ry)
and hence

1 *k
£2 = _§R0RO‘Dom(£2)' (32)
We also have dp(z)y = (Rox — m(x)Ry)y for x,y € B.

Without loss of generality, we may suppose that 7 : K(H) — B(K) is a non-
degenerate C*-representation. Thus it is equal to a direct sum of irreducibles
which are unitarily equivalent to the identity representation. So 7 extends to
B(H) as a unital normal *-representation, which we again denote by 7. Now by
GNS construction with respect to tr,,, B(H) C B(L?(tr,,)). Thus there exists an
isometry ¥ : K — Lz(trH) ® ko, for some separable Hilbert space kg such that
m(z) = ¥*(z ® 1,)X and ¥¥* commutes with (z ® 1g,) (by proposition 1.1.4 in
chapter 1). Then § := ¥dg satisfies d(zy) = d(x)y + (x ® 1,)0(y). Moreover, equa-
tions (3.1) and (3.2) hold with Ry replaced by R := X Ry and we have the identity
d(x)y = (Rzr — (x @ 1g,)R)y for x,y € B. Note that here 6 : B — B(H) ® ko, since
we have L?(tr,,) = Bo(H) C B(H) and in this case || - ||o < || - [|2-

Let Vy := {Zle Ai€; : (e;); is an orthonormal basis for ky and \; € C}.

We make an easy observation at this point:

Lemma 3.1.8. Suppose that (T;)t>o is an ultraweakly continuous Cy (in the ultra-
weak topology) contractive semigroup on B(H), with generator C. Let Z C B(H) be
a subspace of B(H) which is closed with respect to a locally convex topology (LCT
for short) given by a family of seminorms, say (pa)a- Suppose that (T¢)i>o restricted
to Z becomes a Cy (with respect to the LCT described above) semigroup, with gen-
erator say C. Then if € Dom(C) such that C(z) € Z, then = € Dom(C) and
C(z) = C(x).

Proof. Let x € Dom(C) N Dom(C). Since (T¢)e>0 is a Cp semigroup with respect
to the ultraweak topology of B(#H), we have T(z) — x = fg ds Ts(C(z)), where the
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integral in convergent in the ultraweak topology. Moreover, as 7; is a contraction for
each t > 0, fg ds Ts(C(z)) € B(H). But we have C(x) € Z and as (7;):>0 restricted
to Z is a Cy semigroup with respect to the LCT described in the hypothesis, the
integral also converges in this LCT, which implies that W converges in this
LCT to C(z). Thus we have the required result. O

Lemma 3.1.9. The *-subalgebra B C Dom(({, R)*) for £ € V.

Proof. Note that 0 : B — B(H) ® ko is a derivation satisfying the identity

§(zy) = §(x)y + (2 @ 1g,)6(y) for =,y € B. Let us define 63(-) := (e;, 6(+)). Since § is

a derivation, it follows that 6)(-) is a derivation and Dom(6}) = B, for each i € IN.

We prove that tr,, (0} (zy)) = 0 for all z,y € B,i € IN, which will imply the result.
Fix ani € IN. Recall that in our case, B = D_Om((—ﬁg)%) C B(H). Let us define

@ 9651.9‘?, where GST (z) = (6i(z*))*. Then we

have § = 01 +id2 and Dom/(d1) = Dom(d2) = B. Moreover, 01 and do are symmetric

two new derivations 41 := and do :=
derivations. The results in page.103 of [15] shows that given a C*-Dirichlet form, the
associated Dirichlet algebra is closed under C' functional calculus. Hence B is closed
under C! functional calculus and thus it is closed under holomorphic functional
calculus. So by Lemma 3.1.5, Dom(d1) contains a finite rank operator. Hence by
Lemma 3.1.6, 61(x) = i[T, z] for some symmetric operator T" acting on H and we
have Dom(T) := Dom(01)S2, where Q € H is cyclic for Dom(d;). Now suppose
dim(T — il)* # dim(T +il)*. Let K denotes the self-adjoint extension of T' as
described in Proposition 3.1.7, so that K = K*. Let P : H — H be the orthogonal
projection. Let H be decomposed in the basis of P i.e. H = HoHL. With respect to

So1 S22
where S11 € B(H), S1a € B(H*,H), So1 € B(H,H*) and Say € B(H'). Moreover, if
tr, tr, and tr, denote the canonical traces of the operator algebras B(H), B(H)
and B(H') respectively, then we have tr(S) = tr, (Su1) + tr,, (S22). Consider
the ultraweakly continuous Cp automorphism group (ay)ier defined by o (X) =
K Xe~itK for X € B(H). Let A denote the generator of the semigroup (ay)i>o.
Then we have A(X) = i[K,X], for X € Dom(A). Now note that tr_(a:(z)) =
tr (x) for x > 0. Thus (oy)icr restricted to L2(757“72

unitary operators on LQ(trﬁ), which we denote by (Uy)ier. Let P := (Ju)(v| : u,v €

L2(tr.)
Dom(K))... Then it follows that lim;—,0U(X) —3 X, for all X € P. Moreover,

as P is dense in L2(trﬁ) and U; is a contraction operator on LQ(trﬁ) for each

~ S
this decomposition, an operator S € B(#) can be viewed as a matrix 1 12) ,

becomes a contractive group of
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t € R, it follows that (U)¢>0 is a Cy semigroup of operators in Lz(trﬁ). Let its
generator be denoted by A. Note that A is also a derivation. It is easy to see that
L2(trﬁ) = L%(tr,,) @ LQ(W‘HL). Now B € L%(tr,,) and A(x) = 61(z) € L*(tr,,) for

x € B and thus by Lemma 3.1.8, we have B C Dom(A) and A(x) = A(z) = d1(x).

Furthermore, we have tr_(A(XY)) = 0 for X,Y € Dom(A). So we have
tr (A(XY)) = tr, (A(XY)) = tr,, (01(XY)) = 0,

for all X,Y € B. Likewise, one may prove tr,, (52(XY)) = 0 for X,Y € B. Thus we
have tr,, (0} (xzy)) = 0 for 2,y € B. Observe that if the deficiency indices of T, i.e.
the numbers dim(T — iI)* and dim(T +il)* are equal, then T has a self-adjoint
extension which belongs to Lin(#,H). Then we may repeat the same argument as

above and reach the same conclusion. Hence the lemma, is proved. O

Lemma 3.1.10. Dom(L2) is a *-subalgebra.

Proof. The QDS (T})¢>0 is *-preserving i.e. Ty(z*) = (Ty(x))* for each ¢ > 0 and
x belonging to B(H). Thus Dom(Ls) is a *-closed subspace. We prove that 05 €
Lin(L%(tr,)), L*(tr,,)) is a derivation and 0i*(z) = —09(z), V o € B, where 09 :=
(68)" as follows:

It also follows immediately by using tr,, (0} (zy)) = 0 for z,y € B that 65(-)

s

09(-). Let x € Dom(6;%). Now note that 6)(z) = 61(x) + i da(x), = € B, where
9;(+) is a symmetric derivation for each | = 1,2. Let 0(z) = i[T1,z] and da(z) =
i[T5, x], where T7,Ty are the symmetric operators obtained by lemma 3.1.6. Since
B C Dom(d1) N Dom(d2), following the proof of lemma 3.1.5, we see that we can
select a common vector 2 € H such that B = Dom(T1) = Dom(1). Now note
that 0} (x) = [T, z], where T := iTy — Ty. It is enough to prove that 63 (x) = [S, ],
where S = —iT7 — Ts. We prove this as follows:

Let D := (|ug){us| : u1,u2 € BQ)c € Dom(d1) N Dom(d2) N L?(tr,,). Moreover
B is dense in H. Since (z,05(y)) = (051 (x),y) for all y € Dom(6}) N L?(try), in
particular for y € D, it follows that [S,x] € B(H) for + € Dom(63"), S as described
above and hence proved.

Now we have Dom(L2) C N1 Dom(0576%) and >~ ||(050%)z |2 < oo for x €
Dom(Ls). The fact that 65(Dom(L2)) C Dom(65) impIies that if z,y € Dom(Ls),
then zy belongs to Dom(05*6}) i.e. xy € Dom(03*6) for each i. To prove that
zy € Dom(Lz), we just need to show that 3.+, |(0508)xy||l2 < co. Now for each i,
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we have

(05°00)zy = 05" (0p(x)y + 265()),

= 05°05(x)y + 20505 (y) + 05(x)05" () + 05" ()05 (v);
= 0505 (x)y + 260505 (y) — 05(2)0; (y) — 07 ()04 (y), since x,y € Dom(L2) C B.

(3.3)

Observe that ., (05 05)(z)|]2 < oo and D1 1(0505)(y)|l2 < oo since x,y €
Dom(Ls). Now

166 ()07 ()12 = \/tm((9?(y))*(%(x))*@é(w)@?(y))
< 1167l \/tr((%(w))*@é(fb)) since || floo < - 2;

so by an application of the Cauchy-Schwartz inequality, we have Y~ [|68(2)69(y)]2 <

oo Similarly it can be proved that 3.+, 108 (y)09(z) |2 < oo. So we have
> i1 1(696)2y||3 < oo which proves the lemma. O

Note that Dom(L2) becomes a x-subalgebra which is ultraweakly dense in B(H)
as well as dense in L%(tr,,) (i.e. in the norm | - ||2). Dom(Ls3) is also a core for
the Dirichlet form £(-,-). Furthermore we have T;(Dom(L3)) C Dom(Ls2). Thus it
is also a core for £. Moreover, since Dom/(L2) is an algebra, we have

6(x)*0(y) = L(x7y) + L(z")y — 2" L(y),
1 1
L(z) =R (x® 1,)R — iR*Raz - §xR*R,

for z,y € Dom(Lsy) (by proposition 1.6.6). We now return to the proof of the main
Theorem.

Theorem 3.1.11. Suppose (1})i>0 is a conservative QDS on B(H) which is sym-
metric with respect to the canonical trace on B(H). Let L be the ultraweak generator
of (Ty)1>0 and Lo be the generator of the L? extension of (Tt)i>0. Then (T3)i>o
always admits HP dilation.

Proof. Consider the following QSDE:

v, 1
7; — V; o (al(dt) — as(dt) — o R Rat), (3.4)

with the initial condition Vj = id. We will prove that there exists an unitary co-cycle
(Ut)¢>0 which is a solution for the above QSDE. The coefficient matrix associated
~1R*R —R*)

with the above QSDE is Z =
R 0
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—1G.R*RG,
RG,
orthonormal basis for ky. For £ € V), suppose f = 1@ & We first prove that for

w € Dom(Ls), supnzluzé")w\\? < 00. We have

—G,R*
Let G, = (1 — £2)71 z(n) = ( 0 ) and (e;);ey be an

|IRGhw|| = (RGnw, RGy)
= (W, G3(~2L2)Gw)
— (w0, (—2L2)3 G G (—2L0)2w)
= [|Gn(~2£2) 3w
< l(~2L2)3w||?.

By Lemma 3.1.9 that wé := w ® £ € Dom(R*). Thus

n ]- * *
12§ wl® = 1| = 5CnR RGuw + Gu R (wE) > + | RG]
< 2GR (=2L2)w | + 2] G (WE) | + | RG]
1 *
< 2 (=2L2)wl” + [|(=2£2) 2] + 20| R (w) |

which implies that supnleZén)wH < 00. We next prove the following:

lim (i, 2{"w) = (4, Zaw), (3.5)

n—oo

for w € Dom(L2), n,& € Vy. We have

e lim, ,o —3G,R*RGpw = —3R*Ruw,

e lim, ..o RG,w = Rw ;

for w € Dom(L2). Existence of the limit in (3.5) now follows from the above two
limits. Thus by Theorem 1.7.4, there exists a contractive cocycle (U;)>o satisfying
the QSDE in (3.4). We will prove that the coefficients associated to the QSDE in
(3.4), satisfy the hypotheses of Theorem 1.7.5. Hence it will follow that (U;)¢>0 is an
unitary cocycle, which will give the required HP dilation of the semigroup (7%)¢>0.
—iR*R R
R
and (ii) of Theorem 1.7.5 will hold for Z, once we prove that the minimal QDS

Since the coefficient matrix is of the form Z = , hypotheses (i)
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associated with the map
* 1. 1 .
L(z) =R (x® 1,)R — iR Rx — imR R

for x € Dom(Lsy), is conservative (see the discussion before propostion 1.5.3 in
chapter 1).

Let (Tt)tzo denote the minimal semigroup associated with the above map and
suppose £ be its generator. We claim that Dom(Ls) € Dom(L). Fix any a €
Dom(Ls). Let D denote the linear span of operators of the form (1 + R*R) o (1 +
R*R)~! for o belonging to By(L?(tr,,)). Let tr denote the canonical trace of B(L?(tr,,)).
Using explicit forms of £ and £, we see that tr(L(a)p) = tr(al(p)) for p € D, where
L, denote the generator of the predual semigroup of (ft)tZO' It is known (by Lemma
3.2.5 in p.42 of [62]) that D is a core for £. So we have tr(L(a)p) = tr(aLl.(p)) for

all p € Dom(L,). Following the proof of Lemma 8.1.22 in p.204 of [62], we have

L(a) = L(a). This implies that Dom(Ly) € Dom(L) and as Dom(Ls) is a core for
L, we have Dom(L) C Dom(L) and L(a) = £L(a) for all a € Dom(L). Now the sym-
metric QDS (T})¢>0 is conservative. Thus we have 1 € Dom/(L) and £(1) = 0 which
implies that £(1) = 0. Thus the minimal semigroup (T});>o is conservative. Hence
by Theorem 7.2.3 in p.179 of [62], the cocycle (U;)t>o is unitary, which completes

the proof. O

3.2 Dilation of a class of quantum dynamical semigroup
on U.H.F algebras

We recall here that a quantum stochastic flow j; is called a quantum stochastic
dilation of the associated vacuum semigroup 7T} := j,? 0 In this section, we want to
apply the results obtained in chapter 2, to construct quantum stochastic dilation
(in the sense of [28]), to a class of QDS on uniformly hyperfinite (UHF for short)
algebras. Let A be the UHF C* algebra generated by the infinite tensor product
of finite dimensional matrix algebras My (C), ie the C*-completion of ®;cz4 My (C)
where N and d are two fixed positive integers. The unique normalized trace tr on
Ais given by tr(z) = §=Tr(z) for z € Myn»(C). For a simple tensor a € A, let a;

be the j** component of a. We define support of a to be the set:
{7 €2 a) #1}.

