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CHAPTER T
THTRODUCTION

The main provlem of Survey sampling from finlte populations
consists of devising an approprlate procedure for selecting A
repregentatlve sanmple frém a glven popmlation and developing
an appropriate procedure for thée estimation of the population
parameter of interest such as population mean or tofal or
population ratio with a view to maximlsing the precision of the
estimator within the avallable resources of time and cost or
glternatively minimiging the sost for schieving a glven level
of precision, Towards the solution of this problem it 1c only
during the thirtiss and forties that a morce systematle develop=-
ment has token place owing to the cutstanding and ploneering
contributions of Cochran, Hansen, Hurwitz, Madow, Mahalanobls,
Neyman, Sukhatme, Yatez and otheors, Theoretileal developments
as well as practlesal Lechnhigues were consldered and large-scale
sgricultural and soclo-pconomic surveys playved a major rfls
in this context (Mahalanobils (1944, 46) Bukhatme (1945, 46) and
Ietos (1947)),

Durding the noxt docads Tollowed some signiflcant dovelop—
monts in tho theory of asampling from fintte popuilations malinly
soheentrated on the uwtlllsation of axdliary information at

different stages (stratification, sample selection, ostimation,

e¢te,) through the notahle contributions of {ochran, Dalenlus,



Des Raj, Hanser, Huritz, Lahiri, Madow, Koop, VYates

and others, These developments gave risc te a number of sampling
technigues (systematic sampling, probabllity proportional to

size (PPS) sampling, stratiflell sampling,ete,) and estimatlon
procedures (ratlo and regrossion methods of estimation) appro-
priate to various situations in practlee to estimate the
population mean or tetal of a varlato and the errors of these
estimates, The most important concept of 'eost functlon' was
introduced by Mahalanobls (1940) to judge the officiency of

various estimators per unlt cost,

A number of reviews have appesred on the developments in
theoretical and applied regesarch on ssupling from finite
populations? the notable ones in this direction are those by
Yatas (1948), Cochran (19473, Stephan (1948), Seng (1951),
Sukhatme {1959, 66), Dalenius (1962}, Murthy (1963), Voz (1974},

anong others,

With the advent of various selectlon procedures and the
corregponding estimation procedures, the need was first felt
by Horvitz and Thompson {1952} to ewlve a sysbematio theory
of sampling from finltec populationeg and hesides formulatlng
the theory nestly, they defined three closzses of estimators,
Later in (1955}, Godambo proposed a unifiod theory of sampling
from finite pormilations with a vliew to discussing the Tundamen-
tal problems of sampling within this frame work, TFurther,



—-3_

Godambe (1955) has obtained the celebrated rTesnlt that for any
sample design there does not exist a uniformly minimum rarlance
unbiased egtimator of the population total in the class of all
1ingar unblased eatimetors (with some axceptions charactorlged
py Hamrav {1965) later, termed as tanieluster desipns'), This
then, has led to the stolee of estimators from a suh=class of
admigsible sstimators, Mternalively, various criteria have
been put forwsrd by many others to nrrive at an optimum cholce,
namely, (1) Bayesness (odambe (1955}, Halek (1958)), (11) invari-
gnae and regular class (Roy and chakravortl (1960))and {11i)
.hy'per-;admissibility (Bamrav (1966)}, to quote a few,

Uging Bayes approach 1in sampling theory, 11 was first
shovn by Cochran (1946) that whenever auylliary information on
5 gupplarentary variate closely related to the study variate
{¢ available, we canl atilize this informatlon to formalate &
prior aisfributlon for the variate under study, Thiz 1s now
well known as the mupcr-population sonacph, As shtated marller,
wiih the criteria of unblascdness and minlemn variance, in
genoral, there does not oxlst a best estimator in the class of
linear ostimators, Howover, this desperate altuation prevalls
only when no & prioxrl knowledge 18 avallable on the study
variate, When information on a posltive valued supplemoentary
variate is availshle on all units of tho population in advance,
Godambe (1955) hag shown that in The elass of all sampling
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strategles with a glven expected number of Alstinet units, any
strategy (sempling deslgn topether with an estimator being termed
g 'atrategy' (Hajek (19582))) sueh that

(1} evory sample has the same number of distinct unitsy,

(2) probability of Inciuding any unlt in the sample is
proportional te the value of the supplanentary
varlate for that unit, and

{3) the ostilmator is the Horvitz and Thompson estimator

ls best in o woll defined Bayeslan semse, These optirum designs
are termod by Hammrav (1965, 57) as  TPS deglgns and the -
sampling sehiames to constriuct such deslgns ag TPB sehemes,
The problem of constructing 7 P3 schemes has attracted the
attention of many and notable contributions in this direction
have been made by Goodman and Kish (1950), Midjuno (19051),
Horvitz and Thompson (19528), Durbin (1953), Grundy (1954),

Des Ra] (1956), Hajek (1959), Hanurav (1262, 65, 67), Hartley
and Rao (1952), Rao, Hartley and Cochran (1962), Brower (1963),
Fellipl (1963), Stuart (1984), Vijayan (196¢7), Rao, T.J, (1967),
Sampford (1967), Ramakrishnan (1971), Dodds and Fryer (1971),
Foreman and Brewer {1271), Das and Mohanthy (1973) and many

others,

Murthy (1957) proved that any ecstimator which depends on

the order of gelection of units in the sample 13 inadmissgible
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vhile Pasu (1958) proved the inadmissibllity of any cotimator
which depends on the repetition of unlts in the sample, Basu
also introdneced the concept of tsufficiency! in sampling theory
which wag later developed by Pathak (1961, 64), Ramakrishnan
{1971} and others,

1t has been pointed out by several aulhors (e,p, Doz Raj
{19s4), Rmo, J.N,K, (196G}} that for estimating the population
total, PPS sampling scheme is cxpeccted to be more efflelent
than 8RS whenever Lhe correlatlon coelflclent between the study
varlate ¥ and the supplementary variate ¥ is high (and
pusiti?a}‘and the zize measure X 1is appro:imately‘prcportiunal
ta ¥ Further Rap, J.N,K, (1926} has suggested the use of
altzrnativn ogtimators in PPY sampling 1f ¥ snd ¥ are poorly
sorrolated, A modified FPS mothod of estimztion obiainnfi by

cotsidering o sultably transformed supplemenltary varlate 1s

introduced 1n this theals for estimabting the population total

when the correlation betwean E and y3 13 hlgh (positive or

negative),

dnother side of development, As pointed out earller, was
with regard to the use of Infommatlen on a supplanentary wvarlate
elosely related to the varlate under study at Lhe stratificatlion,
sample solcetion and estimation stagesn, Cochran (1942) develoned

the ratio method of estlmation using Information on a zingle



supplamentary vorlate which 18 positively ecorrelated with the
varlate under consldcralion and this was later axtended to an
catimator walng Information on two or more such supplementary
variates by Olkin (1958}, A product method of estimation,
(camplummntary to the ratlo mothod was considered by Murthy (1964}
wvho has suppested itz v2e when the supplementary varlate has
high negatlve correlation wlth the wvarlabe undoer study and the
extenslon of ihis prmduct method of estlimatlon usineg Infommation
on zeveral supplementary varlates was congldered by Singh (1967).
Farther contritutions in this dircctlon are by Koop (1951, 64),
Des Raj {1954, 63, 65), Robson (1957), CGoodman (1960}, Robson

and Vithyasal (1961}, Srivaszbava (196G, &7, Y1), Rao, P,3,R,S8,
and Mudholkar (1967), Rao, P,5,R.8, (19269), Bingh (1970}, Walsh
(1970), Reo, P.S5.R.8. and Rap, 7,1.K, (1971), Sukhatme and David
(1973) and many others,

8ince the rullo and product methods of estlmatlon lead o
blased estimators, attempts were made to make these estimators
unbiased or "almost unbiaged?, In some cases thls was achleved
as in Lahiri (1061), Midjuno (15F), Sen (1852}, Murthy,Nan]auna
and Bethl (19592} and others and dn some others by adlusting for
the corresponding blas as in Hartley and Ross (1954), quenoullle
(1956), Durbin (1959), Murthy and Kanjamna (1952), Mickey (1860},
Pasenal (1961), Rao, 7,K,K, (1984), Reo, T.7., (1265), Singh(1370},
Sastry (1974) and othors,



...!;,'_

Using the infommotlen on multi-auxilisry variatcs and
partaln population parameters, Srivastava (1871) has obtalned
a elass of reoncrallised multivarlate ratio cstimabors whose
efficieney to the socond degree of approximation ls the same as
that of the multivaristo regression eshtimator, In thls thesis
we sonsider this problem in a More general set up and suggost
a "transformed ratlo estimator' whiech is almost unbiased and

which generallisos both ratlo and product meothods of estimation,

Besidas the utiliaation of supplanentary information on 2
varlate which ig avallable for all the unlts in the populatlon,

the use of X (the population total of the supplomentary variatc)

i

and B the regresslon coeffleisnl of ¥y on X in the estimu-
tion procedure 1z also woll known In the litefature. Searls

(1965, 67) has suggested the nse of C,, the population coeffi-

0!
cient of varlalion of the varlate under study, which le assumed
to be known, in the estimation procedure to obtaln improved
estimators, Decg Raj (1026G5) has suggestod the nas of a priorl
nowledpe on R (tho population ratio) in the diffevence method
of catimation to obtaln results ecomparable with those obtained
for the rativ methotd of estimation, The use of a prlori
knowledge on k= % in the ratio mothod of cstimation to obbaln

optimm estimatdrs has been suggesbod hy Srivasfava (1967, 71}

and the author (1973, 74a), while Singh, ¥M,F, and Roy (1968}
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auppested the use of a priori lmowledge on the population total

i1 tho estimation procedure,

In largc-g2cale sanple surveys 1t 1y gulte cormmon Lo use
the valunes of certain population paramcters based oh 3 previous
gurvey lolr estimating the current wvaliues of these paramcters,
Thies necassltates a gtudy on the mnst_important property namely
the stabllity over time and space of thege pormmeters, Thls
desirable property of the stabllity over time and space for
the popunlatlon paraneters R, R, k and €, ig investigabed in
this thesis and a compsrison of the various estimators nsing

informatlon on these paradneters 18 also made,

Tt 15 well kmown that the techniwie of stratifled sampling
Ganﬂlqts in olassifying the population into a certaln mamber
Qf homogenaous KIQUPS onlled strata and then scleefing damples
indopendently from cach group oT atrattm, Broadly, the import-
ant points that neced careful songlderatlon in the stratified

dampling are &

(1) cholee of sarpling design within strata,
(2) cholce of stratification variable,

{3) alloeatlon of sampl@'size tq ntrata,

(4) mumber of strata, and

(5) demurcation of strata,
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Eventhough the earlier developments in stratified sampling
(Bowley (1926), Neyman (1934), Mahalanobis (1944), Hayashl and
Maruyama (1948), and others) were mainly confined to questions
relating to (3), and some attention was given to points (1), (2)
and (4), 1t 1s only since the fifties that the problems (4) and
(5) have been studied objectively by, among others, Dalenius
(1950, 52), Dalenius and Gurney (1951), Hayashi, Maruyeama and
Isida (1951), Dalenius and Hodges (1959), Sethi (1963), Taga
(1967), Isii and Taga (1969), Singh and Sukhatme (1972) and the
author (1975)., Mahalanobls (1952), Dalenlus and Hodges(1957),
Durbin (1959) and Ekman (1959) have suggested approximations

to the theoretical solutions which are easler to apply in

practice,

As a first step in finding out the optimun points of demar-
cation of strata in stratified random sampling, 1t 1s freely
aggumed in the litoerature that the x - variate which 1s presum-
ably having high correlation with tho study wvarlate Y should
be arranged in increasing (or decreasing) order of magnitude,
but we are not aware of any formal proof or justification for
dping the same, This problem has also been investigated in
this thesis,

Besldes the uses of information on a supplementary varlate

as mentioned carlicr, it 1s also a common practice of the survey
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statisticians to make use of this &t both the design and estima-
tion stages. Examples of such uses are stratification of the
population and selecting units within each stratum by PPS scheme
or adopting estimation procedures like ratio, product and
regression methods in each stratum, Thls type of problem 1s

also considered in this thesis,

The author's contributions

We shall now glve a brief summary of the results presented
in this thesls, This thesls 1s divided into ten chapters, After
the first introductory chapter, we explaln in chapter II the
basic concepts and definitions which will be used in this thesis,

In chapter III we study the ratio and product methods of
estimation for estimating the population mean or total, the
simplest mothods of utilisation of auxillary information, For
any sampling design,'when information on the population para-
meter k = % is avallable, we derive two optimum ratio type
estimators whose efficlency to the seccond degree of approxima-
tion is the same as that of the regression estimator, Some
interesting relations among these cestimators have beon examined,
Also, a better alternative to the usual product estimator is

obtained,

One of the optimum estimators dlscussed in chapter III

which is almost unbiased has been studied further in chapter IV,
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‘It 1n shown thal thiz oplimum estimzlor can be oblalned by a
sultaple transfomabion on tho supplerentary varlate ond we

termy this entimator as the loptimom traneformed ralio estimator!,
Eince the oxact Informalion on Kk I1s not usually avallable, the
effect of the doviations of the guessed value [rop the truae

value on blas and wmean sunare orror {n,.2.a,) lg stadied, It 1s
found that for a fairly wide range of gaessed values of k, the
near optimum transformed ratle sstimator has mMmifomly smalleor
ahzolute blas and m,a5,r. than thore of the wsnal ratio or praduct
eatimator, This optimum estimator has alse boon examined under

a supér-pﬂpulation madel and it 13 shown that o ratlo type esti-
matar with a suitable transformation on the supplementary variahé
wiltl have a smaller abmolnte blas and m,=,c, under normally waltld
conditions, 4 multlvariate extension of Lhe optlmam coblmatow

15 al=zo sugpested,

Different cobimntlanprocedures wsing a prlorl lmowledge
on certaln population parameters are dealt with in chapter V.
It ig found that transtformed ratlo mebthod of estimation whlch
assumas knowledro on &k fares better than all other estimators
hased on infeormation ou the corrospording popalation parameters.
The desirable property of the stabillty {el, p.80) of the parane~
ters has beon investipgated empiricaslly and it 15 found that I
1g pemarkahly more staoble over time and #pace than obher popula-

tlon papsmeters, The relati b acon al disadvantages
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of thege methods sre diascuzsed and the results are 11lustrated
by socveral emplrlcal axamples based on data on productivity In

Indian Agricultura,

In chapter VI, we study the cllleloney of the conventional
ratic estimntor under a super-populatlon model, The ratie
estimotor 1s found o be hipghly superlor %o the simple unblaged
ceblmator under this super-population sol up In admost all the
situatlons met with in practice, The separate raltlo estimator
1n stratified rondor sampling is found to have smaller absolute
blas end m,s,e. thun these of the somblned ratic estimator
- under the same supcr-population model in moat of the situations

met with in practice,

A modifled probabllity proportlonal to size (PPSY} sampling
method of estimation obtalned by considerlnp a sultable trans-
formed supplemantary varlate 1z introduced In chapter VII,

The mndificd PPS estimator is found to be highly superior to
the conventional PP3 cstimator in most of the situations met
with in practice. Tor the ¢ase when Y, and ¥ are negatlvely
eorrolated a corrersponding modified PE?S rrmt?rmtlamf eatimatlon

12 also introduced, The empirlecal efficiency of the suggested
modified PPS estimator with respeet %o Horvitrz and Thompson

petimator and symmetrized Des Ra) estimator Is alse examined

for hath the cases, Flnally, a comparison betweon the
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‘transformed ratio cstimator and RHao, Hartley snd Cochran (RH()
‘est;lmator is alse made in thig chapber mder a lincar flolte

~ population model,

Chapters VIII and IX deal with the problem of optimum
domarcutlon of a finilc vopulation intn a spocllicd nmunber of
strata, It 15 shown that in the sase of SHS (with or without
Teplacement) scheme in each stratum, while Xt 1s necessary to
arrange the  y-character in ineresasing (or decreasing) order
of mapnltude f:r optimum stratification with proporflonal
"allﬂca;tinn, the sane need not be true with optimum allocabion,
 However, 1f the coclflelm?t of varlation of the  y~variabe io
the same in cach stratum, the necessity of aI‘I‘FJllgis.[’; the Y-
eharacter In Llocreasing (or decreasing) ovder of magi‘l‘.‘l_tl_ulcﬂfar
pptimum stratiflcation with optimm allocation iz established,
Optdmum polnts of demarcation of gtratsz in the case of prepox-
tional alloeation have been oxamined, Smilar rosults have boen
obtained for optimum donareation of strata ualng the supplemant~

ary varlate undcr zn anpropriate super~vopulation sot nup,

It is shown in soveral text books on sampling (for examplo
Sochran (1963)) Lhat stratdifled random sampling wlth propor-
tipnal allocation lz superior to unzlratificd random sampling
provided the finite popalation correction factor (L.pec,.) in

cach stratum is Ipnored, It iz shown in chapter X that the

-
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same result is Lrae eveon wlthoubd lenoring the fopec, 1f the
slraltificatlon 13 sunh that the ¥ wvarlate 18 arcanged In
inereasing {or decrcasing) order Zf magnltude, It ir also
‘shown nere that the same result need not be true 1n case of
stratified ratio, product or regression estimators, In fact,
1t 15 noted here that conbined ratic or produet estimstor in
stratified random sanpling with proportional allocation is
inferlor %o the corrosponding ostimator for unstratified
random sampling provided the strata ratios (Ry's) are the same,
A simple conditlion 1s alsg oblalned to show that the combilined
regresslon astimator in stratitled randor sampling 1s inferlor

to the corresponding estimator for unstyatificd random smpling,

Some of the results obbained in enapters ITI, IV, VI and
I of this thesls are ulready published and tho resmlts of
chapter X have besh presonted in the International Symposiam
pr recent tronds of rogearch In statistles held in 18T, Caleoutta

in Deconber 19074,
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COVCEPYS AND DEFINITIUES

In thig chapter we explain the basic conceply and defini-

sdons whilch will bheo used lun thls thesls.

A 'finite population' U iz defined as a colloction

g,, o T where W 1ls a knowm finite mumber and

1r Yz oveer U

Ul' UE? ttes Ur@ sre dlstingsulshable, We denolo thls population
b
D3 U lUgaea, Uyl (2.1

—_—

A 1llst such ag (2,1) 18 called a 'sappling frame' and ¥ 4s

edlled the lsize of the populatlont,

ny finite orderad seguence of unlts fram U is called a

lemmple! and is demnted by

5 = (uliugltl "ull } (m;d}

vhere cach Uy belongs to T. Alternatively (2.2) is written

a3

s = (1 Uy ) (2,3)

1
vhare 1;5_11‘1:‘*3 for 1 21 <n,

We call n the 'semple size! whem n Is Cfindte wnd the mmber
af distinet units in the s=ompla is termed as the Teflfective sarmple
size!, Let

5 =8} * (2,4)

il
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lenote the totality of samples from U and P be a probability

]

peasure on 8, that 1s

p. >0, for all s e 8 and Z pg =1, (2,5)

where Pg is the probability of selecting sample s . The pair
(3, P 1s called 'sample (sampling) design' end is denoted by

D = D(3, P) = (5, P). (2,6)

’

Thus the definition of the design glves us a method of selecting
& sample which requires the listing down of all the possible
semples and choosing one from the 1ist with the corresponding
probability, But, 1in practice, especlally in large=scale surveys,
1t is very difficult to list down all possible samples and follow
this procedure, Alternatively, Hanurav (1965) defincd a ' samp-
ling mechanism' of drawing units from [ one-by-one with proba-
bilities which depend on the previous draws, A ‘'sampling mechan-

ism' (or a 'drawing mechanism') 1s a function
a (u, v, s,.4) (2,7)

whore ue J, r 1s a positive integer and s, is a sample of
size (r-1) such that
q(u,rys, ) 20 for all u, r and s,._q

and

> qlu,r,8..y =1 for all r and s, 4. (2,8)
ey y -1 r=~1 r-1 *

In this connection the following result is obtained by Hanurav,
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Theorem 2,1 {Hanurav 1962a)} § There exdsts one to one correspo-
ndance between sampling deslgns and sampling mechaonisms,

Corresponding to any given deslign D(3, F) the 'inclusion
Probablllityt of a nunit Uy is defined as

™ iop. (#,9)
vhere the swmabtlon 1s taken over all the znamples that contain
Uy ab least onco. The 'Jolnt incluslon probability! of a palr

{Ui, U'J}, 1# ), 18 defined as
¥ D, s (2,10)
the summation belng taken over all samples which contailn both

' .
Li and U

'T"i.;i = 2

T
. Considering the problem of estitmation in finitc pomilutlons,
Yot ¥ be a real-valucd characterdstle taking valuo ¥, an the
unit -Y_Ji of (2,1}, 1 = 1, 2,4nu, ¥ Lot us denote
EJ = (_fl, EE’ ”"EI*I}' Any funetlon of ¥ s palied a 'para~-
metrie funectlon', Any function t  defined over a desizn D(E,E)
such thot for samples 3 £ D the funchtion t  depends ouly on
the values of ¥ for the unlits helonpging Lo the sanple i oalled
a 'statistie?, ﬁ.& atatdislic t  when uscd ta cotimatoe o para-
metrle functlon T(;{‘} 15 palled an 'estimotor! of T, An oshi-

mator t 13 called an funblaged cstimnlozr! of T 317



H

i
L
2
£
&

Et) = Z t p, = T ¥) for all values ol ¥, (2,11}
SF_S i o P

An sstimstor 4 which 12 not unbiaged feor T 15 zaid te hae

"blased!,

In the estimation of T, the doviatlon (t - T} is taken
as the 'errar' on the banls ol sample s, Any convex function
f(‘l;..5 « TY i3 taken to he the 'leoss funcblan' and B(FY 1z ealled
the 'expeeted lozs', A Ipas function which Ls used gulbte often
19 the mean squarc error' (m,s2.c.) given by

M(t) = B(t =T = Z (t_ -1} p, (2.12)
sES o @

whero t,3 1z used as an estimator of 71 thased on the amnple

5 and P is the probablidlty of selecting Lhe smunle s, 1IF
L]

t 1z an unblazed czbimator.of T then E(L ~ T} is ecalled the

'variance! of t  whilch may olso be writben as

v ]
V) = & t; p. = T7, (2,13

A deslgn D(3, P) togcther with wn estimator t of T
dofined pver D 1o called a 'sampling stratepgy' for the estima-

tlonof T and 17 dengted by
I = H(D, £) = H(S, P, t). (2,14)

Thiz definition 1s due bo Hajek {1932), A strutery 101 vwhen

P geed for *hoe estimation of T 13 ealled an "nblased stratepy!
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f.t is an unblased estimator of T. Obtherwlisge, it 13 called
'tlased strategy', The expoctation and the mean squaro error
viriance) of a strateey H are deflned as the expectation and
tie maan gsquara crror {(variance} respectlvely of the eatimabor

Cover D, e .

0f the two estimators ty and t, of a parametric func-
ol T( ¥ 3}, both defined over a deslpn D3, P}, t1 s sald
) P = = -
0 be 'miformly botter' than ty 1f and only if

M) ;{H{t?) for all ¥ (2,15}

Ath a strict inoquallty st least for one ¥, Algo in a class

—

i e

of pstimators of T defined over a plven design D(3, PJ, an
¥ - -—

stinator t, & ¢ is the "host estimator! 1L and only 1 *t, 1s
mifomly better than tp foar all tE different from tl and

selonging to C
-
It 1 well Jnown that 1n the cazo of Infinlte populations

B?fua gample mean y IJ;iE ¥y 1g the minimum variance unhliaged
& =1

;&*&timatur of © 1in the class of all linear unbiaosed eatimsetors

gi...l Wy Tys wy'e Deing congtants independent of the observations
- .

fy and Wy = 1} whore E{:.ri) = for all 1, The tdistingui-
1=1

shebllity of units' whleh plays an Important rolo in the theory
3f finite populaticns iz the maln differencs botween the theory
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[ flnite and infinitle populations, Thus, it is impartant Lo
fhow whothor two ocqial valuesa of ¥ in Lhe smmple belone to the
®ame unlt repeoated, or to two s:iiff‘;rmlt units, This fact was
Wiret ohsorved by Des Rai and Kuaamls {(1952) and Bam (195°) who
Hound that in simple randam gampling with replascnent (SR8WR) of
Bample size n, the mean of the ‘effective gsamplet, 1.0,, the
average of the ¥ ~valnes scorresponding to the digtinet units in

+

$he samplo 1s betfer Lhan the usnal sample mean ;:r.

This necossitated o geoheral definltion of linear eatimater
and Horvitz und Thompsen (1952) defined the following Lhres class-

¢% of estimators ¢

Il
e = & By Vs
Loy Ty

whers. V(1) is the value of the E —-varlete for the unlt sclect-

—

ed at the 1-th draw and By ig tho corresponding walecht |

. 1
L= & w, ¥

Whera iy iz the welpht attached to the 1-th mnit vhenever it is

gsoelooted in the sample amd

3

[t

Yig

b

1

b

5
vhere the estimstor has a single coefflelont *; for all the
sample valuas of ¥, +

" The ratlo f}stim;tf:r which we study in some detall In thils
thesis falls In the t, class,
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Godeme (1955) gonerallsed the above clazses ol cstimutors
By consldoring

t = :‘?—J .“’,,.. 7 {2.16)
3 i 31 i

#nd proved the fol 1&}xﬂiif'};g§ thoorom,

Bheorem 2,2 (Godambe (1985)) ¢ There doos not exist a uniformly

Eininm varliance unblased estirator for any sampling deslgn D
. '

Later, Hamurav (1966) polnted out some exweptions to This
®esult by constructing satm.mn”trivial desiens (ealied'uni-cina-
por designs') where a bost estimator exists, Thiz lends to the
Boarch for optlmum estimators in a sub=-clasza of deslinz, Evon
Shough the erltcrlon 'adrissibBility! helps in elininoting bad
(inadmizsible) estimators 1t does not help mueh 1u obtaining
gpilmm estivators, We z2ay that an estimctor 4, of T in
Yadmissible! 1f and only 1f there does nol cxist anothoer estima-

Eor tg # tl of T which 13 bobier than B

- hn ostimator 12 snld to we 'lnadniasiblet L 1% is not
sdnigsible, The results of Murthy (192571}, Des Ra) and Khamls
{1968) and Basu(195%) showed that estimators whilen depend an the
griecr In which the unitz apprar or whlel have A ndd in the
gample repeated are lnwimdssible, todombe and Joghi {(1965) and
Joshi {1965&1, 19600} monsldered adnissibility ravoving the rog-
triction of Tinoorlty and labter reloxding the evltorion of mblas=

ednoss, Threc ether eriteria, namely 'linecr invarlaneo! and



'tepalar estlmators’ hy Roy and Chalravortd (1960} and 'hyper-

admissibility' due fo Hammray (1966) are defined as follows o

An estimator £ of T dis ealled 'remular estimatart if

b
: | S V(L) = KT (2,17
‘ i3 M £y .y
vhere ¥ 1lg a constant wmd o = % { & ‘_{i ~ 7Ty,

Roy and Chakrawortl have shown that a hest cotimator cxists in

the clags of repular estimshors,

An estimator ¢ of T 15 zald fo be posscgsing tho

property of "linear dnvardonee? 40 4% Is invarimmt ander linear

- transformatlons of E .

In a elass § of unblased estimators of TC Y ), an csblma-

tor tl £ & 13 sald to be hyperadnissible! if riven my other
| . .T‘T

ostimator t5 r ¢ In every hyper plans of R, thers cxists at

leazt oune polnt JY at which
vig) < v(t,), {2,18)}

It mst now beo stregsed that a gearch for aptimam should
bo considered anongst strutegles whieh are egually ecostly. We

canslder a simple 1dncar Teost Tunction!

a{z) = a, *+ M, n{s) (2,19

whore By 1s tho overheoad cost, hg is the eost Lor collentlng



data on one sample unlt and nflsg) 1s the ef*cctive 4 = of nample
8, The cxpectad cost of a strategy H(8, P, t) or couivalently
=T o

of a design D(8, P) {s defined as

C(H) = (D) = I C(s) py = gy + by ) £,20)
SF_:‘L w3

where p(d) = Z n(s) p., the oxpected of fertive nample size of
528 -

D, ‘Henee, under this cost seb up, two designa {or stratesies)
are eqiiadly costly 1ff they have tho gare expanted oflfeetlive

sample size,

If optlmality 4s judged from unlfom winimization of the
varlanea of a strategy, then we can soc thot there does nol
tdst aneh a one, Bul, whehever some auxlliary inforation en a
charaeterlstic X viiich takes value X, ob unit 1.,

R T Hu 18 avoilable closely relobted Lo tho study
variate 7, takdng value I, on Ui’ 1= 1,408y 1t 1s possible
to use this infomation In zettlng up a erlterlon ol cotimality,
. Wg have already mentloned this In the Inftroductory chopbor and

here we sholl explatn 1t further,

The Information an X, knewn before hand can be usecd to

asmme o reasontble a priervl dlstribution over ¥,  Accoridlng
e e o g ot

Cto thig Tsaper-populatlon concept? as Lermed by Cochron {1946),
Y= {’fl, Top wesy &TN) 13 asgumed to bo a reslisation of a

random N-veetor wlth cnrtain distribution depending upon
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35?- [1'2‘.11|I XE’ cney IH} cnd seme wnknown vormebers, This distri-
mbion 1s denoted by & and we can Lall of expaclallons,s vard m=
eed and covarlances tolon over &, We now minimizo tho expeetod

vir{anca over & hmﬁcﬂ?ay
f ¥(H) a8 (2, 51)

for, ¥ wvarylng over C (H), the elass of all cqui-cost strateries,
i i whlch mirdmisos (2,2L) unifomly wlth respeet o all lhe
sraefers of the distritmion & 13 called Yd-optinum strategy!

Cin C(HD,

Let A Dbe the elass of all prier distrivntions & sobls-

I
Iring
Vo= b K by, 17 10,0
with Effiil:{i} e
and . ‘;{r._?.,l:'i._j |, :{1,1;] =0, [for i £ ]

whel's E,U’ and ; dgnote rogoectlvely the expectatlon, warlaeo

f‘} "
and covarianes 3 b, o9 wd g are un¥nown eonslantz, Thie A

tlagg of prlor distrlbntlons has hecn widely usged 1n survey samp-
Hng, In hE —clags we nave taken - {ifjllii) = h X;y ot there
aro many situations whore this 1s not so {eg, Dodds and Fryor

(1971¥ ¥ in fact, 1t rmay be more reasonable Lo agsun: thet

H
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Yia" ﬂ-#‘b}{i"‘i*ﬁi, j_:j_,g_’._*’ﬁ

Ath  F (g% =0
1 ey lXy) = o x{: (2,27)
wd 4 {Eﬂ.’gj"xi’}{;i) =0 for 1 # ],

mo demote the corresponiding elass of prior distribution® by al-

HAnece this zeens to bo 4 pore Teasonable seb up an {ar ag the

ipectation of £y 15 concerned, we study sowe of the probloms

in this theais under A
£

»

It iz & common preoctice for survey stolisticlins to make
5o of au)d.lial}.‘ry information abt the deslgn stage or estlmation
skage or both, Examples of such uses are strablficallen of the
popilation, @elecltion of fhe sample with prorabllity proporfional
“oalze (PPE) scheme and cgbimation procedurces lilke roblo, pro-
duct and regression methods, Lot T and ;{ be s unbiased ostl-
ratora of the populabien lotals ¥ and X of the ztndy varlabe
Toand axlliary variate ¥ Tespectlvely, hased on sny sample
;-.@sign, Then, tha usual r:ﬁ;ﬁ.n, prodict, optirae cilference and
roreossion estimators of the population total Y are resnroetlve-
Iy glven by,

o
o,

. ¥ oo LD 3 T =T o+ px-X
T = 1’% T, o= T K - X el YT 0D
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where B = w 'and B 13 an

| V(%) ) -
. o~ T A "~ E;Q’ 5r

easy to sec that B(YL,) = - Gc:v(i‘ s A), B(¥p) = 1{_}%14__}{_)_!

gatipator of #. Tt ie

B{?II'} = ¢ and E(ffr] = - GUV(F, x),
and vy = WY - 89,

¥here p 38 the correlatlion coefficient betwoen ¥ md X,

Usually the approximate blas and m,g,e2, of T, are gvalnated by
ok 4
~

agsuning ]5-%—“-{*] <1 3 that 13 X 1lies hetween O and 2X

vhich might he valld either if the semple aize 12 larpe or the
variation in ?E character 1a small, Writdng RO 2),

L= XL+ el),;h@r@ B(e) = B(ey) = 0 oand assuwing \el_l < 1 sl
negloeting the terms with powers of o, @ creoater than 2,(1.e,,

up to the second degree of approximation) we have

H(IR) = Y1 =~ K)C

1|

i METY = YR (L - B+ 1 - 00 ef)
4t ) ] . .f?, [+ i i

where 'ﬂ’y and p‘*t are the coeflficlente of varlation of ¥ and
- ‘ - f
X regpectively and k = 7. Similarly, up to the sccon? degpree

of approximation {wlthout assuming eql < 1)

b1

- - r b :
M{T,) = ¥° L“; (1~ p) + (1 +10° o)

i
X

MET ) = ¥E a® ¢ 2y
Elflﬂ { ..r' - . \rjr l ]:" s
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Sinee, usually Ty oond YP are biased, soveral abtomphs
Fave been made by many Yo nake thesc estimnters ¢ither unblaged
pr Talmosi unhiased! (the blag 1s zero teo the second degroe of
woroximation) by sultably zelecting the aumple or hy cerrocting
Medr blas, It 15 enly recontly that work has begun to reduce
slmaltanconsly the Mnas and m,s,c, of ?LH und :}‘_p by asouming
mowledse on eertain pomlation parasmeters (Brivastava (1967
IIE?;?_L}, Sivgh (1970}, the anthor (1973, 1974a) ond olhers), We

stndy thls problom in some detail in this thesls,

The probabllity proportional to size (PP3) sannling scheme
whieh 1z one of the slmplest methods of ubtilization of auxdillary
irformation econsizts of selectlng unlts 1n bthe saple wlbh pro-
240111ty proportional to a glvet measure of alze, vhere tha slze
mesgure la usually the valune of an anwiliary voariate X which

s ighly related willh the variate Y oonder stady, Soppoze

Lo

sampl g {ul,ug,..”upl) of alze n 1 anlocted using TP3 with

roplacement sanpling schene, Then an 'mblased astimotor of the

H
papulation total ¥ = & ¥ of the siudy variabe T and 1ts
i=1 - =
Vvarlance arc gilwven by
gyl
~ gt ¥ -~ . i o3
.o 1 U TS, T w3
Y XL == il V(¥ppe) = L & o= ¥},

It 45 clear from the alove that  V{ ?PP.’:‘-} will rodipe te rero
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whom 4] and X‘L are oxaetly proporticnal, tn the other hand

?ﬁ% cant be Inferior to ¥ oither 4f ¥ and x  aore lincarly

related (Des Ral (1931))or arc pourly corrclated (Ron, J,WK,

(1956Y), Wz cxamine thlz problem 4n this thesls,

The technlgue of strabtlfied random sompling sonslishts in
Iividing the populatlon inte groupsg aalled strata and then seloe~
ting the samples independently frow gach strotam, Bunposc a
ppulation of W unlts is divided inte h  strata, Let Wy he
the mmber of wunits 1n I-th stratumy, i = 1,2, ..., h ond let

'fiq be the value of the study variate ¥ for J=th unlt in the

i«th stratum, J =1, 2, ,,., ¥y, Tho population lotal

4] Hfi_ h
¥ = 4 Z Y., = = ¥
irl §=7 13 i=1 1
H|
1 V. »
wers Ei = .121 Y’ij' Devatia ﬂi [ 'fi. An wnblaszad ozbicator

of ¥ eon he obtalned by estlmating unblazedly tlie stratun toltals
{Yi} ol the bazgis of yandom samples drown independently frorm cuaech
-~

strabun, Supposc ?ﬁi i an unhbiased cstimator of ?fi. THan an

unhlased eatlmator of ¥ and 1ts vorlauco ore glven by

n ho. - il -
YSt = h lfq aqp YJ(Y,...E,} = 7 V{ Y_"L} respostivaly,
1= - o 1=1

"

Suppose @ garple of sklzo
R
7
=1

ny ia drowm wplne 3HSWR sehiome in

ench stratarm so thal n, =1, It this case
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. n ) X b RS o
Y, .= & N ¥, oand V(Y )= L& o~k

¥here i;i 13 the averarpe of sample Y-values of i-th stratim and

q
2. 1. ot = 2
gy = L (Y, - Y, )7, Usually, the sost fanetion in stratifi-

¢ random sompling is toeken as

h
O=a % 7 h, n
o 4y 1 1»

Whore EN ls the overheoad sost and by 13 the average cogt of
surveying one unit in the i~th stratum, Minimising V(T{St} for
8 Mixed oogt € = C' we obtain

(G"“aﬂ} IﬂTi({J'i.f v/‘-t:“;)

ﬁi,ept. = TR o
Z Hiidif /bi)
i=1 =

In case b, are suma for oash atratun the above optimm  n,

rdienes Lo

n Ny 9,
n,,opt. | n o
12 ZoW o,

{=1 -

and this 15 the usual optimm alloeatlon that iz considerod in

the Uteraturo, When o;'s are cgual the above optimm alloca-

tion reduccs to
n iqi

‘!1,1“""—"

)
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and thig alloestion 1z called proportienal alloceation, In the
rase of proportlonal ann optimum alloeations the covresponding

-
variances of ‘fgt arc raspoacltlvely

~ h o
Tprop, Fat? w0 (BTG
- h -
1 b — l a i
4nd Vopt. (Tyd = ¢ (2 Ny 3%,

1=1

Tms when simple random sampling s used it each stratmm, 1f the
nmmber of strata are pre-specificd say h', fthen the problom of
optimim demarcation of strata in the case of proportional and
optimum allecations redueces to finding h-1 wolnts of demarea-

tion which minlmlise

h - 1
L M, vF  and XL My T, Taspecttvely,
j=p + 3 g=1 + 1

Wo investlgate this problem towards the end of fthis Llhesis,



CHAPTER TIII

OPTIMIM RATIO AND PRODMCT ESTIMATORS

3,0 Summary

Afteor a Lrlel introdnetion to the ugual retio and product

tethods of estimatlon, we study the two estimalors

aa) ¢ %f‘

i v, = —tA

X+ a(X - X)
to improve upon the conventlonal ratio md product estinators
fq and ‘Z”P respectlvely, where ¥ and X are unbiased esti-
nators of ¥ and X, theo population totals of the Y and X
tharactoriaties § amd a and B are glven sca.].ars.’ Far m?r
smpling design, the optilmuwn estimators are oltalned by minl-
nising the m.s,o, of %(ﬂ) and ‘%9 with rospeet to a4 and
8 regpectlvoly, Some interesting relztions among fthese astimao-

tors have been obtalhed, Also 1t is found that

X

8 - X
15 2 bottor altornative to the usual product estimator gfp.
Comparlson of the blas and m.s,c,, up Lo the fourth degree of
approximation, of differont cstimators has heon mado assuming

the population to he large and (¥, X) Cfollows a bivarintn

u;;}l_



Yormal Aistribution, The results are also illustrated by -

enpirlieal examplas,

d,1 Intreductlon

Consider a finlte populatlon U = (l}‘l, Ug,,“,UH} ol

size N, Let Y be the study varlate taklng the value ¥

E=1

on the untt Uy, 1 = 1,2,..4,0 * we are interasted In estima-

'tiné parametrie functions of Y = (Yy, ¥ ¥y,

ot ea sy

Whenever infomation 1s avallable on a sultable supple=
sentary varlate X highly cerbelated with the study variate
E and taking th@ﬂvalue Xl onn the unit 'Ui, 1
it 15 possible to Improve upm‘thhe nsual unblased cstimator

= 1y 2auarhy

of the population teotal ¥ = & "T*rfi Ty the slwmple ratio method
1=1

of estimation (or product method of estimatlon) provided the
eorrelation coefflclent p, botween the study varlate under
mnsideration and the auxlliary varlate has hlgh positive
value (or hlpgh negative wvalue, respeetively). In faet, for
the better ubllization of = glven suprlementory varlabe,

Kurthy {1964) hus suggested the use of
el b 1
ratio estimator YHﬂu y 1 k> &
X

product estimator ¥, = LX 1 we-b and

waunal unblased egtlmator

s
-
g

i
s
Fa
=



-3

, H
whenaever the ratic R *—*% 1s positive, where X = 2 J[i,
=7 -
A ~
Y and X are unbiased estimators of Y and X respeclively,
. i
k= p EI s GY Br1dl G‘:& are coolficionts of variation of the
x

i ]
eetimators ¥ and X regpectively, and p 1s the coefflclent ’

L] A
of correlntlon botween Y snd X,

4,2 "Optimum methods of estimatlon

Let ¥ and X he unblasod cstimubors of ¥ and X
respectively based on any sample desion, We then have the

naual ratio eztimator of the populatlon total glven by

§o= &R (3,2,1)

P > K {,3'2‘2)
whera X 1s assumed fTo be known, Uere, we also asmume that
B Is difforent from zero, We now conglder the following

alternative estimators of ¥ namely
"~ - o A
UACY (&) (3,2,3)
N

A
and ‘[a o e (3,9,4)
£+ 8(X -1X)




“vhere a and @8 ﬁre any scalars, Fnilnwlng Mortny [196?,
o -

PP 363-365) wo write ¥ = Y(1 + ¢) and X =X(L + &) whore

E(e) = E(ey)} = 0. Assming legl <1 and also |8 e e} <1,

we hs:va

Y oy 4 0) (1 + ) ®

= Y(1+E}{Ihnﬂl+a(&+l)GL a(a+1){a+2]ef a(aﬂ}(a-bg}(am)cih.*

2l - 5 i ) '
’ . (312..5‘)
and Y, = Y(1+e) (1 + 8 131] 1
e Y 1aay 1 a o .3 3 gt _
= Y(1l+e)[1-8 s1+s -31 B8 e o t auesl, {3,2.6)
Henge, to the second degrea of approxdimaivion, wo oltain
3 = & [(w1) R WD) ~ 2 covl, D), (3.2.7)
B(I) = 2 (8 B V(XY ~ cav(y, )], (3,2,8)
MH2)) = v ¥ ) - 2a R cov(E, %) + a2 V(X)) (3.2,9)
wd M(E,) = V(V) - 28R cov(, 1) + 67 2% V( X)), (3.2,70)

fow minimising (3,2,9) with respoet to a we get tho opblmumm

value of a nas
Iy .
. _ : ) Ev,r. F{} o 3?' i
Yopt, T , =P T . (3.2,11)
RV X ) X

do wlll use the symbol Kk to denote p g--a
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imilarly minimising (3,2,10) with respeot to 8 wo obtain the

ptinm value of & as
Gnv(*:f, X) .
e R — k . (3. 2.12)

B
thw ~
Ry XY

mhstituting k for a in (3,2,7) and (3,2,2) and for 8 in
{3,2,8) and (3,2,10) wo obtaln after some simplifization the
bas and n,e,e, of the optimom estimatora to he

B(Ek)y = = k(1K) R V( X ),

B(Y,) =0,
mi EE) = Ty - pP =i T,
Tiis we have proved the followling

) r -
Thoorem 3,81 + Lot Y and X bhe unblazed estimators of ¥
d X respectively based on any sample desizn and Lot

iy ¢ * 1{ " )
k) o YE\ and ¥, = &
X X+ kX~ X

Then to the second dogree of approximutlon, assuming |k cli < 1

whore - g, = %:—‘-i ’
By = o xtimi R V(R Y,
B{%ﬁ) =0  and

Ay« = W) a - oh,
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Iefinition 3,2,1 % Wo zay that an ostimator ¥* of Y which

uges information on a gurplementary wvariate X 13 X-opfimum

. " " = ‘,r:]
it ¥ 15 almost unblaged and M{*) = v 7 ¥} {1 - p“).

¥rom the above theorom 43,2,1 follows lmmedlabaly

forgllary 3.8,1a ¢ The nsual ratio estimater -Er-‘{* is Xwopii-
x =t
ity 1f amd enly if Lk = 1.

Corollary 3,2,1b 3 The usnal product estimator %{*‘i hag hias

]

=RV X

and the m.8.0, V(¥ ) (1 = p) 4ff k=<1,

LR
If k 1ls an inbteger, then the conputstion of T‘r'.'('{) 1s
gluple and Immediala, Conslder next thie cane s <k =< 2+ 1,

vhere 8 1s an Inteper., Then as an astinmator of ¥ eomnalder

pis,841) | 4 3(s) (1-3) $(e+1)

(2,2,13)
vhere D < d <1, We then have
ais oMo pra W9 4 ey I -y
= Blaci e vy w1 - ) (3 -y
= Eg%ilff5+1)(s+2)—zcﬂ+l} k-2d (5t ~k)] (%.2,14)

ind
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¥

M%(..,, 541y A (1:{( g LZ‘E) b (1-d) i?:f(' 8¥1)_yy 2

= ﬂg[‘f(i'} - 2oR Covfﬁf,f[} + 5°R“ V{i)]
DS [VTY0(eH1 IR Cov(y,X)+(st1)® 1% V(X))
+2A (14} [V{T)~R(p5+1) Gov(%,i)+acs+1}ﬂz VExY ]
= (T + R® V(XY (e41) - 20s inra"-2d (atl=k) ] 4

v . (3,2,15)

nmintndasing (3,72.15) wlth respect to d, we obtaln

A= a¥= (g +1 - )
83 the value that mlnimises (3,2,156). DNow substibutlng (¥

~{a, s+1)}

e 4 In I we othaln

-~ ' ] . .
§sy 1) o (gage) W) & (e - m) BSFLD

anleh 18 3 eoviver comainallilon of the tw estimatores Y(S) and

{st1}
iso, we obtaln

(ia{sr 5710y o BFBA[ (ovav) (a¥-1)-2a+"]

= R__i_)_?;i“. X [e(-k)+d* {1-a%) ],
i
(8 Iy PV T 531) P00 41) 1 = (s+1-107]

=v(P) ~ r% 1* V)

=T(0) - % V) (by Get, of X)

=¥ (1 - p™
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Thue we have proved the following |

Theorem 3,2,2 ¢+ For any s 5k 25+ 1, the estinator

%*(n,sﬂ) = (3+l-~k} i;:{s) + (lgws) i{(fsﬂ}
o¢f ¥ has blas and m,s,0, glven by
Al at1l)y - . . - _n
p(pr T 8Ly - %—t[lc(l»}:)a-(sﬂ—lc] (e-5)] R V(XY
mas (I L owd G- D),

From theorems 3,%.1 and 3,2,2 follows immediataly

Gorollary 3,2,2 3 BCr Sty = o7, shen 5 = 0
ad ielastlly o n(3k)y) hen 5 7 0,

The assumption in theorem 3,2.,1 that |k Gl_i <1 18 nat
2 serious restriebion sinee even if |k| > 1, im practlze ey
is small for mederately large n  and also Teeontly Sukhabme
md David (1973) established the faect that the conditlon
|°l| <1 is neceszary to obbtain the approximabe binz and

3,0, Lor the umal ratlo estimator,

Also it 1g intorestlng to note here that

Y in whan a =1
HO NN
{ 'fp whenn a4 = -1

i



(}iﬁ Wwen 8 = 1

L “:!.';*x"_:. == ‘:r'HT ey 8 = -1,
2 - X

fow from (3,2.7) o (3,2,11) 1t can be eaglly scon that
A ~
MV e d = MOV,

wd 133&3;)[ = ,D(*ITP)'[ vhonever k 2 *—% .

8

Ly ", ~ .}{ i
Ko Ty = ¥ = Y[ e = 2]
g T p o X
~ Ay
D o4
(X - XXX

=0, 1 Jeq| < 1.

‘Thus we note herae that .‘EH, iz & bettor slternatlve To 'JTF,

Cwhonever kK & - %* and in fast the uso of product catimator
! - £y

u

A8 sggested only when k 2 - %. But the advanbape off ¥

) o

F
S oveT %H‘ is thot aven though it under estimales ¥, the
oxnet expressions for ilo blas ond m.s.c, con ha obbained
coaslly, whlle 1t 1s Tomired that [eq] <1 e obbain the

I
gpproximate blos and m.s.o. of ?‘ri'RI .