> cpan, we define support of a to be

For a general element a =) |

Un>15upp(an).
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Let Ay be the x-algebra generated by finitely supported simple tensors in A. Clearly
Ajoe is dense in A. For k € Z?, the translation 7, on A is an automorphism deter-
mined by 7 (z(;j)) = T(j4r)-

Note that My (C) is generated by a pair of non-commutative representatives of
the finite discrete group Zy = {0,1,2,...N — 1} such that UY = V¥ =1 € My(C)
and UV = wVU where w is the N*" root of unity. Using this, we get a projective
unitary representation of G = Hjezd G where G = Zy x Zy, in L?(tr) given by

Go2g—U, = H @Oy 6)% € A,

jEZ

where g = Hjezd(aj,ﬁj), aj,B; € Zy. For a given CP map 9 on A, formally we
define the Linbladian £ = )", .z4 Ly, where Li(x) = 1 Lo(T—x2), T € Ajge, With
Lo(z)=—3{t)(1)z + 23p(1)} + ¢(z). Consider the Linbladian £ for the CP map
P(x) = Y rWar® 2 € A, where each ) belongs to a suitable class. For
gV = (a;,B)) € G, j € Z%, we set W, g0 = UDGyv0BEi e A Next let ||z]|; =
dig HWj,g(j)a:W;g(j) —z| and let C'(A)={z € A : ||z||1 <oo}. Matsui ([47]) proved
that the Lindbladian £ is well-defined on C*(A), is closable, the closure generates a
QDS (to be denoted by Tttb ) on A and C!(A) is invariant under Ttw.

In [28], the authors considered the problem of constructing quantum stochastic
dilation of such QDS. However they constructed the associated quantum stochas-
tic process for only those semigroups for which the CP map % is of the form:
() = r*zr, when r = denjezd zy CoWg, Wy = Hjezd(UaVb)aj for g = [];eza o,
> g |cgl|lgl? < oo and fixed a, b € Zy; where
lg| == #{jl(a;,B;) # (0,0)}. Here we will generalize this result. First of all
we will prove a result by considering ¢ of the form given earlier, viz. ¥(z) =
SP o r(m)* (M) with the following assumptions:

(i) There exists E-H dilation say jt(m) for the QDS T, t(m) corresponding to the CP
map
P () = 1M gr™* for each m = 1,2, ..p,

(ii) r(m) e Ao and
(iii) [r(m™), (M) <0, for m = 1,2, ...p.
Before proving the main theorem of this section, we first prove few lemmae:

Lemma 3.2.1. Suppose (13)¢>0 is a QDS on a C*-algebra A and let T be a finite
trace on it. Furthermore, let 7(L(y)) < 0 for ally > 0, y € Ay, L being the norm

generator of (Tt)t>o0. Then (Ty)i>0 has contractive L'-extension.
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Proof. In what follows, L]ﬁ denotes the real Banach space, obtained by taking the L*
closure of the real Banach space of self-adjoint elements of A, whereas L' denotes
the complex Banach space obtained by taking the L' closure of A. Let f(t) =
7(Ti(y)), y > 0 and y € Ap. Then f'(t) = 7(L(T¢(y))) < 0. Thus f(¢) is monotone
decreasing and so f(t) < f(0), i.e.

ITe(w)ll < Myl ,y >0, y € Ao. (3.6)

Let y € A, y > 0, so that y = x*x, for some x € A. Since Ay is dense in A, there is
a sequence (zp)n € Ap, such that x,, — = in || - ||, leading to the conclusion that
iy — ¥z in || - ||eo. Since 7 is finite, || - |1 < || - ||co, and a positive element of
A can be approximated by a sequence of positive elements from Ag in || - ||oo. Thus
the same result follows in || - ||;, which proves that the inequality (3.6) extends to
all the positive elements of A. Since every self-adjoint = in A can be decomposed as

x = x4 — x_ such that |x| = x4 + z_, we have

IT@) = [ To(@s) = Tl < [T |+ 1T < sl + lla— [l = .
(3.7)
Thus T; extends as a contractive map on the real Banach space Lﬂg. We denote
this extension by T72. We consider its complexification 7} : L' — L' given by
T}(2) = T3*(Re(x)) + T3 (Im(a)).
As ||Re(x)|1 < 2||z|1 and |[Im(z)]1 < 2||z||1, T} is a bounded (not necessarily
contractive) map on L'. It follows that the dual map
Tt/’* : L — L% is a weak-* continuous map (i.e. ultraweakly continuous in this
case). Moreover observe that for positive € A and positive y € AN L' = A, we
have, using the positivity of T; on A, that
(T} (2)y) = 7(2T;(y)) = 7(2Ty(y)) > 0, (3.8)
hence Tt/*(a;) >0, ie. Tt/’* is a positive map, which implies,
177 = 177 (Do = 1T (Dlloo = suppy <1 pers I (T (1)) (3.9)
= 8UP||p||1§1,peLD1£‘T(Ttsa(ﬂ))’ <1

Thus T} is contractive on L, and hence so is its predual 7] on L'. The semi-
group property and strong continuity of (13)¢>0 on L' follows from the similar prop-
erties of Ty = T}|p~ with respect to the L>-norm and the fact that || - |1 < ||+ |oo-

O
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Lemma 3.2.2. Let £ be the generator of the QDS (Tt(m))tzo corresponding to
the CP map "™ (z) = v zr(m with r™) satisfying conditions (i) and (iii)
above. Then the QDS (Tt(m))tzo extends to L'(tr) as a contractive Cy semigroup.

Proof. For simplicity, we will drop the index m. Let rj, := 74(r) and let Ag := C1(A).
Suppose y € Ap and y > 0. A simple computation yields tr(L(y)) < 0. Thus by
Lemma 3.2.1, (T, t(m))tzo has contractive L' extension.

O

Lemma 3.2.3. Fach of the QDS (Tt(m))tzo form = 1,2, ..p, has L?-extensions.

Proof. Let y € Ag. Then using contractivity of T3 and the result of lemma 3.2.2, we
have that

1Ty (y)|l5 = tr(T(y")Ti(y) < tr(Ti(y*y)) < tr(y*y) = vl (3.10)

since tr(L(z)) <0 for x > 0, x € Ag. The conclusion now follows, since Ay is dense
in L2(tr) and || - [l < ||+ [|oc- o

Lemma 3.2.4. Let (jt(m))tzo be the quantum stochastic dilation of the QDS gen-
erated by the Lindbladian L™ corresponding to the CP map 1™ (x) = (Mm% g (m)
(jt(m) exists by assumption (i)). Then jt(m) satisfies the conditions (a),(b) of Theo-
rem 2.4.1 and the condition of Remark 2.4.2.

Proof. Observe that [r(™) r(™)*] <0 implies condition (b) of
Theorem 2.4.1. Let 5J(m) (2) := [z, 7(r"™)], 2 € Ap. Then

135 @)l < 2y (r™) ol (3.11)
Thus 5§m) extends to a bounded operator on L'. Similar result holds for 5;’(7”).
So we obtain condition (a) of Theorem 2.4.1 for the quantum stochastic flow jt(m).
Condition (b) of Theorem 2.4.1 holds for each of the flows jt(m) as [r(™), r(m)*] < 0.
The condition of remark 2.4.2 also holds which can be shown as follows: Since the
computations are identical for different m's, we drop the index m and see that
formally
L5(x) = 33 pegalrulz, i) + [re, 2]rf + xr, i) + [re, ri]a}. Let z € Ao(= CH(A)).
Then we have:

1£3(2)]| < H;’ > AlIop @)+ 8k @)1} + llzllocll D [ i)l (3.12)

kezd keZd
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But Zkezd{H(Slt(x)H + ||0x(2) ||} < oo (see [28] and [47])and thus it suffices to show

the convergence of the third series in (3.12). For this we proceed as follows: As
"= deg Cg Hjezd Uy V(j)ﬁj’

STl =Y > cqmmd[ [ U v@s T vV 9]}

kezd keZd g,h€G jezd jezd
— Z Z cqChl H U(J'Jrk)ajv(jJrk)Bj’ H V(j+k),—B§U(j+k),—a;]
keZd g,heG jEZ jEZI
=3 N @l [] u@ei-ev @b TT v Firg@moiou],
kezd g,heg jEZ4 JEZI

(3.13)

Since aj_j, = Bj_k = &, = B}, = 0 € Zy for |k| > M by assumption (ii),
[, ;] = 0 for such k. Thus the series is actually finite and hence || £5(z)| < oo, i.e.
Ay C DOm(ﬁg) N Dom([é) Od

Remark 3.2.5. Note that if we assume normality for each r™ m = 1,2,...p,

then we may drop the assumption that r™) € Aj,.. This is because then [T, 7] =
T{[r,r*]} = 0.

Now we prove the main theorem of this section.

Theorem 3.2.6. Assume the hypotheses of Lemma 3.2.4. Then the QSDE:

dji(z Zzﬁ (87 ™ (2))dal™ (¢ szt (8 (x))dal "™ (1) + G (L),

je€ZIm=1 jezdm=1
Jr(1) =1, t >0,
(3.14)

admits a *-homomorphic unique solution j;, where j; is the E-H dilation of the

vacuum semigroup (Tt)t>0 which is the CP semigroup corresponding to the CP map

( ) Zp (m) (m)

Proof. Let jt(m), =1,2,...p, be the * homomorphic quantum stochastic flow with
the structure maps (£, 6™ 5T (™)) respectively. By Lemma 3.2.4, we are in the
set up for applying

Theorem 2.4.1-(i) and hence the present theorem follows. O
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Corollary 3.2.7. Let (™) = >_gezy CgWy for each m, where Wy = H]-Ezd(U“Vb)aj
for g = Hjezd aj (as in [28]). Then the hypothesis of Theorem 3.2.6 are satisfied

and the same conclusion follows, which generalizes the dilation result obtained in

[28].

Proof. Since (™) = > geZn
in [28]). It can be verified that ("™ is normal for each m. Thus by Remark 3.2.5,
all the hypotheses of Theorem 3.2.6 are verified as well, and hence the result. O

cgWy, assumption (i) is satisfied (by the dilation result
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Chapter 4

Quantum Brownian motion on

non-commutative manifolds

4.1 Interplay between geometry and probability: stochas-

tic geometry

There is a very interesting confluence of Riemannian geometry and probability the-
ory in the domain of (classical) stochatistic geometry. The role of the Brownian
motion on a Riemannian manifold cannot be over-estimated in this context; in
fact, classical stochastic geometry is almost synonimous with the analysis of Brow-
nian motion on manifolds. Since the inception of the quantum or noncommutative
analogues of Riemannian geometry and the theory of stochastic processes few da-
cades ago, in the name of noncommutative geometry ( a la Connes) and quantum
probability respectively, it has been a natural problem to explore the possibility of
interaction and confluence of them. However, there is not really much work in this
direction yet. In [62], some case-studies have been made but no general theory was
really formulated. The aim of the present paper is to formulate at least some general
principle of quantum stochastic geometry using a quantum analogue of Brownian
motion on homogeneous spaces.

The first problem in this context is a suitable noncommutative generalization
of Brownian motion, or somewhat more generaly, quantum diffusion or Gaussian
processes on manifolds. In the theory of Hudson-Parthasarathy quantum stochastic
analysis, a quantum stochastic flow is thought of as (quantum) diffusion or Gaussian
if its quantum stochastic flow equation does not have any ‘Poisson’ or ‘number’
coefficients (see [52], [62] and references therein for details). An important question
in this context is to characterize the quantum dynamical semigroups which arise as
the vacuum expectation semigrooups of quantum Gaussian processes or quantum
Brownian motions. In the classical case, such criteria formulated in terms of the

85
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‘locality’ of the generator are quite well-known. However, there is no such intrinsic
characterization in the general noncommutative framework, except a few partial
results, e.g. [62, p.156-160], valid only for type I algebras.

On the other hand, in the algebraic theory of quantum Levy processes a la
Schiirmann et al, there are simple and easily verifiable necessary and sufficient con-
ditions for a quantum Levy process on a bialgebra to be of Gaussian type. This
means, in some sense, we have a better understanding of quantum Gaussian pro-
cesses on quantum groups. On the other hand, for any Riemannian manifold M, the
group of Riemannian isometries ISO(M) is a Lie group, and Gaussian processes or
Brownian motions on the group of isometries induces similar processes on the mani-
fold. For a compact Riemannian manifold the canonical Brownian motion generated
by the (Hodge) Laplacian arises in this way from a bi-invariant Brownian motion
on ISO(M). Moreover, whenever ISO(M) acts transitively on M, i.e. when M is
a homogeneous space for ISO(M), any covariant Brownian motion does arise from
a bi-invariant Brownian motion on I.SO(M). All these facts suggest that an exten-
sion of the framework of Schiirmann et al to quantum homogeneous spaces is called
for, and this is indeed one of the objectives of the present article. We also treat
these concepts from an analytical viewpoint, realizing quantum Gaussian processes
and quantum Brownian motions as bounded operator valued quantum stochastic
flows. We then make use of the quantum isometry groups (recently developed by
the second author and his collaborators, see, e.g. [27, 9, 6, 10]) of noncommutative
manifolds described by spectral triples and define (and study) quantum Gaussian
process or quantum Borwnian motion on those noncommutative manifolds which
which are ‘quantum homogeneous spaces’ for their quantum isometry groups.

For constructing interesting noncommutative examples, we investigate the prob-
lem of ‘deforming’ quantum Gaussian processes in the framwork of Rieffel ([60]),
and prove in particular that any bi-invariant quantum Gaussian process can indeed
be deformed. This has helped us to explicitly describe all the Gaussian generators
for certain interesting noncommutative manifolds. Finally, using our formulation of
quantum Brownian motion on noncommutative manifolds, we propose an analogue
of the classical results about the asymptotics of exit time of Brownian motion from
a ball of small volume (see, for example,[56]). We carry it out explicitly for noncom-
mutative two-torus, and obtain quite remarkable results. The asymptotic behaviour
in fact differs sharply from the commutative torus, and resembles the asymptotics
of a one-dimensional manifold, which is perhaps in agreement with the fact that the
noncommutative two-torus is a model for the ‘leaf space’ of the Kronecker foliation,
and this ‘leaf space’ is locally (i.e. restricted to a foliation chart) is one dimensional.
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4.2 Technical preliminaries

4.2.1 Brownian motion on classical manifolds and Lie-groups

Let M be a compact Riemannian manifold of dimension d, equipped with the Rie-
mannian metric (-,-). Let Exp, : T,M — M denote the Riemannian exponential
map, given by Exp,(v) = (1), where v € T, M and

v :[0,1] = M is the geodesic such that (0) = 2,7/(0) = v. The Laplace-Beltrami
operator A on M is defined by:

d_p
Af(.%’) = Z @f (Expl"(tyl)) ’t:o ’ (4'1)
i=1

where f € C?(M) and {Y;}%_, is a set of complete orthonormal basis of T, M. This
definition is independent of the choice of orthonormal basis of T, M. If x1,x9,...24
be a local chart at z, then writing 0; for 8— A can be written as:

d
Zg 2)0;0cf () = Y ¢ (@) (2)0 f (), (4.2)

1,7=1 i,5,k=1
where (¢/%) = (g;x) 7", gjk(x) :== (9;, Ok)z, and F;k are the Christoffel symbols.
Definition 4.2.1. The Hodge Laplacian on C*°(M) is the elliptic differential op-

erator defined in terms of local coordinates ($1,l‘2, p) QS:

9 p,

det(g )&E

Bof = W Z 89:] o
where f € C®(M) and g = ((gi5))-

It may be noted that the Hodge Laplacian on M and the Laplace-Beltrami
operator both has similar second order terms and in case M = R, they coincide,
except for the sign.

It is well known that a standard d-dimensional Brownian motion on R¢ has the
Hodge Laplacian as its generator. An M valued Markov process X{" : (3, F, P) —
M will be called a diffusion process starting at m € M if X" = m and the generator
of the process, say L, when restricted to C°(M) will be a second order elliptic
differential operator i.e.

d d
Lf(z) =Y aij()0:0;f (x) + > bi()dif(x),
ij=1 i=1
where ((a;;(-))) is a nonsingular positive definite matrix. We will sometimes use
the term Gaussian process for such a Markov process. The diffusion process will
be called a Riemannian Brownian motion, if L restricted to C2°(M) is the Hodge
Laplacian restricted to the C*°(M).
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Remark 4.2.2. [t may be noted that the standard text books e.g. [65, 37] refer to
a Markov process as a Riemannian Brownian motion if its generator is a Laplace-
Belatrami operator with the negetive sign. We differ from this usual convention.
However our convention will agree with the usual convention in context of symmetric

spaces as will be explained later.

The Markov semigroup associated with standard Brownian motion, given by
(Trf)(m) = IE(f(X[™)) is called the heat-semigroup. The Brownian motion gives a
“stochastic dilation” of the heat semigroup.

Diffusion processes on classical manifolds are important objects of study as many
geometrical invariants can be obtained by analyzing the exit time of the motion
from suitably chosen bounded domains. For example,

Proposition 4.2.3. [56] Consider a hypersurface M C R¢ with the Brownian mo-
tion process X} starting at m. Let T, = inf{t > 0 : | X" — m| = &} be the exit

time of the motion from an extrinsic ball of radius € around m. Then we have
En(T) =€*/2(d — 1) +*H?*/8(d + 1) + O(e?),
where H is the mean curvature of M.

Proposition 4.2.4. [38] Let M be an n-dimensional Riemannian manifold with
the distance function d(-,-), and X} be the Brownian motion starting at x € M. Let
pt:=d(x, X}) (known as the radial part of X}'). Let T, be the first exit time of X}

from a ball of radius € around x, € being fized. Then
2 1 2 2
B(pyg,) = nt - 5@ + o),

where S(x) is the scalar curvature at x.

We shall need a slightly modified version of the asymptotics described by Propo-
sition 4.2.3, using the expression obtained in [31], of the volume of a small extrinsic
ball as described below:

Let V,,(€) denote the ball of radius € around m € M. Let n be the intrinsic
dimension of the manifold. Then we have

€

Vin(€) = . (1- Ki€® + Koe + 0(66))

(4.3)

m’

where a, := 2I'(3)"I'(%)~! and K1, K> are constants depending on the manifold.
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The intrinsic dimension n of the hypersurface M is obtained from IF(7.) as the
oifm<n—cfor0<e<l,
unique integer n satisfying lim._q &2) =4 #0if m #n,
v =0if m > n.
Observe that ‘/(:72)% — (0‘7")% and V(%% — (%)% as € — 07. So the asymptotic
expression of Proposition 4.2.3 can be recast as

1 V(e)n H? V(en a

n v .
2= oy " T8y ) TOVON)
In particular, we get the extrinsic dimension d and the mean curvature H by the
following formulae:

3
3o

E(r) =

) (4.4)

Q4 E(Te)—ﬁ( o)

n’ e=0 V(e)% ' (4.5)

If there is a Lie group G which has a left (right) action on M, then it is natural
to study the diffusion processes X; = {X{",m € M} which are left (right) invariant
in the sense that g - X;™ = XJ™ (X" - g = X;"") almost everywhere (with respect
to the Wiener measure) for all ¢ € G, m € M. In particular, if M = G, we shall
call X7 (where e is the identity element of GG) the canonical left (right) invariant
diffusion process, and we will usually drop the adjective left or right. For such
a diffusion process, the generator L = . A;X; + %Z” B;; X;X;, where (Bjj)i;
is a non-negetive definite matrix and {X7,...X4} is a basis of the Lie-algebra G.
The diffusion process defined above is called bi-invariant if it is both left and right
invariant. We also note that such processes constitute a special class of the so-called
Levy processes on groups [37] i.e. a stochastic process which has almost surely cadlag
paths, left (right) independent increments and left (right) stationary increments (see
[37] for details).

Proposition 4.2.5. ([33]) A necessary and sufficient condition for a diffusion pro-

cess in a Lie group G to be bi-invariant is the following:
A;Cl; =0, Bi;Cp; + BjCl; =0 (1<i,k,l<d),

where C’,le are the Cartan coefficients of G. In particular, the Gaussian processes in

Lie-groups with abelian Lie-algebras will be bi-invariant.

If M is a symmetric space (i.e. the isometry group G acts transitively on M),
it is interesting to study the diffusion processes on M which are covariant i.e. oy o
L = Loag for all g € G, where L is the generator of the diffusion process and
a: G x M — M is the action of G on M.
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Proposition 4.2.6. [37] Let G be a Lie group and let K be a compact subgroup. If
gt s a Tight K invariant left Levy process in G with gy = e, then its one point motion
fromo=eK in M = G/K is a G invariant Feller process in M. Conversely, if x;
is a G invariant Feller process in M with xo = o, then there is a right K invariant
left Levy process g¢ in G with go = e such that its one-point motion in M from o is

identical to the process x; in distribution.

Suppose that G is compact. The proof of Proposition 4.2.6, as in [37] then
implies that any covariant diffusion process x; on M can be realized as restriction
of a corresponding right K invariant diffusion process on G.

Algebraic Theory of Levy processes on involutive bialgebras

We refer the reader to [26] and [61] for the basics of the algebraic theory of Levy
processes on involutive bialgebras, which we briefly review here.

Definition 4.2.7. Let B be an involutive bialgebra with coproduct A. A quantum
stochastic process (Lst)o<s<t on B over some quantum probability space (A, ®) (i.e.
A is a unital x-algebra and ® is a positive functional such that ®(1) = 1) is called

a Levy process, if the following four conditions are satisfied:

1. (increment property) We have lys x lsg = Iy for all0 <r < s <t lyy =1o0e€
for all t > 0, where I * lst :=m g0 (Ips @ lgt) 0 A.

2. (independence of increments) The family (Ist)o<s<t is independent, i.e. the
quantum random variables lg 1, lsoty, ----ls,t,, are independent for all n € IN
and all 0 < 51 < t1 < ... .t,.

3. (Stationarity of increments) The marginal distribution ¢s = ® o lg of jst

depends only on the difference t — s.
4. (Weak continuity) The quantum random variables lgy converge to lss in distri-
bution fort — s.

Define l; := lg;.
Due to stationarity of increments, it is meaningful to define the marginal distri-
butions of (Is¢)o<s<t by ¢r—s = P o lg.

Lemma 4.2.8. (/26]). The marginal distributions (¢¢)e>0 form a convolution semi-

group of states on B i.e. they satisfy

1. ¢o =€, ¢ * ¢s = Gy for all s,t >0, and lim;_,o ¢¢(b) = €(b) for all b € B.
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2. ¢¢(1) =1 and ¢(b*d) >0 for allt > 0 and all b € B.

This convolution semigroup characterizes a Levy process on an involutive bial-
gebra.

Definition 4.2.9. A functionall : B — C is called conditionally completely positive
(CCP for short) functional if 1(b*b) > 0 whenever e(b) = 0.

The generator of the above convolution semigroup of states is a CCP functional
on the bialgebra B.

Proposition 4.2.10. (Schoenberg correspondence)/26] Let B be an involutive
bialgebra, (¢t)i>0 a convolution semigroup of linear functionals on B and I be its

generator, i.e. l(a) = %|t:0¢t(a). Then the following are equivalent:
1. (¢t)e>0 is a convolution semigroup of states.
2. 1: B — C satisfies [(1) = 0, it is hermitian and CCP.
Next we define Schiirmann triple on B.

Definition 4.2.11. Let B be a unital x-algebra equipped with a unital hermitian

character e. A Schiirmann triple on (B,¢€) is a triple (p,n,1) consisting of
1. a unital x-representation p : B — L(D) of B on some pre-Hilbert space D,

2. ap—e€—1-cocyclen: B — D, i.e. alinear map n: B — D such that

n(ab) = p(a)n(b) + n(a)e(b)
for all a,b € B,

3. and a hermitian linear functional | : B — C that satisfies

I(ab) = I(a)e(b) + €(a)l(b) + (n(a”), n(b))
for allb € B.

A Schiirmann triple is called surjective if the cocycle 7 is surjective. Upto uni-
tary equivalence, we have a one-to-one correspondence between Levy processes on
B, convolution semigroup of states on B and surjective Schiirmann triples on B.
Choosing an orthonormal basis (e;); of D, we can write n as n(-) = >, 7i(-)e;. The
{m:i}i will be called the ‘cordinate’ of the cocycle 7.

We will denote by V,, the vector space of e-derivations on a bialgebra Ay, i.e.
for V, consists of all maps n: Ay — C, such that n(ab) = n(a)e(b) + €(a)n(b).
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Lemma 4.2.12. Let [ be the generator of a Gaussian process on Agy. Suppose that
(I,m,€) be the surjective Schiirmann triple associated to l. Let d := dimV ,. Then

there can be atmost d cordinates of 7.

Proof. Let (n;); be the cordinates of 7. Observe that 7; is an e-derivation for all
i. It is enough to prove that {n;}; is a linearly independent set. Suppose that
Zle Aini(a) = 0, for all @ € Ay. This implies that (n(a),zle Aie;) = 0, for all
a € Ay, where (e;); is an orthonormal basis for kg, the associated noise space. Since
{n(a) : a € Ao} is total in kg, we have -7 \;e; = 0 which implies that \; = 0 for
i =1,2,...k. Hence proved. O

Proposition 4.2.13. [26] For a generator | of a Levy process, the following are

equivalent:

~

A3 =0, K = kere,
2. 1(b*b) =0 for allb € K2,

3. l(abc) = l(ab)e(c) — e(ab)l(c) + l(bc)e(a) — e(be)l(a) + l(ac)e(b) — e(ac)l(h),

B

. plr =0, for any surjective Schiirmann triple,

R

= €l for any surjective Schiirmann triple i.e. the process is ”Gaussian”,

D

. g2 =0 for any Schiirmann triple,

=

n(ab) = n(a)e(b) + e(a)n(b) for any Schirmann triple.

A generator [ satisfying any of the above conditions is called a Gaussian generator
or the generator of a Gaussian process.

Definition 4.2.14. For a map P : Ay — B, where B is a *-algebra, defined P
Ay = Ay @ B by P := (id ® P) o A. For two such maps Py, Pa, define Py x Py :=
mpg o (P1 ® Py) o A, where mp denotes the multiplication in B.

It follows that (ida, @ mg) o (P1 ©idg) o Py = Py * Ps.
Definition 4.2.15. We will call a Gaussian Levy process with surjective Schirmann
triple (I,n,€), the algebraic Quantum Brownian motion (QBM for short) if span of
the maps {n;}: is the whole of V,, where n; are the ‘cordinates’ of the cocycle of the

unique (upto unitary equivalence) surjective Schirmann triple.
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It is known [61] that the following weak stochastic equation
{li(x)e(f), e(g)) = e(z){e(f), e(g))
+ /0 dr({ly = (L+(g(r),n) + 0!+ {(9(7), (p =€)y, N @)e(f), e(g)),

which can be symbolically written as
dly =1y % (dA] o + dAy o (p — €) + dA; o' + ldt)

with the initial conditions
lg=¢€l

has a unique solution (Ist)o<s<¢ such that [y is an algebraic levy process on Ag. Then
using this algebraic quantum stochastic differential equation, it can be proved that
Jt = ly satisfies an EH type equation as defined in subsection 1.7.5 with 6 =17, £ =
I, o0 = p — e. However, it is not clear whether j,(z) € Ay ®atg BO(LA (R4, ko))). We
shall prove later that at least for Gaussian generators, this will be the case i.e. j;(x)
is bounded.

4.3 Quantum Brownian motion on non-commutative man-
ifolds

4.3.1 Analytic construction of Quantum Brownian motion

Let (Q,A) be a CQG, Qg be the corresponding Hopfx algebra and h be the Haar
state on Q. Let Qp := &H, be the decomposition by Peter-Weyl theory as described
in section 1.3.2 of chapter 1.

Theorem 4.3.1. Let (T)i>0 be a QDS on Q such that it is left covariant in the
sense that

(id®Ti) o A = AoT;. Let L be the generator of (1;)i>0. Then there exist a CCP
functional I on Qg such that I=CL.