3,3, Remarks

From theorams 3,2.1 and 3,8,% and corallary 3,2,8 wo
8ga that

fase 1 2 k=0 =>p =0 and the opbtlrg ostimalor turns out

fy]
to bo ¥ as 1%t r!]mull-‘i‘hg,
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Case 2 ¢ When X belongs to [“1, ‘_I.l, the gnitimy: eoslimator

to be used 1s glven by Y, o X X*
X+ (X - X)

k

fage 3 4 When X does net helowg %o (-1, 1), without Ioss of

gongrallty assume that k  belongs to (3, s+1) where 3 1s an

Ind

Integer different from O as well a3 -1 In Ghiis case the

-

pphimum estimator Lo be used is riven by

)
3 L XX

_ v 10 Yk oq) <1
k X4 (X-X} L

and 08 (aan iy 30 4 gy BT 4 gk o1 = 1.
In this comnenblon 1t may be toted that these results are of
consldorable Impartanee as they show Lhat for iy given supple-

sontary virlale, onoe oo deadds whoethor Lo uwase v or ‘_'f'."], or

fr(s,5+1) on the baszls of k. Also, it 1z casy Uo sen the

ompitabional stmplicity, of %, or v{TeF) oo 300

Hy econglidering Lhe astinmutor “r’.‘(%}ﬂ'g for o egtinating ¥,
and using simple randem sampling schome, Srivastava (1967)
hag ohtalned the optimm estimator whon = =k, Claearly

oir theorems 3,2,1 and 3,2,2 are much more gonoral syl aro

Inprovements over thie romiltis mentichoed by 8rivastava (1967},
For estimating the tetal ¥ of a finlte populatlon,

fpta (1971) has rerceulbly connidered the Llnour combination

of ratio type nstimators plven by
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EhY

P} TS L]
Yo, = ad Y(%] F(1-2) ¥ (%}* , (2,3,1)

-

ad by minimising the m,5.e, of Ve wilh respeet to  d, he
hag obtuined the optimum wvalne of 4 as (2-x) and the corres-
Jonding M(iﬂ*} = TI(’}} {1 -'pg). Cleoarly, vhen X does not
telong to [1, 2] elthier d or 1 - d becomes negabive and
tonsamqient 1y, the optlmam estimabor ‘1"3# mlgnt tnrn out to
he.nagatiﬁe and henee might not be uzeful in practice, In case
k belongs to [,1,2], we ean ohtain the above resull of Gupta

iputting 3 =1 1In theorem 3,2.2,

fupts (1971} has also conslderad the linear combination

of produet type estimabars glven by

Yoo = a%d e gy W2, (2,8,2)

l obtalned the corresponding optimim produet Lype costimator

b ninimisting M(TE’P*) with raspect te 4, 1% can be easlly
thown that the sorresponding optimm produst Lype sshimator

e W11 be meaningtul only when k helongs to [=z, ~1].
Ineare k&  belonprs to i}«:ﬁe, -1] the avove result of Gupta follows

directly by taking s = -2 in theorem 3,%.2,

3,4 Ill&st ratlve examples

e e i e

The following nine popudations are consldercd to 1llustrate

the results of thiz chapter, The detalls of thosce populations
e plven in tablez AL to A8 of the appondlx,
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Population 1 % It conslsts of 50 famtoerios In o rorion fov
yhieh the data on numbor of workers (X) and output (¥} is
- =z

avallable (p, 208, Mucthy (1967}),

Population 2 3 Here we have data on flxed capltal (E) and

output (¥) for 80 fuabtorles in a rerlon (p, “28, Morthy (1967}),

Popmiation 3 7 Here the data consists of 1001 census village-
wlso datn Tor a tohsll on goopravhic area (X) and total endtl-
=4

vabed area (Y) for 12¢ willages {pp. 196-130, Murthy (1267)},

Populatlon 4 § It conzigts of a spoclila group of 25 pitles/
irban agelomerations (u.a.'e)} with populatlion slze 100,000 and
sbove (Census of Indla 1971, Sorles~il, Peper~l of 1971 Supple-
ront, provisional populalion botals, lssued by Registrar

Genernl and Census Commilcsloner, Indl ) with data on fewnalo

literaay rato (XY ond Tanale work participation rube (Y)Y,

Poputation 5 ¢ It conzlabs of data for jute plants (Capsulanes)
sown al Jube Agrisultural Resnarch 8totlon Fuum, Berruckporao,
Calmtta, 1n the year 1062-43 on helpht of the fute plant (X)

imd yleld of fibre from the plant (Y} Tor 50 hite plants,
=

Papilatdion 6 §  Sonc sz tho abowve populafion O with £ belng
the hase dlameter of the plonta,
For the 149 elties of Indla with populallon 100,020 and above

¥o dofine popmilotlions 7 and 8 as
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Populntion 7 % X 7 1961 censug population (Persons),
| ? 1971 censua population (Peooona),
Populatlon & ¢ ;, Y 1YWL eensus population (Parsons).
Yo VWortorg in 1971 am peor aongma,
Fopnlation @ ! Here wo hawve data on nmmbor of workors (JE} and

muber of abgsenbees (Y) for 43 factorins (p, 008, Marihy (19E7)),
winre thoge 43 fachorlen themeplves constituteo a sivple random
sgaple wilthout replacancnt from o st of 385 Factorles situated

na nlgtrict of Inddia,

Yalues af sorme ol bthe populstion parmetors for bthe abawve

fmplations are providedq in the summary table 3,4,1 welow,

JIMMARY TAPLE 3,4,1

Talnes of some of the populsabtlon paranctors

o

h 3 A G C p k= p 2
(158 ' Q -L I:Jl
1 H182,67379 QH8, 1950 . 3542 0.948% {113 150 0.3417
T 51R2.8375  I1E6. 4625 £.3%42 (. 7507 0,412 0 hlitd,
Y 23933 b 62 200 0.5700 D W 200 0,411 34 {1,769
4 66000 44, 1160 T Set 01004 <A BT 1.8
5 © 56900 {22 HB0D 0303 0,09 ) 0.7%14 1,900
{ Ta SO0 14200 G 2303 0.1177 0 SH 1.200%
TS, 2a 2900, 3900 A B ) 2,049 UeHER 005061
BoooA1201.9900 hngs.2og s i1 | 2.1192 0,00 i.1u05

0 9.6512 . 79,4651 0,6805 R 0. O6NS (1,9797
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r -
The efficiencies of Tp { Yp vhen p ol negative) and
‘.i'k with respect to ¥ Tor the above 2 populations are progsented

In the followlng tabla,
TARLE 3,4,2
Pereentage offlelieoneles of different estimators

y

relative to ¥,

- Pap, ~ ”~ - -~

bo. ! . ger vy L
4 102 Ti f14
2 100 67 H76
3 100 243, 204
4 100 149 173
5 100 174 24
b 100 146 148
7 1G4 B0 2 9h4D
8 100 5314 108RZ
9 130 177 178

L) L)
-

The efficlency of &H pover Y or :EJ-: tdopends eruet! ally on
th p and k, In fact ‘?H turns out to be less officlent
thaen ¥ if % {% {(as ean be ssen from populaticns 1 and 2)
ad Yo will be superior to ¥ and as <fTlclunt as T,oir
k=1 (as i3 elear from population 8), If p is quite high,
then .a moderate deviation of ¥ fyom I wlll result in QH to
ho mueh less afficiont than ?k {(which ecan be observed [rom
population 8). Dub 1f o is moderabs, then a mederate depar-
ture of k from 1 may not reoduce very much the efficlovey of

YR oRver ih {(vhich 13 elear from populabion G),
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3,5 Order of the approxwimato varlance

. M = e L S T, ke il e R L M o W W T v M e A 27, A T
dasuming the powilation vrider consideration o he lorpe and

(1.5} follows a biwarcte Bormal Adlstrimiton
¥

Investipgated the errors involwved in bhe approxinate Towmuloe for

, Suklinbne (12547 has

Mas and nm.s.e, of the rallo cstimator obbained by taldng fthe

terms up to the Courth degrees, On siklilaor lines, Srivastava (167}

- . . a2 B -
hag shudied the blas and m,s,.0, of T‘r’(l“] and compared them wlbh
thags of the ratic estimator under the assumpbion 0 = Gopn In
o

ths section, we study the errors invelved in the spproxination

of the blas and m,=,0, of Y(k) and iﬂ_{ and compars bhem with

L -
those of  Yp(¥p 1 p  is negative} wilhouh asguming bt €= €.

N ¥
If ¥ ant X ore nublased estimntars of Uie ropulation
fotgle ¥ and X rasproellvely based on o simple rondom sample
i glze n, then from (3,2,58) and (3,05.9) it can bo eamily

shown thab, up to toms of order “1.;

n“ )
4
a¥ Go 0 Y O
F{ﬁ&}}"-ﬂ—~—~$i =Tl Y 3 L(at1y (a+o) (n+a-4k), (0.5.1)
#I T
. 9 Y v 56% v ¢l
Mr) = L (a - Ky + - (8 - 3 (7.5.2)
AT n o

¥ i-{ﬂ.} . ﬁ # 2_’“‘ 1 1:1',- 1—_ ﬂ L] (“' r1" ":L-l
Ty Altegga oo + A cx] + o{a( R 1) (Leep Bl i

—a{a+1}{7a+2)% C;i +

iad .

a®(ai) (7a+11) ¢ }l (3.5,4)
ny!

S e Py - EI RN .. P
‘{Y)* ——[(c 28k G+ ci)+ % a8 (1+op Yo oleoa (a-&w}cﬁ}],
{3,5,4)
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iutting a = k in (3,5,1) and (3,5,3) we gect

(1-k) c° ¥

X
- n [l‘é+
“ o 2

[} 2 C
)= £C§(1~92)+ "ﬁ}TC"x' {4i(2ktl) = p2(5x"10K=3) }] "(3.5.6)

2= (1) (wr2)) (3.5.5)

k in (3.5,2) and (3,5,4) wo obtain

%, putting 8 =
B(%) = 0, (3.5,7)
Bi
2
Sy Y2 121202y ¢ 2 12(1-p2) o oF -
Ny = 5 [ep(1-™) + 5 k(1o ) Cg Cxh (3.5.8)

Wmilar expressions for blas and m.s.c, of ratio and product

stinators can be obtaincd by putting a =1 and a = =1 1in .

(35,1) and (3,5,3) respectively, viz.,

S 7 2 3 A2
B(YR) = n(l k) Cy (1 +% cx) (3.5,9)

A v2 2
ii) = ;—[03(1~p2)+cf{(1~k)2+§ {c? c§<1~p2>+3of;(1-k)°}], (3,5,10)

: 2
B(E,) = Lol (3.5,11)
and
2
by L X 2042 2 2.1 o, 2 .2 o
ME) = = [Co(1=p™) + (1H)™ Oy ¥ ~(1+20°) Cy Cyl. (3.5.12)
fronm (3.5,5) and (3,5,9) 1t 1s casy to sec that

)y < B(IR)
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wided 0 <k <1, Also from (3,5,6) and (3,5,10) we get

o2 o2
-y = %2‘[“0:2:(1"1‘)2*‘ k: {4k(2k+1) - 02(5k%10k=3)
12012} = iﬁil"k)z ]
b -f—z- 32, §[4(k—1)(2k+3)-5p (k=1)(k+3) - ® piélnk)z
275 Cf,Ci(k—l)£8k+12-592(k+3)+3692~3ep2k]provided 0<ksl

]

-—‘é cfrcfc(k—l) [81:(1~p2)+mp2(1-k)+12(1~p2k)3
an
<0,

o (3,5,6) and (3,5,8) we obtaln after simplification

&2 o2 o2
(Yk)-‘M(Y(k)) = ——-——1--’5 (-1)L (470K + 3p°]

¢2 o2 Cz
2 2
-Z—2—- (k=1) [2(1=~p“)% + 3p=(1-k)]
n

< 0, provided 0 <k <1,
msfor O <k <1, we get

0 = B(Y) 2 3(¥(%)y < B(ER)

B . ) (3.5,14)
(L) < u@Ey < ucky).
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Prom (3,5,6) and (3,5,1%) we pet that

ﬁ L=
= ':’

COoY o2
()= (E)y= ._.L e[ 1429 2) -k 2hH1 Jge(5 1<:"+10k~:!)]+—-c (141)”

c2e2y?
2 -i;—L [4(1=2k"=k) + p5(ik1)?]

..-1|:|n| Yf -
= (1) [4Q-2K) + 6pS(LH0 ]
an”

>0, provided =1 <Xk < 0,

AMso, from (3,5,13) wo have

Sae
& AT Igc C:r ; b
g a3 = --:—%—5‘- -1 L4797 1 + 3p7]
TT1
o3
VAl ol
< memlode w(-1) (4 - 10p7) provided -1 < k < O
an”
s 0, provided p” 2= O,

Img for ~L £ k < 0, and p")' 395;%,__ wo got

H(i?k) < M(T"}fk]} = ‘.-‘?ETEP). (3.5.15)
e (3,5,3) w Zarm

M{‘{ )= If- [r_: M1 - 5% + 4 2 ¢ 1B - oY)

n oy “x

L L pE
=7 4 ff ¥ Cy GE (1 - 97 l{‘g, 3y,
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Fallowlng Cochran (1963), section 6.4, we note Lthat the uss

a
of ‘i-’l nnderstates the w,s.0, 0of Y. by a proportien Py glven
by

PIL nk

%
M Dd

¥

wiieh 18 neslipglble in lurge sanplas, Similarly Trem {3,5,6)
the proportion of understalement of I{({{k)), deroted by PP‘
‘e gi*_.:cm by

L]
Gé Lo =
P, = m [4i(pil) ~ p™(Bk™+10k-3)],
'rom (3,5,14) it 13 easy to see that
Fl = PE, provided 0 < I < 1, (3,5.18)

From (3,5,10) wo pot D
N
E(YR) to be

.y The proportlon of undaerstatement of

-~ e e = r.)
y g i - [ szl'- - [
30 G?(], Y + 3{&(1 )

1l o - - '
E(1p®) # C2(1-0)7
+f

bew P, - PB redunes aftar simpiification te
e
0 o s 0
L‘g ) (23c+3) + 3p®(k-1){u"=Rkp +p™g)
-k (1) L P S I (3,5,17)
o [ el L) rl:};
{kf“{lmp"‘) +pT(I=)"a(1~p")

It 15 easy to werlfy that for 0 <Xk x 1, a gufficlent condition

fsr the above oxpression (3,5,17) to e Less than or amal fo
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L

a
zero 13 that p™ =

ok

s ¥hich wlll be sabinfied in almost all
préetical situabions, Thus we see that the proportion of

b, ] A
wderstatement of M(¥) 15 amaller thon that of M(Y) for

<l 21 and pf‘wl-]i%

b [ ]
From {2.5,12) the propartlen of understatement of Pf[lﬁ'p},

tenoted by P,, can bo seen to be

(1+2p2Y @
_ ¥

L] Ry

' 2y .2 z
Gyflmp )+ﬂxlek)

G

= )

fow P:L - P!i aimplifies to

kg Gw " 2 ?
-——«-ﬂ La” + 6p“k = (1 - p7Y]

ke

<0, for -1 =k <0, provided p" 20,1

For oSme memilorsicor mimemed TU T, T, T el 7w et oo
= - " .
e LI S LI T LT R TG ST R S S D e
ET: ?m_'_ o = T LT Iy T L - .- A Ca 4 e - T ey
men [ P g Ll R P TE A A F
FI‘L‘JFUL:_,,-T‘S ﬂ SN 2 S-SR < ML I A SN N 1 B L CEE

estimatu‘fs_. Hare we ore acsoumding that (3, XY follows ddvariate

i -

bmal distritution in the populations nonsidered.

| VAPIE 3,5,1
gmpartjran of understatement of m,5.e, of different csthrmators,
i}ltiplicd by the sanple size,

?ep. o, M(E,) n(i0) (T,

i 7 SRR 2,020 0.3151
3 b AR50 1. 4863 0.3%%
1 1,573 0.7518 0.6433
1 10y, Sldesid 1k, 099 15,0405
i 7 IR0 21,366 2 L4, 9483
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g the above table 2,5,1 1t is elear that eventhouph M[Y’k}
Biniformly maller proporilon of understatement than thosge
H&R} and M[‘?{:k}) Tor all the fiv poprulatiens, bub its
Erstatament for tho populatlions nmumbered 7 and 8 w1l be

B and norliglble ondy in page of large samplea, Anothar

Bt o bo noted here 1z that the proportions of mndersbalanent
Hiﬂj and M{&'U{)} wil) bo gmall and negl!sible for all

flve populations only In case of large samples,



CHAPTER IV
TRAAFORMED RATIO METHOD OF ESTIMATTON

4,0 Summary

Let ¥ and X ho unblaged estimators of the populatlon
totgla ¥ msnd X of tho study variaste T and the suxdlliary

b=

variate X respectivaoly, based on any samplce deslgn, Let

¥

?ﬂ -t g L‘
X + 8{X-X}
be an alternative eatimator of ¥ bhasod on the supplemantary

informmation where ©® 18 a acalor and we agmumo that

[ﬂx—%ﬂi « 1, We have seen 1n the previous chapter III that
the above estimabtor ’;‘{e of ¥ 13 almost un’biar‘cd and hag the

n.8,e, ooial to ‘Wlfr:) (1-;12) when Eﬂp-—ﬁ-ﬂk wvhare p
Cy

15 the correlation coefflelent hetween Y and X and G‘y and
ﬂx, denote the coefliclents of varlahian of ¥ and e regpect-
ively, The justilication for considering ik 12 provided by
songidering a modified ratlo estimator with a suitable trans=
formation on the anxd llary varlate, Usually k will not he
mowm but a éood gness B of & ean be obtalned elther from
e.pilc:t gtudy or past data or experlence., 8o, the effects of
the deviation of ® from k on the blas and m,5.e, have besn
studied and 1% is formd that the absolute hlas apd m,z,e, of

[

YE ape smaller than those of the usual ratio asbimator {or
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poduct ostimator) for a fadrly wide ranpe of valuen of 8
M~

Me k belongs to [0, 1] lorl~1, 0l). The nstimator Ty,
b8 bias and m,s.e, have boon examined wunder a super-popalation
bdel, and it 1s found thul a ratio-typce astimator with ua
filtable transfomation on the auxddliary varlate will result
¥2 g maller absolute blas and smallor m,s,0, under falrly

¥id conditions, A maltivarlate extension of thﬁ\cgtimatar

b7 sugganted and & ecompardsan of 1ts Wlas has boen made with
fhet of Srivastavats (1971) generalised ratio estimator, 4n

mpitical example 1s also Ilneluded for illustrabilon,

&1 Introduction

~ Whenever zome sultable smxlllary informatlion is avallable
e supplemontary varliate X highly correlated with the study
fardate ¥ 1t 1s the usual ;raetim in sample surveys to nbllize
this .’Lnfa;matiqn it the mathod of egtimation whileh Innsreazes
ifielenay, Thao ratlo moblod of astimation {or the product
pthod) glves a maroe efficlent estlmator thuan the simple unblased
gstimator provided the correlation coefficient p between the
Budy varlato and the auxdldary varlste has hiph posltlve value
for high negative valua), Further, when a good guess of

e,
v EE 1s avallable, vheore C‘v and G}: denote respeetively
X 3

the cocfficlents of vorlation of the estimstors of the popula~

flon totals Y and X, we have geen in chapter III thab the



o=

gatinator
Y

-% - LK
L X+k{X~X)

is X-optlmum,

1%
4, o Jugtiflestion fnr t’m uae of IP_
£

ae, x nan —

‘ It 18 well known Lhat the use of rﬁtim ostimator 13
fegegted whonever the correlation coofficlent p hetwoan
}? and X 1s poagltivo and high and the use of product osti-
gator 13 suggested whon o 1a negative and hlph. For these
tw cazes wo separately present the justificatlon for consi~
derdng the egtimator ik'

A
v

Gase (LY * 4 thio aurred dion aosm et ovd hebieeen T and

=]

iz positive, It hag beon shown In corpllary 3,2,1a that the
usual ratloc estimator 4n I-nptimm 1f and only 1 k= 1,
Fetiee, Inatead of the au::-.iliam varliato K 1 we conslder a

sultable transformed variate ]{ taicing vmlur:; )Ij on unit

. Ui' 1= 1’ Fysawy H, in ..fLICh & Wai: gllﬂt
! g ~
W) o L =pyyxs (D p—>1 and (3) X ldes
vxt Tk +
- &

+ n 4
between O and £X° where X' 1s an unbiased estimator of X+,

‘ SR
then the transfarmed ratlo estimator *1"*,%—- turna out to he
X

v ptimm,

4



Kow shoose I+=ﬂ X+ adX vhHore d = JT';K and

floarly X' = T +4af = f‘E

‘ a — | (X - D, '
wo (R Aoy un

L suffielent gondition for the above cxprassion (4,2,13 to bhe

‘less than 1 is that k <1, MTms, 1f k<1, then X Illes

petwcen 0 and X0 and tho obher two condltions of (&) are
. L]

‘ +
trivially satiafled, henee i:;a will he x+~optimum. Hovr
X b

- . Y
ixt o 3x
L] L]
xt X+ k(EX)
A
T

and sineo pY + T Py g AT follows that ‘?’k 1n  Xeoptlmum,
~ =
=

I~

Qagg (11) 3 py x 15 nogative, From theorem 3.2,1 1%t casily
- = o=, .
follows that Toe © 2Fee w111 pe X opbimm 1 and omly
X - X =
if k= -1, Hanee lnstoad of X 1Ff wo conzider a miltablo

=

trangformed wariate X  talelng value )L-i. on the umt U,

-

121,80 ,.e,0, In guch a way that
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POy A
Wi e .= _, (@=—F— =-1 and X (an
Y X Y X 'S

miased eatimator of X ¥ lies betweon O and oX ther

L& turns ocut to

the transfomed ratlo-type estimator i
2L =X
b .I:op'timum. How choose X = X ~d X where 4 = lffi ond
= = -}

A A
"= T~a¥

o~ ~

wad l% l* zﬁ: “? LR} (4,2.2)

f mfficlent condition for the shove axpresslon (£,.2,2) to be
[
less than 1 15 that [k} 21, Thus 1f ~1 <k <@, then X
Ues between 0 and ZX°  and the other conditions of (B) aro
' =
beivially satlisfied, hence “-‘L;T* turns out to be X ~optimum
2K X =
tnd 50 X—optimum,
=

& S (5
2> I S 4 +_1(&‘i}
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{3 Bflech of the deviation of @ from k

Tewally k wlll not be known tut 2 pood gucss 8

b em ho obbalned cither from a pilot study or from past

of

fata or exporlcenes, In this seetlon we study the offoet of

the devlation of 8 from X oy eompardng the dias and n,=,9,

]

: A
wlth thoge of "f’ %R aned ’:EP Tor & and Ik

of EE
H, 1}, Wo digtingulsh twe cases,

teze (1) ¢ O <k =1,

il

mthis ecasc 1t 15 reasonuble to assume that 8 ¢ {0, 1] and

it 13 meaningful to make a comparison of the blas and w, 8,0,

™ L]
of E{B with thoso of Zf.R and %. The blas and m,s,.e. oF

A

B(Y) = ¥ o (1~K),
g )= %2 [¢f + (1 =1
in H(.H = - -2k} ¢.l.
mparing (4,3.2) with (3,2.10) wo rind that
ME“;TG) < I‘—i(‘}ﬂ} 1f and only if & 2 2k - 1,

Tom (3,2,8) and (4,3,1) we find that

1B(¥ ) |z [8(ed] 4f and omly AT 6 y 2k - 1,

o Crom (3,2,10) we Tind that

M(¥,) < V(I) 4f and only if & < Pk,

YR o the second degros oif approxiection aa ol rew da he

(4,3.1)

{(4.3,2)

{4,3,3

(4,3,4)

(1.3.5)
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1t 15 known that

| “ |
(¥ £ V(D) according as k 2 B (4,3.6)
} ‘: Ca

Thus for k > % and for any & In (2k-1,1) wo have from

Ly

{4,3.3) to (4.3,6) that
- & L]

M(YE} < H(EH) < V(T
' [ L)
ol 5Cy) < 18Ci).
Also, M(%ﬁ) = VeEy 5 M(ﬁﬁ) for k < %- and for my € in
[0, %], We present the above resulis diagrammatieally in
Mg, 4,3,1, MNote that %H hag nlse smalilcer ahzolute bias

than iR in the reogion marked I in Flg, 4,.3,1.

1

Fig,4.3.1, Conflmrational representabion of the

regions of preference for ¥, Yp ond ¥

bareod on m, 8,0,
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To pot a clear idea of the comporlson of The blaz wnd m,s.c,
of E& with thoge of ‘EH, wo ponslder o simple ocxample where
G?'ﬂ G}:‘ Then k = p and s11p1§o$ihg p = 0,65, we {ind that
the absolute blag and m,2,8, of f{e are grinller than those of

}RiH raspectively for any 8 1n (D.H, 1) in this exomple,

Caze (2) % <l < k<0,

In thig cazse 1t 1s reasonable to azsume that the suicssed value
e el-1, 0) and 1% 1s memnlngiul te make a eomparlson among

A A

EE,‘

X F
‘E’P and ¥ wilth respect to ahaelute hias aznd m, 8,0, The
blag and m,a.2, of 2[-’ to the seeond depree of approxdmablon

are well kown to he

” e

M) =Y koo (4,3.,7)

d wt) = Toe? 4 (1 + 2x) ¢ (4,3.8)
g 4 P y Lo W I Teta

Comparing the sgHared hiaseg of ng Ayl }?P wa [ind that

[BCE)] = ()] if ond only 1T 8 2 2k, (4,3,9)

By comparing (3,2,10) with (4,3,8) wo Tind that

~
.__-f

p) 1 and only if 8 x 2k + 1, (4,3,1.0)

A.
M(}{B) = M
ilgo, It i3 lmwwn that

M(i’?} 03 V(T according az k % "%; . (4,3,71)
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o (3,2,10) we have
L.} L)
M(vg) = V(¥) if and only if @ > @k, (4,3.12)

s from (4,3.5) and (4.3,12) wo find that

o

A A ~
MCYB} < M{‘.‘{p} < VWY¥) far k = - and for any A 1n

(«1, 2% + 1)

A 5y
md M(Yg) = V(Y) < M(“IEP) for k¥ > = A and for sy 0 in

(2%, o],
f1s0, 1t Is Intercating to note that the absolule bilas and
8,8, of {;ﬂ ara smaller than those of QP Tagpeatdvely
for any 8 In (2K, Sk+L)Y, Wo prosent tho above resulbs
dlagrammatieally in Fip, 4.3.2, Note that QG hian alaso

maller absgolute blas than YP in the repion marked T in

Mg, 4,3,%,

-k'l

£.4,3.2, Conflguraflonal reprosentation of the roplons

. ] k) .
of preference for E&’YP and ¥ bhaged on M,s, 0,
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To gat o clear 1doea of the eompardison of the bias and m, 5.2,

of iﬂ with those of ?1’.'?, we vonslider a simple cxample in

wilsh X = p = «0,6, VYor thls cxample we find that the ahsolute
bas and m.s,8, of ‘1?8 aro amaller than those of %P rospect-

inly for any & in (-1, ~0,2).

4;'41 The estimator apd prior distributions

In thls scectlon we sbudy the bias and m,.s3,0, of 32’9 undaor
E;caftain super-population set up, This concept was taken from
Bayeslan dnfernnce, where we assume that our prlor knowledgs
shout the varlate :F under study can bo formmilated In some gort
of a prlor dis‘tribu;:.ion & over :_:j = (El, YE, sewy II‘J)' Thn
ralfr.of the prior digtrimtion #& 13 solely to choosne bhobtween
fifferent cstimators (end also desligng) wnd has nothing to do
with the .final Inferchee about ¥, which will cxelusively depend
on the observed mumple s and ti;n variate values Tys ir 3,
s approasch lntrodueesd by Cochran {1946) has boen [raitfully
explotted by Godsmbe (1955), Hajlek (1958), Aggarwal (1059} and
nayy others, Our solo erlterion of judgment about an sgtimator
in terms of a prior distrivit{ion wuld he the ocxpected m,.z.o,
of the estimabor under this pripr distribuation, Lot us conslder

the elass of all prior distrilbutions ":“,r; of &' [for which



-6 O
(4,4,1)

a+b Xi

= 0‘2

oS

COVO' (xl,yj‘lxi,xj) =0 for 1#13.
have
n N
L [62 v(DE,, (®) - OF,, Cov(, 1)
_‘Eﬂ, Cov(f, %)
° (%) ¥, (R)

nd
hon (3,2,8) we

b 6' 8

0
Inthe case of simple random sampling schame
N -
Z (xi—x

N
L&Y X -NY <
< 1 n, where O'JZC=LJ‘N

=X
2 4 ey
N o ‘go,(Y)

90—
A,
1cd that, upto the gecond degree of

U

)2

i atb X
lso 1t con be Torif
ppproximation,

T (k) =8, F c2(e) (o, - 2 21 ]
o® 3 x8
L=l S 9 1s the cocfficient of variation

were Cg(g) =
Nz(a+b X)
o T oglven Xy's, Py,
- and cl are the population eoefficients

1 and X and C,

1s the correlation coefficient between



=3~

im]
of varlation of KF wd X redpeetively, o, 1f 0 (g) in

peellpibly smnll, wo petb th*ﬂ:
Ea* () = A (4,4,3)
hen (3.2,10) wo have that
£ ) =Ey [veh) - 28R cov(¥, B + 077 VEOL,

A
Buating to O the derlvabive af’EErHC‘iﬂ} with respont Yo
8- we obtain

E’.'ﬁl R {lav{ﬁ, %)
TEOE,, (R)

) £
15 the wvalue of A which mirdmlses Eﬁﬂ-‘i(}fﬂ)‘ In tho casc
©of simple random sempling scheme 87 simplies to

8, = —Lmmn 4 =
A 1+ L‘?“(r:*) (1 + Cé“"(ii:)}

= 6 provided ¢ {g) 15 negligibly small,

- Thus we have

A

A
Thopram 4,4,3 ¢ Let ¥ and X ho unblased estlmators of

T and X rospoetively based on slaple random sampling, and

}.ﬂw a A
T o eeeindd
X 6k - X)
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o an alternative estimator of Y, Then, under the super-
[}

N
ppulation model A'g,}?ﬁ,B(Ye) is almost zero and FG,M(YS)

ey

\\ ginimm simultancously at 8 = 8 = —i—— provided Cy(e)
a+hb

the coefficlent of varlation of ¥ glven X;'s is neglliglhbly

small,

torollary 4,4,1 ¢ The usual ratio estimator is almost unbiased

\in fact unbiased Cochran (1963)) and has the minimum = 1M, SeCe
mier the above super-population model A‘g provided Co(g)
{s small and the super-population parameter 2 of (4.4,1)

s equal to zero,.

We have from (4.,4.2)

. A
Now substituting @ = eo in Ye we obtain

A -

A Y (X +8)

YO = =

°© (X +&
A o
1 —
= - -=_~ &

Y vhere X! X+b.
X

Tus we have

A A
Theorem 4,3,2 9 Let ¥ and X be unblased estimators of

v and X respectively based on simple random sampling.
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then, under the super—population model A'{‘; the transformed ratio

estimator
fa)
T o= XX
R RET
here X 1s transformed to X+ % = X' is almost unbiased and
has the minimum m,s,e, provided Co(g), the coefficient of
nriation of Y given Xy's, 1s small,

famark * The problem of gimiltancously reducing the bias and

—————

A
nS,e, of Yo was considered by Mohanty and Das (1971) assuming

that the relationship between Y and X 1is of the form
= =1

Yi =g +Db Xi for 1 = 1,2,e0epNe Clearly the results of
Nohanty and Das follow as & special case of the above thooram
4,3,2,

4,5 Extension to multivariate transformed ratio esi;_iﬂpator

We have already seen in chapter III that the usual ratlo
and product methods of estimation which use information on a
single supplementary variate, will provide of ficient estimators
in cortaln situations commonly met with in practice, In many
surveys we collect information on more than one auxiliary,
varlate and some of these may be highly corrclated with the
study variate under consideration, Olkin (1958) consldered an
sstimator which utilizes 4nformation on soveral auxiliary

varlates which arc positlvely correlated with the varliate under
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stndy, He used a lincar sombinatlon of ratlo estimators based

g1 each suxlliary varlato separately, Slncs then goveral

mthors, particularly Srivastava (1065), Des Ral (1265), Sinph
{1967}, Rao, P,8,R.5. and Mudholkar (1967}, considered estimators
which are lincar combinatlons ol scveral estimators based on
aach‘au}dlinr:r varliato geparately, Wirther, Srlvastava (1971)

has obtadned a eclass of gconerallsad multivoriaste rollo estima-
torg whose m.s,¢. ko the sccond derrece of appreximatlon 1s same

82 that ol the multivarlate reprecssion cotlmator,

Cllere we gtudy an exbension of the supprestod TransfTomed
ratlo ogtimator of mulbi-gupplementary variales (which may be
pliher positively or negatively correlatod with the study

varlato undor constderation) defined as

L A I x -
tyg 7 ¥ fl- . 4,(_]‘) ; - (4,5,1)
1= Kegyt 83 egy ~ Xy

-y

were ¥ iz an unblased estimator of ¥, Xegy 1o an unblased
setimotor of I.ti} (the total »f i-th supplementary variato}

fo1 1= 1y 2,444,m, Wo assume that |8, o4 <1 for -7,

Xo oy = X,
L= 1,2, 000ym where 2y = .ﬂ.?-..lf_(.ﬁ « How we compare the
' (1}
iag of this estimator wilth bthut of Srivastavalsz (1971) ponera—

lged multivariate ratlie estimator of the form
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YGH s 1( .x( ) (4,5,2)
1

t 1z ensy %o establish thub the (91192""!9111) which minimizes

. .
§f‘i’HR} ig sameo az the (1'1, rzi'“'rm} wvhich minimlsen I“i(YGH) and

L] &
minfmuw M(Yp) = mintmum M(Y0.

B

ﬁm we nan casily aee that

B(Y ) = ﬂ(‘ff' Y+ ¥ E riil-ri) C.. (1,5,3)
i=1 ff!.}
g&hﬂre ﬂx(i) i3 the r_:oei‘flcicnt of variation of }:(i)'

It pyy, the correlation coelfllclenl betwnen E{i} and
9]
Em is zere for L ¥ 3, and 1,5 = 1,2, ,,.,m, then
optimum 8, = opbtimun v, = ky, whore Ry = _Qja '-f**—* '
Y1)
§Fﬂ 13 the sorrelation cooffldlent beotween ¥ and 1['1} raly!

anﬁ Gx(i) respcotively detnbe the coelflolents of varlatlon

and a{{i) Alsa then
A )
B{Vyg? = 0. (440,4)
[t then follows that
A A
B(Yyp) = 0 = [B(Xgli. (4.5,5)

AL py g ¥ 0, and 1s small, it 15 found In meost of the

fitations mot wlth in practice that



=

BlGe)] = 1BCER)].

g fast can be Illustrated by the following empirieal example

thich 18 conaidered hy Singh (1965).

The data for a1l 61 bleoeks of Amedabad elty wapd ¥Ho,I
Mhadtla T) taken from 1261 population census have Loen conagi-
fered for the purpoge of the present study, [t 1s Intended to
find the total mumber of female workters (¥). Thie supplementary

nriates choogen for thls purpose are

{1y I‘L, the female population

ol (11) X, the female population in servieces (group IX

=

ol the popmlation censusa},

e following pormlation valuas were olbhtailned by 8inpgh (1985)

T = 7,48 ¢ = 00,5046 Pop = 0.0388

I{Uszﬁﬁ.m ¢y = 0.0879 P = 0L7751
B

oy 5.3 Cp = 0,5787 by, = ~.0474

Ware -f, i(l) and ﬁ( 2) denote averages for the corresponding
wiztes (T, Xeyy and X(,y)  and ¥, 1=10,1, and 2 stand

for the square of the coefficients of varlotion or the respect-
bre variates and piji‘i # 0y 4,3 = 0,1, for tne correspending

grrelation coefllolante,
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Let us suppose that a simple random sample of n blocks
{s selected from this population to estimate the total number
if female workers Y, Then, we obtain opt, 6; = 0.2759,

nt, 8, = 0,7282 and
[
B(%IR) = (0,0014) Y,
A
thereas B(YGR) = (0,0620) Y,

N
thus YMR has congldorably smaller bias than BAIGR.



CHAPTER V

A STUDY ON THE USE OF PRIOR KNOWLEDGE ON CERTAIN
POPULATION PARAMETERS IN
ESTIMATION

5,0 Summary -

After a brief review of the different methods of estima-

tion using a priori informatlon on the population parameters

R, the ratio of Y and X 5 B the regression ecefficient of

Y on X ¢ k, the ratio of p and R § and Cy, the coefficient
of va.riation of the unbiassed estimator of Y, where Y and

I are respectively the population totals of the study varilate

Y and the auxiliary varlate X s an analysis is ecarried out
separately to find how far the a priorl values of R, B,k and

cy can depart from thelr respective true values without incurr-

ing a substantial loss in precislon. Also, the stabllity of thess
parameters over time and space has been examined through empiri-
cal examples, It 1s found not only that k 1s relatlvely more
stable than the other parameters but also that the estimation
procedure using the information on k 1s relatively more
officient, The relative advantages and disadvantages of these

nethods are discussed and the results are 11lustrated with

empirical examples,

5,1 Introduction

Let ¥ and f( be unbiased estimators of the population
totals of the study variate Y and the awriliary variate X
=t =

~70~
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spectively, based on any sample design, For improving §T in
le case of simple random sampling design Searls (1965) has

msidered the estimator of the form A gf and by minimlsing the
15,6, OF N 3} with respect to XN, he has obtained the optimum

wlue of XN as equal to (1 + C32r)~1 where C, 1s the coecfficlent

if vartation of the estimator Y,

When information on a supplementary vartate X i1s avall-
mle, considering the difference estimator gfh = §=+ h(X - 5{),
s Raj (1965) has shown that the above estimator has the same
¥iiclency as the usual ratlo estimator when h = R, Also, 1t
ls well known that the above difference estimator has minimum

Cov(§,%)
nriance when h = B, where B = 77 s the correcsponding

v( X))
stimator is called the optlmum difference estimator.

For improving the usual ratio and product cstimators we

have seen in chapters IIT and IV that the estimator

¥ X _
X + k(X - X)

{s almost unbiased and has the same officiceney as the optimum

iifference estimator mentioned above,

5,2 Use of knowledge on Cy

W M Wy @ A & [ i A

-——— - —— -

15ed to determine the sample size for a pre-assigned level of
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nelsion (see Murthy (1967) section 4,3), Scarls (1965,67)
is proceeded a step further and shown that 1t can be used in
tination procedure as well,to obtaln improved estimators,

1fact, 1f a guessed valuec of G, 1s available he has shown

hat

o

1+
Bs 1ts m,s,e, equal to
[
V(Y)
1+ C
a+qp) 2 A
Ius the estimator Y™ has an effliciency 1 + C:y over Y which

Is congiderably high for populations with large values of Cy.

fere the efficlency decreases as the sample size increases for
3ll those designs for which V(i') is inversely proportional to

the sample size, So, Searls has suggested that it is very much

seonomical and profitable to use Vil only in small samples,

hile suggesting thls, Searls has ignored the magnitude of the
bas and the necessity of a reasonably large sample slze so

that the absolute bias is small (or negligible) elther relative
to the standard deviation of the estimator or relative to Y, We

study this in the following.

Consider Bearl'!s estimator

i

c e
1+Cy.

v = A 2 where A=



CHAPTFR ¥

4 8TUDY ON THE USE 0F PRICR KVOWLEDGE O CERTAIN
POPULATION PARLMETERS 1W
EST IMAT TAK

AMtar a brief review of the different mothods of estima-

gnging a priorl informmation on the populaltlon parapeters

cfhe ratio of ¥ and X | f the veagrasgsion ecefflclent of

on :‘.E: ky the ratlo of B and R { and Gy, tha ecoefficient
variation of tho unbiassed eatimator of ¥, where T and

arg respectlvely the porulation totals of the astudy varlote
ad the auxiliary varlate E y A anslyals is ecarrled out

goarately to [ind how far the a priorl values of H,f,k and

Sl — el - Trmianll

y panl depart from thelr respectlve true values without lneurr-
fg & substantial loss In preclsion, Algze, tha stabllity of these
grameters over Lime and apaee has been cxamlned through oplyd-
pal pxamples, It 1a found not only that k Lo relotlvely mors
ghable than the other parameters it also that the astimatlon
preadure using the information on k18 realatlvely wore
sticlont, The rolablve advantages and digadvantages of thosa

wethods aps digensscd and the resulis are illustrated wlth

gpirlendl examples,

§1 Introduction

- )
Let Y and X be unblased eatinutors of the population

totals of the study warlate Y and the aundliary variate X

=

~70~



74~

figures in the parantheses of the above table denote the
kentage efficlency of 2* over Q‘. Thus, we note here that
tanegligibly small bias in ™ we require a falrly large
plo size and 1f the sample size is fairly large, then the

"

felency of % over ¢ 1s negligibly small,
Lot us now examine the assumption that the rolative
N
it blas of §* 1s small, that is, ARG <« whore

{s small we then obtain

. .
c, X 'f5~*y (5.2.8)
Yy I ~e() * o

C
W for the designs for which 032, = -If- , Wo require that

2 (1==)
n 26, K

=9C2 1f «= 0,1,
(o}
jprovide below in the table 5,2.2 the sample sizoes required
pdifferent values of Co and <,
TABLE 5,2.,2

Sample sizes for different values of Cj and «

-'e
GO 4+ 1 0h 2 0425
1 9(111.11) o (12 3(133)
% 3? " 16( » 12( "

) " "
i 144 ] gﬁ ] Lz:g :
5 225 n ioo0( ™ 75( n
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The flgureg In paranthzges denote the pereentago efTlelency of

o _ s L
™* over Y., Bven though the nfficlency of Y% over ¥ 15

alightly movro than that in the previous casn, yeb 1t 1s not high
* a
snough to sugpest the uge of ¥* aver ¥,

Effeet of the deovietions of {"j,r

- Usaally E'fy is not Jnown, howevar an acmirate gnossed

valle G:;_ of t‘,'y may be avallablo elther from & pllet sbudy,

past data or cxperience mnd thils can be used to caleulate the

near-optimum oztimator M, I, Where A = **l-l 5 Let
Loh

}.G = AL + &) vhore X\ = "-3‘“2 md & Lo the proportlon of
1+Cy
deviation of J»c from X, #fter some simplificatlon 1t can

be shown that

A e
MO YY) @G T (14— 0, (5,0.3)
ce
v
™
Thus, for the proporblonal Inercase In in,f.6. ol A ¥ ower

L]

AI to be smadl, say <« where o 35 small, we must have
that

1

For example, 1¥ C'..:f = 1, the proportional increass Iin m.s,e,
of A ¥ over X ¥V 1z less than 10 percent (that ie & =0,1)
provided || < /0,1 = 0,368, Thus, the sbove cxpression

(5,7.4) makas 1t clear thal In order to oimarce A small
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wortional incroase in m,s,e., |e| must be close to zero if

is considerably small but can depart substantlally from

m 1f Cy is moderately high,

[‘3 Use of knowledge on R and B
' n

For improving the usual ratio estimator YR = X—;—{' ’
s Raj (1965) has considered the differcnce estimator

Yh=Y+h(X-X)

und has shown that this estimator has the same ef'ficliency as

hat of the ratio estimator when h = R, Thus, 1f a falrly

weurabe information on R 1s available in advance, it is
pssible to make use of this in the estimation procedure to
tet better estimators, The advantages of Qh when h =R
over the usual ratio estimator are that i1t is unblased, %he

nriance expression is exact and an unbiased estimate of the .

variance could be easily obbtained, Since the variance of Yh
js minimum when h = B, the estimator using information on R

{s usually less efflclent than the optimum difference estimator.

Biffect of the deviations of R and B

Let R, and B, De the guessed values of R and §

respectively, Let B = B(1L + €), Then from Cochran (196 3),

section 7.2, we obtaln that

v, ) = v a - %) [1 + =3, (5.3,1)
' B
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#o ™
Bs, the proportional inercase in variance of Yy,  over 7,
e

Jiless than « provided

(- %

1= e

o] < J memgm— (5.3,2)
£
[

Lot klg = Hc:: be the gucagsed valua of H thuab iz used

b::t}“w gstimator 'i:fh, How comparing the varlance of ¥ with
: L O
Seke of  Xp {tho ratio ostlmator) wo obbtain thal
3 ; 2 21 e
(¥, ) = MOCY = [(R, - p)" -~ {0~ )"} v(X)
1‘10 K o)
= (R, ~ RMR, + R ~2f) k) (3.0,3)
=0 igfal‘ Hﬁ in [E’ﬁ”ﬁ,H] 1o puge o= H

) and
for R, In [R,28-R) In cuse 7 2 R,

Mms, we sce frorm (5,3,3) that even with a guessed walue of

N
5 1l e

ﬁa,it is possilble to gobt betber estimates than Y,

wrtaln condivions.

Lo Vae of Mmowladge on X

Ay .+ T e ] BTY. e} LT . T i, A W

Wa have scenn In the chaphtore TIT and IV that the cztimator

-

. .
v = =t
‘ A+ {X-X)

4 glmost unbiaszed and han the myz.e, coual Lo

V(T (1 - pP).
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s, 1f information on k {s avallable, it 1s possible to
i an estimator whosc efficiency to the sccond degree of

of the optimum difference

f
bwoximation is nearly same as that

timator provided the guessed value kg of k 1is fairly

porate, Let kj = k(1 + €) where € 1is the proportion of

kiation of I from the true value k, It is casy to verlfy

hat
'2 p2
ey, ) = v @ - ) [ ——1. (5.4,1)
o] 1- p
hus the proportional lncrease in m,s,e, of Y, over Qk
o
s <o 1f g
(l—p ) L
lEl < ,' 2‘-— L] (504a2)

om (5.4.2) 1t is clear that in order to ensurc & small propor-

tonal increase in m,s,c. of Yk , le| must be close to zero

if |p| is very high but can dcpart gubstantially from zero if

|p\ is only moderate,

¥ with that of Y*

Remark ¢ By comparing the m,S.¢. of X

we obtain that )
p

(1-p2)

u(#*y <v(t,) provided c}zr

yhich shows that v* 1s better than &k only if Cy is

mite high or |p| 1s considerably small,
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5 Illustrations of the e@ficiencz;gglfyggggyent procedures

- — s o - — v

Using data on productivity of Jute and rice for a few
htes in India, we examine below the efficiencles of differcnt
needures by comparing the m,s.e,'s of different estimators
hch use knowledge respectively on R, B, k and C, (and
ing a simple random sample of size 2 for the estimator §*).

A
fe idea behind selecting a small size 2 for Y* 1s that the

N

fficlency of §* over Y decreases with increase in n

h case of simple random sampling scheme (whereas the effici-

~ A ~

la)
acles of Yp, Y, or Y, over Y do not depend on n).

TABLE 5,5,1a

Percentage efficlency of different estimators over %
for the data on jute production in India over rclated

time periods,

”» ) * lal " n
Year Y Y YR Yk (or YB)
195152 100 152 1045 1362
196162 100 138 969 1254
1962-63 100 1Lo 962 1110
1963-64 100 140 1082 1411
1964-65 100 137 718 1089
1970~71 100 137 1305 1644

he basic data for tables 5,5,la and 5,5,1b 1is given in

;ables Bl and B2 of the appendix,
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TABTE 5,5,1h

Ry
kreentage officlency of diffcrent estimators owver ¥ lor
te data on rice production ia four stabes over fwo time

s eriods,

&

. ATy T .
gtates Yoar ¥ T Ty Y, {or Y;} 3
[ B,
btar Prafesh 195455 100 155 T2 533
16465 100 1% b IR 205 H
pharashtra 1 19545-5% 100 223 1357 1370
16465 100 AR 1250 130N
hailnadu H 195455 100 129 64730 69
106465 104G 131 1504 100%
it Dengal 195455 100 120 597 663
196465 100 123 2579 2589
T

b.e;,r Bpabllity of the populatl on paranclbers
In the enrlicr neohinng we have disousned oversl oshimablon
procodnreos wvhioh rinke uge of Suowledso on r-m*{ I wootndnviong o

reters In ovder to obtaln J.Inpwwmd eatinators of nopiilation
tatal, Thi s ek g e T RALARY I w1 bo paive wvalls 1T The popula-
tion parameters under conzlderation are stadble over tinme ond

space, It the cancs ol many repeated surveys and suprveys whileh
are based on multi~phage sampling techuinues, Informabion on
the. same varlabos 1s colleeted on soveral oeveaslons, Henco,
after palning sulfleiont cxperlience wlith the data, 1t might then
1z possible o prodiet aeenrastely in sdvonce Lhe waluen of oori-
gin populalion paranators, We now examine this aspect of stabl-

ity of the parwselers #, B, k and E}O uging dota on Indian
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griculture, Weo utillse the distfict-wise datuy (oulpt of

mte (Y)Y and area wder preoduction of jute (X)) op prodnetion
ﬂfiuﬁ; In Indla forv the years 1903-~52, lﬁ@l:ﬁﬁ to TaGd-655 and
1970~71 and distzleot-wiooe production of rige [wlth ounbput of

ng 28 ¥ and arca under produetion of vlee as X)) for

Mttar Pr#éeﬁh, Maharashtra, West Bengal and Tamilnain for tho
twp time periods 1H84-~50 and 1964-65 tn caloulabe Lhe values
¢ tho popuiation parsmelers R, f, X and C, wlth a view
4o examinlng the stebility of these paranctors, The Tollowins

Ctables pive swmmary tigares of the population values.

TpﬁJ-.IIJ-JE 5‘6 .,13.

Summary table giving populaticn parametorz Tor Lhe dada
~on Jute production in Indla over related time pericds,

1 1 1

Ioar R4 fi I Lm o Gl
195152 0191 D107 0.8007 10182 (.u625 1.,4322
1951~62 b9 260 37 L8623 0.8/55  5.9503 Q.07 84
1962-63 6,733605 SR EG 0,H0D2 NLFOT7D L5519 0.9610
196304 70110 h L LB5S 0. AHED 0LA6A L9630 0114959
196465 71518 {1.1861 0. 8650 0,852 09277 07,0215

19771 0.%783 S=87307F (. R340 TCHBR2 0 0,969 0,943




-8 2..