Proof. The generator £ is CCP in the sense that 9L (z,y) = L(z*y)—L(z*)y—z*L(y)
is a CP kernel (see [62]). The left covariance condition implies that for each ¢ > 0,
T; as well as L keep each of the spaces H, invariant. Consequently £(Qp) C Qp,
so that it makes sense to define | = € o L. Moreover for z,y € Qq, € 0 0L(z,y) =
[ ((z —e(z))(y —e(y))), so that [ is CCP in the sense of definition 4.2.9 of chapter

1. Hence our claim is proved. O
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We shall prove the converse of Theorem 4.3.1 for the Gaussian generators. For
this, we need a few preparatory lemmae.

Lemma 4.3.2. In Sweedler notation, h(a()b)acy = h(abe)k(b)), for a,b € Qo.

Proof.
h(aby)k(bz)) = ((h @ 1) o A) (abq))r(be))
= (h ®id) (A(ab(l) )(id ® £)(b(2)))
= (h @ id){A(a)Aby))(id ® r(bz))) }
= (h®@id) [A(a){(id ® mg)(A @ id)(id ® k)A(b)}]
= (h®id) [A(a){(id @ mg)(id ® id ® k)(A @ id)A(b)}] (4.7)
= (h®id) [A(a){(id @ mg)(id ® id ® k)(id ® A)A(b)}]
= (h®id) [A(a){(id ® mg o (id ® k) A)A(D) }]
= (h@id) [A(a){(id @ ) A(b)}] = (h @ id) [Aa)(b@1)]
= h(a amyb)a(z)

Corollary 4.3.3. For any functional P : Qo — C, h (ﬁ(a)b) =h (a(P o /@)(b)) .

Proof.
h(P(a)b) = (h ®1id) [(id @ P)A(a)(b® 1)]
= (id®@P)|[(h®id)(Aa)(b® 1))]
= (id® P) [h( 1)) (b ))] (4.8)
= h(ab())P(k(b(2))) = h(abu)P(k(b))))
= h(a(id ® P)(id © K)A(b)) = h(a(P o &)(b)).
Od

Lemma 4.3.4. Let n: Qp — C be an e-derivation. Put ¢ := (id @ n) o A. Then
h(6(a)) =0 for all a € Q.
Proof.

h(é(a)) = (h®id)(id ®n) o Aa)
id ®n)(h ®id) o A(a)
= n(h(a)lo)
= h(a)n(lg) =0 for all a € Qy,

(
(
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where we have used the fact that (h ®id) o A(a) = (id®@ h) o A(a) = h(a)lg. O

Let (1,7, ¢€) be the surjective Schiirmann triple for [, so that on Qp, we have
l(a*b) — e(a*)I(b) — I(a*)e(b) = (n(a),n(b)). We recall that n : Qy — ko, for some
Hilbert space kg so that n(a) = >, ni(a)e;, (e;); being an orthonormal basis for kg
and 7; : Qg — C being an e-derivation for each i. Define 93 = (id®mn;) o A for each
1. Observe that
15, 8@ 0@) | < llafyzll |5 mEeImE@e)l < lzolPnEe)l? < oo, so
that § := Y, 0 ® e; = (id @ n) o A is a derivation from Qg to Q ® ko. Now L is a
densely defined operator with D(£) = Qo C L?(h). By Corollary 4.3.3, h(L(a*)b) =
h(a*lfo\;;(b)) ie. (L(a),b)r2my = (a, l/o\7<;(b)>L2(h). Thus £ has an adjoint which
is also densely defined. Thus £ is L?(h)-closable, and we denote its closure by
the same notation £. Note that a linear map S : Qy — Qg is left covariant i.e.
(1d®S)A = Ao S if and only if S(H,) C H, for all 7. In such a case, we will denote
by S the map S\Hﬂ. Since d : Qo — Qo Rag ko and h is faithful on Qp, we have
h(§(x)*6(x)) < oo which implies that 6(z) € L?(h) ® ko for x € Qp.

Lemma 4.3.5. Let | : Qy — C be a CCP functional and (I,n,€) be the surjective

Schiirmann triple associated with it. Then L = 1 on Qo has Christinsen-Evans form

(see Theorem 1.5.2 in chapter 1) i.e.
1 1
L(z) =R (x ®1,)R — iR*Rx - xiR*R + [T, z],
for densely defined closable operators R and T, with T* =T.

Proof. Let R:=§: Qq (C L?(h)) — L?(h) ® ko, where § := (id @ n) o A.

For z € Qy, consider the quadratic forms
(@(@)y,y ) L2y = P (L(y"2™y) — Ly ")y —y"L(a™y) +y"L(2")y) ;s (4.10)

(L(@)y, ¥') 2ny = My L(z7)y) (4.11)
and

1 ;o 1 * ok k ok * * * *
L —loraly,y)am = Gh(Ly"x")y —y'a"L(y) = Ly")a"y +y"L(z"y),

2

(4.12)
where ®(z) = R*(z ® 13,)R — 3 R* Rz — x5 R*R. Observe that by subtracting (4.11)
from (4.10) and adding (4.12) to it, we get zero. So by taking
T = 5-(L—1o k) on Qq, we get (L(2)y,y') = ((®(z) +i[T,z])y,y’) for z € Q. Note
that T is covariant, hence we have T' = @, T, and since each H is finite dimensional
and T = T}, by corollary 4.3.3, we have that T has a self-adjoint extension on L?(h)
which is the L2-closure of T in Q. O
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We are now in a position to prove the converse of Theorem 4.3.6 for Gaussian
generators, which gives a left covariant QDS on Q and a left covariant Gaussian
generator on Q.

Theorem 4.3.6. Given a Gaussian CCP functional | on Qp, there is a unique

covariant QDS on Q such that its generator is an extension onf

Proof. Note that in the notation of Lemma 4.3.5, we have R*R = I+ le7<;, T =
2%(7— l/o\;c) and hence G := iT — 1R*R = —lo k. Hence (ld® G)o A = AoG.
So each G, generates a semigroup in H, say 7;° which is contractive, since the
generator is of the form T, — %(R*R)ﬂ, with TF = Ty. Take Sy := &,1}, which
is a Cp, contractive semigroup in L?(h). There exists a minimal semigroup (73)¢>0
on B(L%(h)), such that its generator, say £™", is of the form given in Lemma
4.3.5 when restricted to a suitable dense domain (see subsection 1.5.1 of chapter
1). Now following the arguments used in proving Theorem 1.7.6, we can conclude
that £™" = | on Qo. Thus L™"(H,) C H,. Furthermore, each H, being finite
dimensional, Ty(z) = 7" (z) = > S (L£mim)n (), which converges in the norm
for © € H,. Thus in particular we see that Ty(H,) C H, for all 7 and all ¢ > 0 i.e.
(id@T) o A=AoT. O

Theorem 4.3.7. The QDS generated by a Gaussian generator I as in Theorem

4.8.6, always admits an E-H dilation which is implemented by unitary cocycles.

Proof. We will apply Theorem 1.7.6 with H = T. Let Vy = Qp and Wy = (e;|i =
1,2,3...)c, where (e;); is an orthonormal basis for kg. Observe that by Lemma 4.3.4,
R*=—-Y.0?® (¢;|. Thus u® & € D(R*) for all u € Vy and & € Wy. The proof of
Theorem 4.3.6 implies that G := T — %R*R generates a Cy contractive semigroup
in L2(h). Noting that G* is an extension of —[, using arguments as in Theorem
4.3.6, we can prove that G* generates a Cy contractive semigroup in L2(h). Thus all
the conditions of Theorem 1.7.6 hold, and we get unitary cocycles (Uy)>0 satisfying
an H-P equation. Then j; : B(L%(h)) — B(L?(h)) ® B(I') defined by ji(x) :=
Us(z ® 1p)U}, is a *-homomorphic EH flow on B(L?(h)), satisfying the stochastic
differential equation:

djy =3¢ o (am (dt) — al(dt) + £dt) )

Jo = 1d,

on Qp, where 6(x) = (id ® n) o A(x) = [R,z] for z € Qp. We need to show that
Jt(Qo) € Q" @ B(T) i.e. {e(f),ji(x)e(g)) € Q" for f,g €T and = € Qy.
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Let I; be the algebraic Levy process associated with [, satisfying equation (4.6)
with p = €. For x € Qp and &, £ belonging to ko, let Tt£’£/ and ¢f’£l denote the maps
<€(X[O,t]§)’jt(')e(X[o,f,]E’)> and <€(X[O’t]§), lt(~)e(x[07t]§’)> repectively. We claim that for
all z € Qo, Tf’gl(a:) = (;Sf’gl (x) which will be shown towards the end of the proof.
Let D denote the linear span of elements of the form e(f) where f is a step function
taking values in (e;);. By the theorems in [63, 55], D is dense in I'. Consider the step
functions f = Zf aiX[t;_1,t;) and g = Zf biX([t;_1 1) Where to = 0,t; = t, and a;, b;
belong to {e; : i € IN}. Then note that for z € Qy,

. ,b ,b b
(e(f),3t(x)e(q)) = Ttal1 o Tt‘;{ti 0. Tﬂ“tkﬁl(:p)

TS by
¢?11 tlo ¢§5122 1521 """ gbgﬁtkkA (:C) (4,14)
= A(z)

= (e(f). l(w)elg)) € o,

where A(z) = ((;Sfll’ftlo (Z)f;’bfl ...... oy fiﬁl)(w). Since D is total in T', this implies
that the map (e(f),ji(x)e(g)) € Q" for all f,g €T z € Q.
The proof of the theorem will be complete once we show that for z € Qo,

&, v € ko, we have Tf’y(x) = ¢;"" (z). This can be achieved as follows:

Fix an x € Qgy. From the cocycle property, it follows that Tt@ is a Cp-semigroup
on B(L%(h)) and ¢;"” is a convolution semigroup of states on Qp. Since l; and j;
satisfy equations (4.6) and (4.13) respectively, it follows that the generator of the
convolution semigroup (d)f’”)tzo is L =14 (&n) + n and the generator of the
semigroup (7, tg'j)t is L. By the fundamental Theorem of coalgebra (see [26]), there
is a finite dimensional coalgebra say C, containing x. It follows that E(C’x) C C;.
Note that C, being finite dimensional, the map L : C, — C, is bounded with
|L|| = M, (say), where M, depends on z. Now

Tf’”(w):x—l—/ TS (

=z +tL(z / / TS (L2 (v))ds
81 =0 Js9=0

= o+ 1L() + & L2( )+3 ) + ... +/: / / / TE (T (2))ds:

2=0 Js3=0 n=0
(4.15)
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Now || [27=0 T&" (L (x))ds|| < €€ "Il 5 0 a5 n — 0. Thus

~ 2~
Tf’”(fﬂ) =z +tL(x)+ 5L2(ac) + o

= &(z) +tL(z) + tj,(L « L)(z) + t—?;(L*/l\}/*L)(a:) b
o 21 31 (4.16)
= g’l’(x), where
2 3
O

We will call j; a Quantum Gaussian process on Q. If [ generates the algebraic
QBM (as defined after Proposition 4.2.13), then we will call j; the Quantum Brow-
nian motion (QBM for short) on Q.

Remark 4.3.8. If |l =lok, we will call the above QBM symmetric. This is because

under the given condition, (Ty)i>0 generated by L becomes a symmetric QDS i.e.
hMTy(z)y) = h(zTy(y))-

The following result, which is probably well-known, demonstrates the equivalence
of the quantum and classical definitions of Gaussian processes on compact Lie-
groups.

Theorem 4.3.9. Let G be a compact Lie-group. Then a generator of a quantum
Gaussian process (QBM) on Q = C(QG) is also the generator of a classical Gaussian

process (QBM) and vice-versa.

Proof. Let | be the given generator and let £ := 1, as before. Observe that the
semigroup (7})+>0 associated with the map L is covariant with respect to left action
of the group. Moreover, (7}):>0 is a Feller semigroup. Thus by Theorem 2.1 in page
42 of [37], we see that C*°(G) C D(L). Now on C(G), there is a canonical locally
convex topology generated by the seminorms || f{ln == >2; i, i p<n 1106105y 0 ()5
where 0;, is the generator of the one-parameter group Ly X)) such that C*°(G)
is complete and Q is dense in C*°(G) in this topology (see [62] and references
therein). Now as L is closable in the norm topology, it is closable in this locally
convex topology and hence (by the closed graph theorem) continuous as a map
from (C*°(G),{|l-l|n}n) = (C(G),|| - |loo)- From this, and using the fact that L
commutes with L, Vg, it can be shown along the lines of Lemma 8.1.9 in page
193 of [62] that L(f) € C*°(G). Moreover, we can extend the identity L(abc) =
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L(ab)c — abL(c) + aL(bc) — L(a)be + L(ac)b — acL(b) for all a,b,c € C®(G) by
continuity. Thus £ is a local operator. Now by the main theorem in [69], this
implies that £ is a second order elliptic differential operator, and hence generator
of a classical Gaussian process.

On the other hand, given a generator £ of a classical Gaussian process, (id ®
L)A = AoL implies that in particular, £(Qy) C Qg. Moreover, it can be verified that
L satisfies the identity £(abc) = L(ab)c—abL(c)+aL(bc) — L(a)be+ L(ac)b—acLl(b)
for a,b,c € C*°(G) and hence in Qpy. Thus L is the generator of a quantum Gaussian

process as well. O

4.3.2 Quantum Brownian motion on quantum spaces

Suppose that G is a compact Lie-group, with Lie-algebra g, of dimension n. There ex-
ists an Ad(G)-invariant inner product in g which induces a bi-invariant Riemannian
metric in G. Suppose that G acts transitively on a manifold M. Then as manifolds,
M = H/QG, for some closed subgroup H C G and as the innerproduct on g is in
particular Ad(H )-invariant, it induces a G-invariant Riemannian metric on M. Let
g and h be the Lie-algebras of G and H respectively. It is a well-known fact (see
[37]) that g = h @ p, where p is a subspace such that Ad(H)p C p and [p,p] C h. Let
{Xi}2_, be a basis of g such that {X;}L, is a basis for p and {X;}_,,, is a basis for
h. Let m : G — H/G be the quotient map given by 7(g) = Hg, for g € G. It follows
that if f € C(H/G), Xi(f om) = 0 for all i = d + 1,...n. The Laplace-Beltrami
operator on M is thus given by

1 d

%AH/Gf(gj) =3 ZXf(f om)(9),
i=1

where f € C*°(M) and x = Hg, or in other words, if {Wt(z)}gl:1 denote the standard
Brownian motion in R?, the standard covariant Brownian motion on M (= H/G),
starting at m is given by B} := m.3; where B; := exp(zgi:l Wt(l).?\,’i) and exp denotes
the exponential map of the Lie group GG. Thus the probability space of the covariant
Brownian motion Bj" can be identified with the probability space of d-dimensional
Wiener measure. Now suppose M is a compact Riemannian manifold such that the
isometry group of M, say GG, acts transitively on M. The above discussion applies
to M and it may be noted in particular that in this case, the Laplace-Beltrami
operator on M coincides with the Hodge-Laplacian on M restricted to C*°(M),
except for signs (see [37]). It follows from Proposition 2.8 in page 51 of [37] and
the discussions preceeding it that a Riemannian Brownian motion on a compact
Riemannian manifold M is induced by a bi-invariant Brownian motion on G, the
isometry group of M, if G acts transitively on M. Furthermore by Proposition 1.4.12,
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it follows that if G acts transitively on M, then the action is ergodic i.e. C(M) is
homogeneous. Motivated by this, we may define a Quantum Brownian motion on a
quantum space as follows:

Let (A, H, D) be a spectral triple satisfying the conditions stated in section
1.4. Let (Q,A) denote the quantum isometry group as obtained in Proposition
1.5.3, a being the action. Suppose that (Q,A) acts ergodically on A, i.e. the

quantum space A := .A7°°| oo is homogeneous. Let [ : Qy — C be the generator
of a bi-invariant quantum gaussian process j;(-) on Q i.e. (I®id)o A = (id®1)o A
on QQ.

Define the process k; = (id @ lj) o A : Ay — A @ B(T'(L*(Ry, ko))) on Ap.
Since « is an ergodic action, it is known that there exists an a-invariant state 7
on A (see [62]). Moreover, in the notation of Proposition 1.4.11, 7 is faithful on
Apg = Drelrr, (@iGHWw‘) and as a Hilbert space, L%(7) := Dryerrr, (@ieQWw) .
Theorem 4.3.10. There ezists a unitary cocycle (Uy)i>o € B(L*(7) @ ') satisfying
an HP equation, where I := T'(L?(Ry, ko)) such that ki(x) = Up(x @ idp)U; for x €
Ao. Thus k; extends to a bounded map from A to A" @ B(T'). Moreover, k; satisfies
an EH equation with coefficients (L ,, 9, 61), where L4 := (id®1)oa, § := (id®n)oa,

and initial condition jo = id.

Proof. Observe that (a ®id) o a = (id ® A) o a. Hence, proceeding as in subsection

4.3.1, with H replaced by W_ for v € Irr,, and L?(h) replaced by L?(7), we get

the existence of a unitary cocycle (U;)¢>¢ satisfying an HP equation with coefficient
. (iT—iR*R R : .

matrix ( I 0 ) , with the initial condition Uy = I, where T, R are the

closed extensions of 3-(£, — (id ® (I o k)) o &) and (id ® ) o c respectively. Now,

proceeding as in Theorem 4.3.7, we get our result. O

Definition 4.3.11. A generator of a covariant quantum Gaussian process (QBM)
on the non-commutative manifold A is defined as a map of the forml, := (id®l)oa,
where [ is the generator of some bi-invariant quantum Gaussian process (QBM) on
Q. In such a case, the EH flow k; obtained in Theorem 4.3.10 will be called covariant
quantum-Gaussian process (QBM) with the generator L 4.
We will usually drop the adjective ‘covariant’. Observe that
(,CA X idQ)Oz :(idA R idQ)(a X idQ)Oz
= (ida ® I ®idg)(idg ® A)c

= (idg ® (I ®idg)A) (4.17)
= (id4 ® (idg ® [)A)a (since (I ® id)A = (id ® [)A)
=(a®

Na=aol,.
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It is not clear whether the condition (4.17) is equivalent to the bi-invariance of
the Gaussian generator [ on Q. However, let us show that it is indeed so for the class
of quantum spaces which are quotient (hence in particular for the classical ones).

We recall (see definition 1.3.12) that A will be called a quotient of the CQG
(Q,A) by a quantum subgroup H if A is C*-algebra isomorphic to the algebra
{r e Q : (m®id)A(x) =1® x}, where 7 : @ — H is the CQG morphism.

Theorem 4.3.12. Let [ : Qg — C be the generator of a quantum Gaussian process
on Q. Suppose that (Q,A) acts on a quantum space A such that A is a quotient
space. Denote the action by o and define L, = (idg ® l)a. Then the following

conditions are equivalent:
1. (®id)A = (id®1)A.
2. (I®idg)a = (idg®1)a.
3. (L, ®idg)a=aoL,.

Proof. It can be shown (see [58]) that o = A|, in case of quotien spaces, where A
has been identified with the algebra {x € Q : (7®id)A(x) = 1®z}. Thus (1) = (2)
is trivial. Let us prove (2) = (1). It can be shown (see [58, page 5]) that if A is a

quotient space, then the subspaces W,; for v € Irr,, as described in Proposition

Q7
1.4.11 are spanned by {uzj}?ll and cardinality of the set I, is n,. So for a fixed
0,7, t=1,2,..ny; j =1,2,....dy, we have

(l® idg)a(uzj) = (idg ® l)a(uzj)

1.e.
d, d,
>y = D uillul) ;
k=1 k=1
comparing the coefficients, we get I(uj;) = l(uj;), l(uj;) = 0 for i # j, where

1<i¢<nyand 1< j<d,. As a vector space, Qy = @velrrg EB?;I W,;. From the
preceding discussions, it follows that (I ® zd)A(uZJ) = (id ® )A(u];) which implies
that (I ® id)A = (id @ [)A ie. (2) = (1). (1) = (3) was already observed right
after defining covariant quantum Gaussian process. The proof of the theorem will
be completed if we show (3) = (2). This can be argued as follows:

Since A is a quotient, we have o = A|,. Consider the functional €| 4> Where
Ag = AN Q. Note that €|, oL, =1I. So applying €| , ® idg on both sides of (3),
we get ({®idg)a =L, = (idg ® ). Thus (3) = (2). O
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4.3.3 Deformation of Quantum Brownian motion

Recall the set-up and notations of subsection 1.3.3 of chapter 1, where the Rieffel
deformation of (Q,A), denoted by Qg _g, for some skew symmetric matrix 6, of
a CQG was described. As a C*-algebra, it is the fixed point subalgebra (Q ®
C’*(Tg”))"XFl, and has the same coalgebra structure as that of Q.

Theorem 4.3.13. Let | be the generator of a quantum Gaussian process and L := l.
Suppose that Lo o, = o_o L, for z € T?. Let W := ({U;}?*,)c Then we have the
following:

1

(Z) (‘C ® Zd)((QO ®alg W)UXT?l) g (QO ®alg W)O’XT7 :

(ii) Lg:= (L ® id)]( o is a generator of a quantum Gaussian process;
Q0®algw gxT

(111) with respect to the natural identification of (Qp —¢)—0,0 with Q, we have (Ly)—g =
L.

Proof. Notice that the counit € and the coproduct A remains the same in the de-
formed algebra, as the coalgebra Qp is vector space isomorphic to (Qo ®alg W)"XT_I.
By our hypothesis, o o £ = £ o o_, which implies ().

Since L is a CCP map, it follows that Ly is a CCP map. Moreover, since we have
the identity I(abc) = l(ab)e(c) —e(ab)l(c) +1(bc)e(a) —e(be)l(a) +(ac)e(b) — e(ac)l(b)
for a,b,c € Qy, it follows that [y := € o Ly also satisfies the same identity on
the coalgebra (Qp ®qi4 W)UXT*l. Thus Iy, or equivalently Ly, generates a quantum
Gaussian process on Qp _g, which proves (i).

(iii) follows from the natural identification of (Qg _g)_g,¢ with Q and an appli-

cation of the result in (ii). O

We have the following obvious corollary:

Corollary 4.3.14. For a bi-invariant quantum Gaussian process, the conclusions
of Theorem 4.3.13 hold.

Thus we have a 1 — 1 correspondence given by £ — Ly, between the set of
generators of quantum Gaussian processes on Q satisfying the hypothesis of Theorem
4.3.13 and those of Qg _g. In case Q is co-commutative, i.e. ¥ o A = A, where X is
the flip operation, it is easily seen that any quantum Gaussian process on Q will be
bi-invariant and so the 1 — 1 correspondence L <+ Ly holds for arbitrary quantum
Gaussian processes in such a case. It is not clear, however, whether we can get 1 —1
correspondence between bi-invariant QBM on the deformed and undeformed CQGs.
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Theorem 4.3.15. If in the setup of Theorem 4.3.13, we have Q = C(G) for a
compact Lie-group G with abelian Lie-algebra g, then the hypothesis of Theorem
4.3.13 holds for generators of quantum Gaussian processes on Q as well as on Qg _g
and hence we have a 1 — 1 correspondence between quantum Gaussian processes on
Q and its Rieffel deformation.

Proof. Let G =G, |_|i€A Gy, where e € (G is the identity element and G, G; are the
connected components of G, G, being the identity component. Let the coproduct
of the Rieffel-deformed algebra Qp _y be denoted by Ay (note that it is the same
coproduct as the original one). Observe that since the action o is strongly continu-
ous, Z - Ge C G, Vz € T?", or equivalently, we have o_(C(G.)) C C(G.). Thus one

has the following decomposition:

(C(G))o,—6 = (C(Ge))o,—9 D (B)a, -0,

where B := ®;cAC(G;) and C(G.)g,—g itself is a quantum group satisfying Ag (C'(Ge)o,—0)
C(Ge)o,—o ® C(Ge)p,—p. Note that since G, is an abelian Lie-group, C(Ge)g,—g is a
co-commutative quantum group. Let [ be the generator of a quantum Gaussian
process on Qp . We claim that [ is supported on C(Ge)s, 9. Observe that x_ (the
indicator function of G¢) € C(G.). Moreover, we have o_(x.,) = Xg,- Thus x., is
identified with Xie = Xe, ®1 € (C(G)® C*(Tg"))"”_l. In particular, Xi‘e is a
self-adjoint idempotent in C'(G)g,—g. It now suffices to show that I((1 — Xge)a) =0
for all a € (C(G)o ®alg (Usli = 1,2, ..2n)¢)7*7 ' Let (I,m, €) be a Schiirmann triple

for [. Now

(1 =2 )a) =11 =2, Je(a) + e(1 = X% )i(a) + (n(1 =2, ), n(a)).

Now as (1 — Xge)2 =(1- X‘ée), and €(1 — Xge) =0, we have 1 — Xge € ker(e)?. By
conditions 2 and 6 of Proposition 4.2.13, we have /(1 — Xge) =n(l- XGGE) = 0. This
1

implies that I((1 — Xge)a) =0 for all a € (C(Q)o Qag (Uili = 1,2,..2n)c)7*" .

Now as (C(Ge))g,—p is a co-commutative quantum group, we have
(l® id)Ag = (id ® 1)Ag on C(GG)Q,Q. (4.18)

Let Z = (u,v) for u,v € T". Let us recall that o_ = (2(u) ® id)Ag(id @ Q(—v))Ay,
where we have Q(u) := ev, om, 7 : C(G) — C(T™) being the surjective CQG mor-
phism. Let R(z) := o, and L(z) := o, for z € T". By equation (4.18), we have

[(R(u)a) = I(L(u)a) for all a € C(Ge)g,—g. Now L(u)(C(Gi)g,—9) € C(Gi)g,—9 and
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R(u)(C(Gi)g,—9) € C(Gi)g,—p for all i and I(C(Gy)g,—g) = 0, which, in combination
with equation (4.18), gives [(R(u)a) = [(L(u)a) for all a € C(G)g,—p. From this, it
easily follows that £ oo. = o_o L for all 7 € T?". O

Moreover, in subsection 4.3.4, we shall see that condition of Theorem 4.3.13
is indeed necessary, i.e. there may not be a ‘deformation’ of a general quantum
Gaussian generator.

4.3.4 Computation of Quantum Brownian motion

In this subsection, we compute the generators of QBM on the QISO of various non-
commutative manifolds. We refer the reader to section 1.4 for a recollection of the
description of QISO of the non-commutative manifolds which we will consider here.

a. non-commutative 2-tori: Recall from subsection 1.3.3 that C*(T?%) is the
universal C*-algebra generated by a pair of unitaries U,V satisfying the re-
lation UV = 2™V U. The QISO of C*(T%) is a Rieffel deformation of the
compact quantum group
C (T? x (Z3 x Z3)) (see [9]). Moreover, T? x (Z3 x Zs) is a Lie-group with
abelian Lie-algebra. Hence an application of Theorem 4.3.15 and Theorem
4.3.13 leads to the conclusion that the generators of quantum Gaussian pro-
cesses on the QISO of C*(T?%) are precisely those coming from QISO(C(T?))=ISO(T?)=
C(T? x (Z3 x Zy)) i.e. they are of the form Iy, where [ is a generator of clas-
sical Gaussian process on T? x (Z2 x Z3), which is supported on its identity
component namely T2. Using the formulae for coproduct, it easily follows that
if  be an e-derivation, then we it is given on the generators by:

n(Un) = ¢, n(Ui2) =d
77(U1*1) = —¢, U(Ufz) = —d,
NU) =0V k>1, j=1,2.

These are precisely the e-derivation on the undeformed algebra C(T? x (Z3 x
Z5)). Thus it follows that the space of e-derivations on QISO(C*(T%)) is
same as the space of e-derivations on C(T? x (Z3 x Zs)). Moreover, all the
e-derivations are supported on the identity component namely C(T?), which
remains undeformed as a quantum subgroup of QISO(C*(T%)). Thus it fol-
lows that in this case, a QBM on the undeformed CQG remains a QBM on
the deformed CQG.