TABLE 5,6,.,1b

iy table glving population parameters for the data on
ition of rice in four states over two time periods,

- i —————

o

g&e Year R B k C p Cl

- e B e e e T e e

dosh : 1954-55 045953 046386 1.0728 1.,0507 0.9014 0.8828
106465 047470 0,7266 0.9727 0.7676 0.975%  0.7697

whtra ¢ 1954-55 0.9960 1.013%6 1.0177 1.5661 0.9628  1.4645
1964-65 1.0617 1,1062 1.0419 1.4955 0.9609  1.3793

sy . ¢ 1954-55 1.2877 1.2318 0.9566 0.7631 0.9928 0.7920
196465 1.536% 1.6202 1.0542 0.,7920 0.9683 0.7275

jengal 3 1954-55 0+9692 047804 0.814% 0.6258 (.9218 0.,7083
196465 1,233k 1,2569 1.0191 0.6827 0.9805 0.6568

5 from the above table 5.6,1la we see that, of all the para-~
ters, k seems to be ramarkably stable over time for the
ta on jute production and furthermore from table 5,6,1b Wwe

e that Xk 1s stable not only over time but also over diffoer-

it reglons,
We next use the data on jute production for the year

151-52 to caleculate the a priorl valucs of the paramcters
J, k and X denoted by B8, ko and }\0 respectively, Similar-

Iy for the data on production of rice we usc 1954~55 data to

wleulate the a priori values of the paramcters B, ko and

b, for different states, We provide below in the tables

56,24 and §,6,2b the proportion of deviation of B, k, and

)'o from the true values B8, ¥ and M respectively for differ-

ot years, The flgures in the brackets denote the proportional
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treaSc: in m,s,e, of the corresponding cstimators due to the

dation of the a priori values from the true values,

TABLE 5.6.22

wportion of deviation of the a_priori values from thelir
me values for the data on jute prodiction for rclated

ine perlods,

Tear p k A

1961-62 0.1275(C.1676)  0.0039(0.5502 0.0472 (0.7058)
1962-63 0.0792%0.0631* 0,0275(0.207%. 0.0403 (0.0040
1963-64 0.1438(0.2710 0.0026(0.06°01 0.,0403 (0.2040
1964-65 0.15?72%1556 0.0008 0.0330% 0.0528 {0.0073
1970-71 0.1063(0+275%) 0.0217(042073) 0,0407 (0.004k)

TABLE 65,6,2b

roportion of deviation of the a_priori values from thelr true
ralues for the data on productlon o7 Fice for different states.

e pseapeeg S AR S aaaindng - s —— "

- ——

State B k A

ltter Pradesh 0.1211(0.7871 0,1029(0.273 0.0937(0.02%58
lisharashtra 0.0837(C. 845 0.0232(0.0085 0.0199(0.0004
Tnilnadu 0.2397%0.8634 0,0926(0.1789 0.0105(0+000%
yest Bengal 0,3719( 3.4430) 0.2009{1.0047) 0.0217(0.0020)

- -

Judging from the tables 5,5.1a, 5,5,1b, 5,618, 5,6,.,1b,
56,26 and 5,6,2b, We note that the estimation proccdure using
information on k is superior to all others, Thus, this gives

mother justification for preferring the estimator

~

Yy X

———— «op i

Xk (X~X)
to others,



CHAPTER VI

[IENCY OF RATIO ESTIMATOR UNDER A SUPER POPULATION MODEL

Summary
consider a finite population U = (Ul, U2

Let Y (X) be any study variate (auxilary variate) taking

Supposc the

gesey N) of size

he Yy Xi) on the unit Uy, 1 =1 $2y00eylle
itionship between Y and X is of the fom

Y, = a+ X +toy, 1= 1,2 000,

we a and b arc constants and e,'s are random varlables
1

¥ (eg1Xy) = 0, ey %) = £(X;) and Cov(eyseylXysXy) =

p 1#39 1,3 =1,2.es,N. For ostimating the population

ptal of Y based on simple random sampling and using the avall-

Mosupplementary information on X; Des Raj (1954) has studied
Y with

he efficiency of the conventional ratioc estimator R
pspect to the usual unbiased estimator ¥ by comparing the

met variances of these estimétors in the following special

nses of the above model *

(1) f£(X;) =0 for all 1,

(2) a =0 and f(X.l) =02 for all 1.

A comparison between QR and § i1s made in this chapter

bty studying the expected varlances of these estimators under
= (0 and f(Xi) = g2 Xf,

the super—-population model when
A
h that Yﬁ

;d 1t is found that there exists a g' in (0,1) suc

o )



superior to Y for all g 2 g!, Tor the case vhen g < g,

~n

A
smple condition 1s provided for Y to be superior to Y.

The results are illustrated by an empirical example.

o, a comparison is made between combined and separate ratlo
timators in stratified random sampling under the above super=
pulation model,

1 Introduction

Let Y be any study variate taking value Y4 on the

pulation unit Uy for 1= 1,250009le Whenever some sultable

mdliary information 1s available on a supplementary varlate

taking value Xy on the unit Uy, 1 = 1y2y0eeyN, & number of
rthods have been proposed in sampling theory to improve upon
N
the usual unbiased estimator of the population total Y =2 Yi.
i=1

¥ these, the ratio method of estimation has beon widely uscd

henever the correlation coofficient p between Y and X

To be specific, let us note that (sce

{s positive and high,
wetion 1 of chapter III)

s

L
-

M(YR) 2 V(Y) 1iff k = p ,

jiere Y, and Y are respectively the ratio estimator and the

R

isual unbiased estimator of Y based on any sample design, p

N

~n
is the coefficient of correlation between Y and X § and
% and G, are respectively the coefficients of variation of
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\ Ia)
gl X, Thus YR is superior to Y if and only if
C
> o (6.1,1)

= on the above criterion (6.1.1) the sampler would tend to
n A
Bthat Yp is preferablc to ¥ 1if the correclation coeffi-

at between Y and X 1is quite high, With a view to examin-

this ‘aspect a little further Des Raj (1954) has compared

officiency of ratio estimator with the simple unbiased csti-

kr and has obtained the following results,

s i - -

tnators of Y and X respectively based on simple random

Assume that there is a

say Yi = a + b)L_.L,

pling without replacement deslign,

fect linear reclation between ¥ and X,
ri=l,2,...,N, vhere a and b arc conatants, Then

will be preferable to ¥p if

X2 V(&) .
X . b (N
52 a2 Nn
X
N
2 -. L L TYO
ﬂel‘e SX - N_l ii*l (][i *-) []

oram 6,142 _(_I).e_s._liqj‘_(_lgp_fl_)_ * Let the relationship between

- -

md X be such that E(Yil)Li) = a + bXy, O (Y3]1%5) =0

2 2 r - i .
Sy(l - p©) and Cov (Yi,lexi,Aj) =0 for 1# ) and
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N
2 2
21,2009 N, Wwhere S_ = ?l:—T z (Y -7 and p 1is the
t B b Bt 4 N4 N1 1=1

vlation coefficient between Y and X, Then, in the case of
=2 ==
lle random sampling without replacement design, Yp will be
trable to Y if p2 >1 - -~;L—*4'-, wvhere Y and X
x2 E("l‘g")
X

mbiased estimators of Y and X respectively.

From the above two theorems 6,1,1 and 6,1,2 1t is clear that
i1l be superior to ﬁﬁ if the regression line 1s far away -

Fven if the regression line passes through the
This fact can be

p the origin,
gn the choice does not depend solely on p.
ed from the populations 1 and 2 mentioned in chapter II1I,

) Efficiency of ratio estimator

First, we prove the following lemma,

arc non-negative, Then

ma .20k o Suppose s 1= 1,2000,0

z x (%, -3X)
m(g)= 1N
v xB
i=1 1

m inercasing function of g.

¢ XN
- I z Xj (xj~x) log Xy - z X§ (%, -X) 2 xg log X,
e - izl T 4=l =1 * =19
g (= xB)?
T
2 -5 3 x8 x8 (X.-
i, z o PR (X;%;) log X,




-

H M

T 7 ¥yE - f PR — N
%iil 11‘:1 Xj_ }:,Tl (Kj :{\i) \l‘:]i..1 :{J :LDH Jl}

wileh 1t follews that m{pg) 15 oo luceressing tvaeticon of .

g 6,2.1 « Lot 7 ond X be unblased estimators of X

I respeoctivoly hasoed on simple random sampline writhout

™

peeiont scheome of aize n., et ‘f.rH Lo Llio uzual »atio

itor of Y. Then under the super-popnlotlon model 4 |

It

exigta a ¢! dn (0,1) aneh that

e ;) 3 A
v M <
8 R ¥ .

br 5" ’T!‘E
o i .:\._{'
lol either g > g' or g ot and ——iee <,
noooX
i . donnlos the eliasas of prior ddastribaliane &

ring

Ba (GIX) = b X,

g (6 1) =0 B and
: S":"va (Eis lexi!}(j} =0 fur 1 # 3

' Tnder the super-ropulation moded o 1L non e

. ] ! o = T :.‘.l mpiF . LY
TR R I R I AL S B (Garial)
Jo s T 0 n ¥ 1=1 L

T o N - L .r
ey = LB 62 5 xF g ol
ESJI i n pay * 1 i
" (6,7.2)
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N
Xz xg(xl-x)

P2
5 -
L=y 20D e e k(O- --i._l.m-.ﬁ--..
1=1 X g
(N~1) 82 = X8
X I
[,2,1) and (6,2,2) we get that
Eg V(Y)Y = 55 M(YR)
_ N
’:iﬁﬁ%l cZ [b% x© + o° 2 X (2x(8) - 1))
-<N*n) C 0@ iEl Xg 1+ c%(g) (2c¢8)= 1)) (6,2,3)
i cZ(g)
N
¢ x Xf

c2(g) = "‘?'1-:-;-]2*“'- » 15 the square of the coefficient of
2

#lon of Y given Kl's undor the super-population model Ag.

Xm(g) S'O at g =0,

ve have k(g) =
(v-1) 8 1 at g=1,

J

ton the lemma 6,2,1 1t follows that 1“8’ is an increasing
Hon of g, Hence there oxists a value g' in (0, 1) such

1
2(8') = 1, We distinguish two casos °

1) g >g'

.- .

Here, from (6,2,3) we get that

e V0T ) >Bu(y).
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In this case (Zk(g) -~ 1) > ~1 and hence we obtain that

Bo V(T > mE)

ted  C%(g) < 1. Honco tho theorom follows.,

o I XY
2 - i= .
pr Cc°(g) = ";;53;2 -~ <1, for given X;'s and g we
it have that
N

e BN

'b'é > i:}..g.... - (6.2.4)

o4 X

g = 0, the above condition (6.2.4) reduces to

221 - p%) 1w X2

i 15 casily satisfiod whem p> > 0,5 (since in this case
o
a>l > -ﬁ')‘

1

™~

The efficlency of Y, over ¥ (in the scnse of cxpected
lmee) is 1llustrated below by considering the data on 64
peitios in United States (See Cochran (1963) p, 92), where

is the population total for the year 1930 and X denotos
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e same for the year 1920, In case of simple ragﬁom sampling

e values \ A

La V(Y )

rdifferent values of g and h§ are prescented in table
g

Wl
TABLE 6,2,1

-~

N
The eofficiency of Yﬁ over Y

2
o

) 330 1646 3208 16455 32909 65817 164550 329079
0 19L 965 1929 9640 19278 38555 96387 192774
% 114 564 1126 5636 112573 29505 56266 119520
) 66 398 655 3273 6544 13087 32716 65431
) 39 191 380 1896 3791 7581 18952 37902
) 23 110 220 1094 2188 4375 10934 21869
) 14 64 127 629 1258 2514 6284 19567
" 8 37 73 361 720 1439 3596 7191
] 5 22 L2 206 411 821 2050 4098
) 3 13 ol 117 234 465 1164 2326
) p) 8 14 67 132 264 658 1315
balso obtain k(g) = > 0.45824 at g = 0,5

0,56163 at g = 0,6
me ¢! lies between 0,5 and 0,6, The basic data for the table
91 is given in the table B' of tho appchdix,
mrk (a) ¢ Suppose Yi =a+Db X, and ¥y, Xj_ 20, for
©1,2,004,N. Lot Y and X be unblascd cstimators of ¥
i X rospectively bascd on any sampling design and let the

relation coefficicnt botween f and i be positive,



A
Mdng m,s.e, of Yﬁ up to the sccond degree q£ approximation

kcan obtain from (6,1,1) that iR

will be less efficient
hn Y Af
C
X
p < SR
2/
CY

= Séihizl : (6.2.5)
ob 3

learly, the right hand expression of (6,2,5) will be >1 1f
I>b X, Hence, 1t follows that Yp will be less efficlent

hen Y if a >b %

"

prark (b) ¢ The comparison betweaon Yﬁ and Y wunder the
2 .
mer-population model 4, with E& (741%;) = 0% (sce Des Raj

1954)) follows easily from our thecorem 6.2.1.

3 Combined and separatc ratio estimators in stratificd sampling

. n o——— o - - . . W S ———

Let Yij and Xij denote respectively the E and §
klues of the j-th unit of the i-~th stratum in tho‘populatzon
B 3= 1,200, 3 1=1,2,.0,h, Lot Y; and k, denoto
mpectively the unblased estimators of Yy and X;, the totals
'Y and X variates for the i~th stratum, based on a sample

h

¥size n, from the i-th stratum, Let Y = 2 Yi and
- 1=1

h
k- 2 X

j=1 1°



New

h . .
”~n E i n h Y-
wan 6.3.1 ¢ Let Yo o= — X and Y, =5 == X
R, C h R,8 .~ i
’ ’ i=1 X.
Z Xi i
i=

the combined and separate ratio estimators of Y respectively
#d on stratified sampling with any sample design in cach

tatum, Then, to the second degree of approximation

B(YR’C) =0 < jB(YR,S)[ //
. ; provided Ri's eoual
M(¥g o) = M(Yp o) N
] A
| B(YR,S) =0 < lB(YR,C)'l
provided ki =1 for all 1
M(YR,S) < M(YR,C)

Cov(Yi, Xi) Xi
pe k= e 5
v(xl) i
The proof of this theorem 1s casy and hence 1s omitted,
B the above theorem it 15 clear that YR ¢ Wwill be prefer-
H

A

bto Y wheonever the strata ratios Ri's do not diffor

R, S
»
mificantly from one another, whereas §R 3 is preferable to
y
C whencever the individual regression lines in cach stratum

ks through a point closc to the origin,

pran 6,3.2 ¢ Let ¥, and xi be unbiascd estimators of
mlation totals Yi and Xi of the 1-th stratum recspectively

sed on a simple random sample (without replacemcnt) of sige ny
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'}T;‘MB‘
[
o

han from the i~th stratum, 1 =1,2,,.,,h, Lot Y5 o = -
X,
i

M

i=1
3 3

ind =
'R, 8 =1 X

nper=-population model Bg of (2,22) there exists a g, in (0,1)

h
X, where Z X, =X, Thon,under the
i g=1 *

’!,_..K"

sich that

N F1N > ~
¥ v >
A"B M(YR’S) < “" GM(YR,C) for g -— go'

hof * It is well known (see Murthy (1967) pp. 376-377) that

M(YR C) = I -1———-n (sij - ZRsti + R sxi
’ 1=1 1
ind Mg g) = 2 T Bn 1 Syxg TR Pxa
n Y
Where fi = 1 Ni ’ Ri xi ’ R K ’
N

' “%,) (X, %), 82, =8 and 82, = 8. .
= WD 2 (% 57Y) (X 57%40s Spy = Syyy = Sxxie

Inder the super-population model Ag, we get

v 2 B .bfi...f.i Ni g [ 9;_1. (1 -2 (g))]
; = I X, [1+ -
o Mg g) =07 2 RS ) Ny Ky .
. (64341)
1 -
o2 X 351 Xy &y - %)

vhere C}zd = = and k§g) = Ni .

1 (N -1) 82, = X,

J=1



u
n 1
2 w2 = 4
X X
y A 2 171 - xi 71 i=] J=1
bt u(Yg ) =0° T oo I X§y (1~ —p—x % ]
’ 1=1 ™M §=1 i o 1 g
Ny X jE X5y
N 2 o 2
h 1 oce. X, C2.X
_ .2 g xi 1 x1
=¢% % N, £, % X2, [1- -+—-j=-(1+D (e)N)]
=1 7y T o Ty k2t
N 1
h zi XE, (6.3,2)
1A g=1 I
kre Di(g) = ;]‘ > 0,
st x§j
J=1

¥, from (6,3,1) and (6,3,2), after simplification we geb

Nig 5 iﬂ; (g)
LTI 2l Sl ).
(6.3.3)

g the lemma 6,2,1 1t follows that there exlists value gy

h f
2 Iy 2
L om Cx

Ny MY <
P, g)~ e M(¥g ¢) < 7 |

1(0, 1) such that

2k =1 + y% , and 2Kk o> 1+ i% for g > gy «

" ” v A
T Mg ) < b gl gl Tor £ 28
mee, the proof of the theorem,
Since g 1lies between 1 and 2 in many practical situations
lesson (1942), Mahalanobis (1944), Smith (1938)) we note that
is superior to &R c (in the sensc of oxpected variancce)in
4

8,5
kst of the cases,



CHAPTER VII
MODIFIED PPS METHOD OF ESTIMATION

mnary.

hder certain circumstances it is well known that the

llity proportional to size (PP8) method of estimation

s highly efficient estimators, However, it was noted

Raj (1954) that PPS method of estimation in case of

gheme turns out to be inefficient compared to the simple
il estimator based on the same scheme if the regression

£ ¥ on X is far from the origin, In this case we

——
= =

it 2 PPS estimator with a transformation on the auxiliary

k, The transformed auxiliary variotc uses information

ppopulation parameter Xk = % wvhere B is the regression

ient of Y on X, The suggested PPS cstimator is found
highly efficient in most of the situations met with in

ice, The empirical efficiency of the suggested PPS cstima-

seompared with those of Horvitz-Thompson cstimator and

frized Des Raj estimator, The results are extended to the

fien Y and X arc negatively correlated and are illustra*
= E=1

fth empirical examples, Finally, a comparison hetwecen the

stimators which make use of infommation on Xk, one based on

ithout replacement and the other basecd on PPS with replace-

lesign, is made by assuming a linear fin' te-population model,

Introdvuction
fonsider a finite population U = (Ul’Uz"'-rUN) of size

kt Y be the study variate taking value ¥; on the unit

-94 -
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1= 1,2y 000y N Suppose we are interested in cstimating

Y Whenever information on a

ppopulation total Y = K

M=

i=1
pplementary variate § taking the value Xi on the unit
l’i = 1,2,,..,N (or p;ior information on certain population
pameters) is available, there are a number of methods sugges-
@ in the theory of sampling to improve upon the simple unbiased
stimator of the population total, In fact the major uses of

neh information may be classified as follows ,
(a) in obtaining the estimation formulae
(b) for determining the probabilities of selection
of the sampling units

(¢) to sultably arrange the units of the population

for the purpose of sample sclection
(d) for stratifying the population  and
(e) in allocation problems,

tombinations of (d) with any of (a) to (c¢) and (e) arec also
wmmont in survey sampling, We have already discusscd in detall
the utilisation of auxiliary information to obtain the estima-
tion formulae in chaptors III to V, We discuss the methods of
1sing the auxiliary information as in (b) above in this chapter,
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[ it dinatig E—— W W . W @ W

Tt ig woll known that the probabillty proportional to
dze (PPS) sampling consists of selecting units in the sample

with probablility proportional to a given measurc of size, where

the size measure 1s usually the value of an auxiliary variate

I which is presumably having high degree of correlation with
the variate ¥ under study, Suppose & gample (ul,uz,...,un)

of size n 1s selected using PPS with replacement sampling

scheme, Then an unbilased estimator of the population total

N
vT= 2 Yi of the study variate ¥ and its variance are given

-

1=1
by ,
. n oy
Yops = & 2 xi (\
12}
h o . (7.2.1)
and V(Yppg) = L 1§1 )-;:1: X - ¥9) .

N
vhere X = Z Xi‘ Also, it is well known that if the sample

i=1

u,. )

u = (ul,uz,..., n is selected by using simple random sampling

with replacement scheme, then

!

B

n n
Y DI /
1=1 * K

(7.2,2)

v

hant }

and V(¥) =g[ZYf~N’12] v
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sclear from (7,2,1) that VC&PPS) reduces to zcro when Y

ﬁ are exactly proportional (which may not be the case

lly). Des Raj (1954) has stressed that the success of PPS
lling depends heavily on how appropriate the measurc of size

In fact he has proved the following |

A n
re Zalal o Let Y = iE vy be the usual unbiased
=]

fmator of the population total Y Dbased on a simple random
n, Similarly, Ilet

5 =

ile (with replacement) of size

n vy

5= X Z ;L be the usual unbiased estimator of the porula~
i=1 "1

mtotal Y based on a PPS with replacamnent sample of slzo

- Then
Y2

N .
" 2} -.... J’.
WYPPS) < V(Y ) provided iil (X4 X) %, >0,

(7.2.3)

ing the above condition Des Raj has derived the following

=

Let there be a linear relation betwsen ¥ and
Then the ostimator of

borem 7.%a2 *

58y Yi::a“'bxi, izl,z,ao.,No

N
= % Yi based on the PPS with replacement schome will be

i=1
ks ef ficient than the ostimator based on the SRS with replace-

gt sampling scheme provided
B )
o (7.244)

e . > =S
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~ N
{o 2= % oz X - DR

i=1
%

lis easy to see that the condition (7.2,2) is likely to be

flsfied 1f a is sufficlently large (i,e., if the regression

ne is very far from the origin), It was also noted by Des Raj

lt the conditions (7. 2,3) and (7.2, 4) are diffi
1practice, Also, Des Raj (1958) has compared YPPS

cult to verlfy
N
with ¥

fer a linear regression model,

3 PP estima tio_u,mth--ﬁxwaMQQ slze measure,

“" -t

We now consider an alternative mcasure of size anl develcp

ymlae for estimation of the population total in vorious situa-
d

d = :
ons, Leb f' ==§ + 3  so that Xf = Xty for 1=1,2,.eesN,

iere 4 1s any non-negatlve scalar. Write ¢ = % .

= N § bo the usual unbiased cstimator
Let

heorem 7,3.L + Lot ¥

f Y based on a SRS with replacement schame of size n.