Here I.JQISO(C*(T@) is samt—?' as. Vo2 1(22122))- YO(T2(2312,)) 15 2 dimensional.
A basis for V12 (22 42.)) 1 given by 1y, (2), where iy (Un1) = 1,91y (Ufy) =

—1,m1)(U12) = 0, n2)(Un1) = 0,n2)(Ur2) = 1,n(2)(Ufy) = —1 and 5y (Uy;) =
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0 for all I = 1,2;k > 1;5 = 1,2. Let ni(-) := cgl)n(l)(-) + cél)n(g)(-) and

na(:) := 652)77(1)(') + Cg2)’l7(2)('). Let (e, e2) be the standard basis for C2. Note
that by Lemma 4.2.12, the noise space of a quantum Gaussian process on
QISO(C*(T2)) is atmost 2 dimensional. Let (e, e2) be a basis for C?. Let

n(-) == m(-)er + n2(-)e2. The generator | of the quantum Gaussian process
which has (1,7, €) as the surjective Schiirmann triple is given by:
(Un) = =332 12 ik, WU) = =252 P2 + ko, U(Uk;) = 0

for all £ > 1,5 = 1,2, and extending the map to other elements by using the
formula I(ab) = l(a)e(b) + €(a)l(b) + (n(a*),n(D)).

Using the action « of T? as described in subsection 1.3.3, we can construct a
QBM on C*(T%) as described in section 4.3.2, and conclude that

Theorem 4.3.16. Any QBM k; on C*(T3) is essentially driven by a clas-
sical Brownian motion on T2, in the sense that ky : C*(T32) — C*(T%)" &
B(T'(L*(Ry,C?))) = B(L?*(w1,w2)), where (wy,ws) is the 2-dimensional stan-

dard Wiener measure, is given by ki(a)(w1,ws) = a(emwlﬁewwg)(a).

We now give an intrinsic characterization of a qunatum Gaussian (QBM)

generator on C*(T3) :

Let Ay denote the x-subalgebra spanned by the unitaries U, V.

Theorem 4.3.17. A linear CCP map L : Ay — Ay is a generator of a
quantum Gaussian process (QBM) on C*(T2) if and only if L satisfies:

1. L(abc) = L(ab)c — abL(c) + L(bc)a — beL(a) + L(ac)b — acL(b), for all
a,b,ce Ay.

2. (L®id)oa=aoL, where a is the action of T? on C*(T3).
Moreover, L will generate a QBM if and only if

Ly = o) — Lo < 2\/Re(l(170))Re(l(0’1)),

where [(U) =1, U, I(V):=1 WUv):=1,,UV.

(1,0 (0,1)?

Proof. Suppose that L is the generator of a quantum Gaussian process (QBM)
on C*(T?%). Notice that condition (2.) implies that U, V,UV are the eigenvec-
tors of £, which follows from the fact that since £ commutes with the action

a, it preserves the spectral subspaces of the action a.

Let the eigenvalues be denoted by [ [ l respectively. Then suppose

(1,0)? 7(0,1)? "(1,1)

that there exists a Gaussian (Brownian) functional [ on QISO(C*(T2))(= Q)
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with surjective Schiirmann triple (, 7, €), such that £ = (id®1)«, Let (1;)i=12
be the coordinates of 7. Then since [(abc) = l(ab)e(c) — e(ab)l(c) + I(be)e(a) —
e(be)l(a) + l(ac)e(b) — e(ac)l(b) for a,b,c € Qp, we have condition 1. of the

present theorem.

Let us prove condition (2):

[ generates a QBM. As a result 77 and 72 spans VC*(Tg)' Now let () and
1) be the canonical basis for V- (qz2). Let m(-) = a1na)(-) + bing) () and
n2(-) = aaney(-) + banea)(+), ai,b; € C for i = 1,2. Note that la1]? + |ag|? =
—2Re(l(1,0)) and [b1]* + [ba|* = —2Re(l(o,1)). Observe that since by hypothesis

m and 72 spans VC*(Tg), we must have a1by + asby < 2\/Re(l(170))Re(l(071)),

i.e. the matrix

ap az\ . .
is non-singular.

Now we have

L(UnUi2) = U(Un1) — U(Ur2) = (n(U11),n(U12)))-

The L.H.S equals {(1 1) — l(1,0) — l(0,1) and the R.H.S equals ajaz + b1by. Thus

we have the required inequality.

Conversely, suppose that we are given a CCP functional £, satisfying condi-
tions (1.) and (2.). Choose two vectors (c1, ca), (d1,ds) € R? such that ¢ +c3 =
—2Re(l(1,0)), 3 +d3 = —2Re(l(0,1)), and c1dy + cada = l(11) = l1,0) — L(0,1)-
Consider the two e-derivations m1 := c1m(y) + din(z) and 12 := cany) + danz)-
Define a CCP finctional lpewy on Q as @ lnew(U11) = l(1,0) and lpew(Ur2) =
Lo1)s lnew(Ukj) = 0 for k > 1,5 = 1,2, and extend the definition to (Q)o
by the rule I(a*b) = l(a*)e(b) + I(b)e(a*) + 2221 n,(a*)n, (b). Note that we
have lpew(abc) = lpew(ab)e(c) — €(ab)lpew(c) + lnew(be)e(a) — €(be)lpew(a) +
lnew(ac)e(b) — €(ac)lpew(b) for a,b, c € Qq. It follows that Lyey 1= (id ® lpew )
satisfies conditions (1.) and (2.) Thus £ = Lye on Ag and since Lye,, gener-

ates a quantum Gaussian process (QBM) on C*(’]I‘g), so does L. O

Remark 4.3.18. For general rotational irrational algebra C*(Ty), which is
the universal C* algebra generated by n unitaries {U;}7_, satisfying U;U; =

e2mi0i; U;U;, for some skew-symmetric matriz 0 := (0;5):;, we have:

Theorem 4.3.19. A linear CCP map L : Ay — Ay is a generator of a
quantum Gaussian process (Q@BM) on C*(T%) if and only if L satisfies:
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1. L(abc) = L(ab)e — abL(c) + L(bc)a — beL(a) + L(ac)b — acL(b), for all
a,b,c e Ay.

2. (L®id)oa=aoL, where a is the action of T™ on C*(T3).
Moreover, L will generate a QBM if and only if the matriz given L :=
(lij —1; —1;)i; is non-singular, where ly,, lpq, € C such that L(Up,) = U,
and L(U,U,) = lp,UpU,.

It follows from this that in a similar way, we can also characterize generators of

quantum Gaussian processes on quantum spaces on which T" acts ergodically.

b. The 0 deformed sphere Sj:

Theorem 4.3.20. (i) Suppose thatl is the generator of a quantum Gaussian
process on Og(2n). Then it satisfies the following:

There exists 2n complex numbers {z1, z2, .....z2n} with Re(z;) <0 for all
i and A € Mo, (C) with A =0V i and [Aijj — Zi — zj]i; > 0, such that

I(a}) = 2, l(a’*aj) Aiji,j=1,2,..2n (4.19)

1

Conversely, given 2n complex numbers {z1, 22, .....zon} and A € M, (C),
such that Re(z;) <0, Aj =0V i and [A;j — Z — zj)i; > 0, there exists
a unique map 1, such that | generates a quantum Gaussian process and

satisfies equation (4.19).

(ii) The generator of a quantum Gaussian process say | generates a QBM if

and only if the matriz

[(afi*ay) — Uafy’) —Uap)], , € Man(C) (4.20)

15 tnvertible.

(111) 1 generates a bi-invariant quantum Gaussian process if and only if z3 = z
for all B =1,2,.2n, where z € R such that z < 0.

Proof. Let us first calculate all possible - derlvatlons Let n be an e-derivation
on this CQG. Put n(at) = ¢, n(ah) = c,,, n(bl) = dit, n(bh) = dﬁ, v =
1,2, ...2n. Using condition (a), we get

0, +cp0y = Aur A (6, + cp6);
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putting 7 = p, we get ¢, = 0 for u # v. Likewise using conditions (b) and (c),
we get ot = d = di' = 0 for u # v. Using condition (d) with a = 3, we arrive

at the following relations:

o 45 =0 (since n(1) = 0),
s +ds =0
%+ d% = 0;

this implies that cg = cglag, Eg = —cgdqp for 2n complex numbers {c1, ¢, ...con }.
Thus as a matrix, (1(a3))a,s = (¢sdag)a,ps and (n(af*))a,s = (—cgdap)a,s and
(1(b%))a,s = (N(b5"))a,s = 0. It may be noted that all the above steps are
reversible, and hence this also characterizes e-derivations on Op(2n). It is clear
that the space of e-derivations, Vo, (2y) 18 2n-dimensional and is spanned by 2n
e-derivations {1y, n@),--N@n)}» where (nw)(ag))a,s = Bk, (Nx)(aF™))a,s =
—Eyk, (k) (63))a8 = (1) (05"))a,p = 0, where Ej; denote an elementary

martrix.
Now we prove (i) as follows:

Let [ be the generator of a quantum Gaussian process. Let the surjective
Schiirmann triple of [ be (I,n,¢€). Let (1;); be the coordinates of 7, which are
e-derivations. By Lemma 4.2.12, there can be atmost 2n such coordinates. Let
ni(af) = C((;[)a and n;(ag*) = /c\% such that 0(23 = cg)da[g and A((J% = —cg)é 3-
Suppose that I(a}) = lag and 1(b3) = [;,5. Then using the relations among the

generators of Oy(2n), as given in section 1.4, we arrive at the following results:

lop =0 for all a # 3,
laa +loa = — Z D)2 for all @ = 1,2, ...2n,

l;ﬂ =0 for all a, 5.

Moreover, we have [(a*b) —1(a*)e(b) —e(a*)l(b) = (n(a),n(b)), so that by taking
zi:=1(al), A= [l(a’*aj)]lj we have the result.

Conversely, suppose that we are given 2n complex numbers {z1, 22, ...z2, } such
that Re(z;) < 0 for all i and A € Mo, (C), satisfying the hypothesis. Let
B := [Ai; — Zi — 2jij. Suppose that P := Bo:. Let us define 2n e-derivations
(0)2", by e = S22 Pyngy, k= 1,2,...2n. Let 7 := S22 @ e, where
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{e;}; is the standard basis of C?". Define a CCP map [ on (Oy(2n))o by the
prescription [(a}) = zi,l(aé-) =0 for i # j, l(b;-) = 0V 4,7 and extending the
map to (Oy(2n))g by the rule [(a*b) = l(a*)e(b) + €(a*)L(b) + (n(a),n(b)). Such
a map is clearly the generator of a quantum Gaussian process on Og(2n) and it
satisfies [ (aﬁ*a?) = A;j. The uniqueness follows from the fact that a generator

of a quantum Gaussian process on Og(2n) must satisfy the identity:
l(abc) = l(ab)e(c) — e(ab)l(c) + I(be)e(a) — e(be)l(a) + I(ac)e(b) — e(ac)l(b),

for all a,b,c € (0p(2n))o.
For proving (ii), let us proceed as follows:

Let [ be the generator of a QBM and let (I,7, €) be the surjective Schiirmann

triple associated with [. Suppose that (7n;); are the cordinates of 7. Then by

hypothesis, {n1,n2,...n2,} forms a basis for V. Let n, = Z-cz(k)n(i). Consider

the 2n x 2n matrix P such that P;; := cl(j). Then P*P is an invertible matrix.

Moreover, we have [l(aé*aj) —1(a%) — l(a?)]ij = P*P, which proves our claim.

Conversely, suppose that [ is the generator of a quantum Gaussian process,

such that B := [l(aﬁ*a;:) —l(a¥) —l(a?)]ij is an invertible matrix. Let (1,7, €) be
the surjective Schiirmann triple associated to . Let (7;); be the coordinates of
n. Let ni(+) = Z-cz(»k)n(i)(‘), forall k. Let P := [cz(.j)]ij. Then we have P*P = B,
which implies that the matrix P is invertible, and hence {n;}?", forms a basis

for Vog (2n)» Which proves the claim.

(iii) This can be proved as follows:
(I ® id)A(al) = (id ® 1)A(al). Using the formula for co-product we have
3 ll(@h)a¥] = o3 [ah1(aX)). From (i) of the present theorem, this implies

that z,al, = z,al ie. 2z, = 2z, for all p,v = 1,2,..2n. On the other hand,

(Il ®id)A(by) = (id ® [)A(by) implies z, = %, which implies that z, € R for
all p. 0

We have the following obvious corollary, which follows from (i7) of the theorem
above and the definition of quantum Gaussian process on quantum homoge-
neous space.

on_1s Which generates a qunatum Gaussian pro-

0
cess on 592”_1, satisfy: £52n71 (z) = cz#, for some real number ¢ < 0.
0

Corollary 4.3.21. A map ES
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Remark 4.3.22. Notice that the space of e-derivations on the undeformed al-
gebra O(2n) has dimension more than 2n, since there are e-derivations, which
takes non-zero values on (b)), and hence there are quantum Gaussian pro-
cesses on O(2n) such that their generators take non-zero values on b%, and
so there is no 1-1 correspondence between quantum Gaussian processes on the

deformed and undeformed algebra in this case.

c. The free orthogonal group O, (2n): We refer the reader to section 1.4
again, for the definition and formulae for the free orthogonal group. Before
stating the main theorem, we introduce some notations for convenience. Let
A € My2,-1)(C). We will index the elements of A by the set IN* instead of
IN? as follows:

Ay
Ag

Let A = ' , where A; is a n(2n — 1) X (2n — i+ 1) matrix, such that

Aon1

(A = k1140 X{1,2,...2n-1} ()
+ a(i,i+k,2,3+(l—2n))X{Qn,Qn-&-l,“An—S} (l>

T 304G (an—2)) X{an—2, . .6n—2} (1)
+

+ a(i,i+k,2n71,2n) X{n(?nfl)} (l)’

for k =1,2,..2n — i+ 1, where x, denotes the indicator function of the set
B. We now state the main theorem:

Theorem 4.3.23. (i) There exists a 1-1 correspondence between generators
of quantum Gaussian processes on O, (2n) and matrices L := [L;jl;; €
M3, (C) and A := [Ajjlij € My(20-1)(C), satisfying
a. B € M,u, 1)(C), defined by B :=[a, —Lij— Ly, i <j, k<l
is positive definite,
i—1 j—1 2 .
b Lij+Lji = =312 Qi + 2 kit oy — Dobejbl Qg & <
7
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(ii) 1 will generate a QBM if and only if the matriz B, defined above, is

invertible.