‘ n ¥y
! X Z L be the usual unblased costimator of Y basced

o~
=

S oy Xy
ma PPS with replacenent sample of sizc n and 1let

n y

z L_
1=1 (xi+d)
f Y based on a PPS with replacement sample of size 1,

be an alternative unbiased ecstimator

i
bpg

=X—-‘-—
n

where
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y sl se moagure 1s the tranaformed warlote Xt o~

=3

< 3 (X 4+ d) = Xord, Then,

i=]

- n _ 4 N ' _‘1{ oo
) ]
V(L) ¢ Tay YOT ) T T V(¥ppg) -

m S It 15 well lmown that

.;‘ Tf Iii- f:, —F
VWY y—= = ( o ¥ ) (723,11}
o =1
N Yo
. B ) . ::;: .
¢ Vi =20 % X -T. (7.2.2)
1], i
{s alen casy Lo show Lhiat
. ;0 ¥ (K d) .
Wit} = % { 4 —_— = 7}, (7.0.3)
PR3 i=l (X4 d)

e (7,.3,1) and (7,3.2) we have

2
14 el P
o (X }{i)

T - v S D S 7o

Wi from (7.0.2) and (7.3.2) wa obtain



i"j .
5 1T or v o2 Xed
! - = Fan £ T———— el B
Hogd = VZppg? = 5 E-s:ﬂ 7y T Xiﬂ
4t 0
La g Gy ok
T X, (% 3}
Ny . . (X, =K)
v NI o
mog=1 ML (Kwd) T (X, +1)
rr ‘T’B e T '!yf’?-('-;i' f;: 'l.?n
B A T AL A N
By X () 1=l Xy (XY (D)
i 171
moooyE, =X
<& 3 —i--__i--«::—- y Unless all I{i's Ure fAme,
Pogmr X (X + )
= ofhe TVC T ) = V(Eppgdll  ( from (7.2,4))

| . R, XD e
Enseaucnt 1y, V(lppf.) <R VOT ) s "{"‘PPS] and the

e
preoran is proved,

Mg Prom the shave thenrom we soo thul YiI‘PS in Lether
kan the worse of ¥ ol Topa, Ainee o 1z oy non-negatlve
-
pelar, it 1s ideal o chooso d  sugh Lhat 'h’{?flgpq) ia milidmn,

dready we have noticod thal there will e o eonsidarablo rodivg-

tn in the varlanes of Yppg 1f the ropression lin~ of X on



fsaes close to the orlaoin, In cage, thig linn “oas nah

s throueh the orlgin, choose 4 suel: thabl Lhe resrossion

eof ¥ on the tronslome] varlate X' = % + JXnanses

migh a point elowe to Thae oviecdn, We hoave motlced Ln nentien
Jor the ratlo mebhol of ostimotion thal the ehoies

-, 4
=] Loy bov (X)X

2ot where K <3 F olves olfieicont estimatora,
vl X +

i to be >0, it 15 remuired Lhat o < & < 1, TFor ho

-

E. . -_'i{ ! R -
ag J* = Lk s flemote the corresponding esbimabor :éF

k

I by E;PE' Clearly,

3

. i v x .
W) = & Z (eemedee L yE)y (7.3.5)

'_h
|3
fd
-

y w3 have noted In seellon 5,06 that 1t iz ramarkably stablo

tima wnd spoce, Henhce, uslng the srior imowlodos on It

-
-

o study the of flelonoy of iﬁpﬂ nlparad o Tpps Lhrouveh

-1

‘Meal exmnples,

Epirical efficiency of T,

L]
]

The anplrleal ol ficloney of Yﬁpg 13 oxandned L Lhls
L LN
I by consliering Lhe populationrs Land o (roforred 1o as 1
Ha seatton 3,50 and fhe following Shree popalations {(Gonobed

) monsldered by Yates and Grundy (19063),



~ L=

Pooulation (Ti')
nit e e e
o £

L- 0,1 D.5 0 0,8 0w
& 0,2 Ly 1.4 0.5
3 e Gl 1.8 4,9
4 0. e 0,00 0.8

----------

itha zhowe menbioned Tive populallons we proviide bolow In

 oemary table, valned of some of the popilation paraubors.,

FiTMARY TABTE 7,41

Values of somo populabion parmnobora

iy s
P T ] % . 4 ' T e . 2 VT \.'_f*-; .
Bop, 1 nox V(I) N < V{Type) nox V(¥ fpa)

. B B B L e Sl oam A M frh o e om. m oa T E M op R om 34w e W o S om oo

11,9966 s w100 s =0 41 10"
a 1, BA15 o1 =107 crten s L0 a1

Lo =0, 2000 16, 0 1,000 S R
R D, 5000 3,360 1,000 (175

T
(! 1, 2nod 1,150 ) 2l} 0, B

W el &k mow om o e ow T m & m mw emtiw W

Hexlb wo splve in Lhe Gadle 7,2,.0,; the porterentopn of Tlod aney

"

. L
o oyayr Taee  Gned W
opg UVUE CeRe g
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TARLE 7,4,2

fereennbage effloleney of Ippq avor ‘ri‘mj_‘S and

L

1 X -
Pop. Yppg T _TPeg
1 1 A8 1 Ea
A 1o 133 Ma0
i 1o £ (i
B 1.0 a0 5G8
{: 100 o =i

-

o

Y above, we observe thab T ois superlor o ¥ppg  for
bations 1 and 2 becausc as motlced already, the regression
blz far away from the orlgln, Tut, 1t 1s lateresting to

Pt’nat for all the above vamilations except populetion ©, the

-

Ll fa ]
B * ki ™y 5 1o e eyt ] LR
flency of  Vis. over Yppe and ¥ iz considerably high,

Usially, the value of k will not he avallable o tha

rer before the survey. However, a [air and aceorvate volne

7 epdn ko obtalned from past experisnee, Jdata or survey,

we havo noted Lo segetion 5,6 that ¥k 48 ronarkably stable

tlme and space, Henea, a near optivum value of 0% = (‘l“:l:*"‘l

 obtalned, Wow, fTor varions values of 1 we provide holow
?'I[%II_,PS} for the first Uwo populations econsidercd in gummary

TRRE
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TADLE 7,4,

Values of n ><H(Tﬁpqﬁ bﬁlodg for Aifferent valung ol 4

1 :-:;‘-,Tﬁ'ﬁpa) HLG o

d Pc?, 1 Pop.ﬁ
0 .{.5?#5 b,
G.nﬂ 144 ay
o L0 51 an
1.¢5 - 30
1.50 40 33
1,93+ 4. -
2,00 T 47
300 5 G5
4_00 70 Hel
e 84 et

il o 1 .
¥ and  *° denote respoetively She opllmam valucos 4%
for populations 1 and 2, Thus frow the ahove tzble we note

that  V( PPSj is not vory mich senzsi*dwe Lo She varlotlions

15 Fmplrical efficioney of difforant eca®dvators

It i3 gonerally chsorved that #amnline wilhou® ren® deemont
mvides more efflciett esbimators tha dampling with revlase=
wt, since the ol feetlve sanple slxe Lo more In Lhe Torrer than
it the latter, Thero hag becnt tremendods developmenb In the
fold of semnling with varying vrebabilitics withonl replacenent

Hree 1950,  Espeeolally, the Tollowihe tlwec imporuant estinalors



Ho:c“rltz;*—**[‘rmmpsm* eetinator (1952 2), dvmmetrized don odo}
mator (Murthy (19573} and Raop=-Hartlev~Corhran eclisstor
2) have been studicd ab Ieompth dn the 1it-=rainre aned aro

Jmpwn Tor their ophtimal wpoporties

itg-Theripsen estlmator [ Tt 1y defined as

T, *

Py ¥

- ” =
‘Z‘TFTEI — 2 et
- 1E 5 i

e ¥y 18 the maagure of the wirlate W unrlor shnly Tor

I-th undt, 1 = 1,2, .,,0 and o, ig the iaeliaisn probubl-

yof the 1-th mmit in the samnle of slze n,

ot rlzed Des Ha] ostit: 1t< r 1 Wa oexplain this cobinafor fop

e el s T, T o . - W am = e

N

E%S]’."@E:iﬂl cang of N ot 9, Ll

tho nornla of glne 2, ainlo
b probahility pornortlionsd Lo -vetaies wliloul senlaccemout,
gstain tha twe urits o ol e L e natinglor ol ¥ As

fined oa

'_'1{1 et e dmma ..,_.‘!"i “! - ‘ _:}_ md‘]__ I,*.[ - 7
& 5'1‘*-3 Pyt 21 T e & i Py )

bp 7y and }rj cemecLe Tarpect iveir Bhe yevalugs of U

i Ty and  pg  ond I derale reznectivaly the neebhobiiltics

Psolenting the untllys Ty ard T, L Lhe gemrle,

gHartley~Coehran estinutor % This sstinotor eon ba oxplained

e - o M A i, et

[ 3

Mefly og follows §

I aplit the popilation at random into n  gronps of rizes
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hyases N, With

T, - EH Ao
Ji el j + 1 lj, :L .:-: T
)
[H] S B U 2
vhere r 1m the rerainder when H 0 1z divided by n,

From ench rcroup seolcel exaetly one wndt with proboability

proportional Lo -valies of that pgrovp,

The estimator of T 1z defined aa

¥ = Z *‘*;"—i - -
BHC Ty, U7

kre bl = 5:- (1) }{j ;8 Dbelnpg the fsmmple scleoted ann
Jegd’

X
M the group to which i-th unlt bhelonsn,
far in the 1iterature all these cstimobtors hove boon studded

ing information on X, Ualng Informablon on I¥ Instesnd

[

L where Kf = ii + Ll%hl L and i = o M shudy the

piriﬂal efficlieney of Lheses catdmators cowpared to the pshiimator
i fyhich hag hee:n studlied 1o the preavicus soctionsabzince 1t
Hiflenlt Lo compare Lmedr alflelorclss thaoretiaally,  Tor

e ofTinleney comparlcons woe conglder Ul o throe popalations

e and Grundy (1007} widely veed I the literabors sz helng
poextrame thot sifantions usually nel with In sracticao,

e three populatinnsg have been Gowfel o AN, G Tn the



] I

are M_ ‘

- i LT A¥ o
weding seetion of thii chapter, The opbimm values ¢ k

r the three populatlions Ay, Band C are raspackively -0,%,

5 and 0,2, Using these opbimum values ln tho modified size

 the varlances of dlfferent astimators of the populaticn total
[M. gample of size n = 2 together with thelr effleicnelies
pared to i};PE are pressnted below 1n the table 7.9,1.
TADLE 7.5,1
Efflelencles of different ecstimators

Population & Fopulation B Fopulation ©

Hmator variance nfflniﬁnny variangee efficiency | varianos ﬂff‘iniﬁnl‘:}'

'ffps 0.099 100 0.088 . 100 0141 109
{0.50) {0.500) (0.125)

T‘*m L.060 150 D059 190 .00 & 150

: (0.333} {0.337) (U 0A73)

Eﬁr 0.27% 36 J.11% 77 0107 152
{0,823 (0«057) (0.059}

L]

i 0.052 199 0.059 150 0.0Ag 150

J (047333) {0.333) (0.083)

Tha figuresz in the parantheses dencte the variance ol the
corresponding eztimators using infomatlon an X,

twill be observed hore that all the est'mators (which have been

sidered khere) using infomation en X¥ are unifomly supcrior

thode using Infommaflon on X for pQPUIatiﬂn A vhere ag 1%
-

tmat the reverse In casze of population €, nly Horvitz-

prpson estimator which uses informaotlon on X* 1s dnferior fo
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be same based on X for population B, ©0f all the estimators,
fing information m: }{t"", the most efficiont is the Iyrmetrized

2 Ra] estimator for -.r'._-iml 1 the threo populzstions whiech have beoen
asidered here, Jlowever, the emplrical eoffielency 15 of Limited
wpo and more studios zare neoeded to svaluate the comparatlve

irlts of varleus eshtimators willisineg Information on the modified

Heg X¥®,

6, Comparisen under 2 finite population model

R A i o W Tm MREE G mr ar cge L N T T e e e o R M o e o s mr v R R N w R Ay

We have discussed at length the warious properlles of
K in chapters 3,4, and 5, Also, in the scetlon 4 of this
hepter we note that the PB estlrator ulllizging Infommation
t k in the modllled sise X* i3 hRiphly superler to the same
oed o X, Further it is W;ll knowvn that Rao-Hartlay-Conlran
stimator Is always suparior to the conventional PPS astimater,
b, we make & comparlison of ’I!tHc with that ol T} tnder the

Wlowing fimlte population model.

gomoarvi ey, /
g_{erxl.;{:i i = 1,5",".,.1\1 (?.E‘J']}

N - .
L E = [and go=a” Kg,\
=1 . -

here ﬁYlIﬂ{C 18 based on a modlfled sleze X1,

reage of SREWDR sample of size 7t and from the abovae finlte

aulatlion model (7.6,1) we obtain that
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. ~ 1'*.ﬁ U' . ,l, - ;L . a ok iy
l“:}lf-li) G]i1} {]‘l } ]‘El ‘l{l - {’-"ll n"'}

, uging Rao-ilart Lev—Cachiran astinator Has wi oo a samnlo of
p wilh a modl{icl alun X' and asmuming H4s a rltipla

we obtoln Cror (700,13 thak
5 . *{L X (1)
z ' {I‘l? w G - fj

LI.,:'..]_-'}' I '[f} 121 (&!_ -I- "'] }‘:}

it 1g easy to see that R‘.i(‘:’fk) - 'h"{l’..lﬂff} 1 provartional to

=l
=

CRCLdd A

{3
g S (X, 1)

il

i=1

y }EF{J‘H f.}

<« 0, wienever d >0 and gz <1 slieo

r P . o T
4 N ARt (}: . -,.J.m},- L S

#X) (%; +AX ) (:{i+-:1 ) (X, +i X

15 0, w2l and ¥ =iy

= 0 whonoror

ptn Here tint Tor Hhe ~A30 d = 0, thao rosell of Sohlatme

Fam ahove remilig

wradhmd (12703 follows A apeclal case T



i PP2 method of estimatlon for the cose p 19 nogative

e T e mm e s A M o ve R

In the enbire foropoing analysks of Ulds chantor it is

Jewed that ¥ and X are pogitively enrrolaled, In the

mplementary sitastion wshere the corre!aticn bwolweon T ot X

gnogative, the conventional PP mothod of ostimation ﬂ:rlz,r 1.r3Flﬂ_‘
b grrongous resnliz,  Ia thls gectdion wo nrovide o PPE metheod
Ath a transfornet moasurs of 2lza) af sutnling vadfeoh glven
flalent cstiralors wnder ccrtain clrommetsicas whaor ¥ and

=

are negatively correlated, When ¥ and X arc nopgatively

= 0
]

irrelated, consider ,{}L =d X =Xy 11,0000, were

-

g ek that d X o= Max }{i. Donote Lhe fTraos@urmod glan b
ok
d, I 1s cagy to verify thatb P t™ 7 byg.  ToT the cholice

= v

K
th= - h “}- wero k= 3w, wWo note Lhat 1he rezrvaoss’noe 1ine
v Y oan X% (whers L% = 4% X - :{___r) wnanan threurh e oreiging

dx

4

LIS

= _].

Lo
v, X

i I “1 . oo
5o X (7.7.0)

PP g [ %y +( ‘,":'_'T);f’f
b the egtimatidn of vV based on a PPSWLR sample of slze n

dillzing the modifiod slzge It fz2 nawy to verify thal

1
"
*

V(YE_ ) = h P R et I A I (7.7.2
P 1=1 & X+ (-0

e
()

N
wr

3l
fir Lilnstrating the offfielency of  ¥ipg compared to ¥ we
{ . [

pnzider the following four poyulations
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llgt-ion Iy It is sumo 23 tha populalion 4 refovrxd Lo din
Fan, A.8, Populations A, BB and © ure same as the Lireo

s popnlations with s8lze meagnre ag ‘:[{‘ Trgtend of X

e above mentioted 4 populabions we provide in fhe sormary

7.7=1, the values of somo of the population paramoters,
F r F I ¥

SIMMARY TABLE 4, 7,1

Value of eome populabtlon paoracobors

" Il
mlotion ¥ n =V{ ¥ ) ro TJH%’PS}
1,860 HHO IR 157108
2,087 16, 3500 &, 030
2.8571 2L EE00 G, Loan
o, 3382 1,1600 0, 0587

Z =

2

T - N il i T e e W W R B R e e b e A G W o B ko I A e T S ES M wm o e

i following table V.7,% we provide fhe percontare offisiency of

over ¥ for Lhie four populations rentioned above,

TARLY  V.7.%
Pepeontage ol ficloney of i%l’:: sompored to ¥

vercotbage ol ficteney of
~ A
Ponpulal ¥ Kyl
opulal lon ¥ fPPS

. T ki i LRGSR wn T L A M dm  ar a E = im

100 :
100

104ad 3
1043

ey - e amn ———— - - -

[ —

5

-

1

s
(5]

i
)

™
Ch
H

g S =
:(5_
&
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La 1

™
s we note that the ol ficleonny ol TEpy comnaras bo 71

w1

wmlderatiy hima for 211 these fonr Torulationn,

Sinae nmally d¥ s mof e arenyatoliy, wa nrovide

Inw for different valuns of d %She Ao rrannIrG Ly FATLaaees

o oriven sanple size 1 tey ghudy tho geasiuiv. =y U o

TE‘P‘%) with respect to tho varintlons af  d¥  far womilabioh
Ll

TARLE /,7.93

n
Yolues of 0 = ‘l.a'[”*'{lgps'} for ALTCazers values o7 0
FPomiabicon 1

3 1,35 1,40 1,450 1, ek 1,46

j) AT 00 o217 LEAL Ty 08 165001

* {mdicatas Lie optinmun valve

me from the obove table we note thas 'RF{*_,.'ZE}PO) is ol very
1

w7 ganaltiva $0 the wariahions ol .

s oM 4 ) 1 Bl N ':_'i_ Ty
Tor t4e mecified shze X¥ vheps A =7 T S SN

1,2, sea, M, wWe oW fompars tie officioney oL -ppg

ity Horvitz—~Thompson cstimator, Syruenohrined Des Raj os Lima-

v and Ran~Hapbloy-Cochran cotimaior, Qe 1E Lo lIITLevin

¢



ﬁpﬂre thedr afficiencing Lheoretdeally, tha catianges ov
w eatimators are aorpared onpirleatly dn gampt lag Lweo ydts
te bhres hymeolhotiend nepulations Atadl gl T Yutes ond

o (1953) ag those are wmore extreme than sitoaiicns usual Ly

vith 4n practice, For our 11 ustratic Ueba, wo lave

tdarad % a3 the glze wariate, For 1 = %, the vorionces

1ierrenl eztimators torebhior with their efficionc’es eomnared
%Pq are presonted below In table 7.7.%.
S
TALILE 7,.7.4

Effisionclen of different oasLimators

Torlatilan

I'l T,} [‘
rh — a¥ ] . i AT
wtor  Variance  owihelsney Yariance S ficieney wienes Sf{dcieney
1. 4073 L HLnhn 150 £ ot 1an

i g
%. 7045 155

oo
o
™

pe]

33 5 SRR 150

k!

L 1.128 14 TP 59 OO 145

5 “eR33 L D332 157 G016 177

s from Lo above table 16 18 dtercsting to note sl Sybme-
wd Dog Aad esblmator iz wniflormly suncrior o all e other

mators consldercd for oll the threc poplations,



CHAPTER VIXII
OPTIMIM POTILE OF STRATIFTCATTON

: @mﬂ Iy
the popalation

{the problem of optimum demarcabion of a fint
nrata lu the ease of proportional and optimum allocstions

dmple random sampling witlh venlaceswent {(3ASWR) or without

rrant (SESWORY in caen stratum has beoon saxamined in this

ar, 1t-1s showm that in stratifiecd SNSWH nr SESWNT  with
rionnl alloeation it 13 necessgary ko arranpge the ¥Y-aharrsa-

b inereasing {or doereasing) ordsr of maenitude Tor strabi-
L

on,  Ootlmur pointg of demareation of tho strata In g

of proportional allocabion have heen soamined, Forhlop-

it is shownt that In stralified BASWR or SBEWOR with ophi-

dlocation the ooaldtlon that the Y-charasber has bo bo

od in inereasing (or deersasing) nrder of maghlionde moy

ﬁ-.'s

bt neccstary., Howsever, 10 the aoellflceiont ol wariation of

feharacter i the swne In cach stratmm, too noapneity of

£

'wi&ﬁ the Y*ghmrlthL in lnerecasing (or decrpesing)} order

@mltudm fmr strotification Lz estapnliabioed,

1n§p9d_g

It can be esslly soon thal in the cose of SRE8WR ope SR5WOR

entlmgtie off the population total depends on,

Tarlance ol the
it fvom the sample glre, the wvordabllity of Y (Lho variate

br study) in the pepuloticon, IF Lhe population Lo vopy

I
- g
P
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reberopeneous and eonsiderations of eost Iindt Lhio 2dze of the
wiple, LIt may be found lmpossible to met o sut#icilently preciso
mhinate by taking a gample using SRESWR or SREWOH £rom the entirs
wpulatdon, 4And, populations encomntercd In practice are genera-
Ay very hetervopencous, In such situatlens, it wight e ccongmi-
181 In mome enses Lo obhaln a precise ecaztimabte by uxing strabif-
fed vandom sompline, which consists of claseifying the popnlatlon
mita into n number of groups called strata mnd then selecting

‘he gamples indepondently [ror each pgroup or stratme, Ao appro=
iriate estimator for the populatlon total ig obbuined by adding
tne stratum—wlisce cstinators of the strata totnls of the variate
under study, The 2Advislionof Lhe peopulation into sbtrate 1s
termed stratiflentlon sAmd 1s usually done Ik such @ way o= to
imduce tho varlabllity of the strata esilmators,

Supposae A populstion of ¥ units is Jdivided ivke L astrabs,

%Le’g My be the mmber of mnits in the L-th stretus ond Y40 he

)

§the value of the study varlateo for the J=Eh mlt 4n the 1-th

h
stratim,  The popalafion toalal T 1= Z ”.*L'Ti whors
W L=,
1
i = & Ii1 ig the tobal of Yeworilste for Sho 1-th streatunr,
S g=1 . _

munbiazed catirabor of ¥ ean bo chioined by catimatling unblas-

ity the strabon totals {X‘i'i on the hogis of probability somples
o

awn lndependently Trom each shralum with sampliug schemes whlceh

-

apf nodt be thn game for all strata, lob Ifj. Be an nnhiaged
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mator of X hasel on a sample of sire n; drawm by vaing

1
sanpling scheme, then an uvnbiased estimator of ¥ ix piven

~ h -
Y= oz W (5.1,1)
i=1
ibs variance s plven by
- i n
LESEIPIE S AN (11,2

Eagase by 15 the cost of surveyling {or rollecling Information

m one Mnlt in the I-th styatum, et

h
- ¥ I
c a + % bi Iy (7,1.,3)
=1
the total eost of the zample where A i= tha overhond rost,
I
cpptimmm allecation of the total sample n= & n; to dfffer-
i=1 7

fstrata 1s obtatlned by mindmizing (3.1,2) with rescost to the
i eoat o,

CLf BRSWR 1s used in euch stratum, en wunbiased cstimator

Y 1z glven by

N -
Yop = 2 5 T Vg (8,1.4)

_ﬁgf;rc Vi 12 the value of the J=-th samplc andt In the i-th
Eratium ,
Ins
\ I O] . ,
[, ".IT(YSt] = L El-n & 2 {Yﬁ - 'fl_f}"' . (R0
0 M A £S5 A 2 SRS !
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g from (&,1.5) we soo khat Lo order Lo podues ‘u’("fﬁaﬁ) A% ia
. Y AR
wegsary to reduse the value of the toma (4, - TodT 1A
I st

T would bo achloved by grodping the wunits to fore Lo strata
Each & way that the tnlts beleneglng to thn same slratum are
¢ gimdlar or homogeoneous as possible with vespect to o strabl-

‘eatlon variable w X , hishly (positively or rarablvely) correla-

il

4 with ¥, sinec, In practico, the values of ¥ would not he

milahle for stratificution purposos,

For a gpocifled allocation of the sampls slse =2, the

¥
piimum demarcatlon of strata hag beern studlod sarller . by amone
thors, Ralemins (1940, 19352), Dalenins snd furney (Lanl),
dloniun and lodges (1957, Sethl {1963), Tapga (1267), Isll and
g (1969Y and 3ingh and Sukhatme (2200, 71, 73}, HNuhwalanobls
1952), Dalening and lodges (1007) aus Blman (1859) hlave supcos=~
bl approrimations Lo the theooretiecnl colutisns whish a»e casicr

s apply in practien,

FE ffltatimum demaresal lon of ﬂtrataﬁnmyuw Tonal alleocallon

e e e e rw e A

If SR8WH 1 used in eash stratime, Lhon Urom (1,1 L) the

e of the wbiase? gstimator of Lhe popnlatlon total,

h -
PO T Lo piwven b
:51;:: ii.l ~Ii :'i’ Lo wive by
- "~I?‘ U‘E‘.
V(T ) = 2 e | IS
gt 1=1 1'1.],



2L e _mn
hero di =W L C‘rim,’ ri} .

I bi! the cost of garvoyine {or colleoting inTomation [ rom )

eunit in the 1-th strabizn s tho sime Tor all 1, thenp the

piimm sample size lngdhe L-th sbrotam Lo

1, P
ni,::m i, TR - (1,12, 2)

g ooota o squal, the reduengd to
b ooy nre equal, then nj,@pt, roduncg to

M T‘Ii

M ,pm0p, T u .

o
2
&3
*
o
—

I the following sumwallons, 1 mms over the straks 1,8,,,.,h0
md J  over the population units 1,2,...,7T. of Uhe l-th stra-

' unless olhorwine yneciTicd, In Lthoe anso of proportionsl

! .'“1'1
Hligeation 1,o0,, wWhen Ny T T Lhe mrpreondion (0,9, 1) reducns
k

0

Sl=

= BElaal -m iy (2,2,4)
_ I

herefore, winlnisation of (8,5,4) in pamo ns roaxindaation of
™

7y

T
1

§oue el

'n the following wo denote by 5 any stratilficalilleatlion

of & populatdon of size W dnto h slreaka with zisos



%’;’HE"""Hh' And for pach 8 wo define a gain fanehion as
yng
Hg) = L o=
i 1

Moo lpss funectlon az

i

L3y = & 4, §

s
1=
=
o
5]
oo
,—:\%—‘
f_m 1
Lt
)
e
i
Fal
'l._l-
o
- P’

=1 ]
piinition B.2.L < We eall B a mig~stratilication 1L ul loost

© ot the sbratn econtalne a T-value which 11 ez Vvetween the

=

qirmum and the maximm of ¥ in anctler strabum,

I

How we prove the folleowing,
eorar S, 8,1 ¢ TFor apy stratification 8 of the posulation
- R u K
il SRSWR dn eanh atroluan and with proportionsal allecation of

g-?"at! gample sire n, It s necessary lfor the Y+rharachker to ba

=

reaneed i lnereasing (nr decre ragine) order of magnd tule so that

?} ) ie minimumn,

fmal - In the case of S38WR in cach slratum and with nropor-

enal sll)ocatdon of the sample size n, wo nave $Stom (8,1,5)
F [ :

L

'\I{XSL) I ‘E 1y 7y
=Ky Y'“‘*’1 ~ ota)) . (R,2.5)

4 i j .

sama a8 maxivization of 0083},

Ty

meo, minlmisatlon of V(Y ) is

fam Nl,Nﬂ,,,_,hh arn piven, lek ﬂf’ﬁ”""’sﬂ he 81l the
. i ! ke i3
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) -
paaible Sti'ﬂtificat'i.ml.sj where N = I A . Among
LA

hesg, let B¥  he one whlch maxdwises G(8), Snppose, I
weelihle, there nxlists o nmis-atrotiflcation betweon  r-th and

i~th atrata of 5%, soy vy (¥~valuc of wi elenont of g-th

srutum) 1ieca hebwoon ¥l an? yrq, Fhe mintmun and the moaxdmim
e o

of the Y-valuoes in the v~th stratum respectlively,

We distinguish two cases

1y ¥ 2%

In Ahdls casc exchange v, with ¥ @nd daniote Lin rezulbting
Wl A :
stratifiention by 8%\, Aftor some sluplificutlion, we obhaln
that

SR TR

H(EF1)~6(8%) = nly v ) (-7, .