(i7i) There exists no bi-invariant quantum Gaussian process on O (2n).

Proof. Using the relations among the generators, as given in section 1.4, it is

seen that the epsilon-derivations on this algebra are given by
n(wij) = Aij;

such that A;; = —Aj;. Clearly this characterizes the e-derivations on the CQG.
Observe that the space of e-derivations, Vo (2,) has dimension n(2n —1). A
basis for the space is given by {n;;) }i<j, such that 1) (i) = 1, ngj)(zj) =
—1 and n;j)(zg) = 0 for k # i, j or [ # i, j. So after a suitable re-indexing, let

us denote the basis by {n(p)}n(Qn Y

We prove (i):

Let [ be the generator of a quantum Gaussian process on O (2n), with the sur-
jective Schiirmann triple (1,7, €). Let (1;); be the coordinates of 7. By Lemma
4.2.12, there can be atmost n(2n — 1) coordinates. Let AD := ((n;(x)))x1-

Now using the relations among the generators, as described in section 1.4, we

see that
((Uzi5)))i; = L o= [Lij]i
such that
2’!’L 1 n
Lij + Lji = = Z ZA(S A i< .
s=1 k=1

Thus by taking a .

e = Uzijzi) and Lij := l(2;), the conclusion follows.
Conversely, suppose that we are given matrices L € M2, (C), A € M,,(2,-1)(C)
satisfying the hypothesis in (i). Let P := [P;;];j = Bz2. Define n(2n —1) e
derivations by 1, (-) := Zk n@n-1) p ok My (4
p = 1,2,..n(2n — 1). Define a CCP map by the prescription [(x;;) = Lyj,
and extending the definition to (O4(2n))o by the rule l(a*b) = I(a*)e(b) +
e(a*)l(b) + Zn(% 2 n,(a)n, (b). Clearly such a functional satisfies I(z;;24) =
Quinn ¢ < J, k < 1. The uniqueness follows from the fact that [ satisfies
l(abc) = l(ab)e(c)—e(ab)l(c)+1(bc)e(a)—e(be)l(a)+1(ac)e(b)—e(ac)l(b), a,b,c €
(04 (2n))o.
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(ii) follows from the fact that the invertibility of the matrix B implies the
invertibility of the matrix P := B2, so that {n }n@n 1), as defined in (i),
forms a basis for V, .

+(2n)

(iii) can be proven as follows:
Theorem 4.3.24. Suppose L is the generator of a bi-invariant QBM on the

free orthogonal group. Then L = 0.

Proof. Since L is bi-invariant, we have

(id @ L) A(zi;) = (£ ® id)A(zs;) (4.21)

and
(1d ® LYA(zijxp) = (L ®@id)A(xijzr) where @ # j and k # [; (4.22)
comparing the coefficients in (4.21) and (4.22), we get

L(z;;) = 0 for i # j;
L(zijxy) =0 for i # j and k # [

substituting k =4, [ = j, (¢ # j) in the second equation, we get

0= Llwigon) = 3y, (@), (@ig) = D, (@), i # Js
p>1 p>1

where 7, is an e-derivation for each p. This implies n , = 0, since 1, (z4) = 0.
Thus £ becomes an e-derivation. But L(z;;) = 0 for i # j. Thus we have
L=0. O

Remark 4.3.25. Theorem 4.5.24 implies that there does not exist any quan-
tum Brownian motion on the quantum space S;n_l (i.e. the free sphere) in the
sense described in subsection 4.3.2.50, in some sense, free orthogonal group
behaves like a totally disconnected group, such as the group of n X n orthogonal

matrices over the p-adic field, in admitting no Brownian motion.
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4.4 Exit time of Quantum Brownian motion on non-

commutative torus.

4.4.1 Motivation and formulation

We shall first recast the classical results about the asymptotics of exit time of Brow-
nian motion in a form which will be easily generalized to the quantum set-up.

Let M be a Riemannian manifold of dimension d which is also a homogeneous
space. Therefore M can be realized as K/G, where G is the isometry group of
M and K is a compact subgroup of G. For m € M, let B denote the standard
Brownian motion on M starting at m, as described in section 4.3.2. Let A denote
the universal enveloping von-Neumann algebra of C'(M). Let us define a map j; :
A — A® B(LA(IP)) by: ji(f)(z,w) := f(BF(w)), for f € C(M) and extending the
map to .Z where IP denote the d-dimensional Wiener measure.

Let By denote a ball of radius r around = € M. Let 7, be the exit time of the
Brownian motion from the ball By. Then {7, >t} = {Bx € BV 0 < s < t}, so

that we have Xirpesty = Ns<t <X{BweBﬂc}> , where A denotes infimum and for a set

A, x4 denotes the indicator function on the set A. In terms of the map j;, we have

Xirge o0 () = I\ Jslae) (@) = A\ (leve @ id) 0 s () ().

s<t s<t

Now by the Wiener-It6 isomorphism (see [52]), L?*(IP)=T'(L?*(R4,C%). Thus we
may view 7, as a family of projections in A ® B('(L?(Ry,C%))) defined by

e (10.1)) = 1 = Ascr(s () -

We recall from subsection 4.2.1, the asymptotic behaviour of IE(7 m) as r — 0.
Now one has

= [y P(1,, > t)dt = [;7(e(0), {(ev, ®1) (/\sgtjs(XB%))}e(O))dt, since 7,

is a positive random variable. Note that the points of M are in 1 —1 correspondence

with the pure states and {P. = x = }»>0 is a family of projections on A satisfying

vol(P,) — 0 asr — 0 and ev, (P,) = 1 Vr. One can slightly generalize this as follows:

Choose a sequence (x,), € M and positive numbers ¢, such that z,, — x and

en, — 0. Now for large ng the random variable x (sEnenen (+) has the same distribution

as the random variable y (BTeBT ) for each s > 0. Thus,

B(r,5) = B(ryy) = [ (0000 (et ) (Actiapy)) Ol

which implies that the asymptotic behaviour of IE(7 _,, ) and E(T B2 ) will be the

same.

Tn
€n
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For a non-commutative generalization of the above, we need the notion of quan-
tum stop time. There are several formulations of this concept as discussed in chapter
1, section 1.6.7. We adopt definition 1.7.13 for our purpose.

Observe that by our definition, 7, ([0,%)) is adapted to the filtration (;)¢>o,
where
Ay := A® B(y) (Ly =T (L*([0,t],C™)) ), for 7, ([0,¢]) € A ® Ir,,.

Suppose that we are given an E-H flow j; : A — A" @ B(I'(L*(Ry, ko))),
where A is a C* or von-Neumann algebra. For a projection P € A, the fam-
ily {1 — As<t (Js(P)) }1>0 defines a quantum random time adapted to the filtration
(A” ® B(Ft])) >0 Let us assume, furthermore, that A is the C* or von-Neumann
closure of the ‘smooth algebra’ A> of a @-summable, admissible spectral triple (see
section 1.4 in chapter 1 ) and j; is a QBM on it.

Definition 4.4.1. We refer to the quantum random time {1 — A ., js(P)}t>0 as

the ‘exit time from the projection P’.

Motivated by the Propostion 4.2.3 and the discussion after it, we would like to
formulate a quantum analogue of the exit time asymptotics and study it in concrete
examples.

Let 7 be the non-commutative volume form corresponding to the spectral triple,
and assume that we are given a family {P,},>1 of projections in A, and a family
{wn }n>1 of pure states of A such that

e w, is weak™ convergent to a pure state w,
e w,(P,) =1 for all n,

o v, =7(P,) = 0asn— oo.

Definition 4.4.2. Let v, := [~ dt(e(0), (wp ® id) o A<y Js(Pn)e(0)). We say that

there is an exit time asymptotic for the family {Pp;wy} of intrinsic dimension ng if

oo ifm<ng—e for0<e<l,

Y .
am 5 = 70 if m# no,
" =0 if m > ng;
and
2 4 ok Sh41
Vo = C1U5° + U + - - R’ + O(v,™ ) as n — oo. (4.23)

It is not at all clear whether such an asymptotic exists in general, and even if
it exists, whether it is independent of the choice of the family {P,;wy}. If it is the
case, one may legitimately think of ¢, co as geometric invariants and imitating the
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classical formulae (4.4) and (4.5), the extrinsic dimension d and the mean curvature
H of the non-commutative manifold may be defined to be

= 5o () 1, (4.24)
ng
4
H? :=8(d+1) (‘;‘1’?)%. (4.25)

4.4.2 A case-study: non-commutative 2-Torus.

Fix an irrational number 6 € [0,1]. We refer the reader to [[18],page 173] for a
natural class of projections in C*(T%), which we will be using in this section.

Let tr be the canonical trace in C*(T3), given by tr(3 o n @mnU™V™) = ago. This
trace will be taken as an analogue of the volume form in C*(T%). Throughout the

section, we will consider C*(T3) as a concrete C*-subalgebra of B(H), where H de-
note the so-called universal enveloping Hilbert space for C*(T%), and let W*(T3) be
the universal enveloping von-Neumann algebra of it. i.e. the weak closure of C* ('1['3)
in B(H). For (z,y) € T2, let @, denote the canonical action of T? on C*(T3)
given by a(z’y)(zm,n amnUTV") = 32 2"y am, U™ V™. For a projection P, let
Apy(P) = P (P). Note that each o, ) extends as a normal automorpihsm
of W* (']T(%). On C* (Tg), there are two conditional expectations denoted by ¢1, ¢,
which are defined as:

1

1
(A= [0 i (A 02(4) = [0 (A

By universality of W*(T3), ¢1, ¢ extend on W*(T%) as well.
Let X = {A € WXT})| A= f-1(U)V' + fo(U) + A1)V, f1, fo € L=(T)}.

Lemma 4.4.3. The subspace X is closed in the ultraweak topology.

Proof. Let Ag := fO(U)VL + fB(U) + fP(U)V be a convergent net in the ul-
traweak topology. Now ¢1(Ag) = féﬁ)(U), p1(AgV) = fO(U) and ¢1(AgV 1) =
fl(fg)(U) Since ¢ is a normal map, which implies that fO(fB)(U), fl(m(U) and fff?)(U
(all of which are elements of L>°(T)) are ultraweakly convergent, to fo(U), f1(U), f-1(U)

(say) and this proves the lemma. O

Lemma 4.4.4. Suppose that A € X, such that f_1(l) = f1(l + 0). Define

As,t = f_1(62m'sU)v716727rit + fO(GQﬂiSU) 4 f1(e2”SU)Ve2mt.



116 Chapter 4 : Quantum Brownian motion on non-commutative manifolds

Suppose s,s' € [0,1) be such that |s — s'| < § where 0 < € < %6, and |supp(f1)| < e,
where |C| denotes the Lebesque measure of a Borel subset C C R. Then Agp-Agp €
X.

Proof. Tt suffices to show that the coefficient of V2 and that of V=2 in Asi - Ag v
is zero. By a direct computation, the coefficient of V2 is g(I) := fi(s + 1) fi(s’ +
I — 0)e?™(t+1) and that of V=2 is ¢/(1) := fi(s + 1+ 0)fi(s' + [+ 20)e2™(—t=1) | ¢
[0,1)(modl). But [(s+1)—(s'+1—0)| = |0 +s—5'| > eand |(s+1+60)—(s'+1+20)| =
|0 + s — s’| > e. Now by hypothesis, we have |supp(f1)| < €, so that both g(I) and

¢'(1) will vanish, and hence the lemma is proved. O

Lemma 4.4.5. Suppose that A = f_1(U)V "+ fo(U)+ f1(U)V, such that f1(1) f1(I+
0) =0, f1(1)f-1(1+0) =0 forl €[0,1)(modl). Then A?" € X, for n € IN.

Proof. The coefficient of V2 in A2 is f1(I)f1(I+6) and that of V=2 is f_1(I)f_1(l +
0) for I € [0,1)(modl) and this is zero by the hypothesis. Hence A? € X. The
coefficient of V in A? is 1(2)(-) = f1(-) (fo(-) +7_,(fo)(*)), and that of V1 is
fgzl)() = fo1(){fo(-) + 7,(fo)(-)}, where 7, is translation by € R. We have
1(2)(l)f1(2)(l +60) =0, f£21)(l)f£21)(l + 6) so that, applying the same argument as
before, we conclude that A* € X. Proceeding like this we get the required result.

g

Lemma 4.4.6. Suppose that P = f_1(U)V "1+ fo(U)+ f1(U)V, such that P is a self-

adjoint projection. Furthermore, assume that |supp(f1)| < e. Then (A, ,(P)) A <As,’t/(P)> €
X for|s — s'| < §, where for two self-adjoint projections P and Q, P \ Q denotes

the projection onto the subspace Ran(P) N Ran(Q).

Proof. We start with the following well-known formula due to von-Neumann:

P-Q A PAQ.

Thus in particular:

As,t(P) /\AS,J,(P) = lim {As,t (P) ’ AS,’t,(P)}n,

n—oo

where the convergence is in SOT. Now by the hypothesis, [s—s'| < { and |supp(f1)| <

¢, and note that since P is a self-adjoint projection, we must have f_1(1) = f1(l +0), f1(])f1(I+
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0) =0 (see [18]). It follows by Lemma 4.4.4, that
A, (P)- A, (P) € X. The coefficient of V in A, (P)- A, ,(P)is

f1(2)(l) ={fils + 1) fo(s' +1—0)*™ + fo(s +1)f1(s' + l)e27rit’}
and that of V1 is
FAW) = {for(s+ D fo(s +t+0)e 2™ 4 fo(s+ 1) f_1(s' + e 27},

Now we have

FOWLO U+ 0) = (fuls + D fols' +1— 03 + fols + D f(s' + et )
< {f1(5 +1+0) fo(s' + 1)e*™ + fo(s + 1+ 0) f1(s' + 1+ 0)e*™* }.
(4.26)

Observe that by the hypothesis fi(s + 1) fi(s + 1+ 6) = 0. Since [supp(f1)| < §, we
have fi(s +1)fi(s’+ 1+ 0) = 0. Thus we have f1(2)(l) 1(2)(l +6)=0.