>0,

(il) Y, < ¥ 1

In this case exehampge v, with ¥ o and denote the
5 ]
remalting sbratiflcation oy S8%7', After almplifleation, we
nphadn
ER R - 2 it Ex —'-‘- Far  san "ﬂ: . - >
GES*T1)-0(3*%) = :.ZCFH YI‘R} (lf fq} + ¥ .;’Tir;{) I‘:T% * 3—%' }
- ' r 5
» 0,
herelfore, 1n both the casey we arrive at o contraldictiion to

the 2geurption of 3%, HYoneo, the thenzran Tollows,
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Lo~

wilary 8, 2,0 1 For any stratifiostion 8 of tht voruialion

e, N A

fsteatum sizoa Mo, vaea . U wiich In mizg-sienBifdon
Tr e '
i prdats o gtratlifleation SY it the sare ohpatom alacs

I!Izj vany T‘-]h Fln which Lhe Yechoracteor is woraneed In dnaroazing

by of magnitude sue thal
DU3YYy = G033,

ark 8.0, 5 Ia the cooc of SOIWIR in aach strealum aml wiih

gortional alloeallion of Uieo asample #lxzo n, it cwn e easdlly

1fied that
iy = B2 w oy sf = VBl

[l

=11} ‘1 o P i
= i P - B,
11 };‘ e, ~13 @ fﬂ-j ERRER

= {in) = ¥E, = (8}

b
wh el T‘-”:T} D lrJL.L_-“naTu] aqual,  Tance, o rooalb

dilar o the chove theorom S 5,10 works ot Sor 3RSWA awga
o, Hownver, wo giva below on ladepsivicnt rronf ol Tols whileh

F.
13
0 ot asouwne thal == ’FHW#T;‘ } ars anproxivately comal,
s _L AR

s

Assugme Shal @ 1o a atrabifianllion whieh mivd=milses TOSY,
rode, L0 possible, thoro exdsts o nfla-shratdficstion bebwaon

b and s-th strata ol 3 sny vy, (Covalee of an element of

» g~tk stratum) 1ies hetwomn }"l‘].. and Yoo, Lhe rindrwe sl



grimm of the Y-valuez in the r~th shralwn rozpoatively.

ﬁ’ deneotes the mean ol the (U_~1) wmdts obhor than ¥
o it
g os~th stratum, 3lmilarly, ¥ __'ﬂ {7 _-ég) demoton Yhe mean

(F-1) units other tha ¥, {y?u respectivaly) uf Lho
. 3"‘ . '

stratiim,

Wo now dintingalsh two cassn f

‘g caso oXxehangn T e For  y,. and densto the rosultine
[y vk
After some sirplifleuticn, we obtain

iMeatlon by BRT,

1 wl i TR - £~y o -"“'l
<0, sinee ¥, <¥ and ¥, » 1
-y © Fpo ¥ ol
(1) 75 < ¥, %

Tor ¥q antl denote Lho regulting

ds case eXchange ¥
slhirplifying we obfaln

Hifteatton by 8%, nee agaln,

WSHT) - L(8F) = aly. = vo) (T5 = '\"'{—»1)
< 0, zinea ¥ N AN T, ¥I
o, sineo ¥, Y1 F B A o M
4 o aonbradicetion fo

fore, in boll the cases we arrive at

A tho rogeired result follows,

poumption of 087, Hence,
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in gencral I W 1 g 1 orerey I‘Jh arp a1l Cllforent from oaeh
n, there exist h! ways of stratificablon Tor wnteh Y-
ster 45 arranpeed In inereasing {or deereasing) oriar of

el : Yy ey ar [ n 4 ety et P e 7y Ly =
thada, Dgﬁata them Ty 319850000y 5y Tespoctilveiy, Them

fly the maxlrar of  G{5)Y 18 cbbtained by ono of thege,

k22,52 v For any strablfleation & of the populotion

)
-

giratum sizes WMo, ..w, My and siufeh Is mis-atrallfied,

y axiate a sblratification 3" with Yhe suame sbreatur adeos

E’“'?Hh In whieh the Y-choracter 1o arrvanesd in Iaerveosinug

dpercasingd order of magnitude sueh thok
II{:G{} - L{S] .

LR T Wo tote hore Lhat fovr any siralliicstlon 0,

@

ﬁthﬁugh 1t g nevesaurey for tho Y=ohueacbor bo he arriangod

arecasing {or decrousing) orvder of magnitude for GL5) to be

wm, thia eondltlon iz not sulflelent, Ly order Lo show

vo considar the following exemple §

h= g, Hj 2, M, = 3, the population volvaes ol ¥

N [ ==

selng 1,8,3,4 and 6,
this popuiation, it 1o eusy to show Thob
(8} = &0n,83,
w 5 1s the stratification with Y., < 1, ¥, = & . Yoy ®3,

=4 ond 3’.',_#_,,3 =6,



=155 -

G(81) = 62,
8' 4s the gtratifiaution with Tip 5 1y T = 8,
=38 1"2 = 4 and \{5-;?2 = O,

3, even though [or both 5 and B fhe Y-charootor is

med In dnereasing ordeor of magnitude, stili 5(8) is not

Wey now provide o seb of noecossary ! sullficicnt wonditions
e
LE} = £ =% 1o he maclmum We have alresdy spon that Tor
L] o

i 1
toe be maXimae, 1t 1s necessary thot the Y-charostor hag

varranged in lneveasing (or decreasing) ordor of magnitude,

the unlt s be arranged in inereasing opder of ¥ mud Lot the

tes of demarecation oo {Ffl)’ F(E‘}"""’F{h"'ljj’ l,e., the

it stratwn conslsts of oll mits Tor vhlcsh ¥ o< 713 tho

-

ey

 the h=th ghratum rconzlsts of 201 widts Cor whden ¥ > ¥ ip-1y
[ .

i stratwr asnsiste of 211 wults Jor whick Y1y Y«

o=
=

ming that all Lhe polnfs of demarcabion cxcopt T(gy 8T

#, we how show that Lho value of ¥{a) whicoh maclmises  G{87

fl_."

dven by

A
, 5 at .
Y{S} el """"E""‘E?-_‘“""J'“"J‘ - (ﬁ. E' F?}

wing Murthy (1267) we viote that Lhe value of Tea) wWonld
i il “
i *fff-'
g~ namely 72 and
. i_ N

rt only Ltwe torms In

]

-



=7 07 =

For ¥(gq) to be optimm, it 1s nmecassaly and. auiliclent

tre following hwo coudiflons are satisfied §

o 2 . T

7 v ¥, - 1y (y .., + ty’

B i ( € ?i'; — %j'-i-—v-:]—ag-q-- (#,1.7)
L r

i ¥ 41 (T, + yin? (L wet T

- e LMY — Ty i

R T =5t 0 -1) (2a2,8)

oyl ond ?‘S’ ars the valucs of the anite Just preceding
sl lowing the apbimm value Y(s}' Fimolifying (2,0,7) wo

in that

. = r"”” (ri = Ty )
- RV LW | 2, SR 7y
79 ToaTemrit) - e el e S

drnlifying (2,2,8) wo obtaln that

= - o
- T0% G = Ty)
— - hL q ﬂm-s-m]h_ =
W R RS A A ) (=L 0

-
i - k]
FI - i e - T
g 2 s °

alse lles hotwean ¥ ani  yi' It o7 lows that

® Y(s)
gpbdmum - Fyeqy satisfics
= fﬁ ! E,
Jiay 2 .




e

m, simpllfylng (g,0,9) and (8,2,10) we ohtain Lot

I:I'iq“l} H5+] {y! - &S}

s — o . .
T
jqiﬂnﬂ.*"ﬂ (yl - Ts-l"l}

5 (,2,11)

(m_+1y N, (yrim T )E

..S_i_'!% - £ ;5 ;

1
[ P

ar s+ fyll = )

stl Vg s+l

[

15, wo obtain theo scol ol necossary ad sulfTileient condltions

v 5(3) to be maximum ns follows 3

1) The Y~character should be arrianged in Thnereasing

(or docreasing) order of magnitnda

(i1) the s-th optimm derarcation point apulr satd sty Lhat

T o+ ¥

ooy = B LB

T(gy = 5 AN

T - T | - 5 @
P 1..)_T,t3? oLy m )T
NG L e \B

g et [:,rn a4
(N 1) M {ytt - ¥ )"

. OVl N A —
i s g ek - . o B =
I " . — v "
seaneh (it - Foag)

e Ys'l and  y!! are the values of the unitaz Jnst precoding
. Ly
k following the optlmm value  ¥eoye

ek 3 Slnce thn Yeynines ape nol avellavle ol tho fime of

Ezsur*my, the usual pructice is to une X-varlalo whioh 15



thly ecorrelated with 7 for stratification purposos. We

wrlde the Justifiecalion for uslneg Lhe S-varlabe for strati-

]

lsation im the chapter 1X,

d

L Optimum demarcation of strato-optimum allocation

R

ITf SRSWR is uzed 1nn nach gtratum and with ontlmom alloeca™
fm of the gample size 1, we obtain fron (3,2,1)

LN

¥

.o l- e | E b ]
Gpt,fvﬂfv} n (J;Ld Ni Gj) - ’2.3.1}

pnow, show that it 1s not nescessary to arrange the  Y-charactor

b inercasing (ot docrensing) order of mamitnde for (%,3,1) to
¢ninimum, In order to show thls, we conslder lhie Followlng
wrple .

h=2, Ny=4, ¥.=3 and the vnlues of E bolmr 1,2,2,0,2,2 and 3,

1 this population it is easy to show thatl {% i ﬁi)“ 1s

imlmun for the stratificution 3 with Tij = 0 for

= 1,7,3,4 3 321 = 1, ng = 2 and Y, = 3. Clearly, 5. 13

e

ixlg=atratification,

lowever, when G5, the coclfficlent of wvarlation of the
srarlate In thoe 1-th stratw 13 the someo far all 1, Then

B,3e1} #educes to
TE by N16§ - % LY
SRR Gl
nguw T° D :
1 e ]




13 We prove the followinge,

meem_ 8.3, 2

For any stratificatien & of Lhie population

th strata alzeos I‘?l’ﬁ‘;"'”’l'{h’ i

E
3

(1

nor, oo
D T |
(.!-i) I].l- D_‘Dt *._1. I: " I_T . ]
] i * 1
i

¢ (i11)

Lho

-_—

fen, for Fopt.

% SRAWR iz used in oach stratum,

for 1= 31,7 ...,

the coelfliciont of varlation 0o; (wilh ranpect Lo

T=yarialice) 4g the same In all the strata

{th) to be winlmaw At 15 neeossory for the

iaracter to be arranpged lu Anereasing (or decreasine} opdeor

"napnibude,

rark L A rosuld similar to the

[ BREWDH in eosh ghralbar alse,

abtove Holds good in tho easco



CHATT A 1K

CSTRATTRIRY RANDOM DUMPLING AND PATOL DISTRLNITLONS

Smmary

The problem of ontirim stratiflecation with proportional
gptlmr alloecstiowns in She cose of simple rondor sarpiing
Ler wifthout rapliconont) nan beon exanined In tie 1lght
¢ approptiato susor-peralatlon rodel and o Covmal proot

Cpeen pravided hees for arvpanglng the aoxtllory charvactop
imwoasing (or decroasine) order of magnltnde for stratdi{i-
o1 in the rase of provortlonal slloeallion, 't Lz alsze

n hare that the sowe roy Dot be necessury in the case of

g alleessblion, However If 1ihe eoeliicicent of warlatlon
cregpoct to the syiliory variate is the sane lu eneh

i the noeas? ity of orrwnelng the axillary ehinractaer In
reasing {or decreuting) order of mmmitale Jor stealifiastion
stebllahed, The ecosulits ape 11102broled by oripirioal
HnLos . Alsgo, sone corpurlsons anong diT7oront sotirmabgrs

# been mrale nnder Llhe mupesr-population modeld,

indrodiuntion
el o finlte penvnlalion of size B be divided into

ita ot =lzoe {1: L= Ly e ghe erd Yii s Kij

LE

M

(]

»values of the chavactoristies ¥ (wvoriate nnder sbudy) and

fanxl Llary varliate clesoly reloted to ¥} respeoetlvely for

I=th unld of the I-*h gtrabr Ln the peralation, et o

I o
a oty



b
re
H

%Dlﬂ random (withoul rvoplucemant) sanple o

‘ i

§n the i-th stratum suel that & n, = n, 43w erbimabor of
5 =L

_, noM

& pooulation tets]l &2 A ¥, 5y vonslder the eonveilional

1w iy o btalon

11 g R
nator
n
S h - — 1
w T2 ww [ . . - l W -

a i A W Al ] W = L K
st S LI RO A T 130"

L= 5 J=1 Jd

?—*J_ Il
n Ni I’*sr_.,
‘ - - — ngl- 2;__- _ra....1=~ ™ % - T l* "i r
o Ly L s 8 A {flj ff“i) and Tq =5 1. Tij‘
i 1 =1 L =1
12 well ¥mown Lhat {2,1,1Y 1z minleom Tov a Dixed zoprle size
4 ”_1 Si
4 ] i o PP |"' n o T 2 { A g \
L£ony n‘i,mpt,, m | (Meymon e allaoeation)
2N, Si
=1 "
n ).

. ‘1L - , s »
ely radicss o ng ¥ oy (propartisngl allocutian or

wleyls allocation), when all 5 e oars aquai, IT fthe mmber

e

of gtrata and the swple 51208 Iy, THopessgly HT0 rrepiiied
i

wn the opbimen stravltiaation drn gtratificd simple rapdom

Fal

guling consinte of Pinding (1~1) poinly of demuraation sunh

it (94141) is mindmtzed,

| ,
hs o first steop In finding ont the ophimom points of

R

peareation of atrata In gbratitiod zilwmple randorm aompling



i been quite fresly asavmed in the Titeraburs ihai tho

@Haﬁter which iz proesurahly having Rish corralnlion with

T~churacter (tie wvuriats under stuﬁy}, SRl e arTang o

=

gﬂmTﬂﬂﬂlné arder of mupniinde, hub 1111 now we sre fot avico
oy T rmal nreot or valld justificallon for deine the sone,
§ thla chavteor ophtlmum domureablon of shreta Qo obpratd Jied
%ﬂﬂ randor zarpdlneg wilh provertional aud copfimm allscebicns
%&b@en cramined in the Ideght of an aponreprlate cuoer-popila-
nwodel,  In the fovmor ezge 1t has beom proved thnt the
harnotey sholild be apeonped In inereasing order of mamitucie

in the labter scase 1t has beeh shown Shar She sime Lo aooosa—

1I the conlidictont of warlation with respect o Lhe amxd dary

ate i1g the same in oacl: atratuanm,

I case of Voymwd s ootimur allocabion ol soeple wize

o b
n Hl
gﬂﬁ W ave ni,@pt, S To™ Lhe sommgthation of

Lo Ny O
i1
1=1
Ty

ont, O3 me reqldres the mmowledge of ot lexal thn proporlicn-—
de valies of of’s which are unlowwn prior ta sapiing, %o in
ULls,, faor %2 , Wooooubztitute some cotimatos q%*ﬁ wilah are
imaliy mohhing Yuat the ngs of gome auxiblicey varlabe whiiah 4o
wsely rolated to the sitady varlabl- nodor considoration, Thae
wstifioatinn for the asswrption that the wimewm proportionabo

i']
:ias of S;fs are nzially not gutbe AltToeront ron the
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] Lo .
Lo Wi c(_il 0 owos pramlned In bie ikt

hy Hamirav (1955, which was fupther

W, (L071lYy mrongd nthars

{1063) and Vijeian,

mypllar in this shanber,

and prlor aisw vibetions

olrata

e e k. e L S R et

(v, 03) wa have thnk
: i
13 o,
Eiﬁa+bxij}3~(aml+hxi}g+ ¢ % K;jilqﬁfj
j-ri:!;- - ..g-j..:‘::!-. —Ij-_ R ..,..p.--L., =3

e e eE e b Rt
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¥O(K, . - Re¥ oand X 7 e T VR S
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2 1
1 3=l

the above cxpresslon (n o, o) 1L in ansr e that

We note that in Lbe followlng aummnas

1,2y 0wsyil and 1 over populabion



g'ma ~rane ol praportilonnd llanution, 1,0, o Iy 3

gonresalon (9,2.8) redass o

o o S e A
ﬁ;_ 1+ 0 'l;w f_" g iﬁ) » f-!:"'a"'- '~)}

i
Il

gtr tho obove cxpresusion by ‘Ji, Bota thab the Tasb o

= 3y ia indopendent of airatifiactlon, thorefore, in fhe

et s

o7 provortlonal allo cation, mindmd zaticr of Yy

. ™ R : . . A
Hnimization of Z W, &, We provide hers the justilficatian
i l -

srronping the suxildiacy aharacter X in the Inereasing ardcr

penitude for demareatlon of strotz, fn the sogc ol propor
0] 2l location.
Tn tlie Tollowlne we donote by 5 eny stratiiiestlion of

o T . ™
Ay e e w b aa oty
. b :

rnlsblon of slie M iptm h  gtrata o

or sach 5 we detflne a loos Corpeting as

LEsY = & Ry =L
y 317

i pain funetion, as

B

it
g
0 (111 } = E = emiin

] ': .

i

*'._I-

" - w v e ' A - 1
tion 3 We call OB pig=alratiflenlion (wiill pespach o

if at lenst one of tha strata containg o A-wvalue wivl il

thotwenn Lhe minimuam amd Lhe maxlmum of X0 i are oy

.,



Seorem 9,2,1 ¢+ For any stratification 5 of the nopilation
WMth simple random sampiing without replucement in nach strotum

mﬂ with proporltional alloecation of smmple size n, It is

jecossary that the X-character iz arranpged in increasing (or

lpereaging} order of wmugnitnde for
5

e

: b (viYSt) ixj_l, ane ;Klulp yew ’Kil ﬂh} t’ﬂ Lo mj.ﬂﬁ:!.ﬂl'l,m‘

Prgal ¢+ In case of BRAWCR 1o each stralw 2nd with nproportlional

Nloeatlon of sample size n, we loow from (9,2,3) that

N 4 2 E oo om ol
""& LH(TS'!}}I l“"’.{h I‘\T } = ﬂ‘_&l (b 1(8) + ¢ % Z }:j}'f
fow the theoren follows rnagily from romash 8,52,1,

K 2.2.4 % In the sase of SOSWH in coach sfrotum and with
smoperllonal allocallon of sample eize n, 1t can ba casily

werified that

' 2 _ {8y 0, b lyE
R T B E R Tk o L renee 4]

22 ey v of TR b))
L 13 L]

(N, ~1)
rrovided ""‘j"—""

are approximately equal Loy LHence, o rosult
similar Lo thm above Lheotrm 92,2,1 works ovl for SRIWR case

aldo,

We have already shown in (9,2,%) that
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Wy

. : o . i
FetV g Xygsaaay Ky )= 2 "i ™ An? o R ).
-L L)

Following Rao, T.J.{I_E?’r??:-?:), we have that the a4 -optimim 14

5
i,
will be proportional te 1, “y if I —‘;]T*L 13 proportional to
B K 1
ﬂ:? and 1ff this econdillon 1o sati.ﬁf"i.m-ri, vies v
. A N
j_, ,".'LE_GF'{J. .:;-l TI:IL ':{i '

and the cxpeoted varlansc norrcsponding to this 4 —optimm

allocation of soample size n Lo glven by

i o . ~ i
v, =(t” + 0%0) [y %)% -2 (9,2,4)

wvhere O = (* T }i“ /’E I
] 1.4 i i

i}

Jow s In seetion A.03, 3% can be provod Lhoh 1o the case ol
simple random sampline (WOR) with entlmm ailorcation, the
Jarrangement of The auxiliary charactee Lo Ineroasing (o deavons-
i

|
ti 7) order of macnitude for sbrollilicablonl moy not bo necogiary,

When g = B, s siven anovo will beo opflmm
¥

&rr“ﬁpt -

whon jl*' ? I{,’?,E 1z proportional Yo n(j‘j, Tac,, the noofTicicnt
i e

of varlation ¢, (with respect bo the auxiliary wax! aha)

tne zome, This condition 1g umaally satlaslicd when each "??Tl

ia sufficlently lurce, 1o this enge we prove Lho Tollowing,



Theorem 2,4.4 & For any stratification & of Lhe popnlalion

(1) #A8Whd  in cach stratum,

n I«I_1 oL,
(2} n. = ‘"‘ﬁ"“"“‘“ , for 1 = Ly ¥l nyily

1
(2) the same aoofliclent of wariastion iy (vl rospost

to the anx? llory variate) dn 211 the slyata

{4} meglceting toms of order t"‘l ‘ai )

: - "’.” T
‘Il it

It is noeessary that the X-character shonll be sreanged Lo ineron:

inr {or decreasing) erdor of mapnitnds for

-
T’ : B
Be (T(¥ ) | KpasevsaZipgreess Sy )
o g minkmour, whon ¥he parmmeler 7 ol the supsr-ropulation
el 1o 2,
fonf ¢ Tnder tha above asgurptlons whon g o= 8, Trom (9,2,4)

e w

i ol he shown bhat

Fﬁl:l.(lst) I}L:I—}_,';o,}vhnh} Lh L(E‘!) - 2;- ?:Ill J{i‘j]i- 1 ‘(3 -]

then M. H aro plwyen, 1ot B 3 Po flhio noeazible
e Jrereriph T Ly 4 ko ,-oa,k"}_.I I a3l 1r

trabilicatlons were M = ';-JZ*T*‘*“'*I.—“_'-r .  Aong these, let 8%

b the one whish minimizes T(8), Supnose i7 rosslila, thero
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tts & mis=stratifieatlon betwoan p=~th and s5-th strata of R

.

X (an glamonb of the s~th siratum) 110z bhoetveen Xpq (tha

%ﬂmum of oleronts of the r-th gtratwm) and x (the maximom

2

those), Tt X datiota the mean ol tho {M,;“I.) ity of thae

1
rr
A

f stratun other than x.. Siwilarly X1. and X!, denoto

rmeans of the (Hr—l} walts other than =x, and %, respoot-

dy of tho r—th stratom,
We distlingulsh two cazes

(1) 'f.;; =X, .