Likewise, observe that

f£21)(l)f£21)(l + (9) = {f71(5 + l)fO(S, +1+ 9)6—2m’t + fO(S + l)ffl(sl i l)e_%it/}
X {foi(s+1+0)fo(s' +1+20)e 2™ + fo(s+ 14 0)f_1(s' + 1+ 0)e 2™}
(4.27)

Using the fact that f_1(l) = fi(l+0), [supp(f1)| < § and arguing as before, we
have /2 (1) %1 +6) =o.

Thus by Lemma 4.4.5, {A_,(P) - As,yt,(P)}Q" € X for n > 1. Now by Lemma
4.4.3, the subspace X is closed in SOT. Thus

lim {A,,(P)- A, ,(P)}*" € %;

ie. (A, (P) A (AS,J, (P)) € x. 0

Lemma 4.4.7. Let P = f(U)V ™' + fo(U) + f1(U)V and A = fUD(U)V~1 +
fO(A)(U) —I—fl(A)(U)V be projections. Then A < A_,(P) and A< A, ,(P) if and only
if the following hold:

1. fi(s+ 1) fA (1 —0) =0;
2. fals+DfD(+6)=0;

3. fo(s+ D) + frls+ 1) fED 1= 0)e> + f_1 (s +1) fID (1+0)e 2 = FA(1);
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4o s+ O A1 —0)e2mt + fo(s + 1) fA(1) = FA(1);
Fa(s+ DI+ 0)e ™ + fo(s+ 1) (1) = FED(1);

fi(s' + D f U~ 0) = 0;

R

)

=

fals + DD+ 6) =0

o

o'+ D) fE D)+ F1(5+) FEDI=0)e™ 4 f_1(8'+1) f D (14+0)e =2 = D (1);
9. fi(s +DFNU = 0)e™™ + fo(s' + 1) [N (1) = D)
10. fr(s' + DDA+ 0)e™™ " + fols' + 1) fED (1) = fED(0);
forl€]0,1).
Proof. By comparing the coefficients of V=1,V and 1 from the equations
AL (PYA=A; A, (P)A= A,

we have the following:

Relations (1),(2),(6),(7) follow from the fact that the coefficients of V2 and V2
are zero, since A, ,(P)A = A and A, ,(P)A = A and A has no term involving V'
and V2. By comparing the coefﬁcierits of 1 from the equations A_,(P)A = A and
A, ,(P)A = A, we have relations (3) and (8). Comparing the coefficients of V' in
As’;(P)A =Aand A, (P)A = A, we have relations (4) and (9). A comparison of
the coefficients of V= in A (P)A=Aand A, ,(P)A = A yields relations (5) and
(10). O

Lemma 4.4.8. For two projections A and B such that
A -1 A A
A= OV + I O) + 1O,

B =WVt + (W) + fP W)
we have A < B if and only if

L fBOQ) D~ 0) =05

2. fB(140)f D1+ 20) = 0;

3. PO + FPO SO0 + [P+ 0) fD (1 +6) = FID0);
b FEDO = 0) + FP O W) = W)
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5. fB(1U+0)fDU+0)+ fB) DU+ 0) = FA 1+ 0);
forl€]0,1).

Proof. Consider the equation BA = A. Relations (1) and (2) follows from the fact
that the coefficients of V2 and V=2 are zero in A. A comparison of the coefficient
of 1 yields relation (3). Relations (4) and (5) follow from a comparison between the

coefficients of V' and V! respectively. O

Lemma 4.4.9. Let P = f_1(U)V "' + fo(U) + f1(U)V such that P is a projection
and suppose fo(t) =0 for some t. Then f1(t) = f1(t +0) = 0.
Proof. The fact that P? = P implies that
Fo(#) = (fo(8))® = f1(t = )1 + [ f1(1)[* (see [18].page 173),
Folt+0) = (folt +0))* = [A®)]* + |1t + O

The first expression in (4.28) implies that fi(¢) = 0. Moreover we have

(4.28)

St +0) (1 = fo(t) = fo(t +0)) = 0 [18, pagel73];

so that if fo(t + 6) = 0 implies f1(t + 6) = 0; else if fo(t + ) = 1, the second
expression in (4.28) gives fi(t +6) = 0. O

For a set A C R and real numbers a € R, 7,(A) := A + a.
et ifo<t<e
1ife<t<é
el@+e—t)ifO0<t<O+e
0Oif0+e<t<1
fo o (VRO i<t <o
' 0 if otherwise.

It2is known (see [18]) that P := f_ (U)V ™!+ f,(U) + f,(U)V is a projection in

C*(Tp).

Define functions f, and f, by: f,(t) =

Theorem 4.4.10. Let P = f_ (U)V=1+ £ (U)+ f,(U)V be a projection with f,, f,
as described above. Consider the projections A, ,(P), A, ,(P) such that |s—s'| < {.
Then

(As,t(P)) /\ (Asl,t/(P)> = XS(U)7
for the set S = X7 N X9 N X3 N Xy, where X1 = 7—s({z|fi(x) = 0}), X2 =
T_s({z|fi(x) = 0}), X3 :=7_s({z|fo(x) =1}) and X4 := 7_g({z|fo(x) = 1}).
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Proof. The hypothesis of the theorem and Lemma 4.4.6 together implies that

(A,.(P) N\ (As/,t/ (P)) € X.

Let B = x4(U). Now in the notation of Lemma 4.4.7, let fl(A) =0 and féA)(U) =
X¢(U). Then relations (1),(2),(6),(7) of Lemma 4.4.7 trivially hold. Notice that
fo(s+1) = fo(s'+1) =1 for I € S which implies that relations (3) and (8) of Lemma
4.4.7 hold. Observe that Relations (4) and (9) follow by re-writing them with !
replaced by [+ 6 and the fact that for [ € S, we have fi(s+1) = f1(s'+1) = 0 which
implies by Lemma 4.4.9, that fi(s+1+0) = f1(s'+1+0) = 0. Re-writing relations
(5) and (10) with [ + € replaced by [, we see that they hold because of the fact that
forl €S, fils+1) = fi(s'+1) =0. Thus B< A_,(P), B< A, ,(P).

Again let A = fﬁ‘?)(U)V_l + féA)(U) + fl(A)(U)V be a projection, such that
A< A, (P)and A <A, (P). Let I € X{UX§UX§U X{. Then we have the

following four mutually exclusive and exhaustive cases:
(a) fils+1) =0, fi(s+1) =0;
(b) fils+1) #0, fr(s"+1) =0;
(c) fils+1) =0, fi(s"+1) #0;
(d) fils+1) #0, fr(s"+1) #0.

Relation (1) of Lemma 4.4.7 and cases (b) or (d) imply fl(A) (I — 0) = 0 which, by
Lemma 4.4.9 implies that fl(A)(l) = 0. Likewise, Relation (6) of Lemma 4.4.7 and
cases (c) or (d) imply that fl(A)(l) = 0. Consider case (a). From the exact formulae
of f1(+), it follows that either 0 < s+ 1,8 +1 <forf+e <s+1,s+1<11If
0+e<s+1,s+1<1, wehave fo(s+1) = 0= fo(s' +1). Thus relation (4) of
Lemma 4.4.7 implies that fl(A)(l) =0.If0<s+1,s +1 <0, then we cannot have
€ <s+1,s' ++,0. This is because, then fo(s+1) =1 = fo(s'+1) which implies that
l € X1NX2NX3NXy, which is a contradiction. Thus we must have 0 < s+1, '+ < e.
Relations (4) and (9) of Lemma 4.4.7 then yields fo(s+l)f1(A)(l) = fo(s’—i—l)fl(A)(l).
Using the exact formula for fj in the region [0, €), we have %‘Hfl(A)(l) = %fl(A) (1).
Since s # ¢, this implies that we must have fl(A)(l) = 0.

Thus we have proved that fl(A)(-) vanishes outside S.

Note that relations (5) and (10) of Lemma 4.4.7 imply that for | € S¢ we

have fi(s + l)féA)(l) =0, fi(s+ l)féA)(l) = 0. So cases (b),(c) and (d) implies
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that we must have féA)(l) = 0. Relations (3) and (8) of Lemma 4.4.7 imply that
fo(s—i—l)féA)(l) = fo(s’—i—l)féA)(l). Thus case (a) implies that if féA)(l) # 0, we must
have fo(s+1) = fo(s' +1) which implies that fo(s+1) =0 = fo(s' +1) since [ € S°.
Relation (3) of Lemma 4.4.7 implies that fo(s—i-l)féA)(l) = éA) (1) and fo(s+1) =0
implies that féA)(l) = 0, contrary to our assumption féA) (I) # 0. Thus we must
have f(gA)(l) = 0. Thus we have proven that féA)(-) also vanishes outside S.

Now let A be as above and B := xg(U). An application of Lemma 4.4.9 implies
trivially that A < B. Thus B is the largest among all projections in X which are
smaller than both A, ,(P) and 4, ,(P). Thus B = A, ,(P)AA,, ,(P). 0

Observe that S = ([¢,0] — s) N ([e, 0] — &).

It is worthwhile to note that the conclusion of the above theorem holds if we
replace U by U*, V by V* and 0 by {k6} ({-} denoting the fractional part).

Let P, = fUa)(Ukn) + fkn)(Ukn) 4 flkn) (Ukn)Ukn | be projections as described
in [18, page 173] such that {k,0} — 0. Put ¢, := {kgg} Consider a standard
Brownian motion in R2, given by (W), W?). Define j, : W*(T2) — W*(T2) ®
B(F(LZ(R-H(CZ))) by ]t() = (D) L (2) ()

(EQWth ’e2Trth )

Theorem 4.4.11. Almost surely, o, (js(Pn)(w)) € W*(U), for all n, i.e.
N Us(Pa)) € WH(U) @ B(L(L* (R4, C?))),
s<t

for each n, where W*(U) is the universal enveloping von-Neumann algebra of C*(U),

C*(U) being the universal C* algebra generated by a single unitary.

Proof. In the strong operator topology,

A Gs(Pa) = lim /\{J it (Pn) A e (Po)}- (4.29)

0<s<t

Now almost surely a Brownian path restricted to [0,¢] is uniformly continuous, so

that the for sufficiently large m, and for almost all w, \W(- W((Z 1) | can be made

small, uniformly for all ¢ such that i = 0,1,..2™. So A, {j i (P, ) A] 1+1)t( n)} =

Nixy (152 oy ) N2 (koy- w1 (T) € W*(U) 11X by Theorem
m QT

4.4.10, for almost all w. Now Lemma 4.4.3 implies that W*(U) N X is closed in the
WOT-topology. Thus
lim /\{j it /\](1+1)t( n)} S W*(U) Nnx.

m—00
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S0, No<s<i Js(Pn) € W*(U) @ L*(Q, IP)(= L>(Q, W*(U))), where (£, IP) is the
2-dimensional Wiener probability space.
Thus for almost all w € €2, we have:

U GEDIU@) = X901 (10w 00 O):

0<s<t

.3{knb}
27 I‘

Let z, = e . Consider the sequence of states ¢,, := ev,, o Ej. By [29],
this is a sequence of pure states on C* (']I'g) converging in the weak-* topology to
¢1 := evy o E;. Following the discussion in the beginning, consider

(€(0), (¢, @ 1) o N\ (Js(Pn))e(0)).

0<s<t

Using the fact that under the isomorphism I'(L?(Ry,C?)) = L?(IP), ¢(0) gets
mapped to the constant function 1 € L2(IP) (see [52]), it follows from the discussion
above that this is equal to

(D)
P{e2mw51 eB,0<s<t}=IP{r

—{kn6} {kn6}
[—F— —71]

> t},

where B := {e2™% : x € [= {k”g}, {kna}]} So we have a family of (7,,),, random times
defined by

Tn([t7+oo)): /\ (]S(Pn))a

0<s<t

so that fo (P2, @ 1) 0 Ngcsey (3s(Pr))e(0))dt can be taken as the expectation
of the random tlme Tn- Note that here the analogue for balls of decreasing volume
is (Pp)n, such that

tr(P,) = {kn8} — 0, tr being the canonical trace in W*(T3), and {k,0} being the
volume of the projection P,.

Note that viewing T C R?, the radlus (with respect to the metric of R?) of a ball
intercepted between the points 1" and e~ 71" is given by 2sing\/1 + cos2§ =2
(say).

Thus by Proposition 4.2.3, we have

/0 (€(0), (60 ©1) 0 N\ (G(Pa))el0))

0<s<t

= E(T[*{kne} {kne}])
4 ’ 4

2
=222 + §x4 +0 (JJ5) where = := 2sin {kne}\/ 1+ COSQ%, since the mean curvature of T C R? is 1.
(4.30)
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In terms of the volume {k,0}, applying the alternative expansion of the series
as discussed after proposition 4.2.3, we have

/0 (€(0), (60 ©1) 0 N\ (G(Pa))el0)dt

0<s<t

kn0}? kn.0}*
= (k) + {£.0) + O({k,0}?), since the mean curvature of the circle viewed inside R? is 1.

25 211 3
(4.31)

Let us compare the final expansion with that given before the formulae 4.24 and
4.25. In the notation of the formulae 4.24 and 4.25, we have ng = 1. Moreover, since

a1 = 2, we have ¢; = 2%, so that d = 5. Furthermore, we have co = ﬁ, so that

_ 1
WehaveH—Z\/i.

Remark 4.4.12. In view of equations (4.4),(4.24) and (4.25), we see that the ‘in-
trinsic dimension’ ng = 1, the ‘extrinsic diimension’ d = 5, and the ‘mean curva-
ture’ is ﬁ As we have already remarked in the introduction, the instrinsic one-
dimensionality may be interpreted as a manifestation of the local one-dimensionality
of the ‘leaf space’ of the Kronecker foliation (see [16] for details). It is worth point-
ing out that the spectral behaviour of the standard Dirac operator or the Laplacian
coming from it for this noncommutative manifold is identical with that of the com-
mutative two-torus, and thus it does not recognize the one-dimensionality of the leaf
space of Kronecker foliation. Thus, it is a remarkable success of our (quantum)
stochastic analysis using exit time to reveal the association of the noncommutative
geometry of Ag with the leaf space of Kronecker foliation, and also to distinguish it
from the commutative two-torus. All these give a good justification for developing a

general theory of quantum stochastic geometry.
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