-
this eage sxchanpe Lo for x_. and dennte the Tesulting
vy 3

rtification by &8*'. Arter some slmplificatione, we obfaln

LOS*1) = L(8%) = a(x, ~ &AL ~ X)) =0,

1 6{8*)~0(5% )={x ~x

r=

) (20K X )+ Cx %) (-»}; * )]

; (T =%, )
e J“\j‘ — 7 — +mr dﬂ#.+ - vl-v‘-i“l i-'_
B :““s: }:rz) [E{Kr fé“l H,,) . (En xr:})(r{ ﬂa}_l

M

8

(X ~x_ ) .
D B TR 0 20

{J{S"'xrﬂ.} iﬂ(ir“xb_) 1:1"'51-:\5 ;)"" e Eq ']

= 0,

]

we, F(FFT) < ¥(5H),



i1) t «
(11) X <X
s this case sxchapn o1 for x, and donote the rosaliing
firatification by B5*'', Hew, 1% 13 casy to show that
00 YaT [ O Yrevs e Tr o ¥t
ot 1 3=L (8% )= e e g Y(RE = KE) <o,
md

A E L BN CRE I I le i R X TC I }{N —LH

- ”(3’{ _
5 (x ) 2 -«}7:')(1-51-) ...A‘J...,.(i r]‘}(%f'r* i};}]

S
i  YFo(T Xt 1 2(X %)
= (e M2 Ry - ) 4 —-ﬁ—:l-]

-

>0,

mee, F(B¥11) < F(a+),
terefore, in both the coses we arrive at o contradlction to

ne cssumption of 8%, fenee, the theorom follows,

imark., A resull similar to the shbove theoraom ?ﬁz.i‘%wﬁl warlk oul

ilsg in the cage of SRSWR In cach gtratum il -'-*h—i—m are
pproximately egual bo 1,

We wte here thal the asgmmotion thal the coefllisiont of
urization Gj (with respest to the muxlliary varlate XY 12
mproximately the sane in 211 bthe strata lrrespeelive of any

sratlfdsation may look & 11ttle regtrinllive, Bub in nractice,
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v dg eome across sdeh populations and thros wich smplieiaal
eiampleos arp illustrotiod in tho followine:,

2o Hrplrieal exumples

b ELML  SimmTE e CEe SN . R s = e — =

We now dlTurtrale The rosuits of section D,0 nzing Live

data of the following Liree different populatlons,

{1) Pupmiation I sonsists of 1061 arcnang vlllaro-wige populatien

totale Yor twe neighbonring talukn, vio, Fatioaogale and

villapes) of Maharashtra state of lndia,

(2} Population 5 numalste of viliopowise datn on Tikorates
and educated porsons per thousond for twn naiciibouring

police station zones, wvilz, Eultl and Asarscl of Asnnsol

suh-~tiviaten derivad fror She Dardwan dishpied 19T sooans

A
bool published by Lhie Sovermmenl of Tralia,

(3} Population il7 ronsistz ot disiricl-wiso Lo%als of Lhe

T

profwetion of Towar arop for theo vear 10588-=L10 for blhe
Two neodghbonring stabos of Maharashlbes and 5 jarnd af Inlia

The roaw data for Lhcse three populsabions fo rlven 1n tables G o
C3 alf the appeondiz
lere wo hava ﬂnmsiﬂereﬂ two bypes of ztratitientlon, One

1

based on rogions, i,o,, ecacid Lalvi in sase of Popnlatlion T

=

anch police atotion sone In eaze ol PooalaLieon 17 and each

state In casy of Popilation TIL1I i5 -~pnslcera? an o sirutan,



The other strabtlfleotbi

l,e4y with Tezpect
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nr 1o Bn

T

ned oor Ll suopilemics

Lo warial ty

Whe eorrasponding auzdlicry Srnlomration

in each population Lhe nnits are arrangec ln Incrsasing order

of magnltude and the [ilrast ﬁ]

the

remaining

the rospective

atratim

, a3 atratum 2

alzod aro

. For the

ara counsiderTon an

i Mkl Lhio

mrpose of

shpabym 1 and
iltuntration

typon of

stratificution and Tor ail the throe povalation:,

. I ]
TABLE @,3,1
Razic data for the stratificatlon Lagsed on rosions,
Fojpa 1 Tore 1T Tona ITT
, 5 _ —— — S
Mra- M, N, [ B H, o ! N S I Hoslt 1, et
N i i i i i 1 i Lod i i 4 i1
. ) . L
1 51 02973 16 45=10" 3 56t RS2 1e 0 267073 basEx 107
.
2 5 70240 1nnhha.ln& 6B _ORGERG 22 1510450 1665965 10
96 163213 2790Ewd0 70 119% 1np6bgT T 2PIAT3 17R0T0m 10
t TARLE €.3.70
i
| Pagie <data for the strabifiection bazel on sunplancontay wvarlate
Pop. 1 Fope iI L Fop. 11T .
p . . . g
bt.raT Nj, Ni a;i hi ey Ni I..lq:i Ieicéi "'I‘i .!Ji_ di ]‘J{E‘ii
oL
o . .  ——— ,HT
1 51 2R206 1570 w10 % 1987 Wwivys 16 1IR30 2196 (
)
2 5 62U 86T ae;lg]; W T 9037 2 1ui2ye3 149760 10"
] - : o
96 goia 1g227 i T 7D 231D 38 2000153 151558 ¢ 1n
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TABLE 9,3,3

afficiont of wvarlation withln the strabta Tor hoth the strabli-
ratlons,

Pop, T Pop, 1L Pop, TII

{ . 1 o 1T o i i ""“‘-"J"*""‘“"“‘-

b £ C % M & M %
1 0,5085 0,950 0,8956 0,8780  0,5540  0,5601
2 00,6022 {*”? G bﬁ@* G,d? 12,5803 0, ;A 1

TARTE ©,3,4

Gproximate efficlatey of the cstimutor in fthe zonse of expeeied
barlance when stratifleation iz baged on suvplementary variate
jrer that when ctratificablon i bused on repglons, Tor proporw
donal and optimum allocations,

Farnmmbnge efficloency
Miocabtion Pop, T Pop, IX Pop, 117
Proportionsal =7E AT 113
Optimuam a0d pE S 114

fo note here that the ahove approwimate efficlencies In Lhe ams:
of oxpected varlanee for proportional anmd optimur alloeations are
talmulataed from

. 2 2 iy R PR 2
{ ? W, «! f% My o) and % Ny =135/ % M, o)

respoctively, The actunl efficicncion can be ebtained rrovidaed

<

the values of the supor-population parametevs by, and o7 are

movn,
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1,4 Comparlsons of dllferent cstimatore

s e — e e

Az the valuec of g 13 uanally oot avallable al the fime

L

il stratlflcation, it 1s not poasible Lo sbratily ithe pomidabion

xE
in such a way that & - 5~ 18 the name for 211 1, 8o, we
A P

telax Lhis aszsmptlion and €11l consider the alloecation {may be

sub~optimum)
~ Ii II]'T ‘ii

n R i, e —— e 0
L

%o
T %

nder the arove sllocation g C‘»T(“?Est)ll‘{m,...,Im{h) rofuans to

* BN«
I o o 2 P T
I - P o, 2 3 f st
V.= Z fh‘f’Niﬂ(i b5 X)) s 1)
1 1 i
{L Niﬂilg xg
oL o e, ] ¢
= b e~ EN e )+ 0P D N BE e -3 APy,
n T y VLYY me 1513]
low conslder
_ N .2 2. _
V=V, _,]E{ (h®L + o711} (9,4,1)
L] | hon L]
where L = : N o = Jﬁ(; w, %)%,
i
. S R O g -
and L.t ;;: ;_71: Xy b1 (i. My o) 5 *"-i.j'

We first prove two lommas,
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Lopm P93, 0 Lot 0 = by = Py < e i:pﬂ < 1 arnd npt nll

pfs are equal and lel A <&, 2 ,,, 2 & with a. >0,

¥
Ir Flg) = Z e pg <0 at g=gl, thon Flg) incronse:
i=1 -~

dth g at that point,

imof * Lot 2y 20 for 1 = 1,4, ..., and e T o

aro 1 o= m+1-, "aey Hi

oty
d F{g) i "
T T2 P lee g
= E ai p% log Pyt % a, pf lor p
1=1 R I
4 y 7 -
20,%, fvp) Tes wy L ) soRy den T
( % a, ph : o o
- Z ay pi} log P, +li?+l &y Fiflﬁﬂ ny — log Pm}
L =
> 0 +1:§+1 Ay Py (log py ~ log pmj st opo= gt
E N

ienee, it follows that W(g} Increusess with w af gz = gf,

fatg ¥ The abgve lemma i3 a glicht oxtension of 2 lapma dne

o Vijayan (1968),
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4.2+ TFor any giratification 3 aof the vopulalion with

o= )l;l1 < ]{12 L oaes O }{']ﬂlﬂ e O ﬁh’ e provae the fallowdng o
3 f £
l.l} f(E‘;} = :": E (l id :‘"’") .r{ﬁ“’j __:_' 0 .E‘GI' g _L,
£
i
and

shere p' lies between O and 1,

Proof 1 (1) = L E (1 -% x .
13 Xy 1d
= X -%iHW
i
= X =X
=0,

— ]

from tae condition that 0 < Xy 2 X, 2.0 2 X5 2 a2 Ky s
‘ 11, il

tt easily follows that (1 - i{';—“)’s are non-cogreasine,  Hence,
X
1
from lemma 9,4,1 1t follows that f{g) >0 rfor g - 1,
. —— M,
Aow rcongldnor THg)y = o, - & b I*-E.‘/E:—. P
PR | i i i T T
i i t v I

i

: - o ,
H %-( & Hi} Ly Conchy—Schwartz Ineouall b

- G’.
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&
o £ =L X - (z f
- T a8 g JFNE
> [{;z': iy /% - @ n, /X
- {).
M=o, 1t 18 clear that (1, ‘;kﬁ; .4 Hﬁi;ﬁ;}‘ﬁ are Non=cooroising,

T S ]
. ii 3
tnee spain applying the lemma 9,4,1 1t follews Lhat there coxists

g' An {0,1] such that

1

o
(]
)

3
o3

I

T2

' e)

£

Theorom 9.4.1 % ldcr {he supar-porulation mafel A of (2,23)

" 1 Ei dJ
the estlinztor ¥ witih the alleoention ng = o5~ 18 suporior
st i L. oty
n 1
to Ewt wih proporlionzl allecablion In Lhe sonne of cxpectnd

varlance if

(1) 0« X, 24, % 5 Ylv Soaeay Xy

h

(2} elthar Cy (tha roeffintent of varlotien of X iw the

L}

f-blt altratum) or Gi'/E; Is sape fov L = 1,0,,..,h0

and
(a}y ¢ > 1.
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1

ot 1 Let ?i derole the expocted varionae of “ni with

LR AN

moporbional allowatlon wnder the super-poylation nedel Ay
-

md V’g deno e the exvactodl wvapr?sueos of + et Wit

e

iy =

—— 1‘1"

'-j:.l:{. i =
1 i

1 v - _ .
- for 1 = 1.8, ,..,0, mder the sane siuper—

A

i

=
I

ppulation model &', ¥rom (0,4.1) we have that

720,

an M= Ik Xf, Q- P LM, )
i g -,

3y . = nl
Ay Cy T Ffar alt 1,

iider Yhis assmption the exprascion L' radaces o

X, (1 - )
! 7 X

1= B4
b

= 1
= 0, from bhe Fliest port of lovma D042,
- L]
. J o ) . s
case (44) % 0y ii = .Y for =ll 1,

Inder this asswrnllen ie expreszion 00 roditonog B
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gree the proof of Lhe Lhoorem,

In zase of PPS with replacoment sampiing lhie estinalor

}{‘ the population total 1s given by

n - ;'{
EfPS "

1 g
s

1=1

t can be eanlly wverdticd that

e | RS O w1 e )]
.G{V(YP-P::,HXH’"”Kt’tri’h} ol A {'i 1) + ¢ f‘;‘ Ky (kg )

=V, say,
—
gere X donote Tor the harmonle mean of x-‘ijT q.

I connlder
[
PR T I
2 Ul o2 AR IS A aq s E<ley vy
A 0L e - ( 1)+ [ ml}{. 5?1 X5 (J{H XY ]

1
(i) Wal (X e 82
= ; p 2—- . ﬁ.‘:i:: -g— . o -u-r: o g“-!: ! - Ty
= bﬁi e A (:{. 1)+ & H% j KT, - )
PR R
rroyided Ty _j:“i‘}"' = 1,
; 53 x5l Ty =L 5 (X, . - (T, -
learly, I (% %) L 3. (Kyy = &) (T - Ty)

: b - g1 A ,_1,., g~]
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Therefore, 3% follows thut

Y
z

nrovided a 1s negllgibly small and g > 1,
Thmas we have the followlng

Theoran 8,4.2 ¢+ 1o the sense of expensted varlance the estimator
%st with prepertional allocation ad wlth sirmple randon sampllng
without replacement in each stratum lz Inferlor to QPPS provided
2 ond g of {2,23) sabisfy the conditions | a in negldipginvly
small and g > 1,

We note here that Des Ral (1958) has ohtained the above
theoram under the following speclal sase of tho supor-populabicr.

model (R2,23) %

G S 4 = a2+ b K

U R AR ij}
by (Y (0% ) = 02 T
T TR A I Ki

and Cov czij,*fiijl‘.};,_j,xifjf) =0 for i # LY, §# 3,

j = l!EP-Iiﬂ!Ni : 1= 1’:’?’""}1'



CHAPTER X
A COMPARTAON PETWEEN STRATIFTIED AND MNSTRATIFIED HANTOM SAMPL MG

10,0 Bummary

Conalder a finlte population of slze M divided into h
atra‘a of glrzon Hiy 1% L8000, Lot Yiiixiji denotn the

value of the ¥ ( X ) characterictic for j-th unit of the 1-th

strabum,
no 3
For estimating the population Lotal Y = L & Ty oy
1=1 §=1 L,

1t 1ia ghown 1ln several hooks on swepling (ep, Cochran (1962)}
that stratlfied random sampling with proportional allocabion

1g smperlor ta unaotratified random sampllneg provided the findte
population correction Factor {(fpe) In cach stratmm le 1gmored,
It 12 shown hare that the above reeult Iz truc evon wlthout

lgnoring the fpe, if the Y=charantor satizstics the followlng

-
property b !
M:?.I Yj,j :i i"‘Ti_n Tl:ii"l,j ¥ i = 1,2,&--,}.‘1"1‘

Since the above conditlon ecatnot e verified In practlae, the
comparigon between abrabtifled and unstratlifled random zamplivg
has been examined in the Iight of un appropriate super-population
model and it i found that stratificd random sampling with proopn

tional allocation fs5 alwaye superior Lo wnzbratifled random

=151 =
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sampling (in the sense of cxpected warlange) provided the X-
charoocter satizfics the property P,

Tho comparison hobween strablificd and unstratified random
sanpling with respect to ratin , product wnd regresztion estlmators
has been examined, The remlis are Illucbrated wifth ompirieal

examples,

10,1 Introtuction

LY

Let & popdlation of sizea N be ddvided into L strata
of slzes Ny, & =1,2,,,,,h, Teb ?ij and Kij be the valurs
of the characteristles ¥ (the varlate under study) and X (the
auxlIlary wvarlate clﬂsnl? rolated to E} raspectively fnrﬂthe
J=th unit of tha i-th gtratum 4n the p;pu1ution_ et a glmploe

random sample of slze ny be takon from the 1-th stratum se

h
tiink b ny = o, Az an estimator of the populsllion total
n My
T= o X Yij’ eonslder the followlng convontional estimators |
i=1 }=1
h U I R
- & - i
- -~ gt " .. —at .
Far 75 M Yo TR ™7 , Tp o=
gt
and Yﬁﬂg’ﬂ = Yst b (X o~ th}

B
vhere th = denote the somplo averages
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| N . -
Jor the characteristles Y and X respestively in the 1-th

- Co V(Y "t’}{;‘" ) B A ~

5 .i E L& i — o - - - R i W L -11 1’.'
stratom and b = o Lot T, Vg, Yp  ano Hog
T(ZL_ t} :

be the sorresponding cszbtimators of thn populallon teatal ¥ based
o the unstratificd random sampling of size n, In the followlng
csmmations, ¥ runs over the strata 1,2,,,.,0 and ) oruns
cover the population unils 1,2,..‘,H1 of the 1~th stratim unless

otherwige dpecilied, It i3 well ¥mown that

) NS O£, 82
V(Y ) = ¢ i
gt ' 1 ’
1 Y
N T~ . =\ O
here £ =1 - gl 8= sy OG- 7T and
T .l.. 5y
4 Hy ? 13

, . n N B
slze n If my o M ont, E—wl“g£ (Mayman's allocation)
\ BN v
k1
1 Mt
vhich reduces bo ng = -~ {(provortlional allocation) when all

Si's are equal, Tor the computatlicn of ny's in Jeymon'ts ol loea—
tlon, one reguirss the Jmowledpe of ab least the proporiionate
values of Si‘s whick are unlmewn hrier o samplivg,  One method
of ovprooming this Umitation suprasted Ty Sulhatme (1onk) is

L] ; .
Lo estimato Bg‘s from a pritiminary lervgs somple of slze nf,



However, if more Lhan ous Sfzeac’owe are ho be sabiscded feon o

sample =urver, then optimun Al location of samsle v G Neand

strata on the basis o ooy eoe clarachor mar lear ' Lonn 10

SN e

arecieion o eLlier of ocractonrs as comoarod te e mohhes af n

rortional alig~allen, lance, oo nicah prefsr preoportlonag

"~

allecation o eapbirom ~1loeabien 17 fhs atody ol goversl sharoc-

tars 1z e ainl;m or I_,';!_a:;a R R ST M e s F:l.._‘.'ﬂ”iTl?li‘}" .’3—’;‘1,'-!1']“"] TR Iy (ST |

e estimates of Ef‘s ig Fourd “w be oidlte larec, 1o 1lipght T
those, a sompari=en 1o made S R ghenter hetaeeon ghealbiliion

vandom sarpline with prapestiens! a&lleeat? oo ans e S pah i Mial
randory samn! lior witk respect Lo ocasen pov ot mablo, RN LA

ani rogression estinabers wlthout ieaorloy the foo,

14,2 Comparldons

— e, e b e—

Piratly, we prove the Lol lowing Lorma,

10

Lemma 30,20, 0 IT ¥ ie any uen-negative oharaston wish ©

T
I:I'C';‘DT‘L:: b ) ii F-Iq ¥

ar b 4 0= 1 - =]
) Ay -.-,..,?:.J dea

moo (8- (G0 2 & GI-TL3 3.
1 E { i a



J
T T G i
oy (it =1)
of i Consider ¥ 2 H {?j -y (X, -1
1 _
swn T Ky X
L
h N (Wy, % = WL DL H, Xiq}
o z *E‘ u-—--_*-a.,_-.i,,.uu-_, -1-!-,.-1%,,..---‘-.-.%- -
1=1 it T
i< 1! -

ing bhat MgrTy < WiTa = LAy

(s Aj - (Eij i TLr:t“l:l'} + (‘{J_i - _L]'F|)+lll-+-{ I] WJ_T"]I[‘}

{ wrlting xij“Hlij s iYii-?iE{}+(HiNﬁ~31,l} b (?ifld?i‘jT}

1

At = 1,8 .l 16 Tallows that
I..I:i t
m 1 . - , ..:. T‘ 7 P
by = By o (lg =Yy 10 Gy, Tyt 2 g SRETRE

o1, (Tﬁii,E,L N ’*r’_L,} 1 Ay widch gimpliftes to

Yy ¢ (o, Y 4 ligi'l = Vyagnde

‘\I ! ‘31(‘-1 d "LT"T

Uﬂlarly, (Hi'xi NiKlf} i{xij LJ )+ﬂiﬂitixiﬂihxlil)
Ty ¢
oy ;;Jj_lf:ii” K“’;.‘j‘)'
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?Jwa, ¥ 183 non-neeative and satislfies the properiy B y WE
Yratin

Cﬂil Y‘l‘— 1y Yii) {:Nil Xy ""Ni Kiﬂ

1
2 . . |
?(Yij YiN }L(}:j_d !qi)iqmi -lLi—-. {Y 1-..' T} E {K—

(10.2,2)

= X s X,

epoTiding A= Y:‘l_j > Eitj‘ Ty = iyt o

fow,

Moy ) B Ky ) 2 B0 Ty ) Ry

(W, -1y

% (Y (%, ;X 480 = : - o
=1 i3 i(N 18 MR 1fw A0 M A PP th 1 Riiiil Ki2>i

fo, we got that

8] M,
;) 1
J < 3
= W, (W,-1) 8 Lt (10,2,3)
Slmilarly,
Ni' mif Hi'

j o< 3

M



rram (10,2,2) to (10,2,4) it follows that

Wy = MYy (o 7 M) |
VAN T M8

+ 3
Nlﬂ ; rxd 1 S?xi' i

R RY

and from this the required lemma fellows lrmediately.

forollary %Eﬁﬁb}.: If v 18 non-negablive and satlzslies the
property b , then
KT N (F-D2 > T (-, 82
£ i1 ~ 3 17 Vyit

From Cochran (196§, p.99) we have that

¥(y) - me(Yst)
- -_Q*I £ - T 2 e o l"2 . [
ety L E.Hiixi ) fiﬁ ) 80 (10,2.5)

Thus VCI) > ?ﬁ fE ) 1§ Y is non-negative and satisfles

the property |

The comparison between unetratified and atpatifled random
sampling with proportional allocation in bhe case of ratio,
prnducf and Tegreasion astimators con be obtained hy replacing

¥ by Zyy L4 + 8, (X - Xij} in (10,2.5) and sultably

1]
chooaing EU in cach sage, I fact for B, = R, wo obhbain %o

the sccond dopres of approximation
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By yamer. 3 = M e ow n ony? T2 BRI
frep Mg, ¢ = Fagiony BE R GRS X - 2008
< 0, if R =R for all i, (10,2,6)
Similarly, putting 8, = b, we obtain thui
- ___LH"_T_IJ ’ ' - J ‘1"‘: - r“ L.n
W) H e, o) = Tty L2 0 (R )™ 4 (Rmby )X

L]
- T al'y & [
%(h hi) smi ]

< 0, provided Ry = b for 211 1, (10,2.7)

Putting EQ = - we note that 2
i I

satinfies the proporty b

T-F—I ]:—“"4{ {Ei’ s

sabiafled we oblaln Lo fthne serond

gatlafies the property P and Xﬁﬁ =

Henice, if thls condltion 18

dpprec of approximation

M{Yp) > W(Tp o).

10,3, Related romatks
Far the Interesting comparisons hefween theo stratified
randem gampling with proportional snd ontimm A locations and the

unstratified random sampling, the reuder is referred fo Ammitage

(1947) and Bvans (19651), In fact, Amidtage had shewn that

stratified random sarpiing even with optirmm alloecation 1= Infepr-

lor to unstrabificd randem sampling vrovided V,'s are equal
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md 8;'s are equal, On the contrary i the stratification is
done by using an auxiliary veriate X whlch is alogely volabed
hith E then not only ¥,'s sdll be Gifforont tnt they will be
gﬂther in Inercasing or decrcasing order, Moregver, in thls
§33@ it 15 likely that the Y-charscter natisfles ihe property
and henco, strabified raﬂdnm sampling with propoetional alloca-
tion 1 superfer to unastratified random sampllng. AJS@, ¥ rom
ammark (2,2,1) 1t follows that Y-charachar should szatisfy the
iroperty b ror optimm dmmarcagion.af ntrata in the case of
mﬁpartion;1 alleeation, Also, from remark €,2,2 for estimating
the population total Y we note that In case of SHSWOH wnd with
irovortional alloeatlon, among all the stratlfications of slzes

s Woyansy Ny, the stratification in which the 'Ehcharacter

sablsfles the property b 11 have smaller variance. Dut, the

sondition that the i—variata satlefies the property ? ﬁannmt

be verlified In prahiiﬁ , #inee 1t depends on the unimown  Yevalues,
dince K ig the stratificaltlon variable, 1t gatisfies ¥ uhe“prmper-
ty b « We now exsmine 1n the following, the comparlson Lotweon

strabifled and unstratiflied randorn sampling under tha super-—

population model &' of {2,093

From (9,9,1) and (2,9,.3) 1t 15 easy Lo sce that under &é

V(Y} = s rropcvst} is proportional to
n F . { - %fﬂeﬁi} Siqd

> D, gince X matisfies the nronperiy b.
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5

Thus, in the case of simple random sampling E"f wiih propor=.
302
™~
tional allocatlon 1s sucericor to Y {in the gense ol expected

variance),

Trom (10,2,68Y and  (10,2,7) we note that stratifled ratic
and regression estimators with propertleonal alloculion can result
in large galn over thelr corresponding cotimalors in unstratified

randon sampling only when Ri‘s differ significantly,

Since, usually the product method of estimation Is suggest-
ed when Y and X are negatively correlated, it 15 reasonable
ta assnmesthat R;’s Al ffer slgnificantly and then shratification
with produet method of estimatlon is erpaeeted Lo have an eofze

over wmstratificd sasmpling,

The optimur alloscatlon of sample size to struta in the
zase of ratio or regression methods of estinmaticn 12 ot conal-
dered for the simple rosson that optimum ni's will fuvolve
knowledge of several population pearamcters and also olle call
easily derive the conditions mnidcr which stratifics oatlmators

with optimm allocation will be inferlor to the coxresponding

estimateors bhased on matratificd samnling,

11,4 Illustrations

T T R Skl W T Ty et e o B o8

In this sectlon we 1llustratc tho ahove results wlkh

the help of the following twe populations,
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Populabion I conslsts of 64 large citles in fha Inited
States (see Tochran (1964, p,92)), The mucher of Inhabitants

in 1930 1s eonsldered az ¥ and the some 4n 1990 an X, The

= frar}

elties are stratified Into two strata on the bagis of HX, the
Tirst stratum contalning the 16 Tarpe altiey and thoe S;;Dﬂd the
ramnalning 48 c¢ltics, Population 11 conslahs of 364 villages
in the Btawah subdlviasion (India), The villages are stratified
into twe astrata on the basis of aprieul*ural areca (X3, the first
stratum sontalning the 319 amallest villages and se;onﬁ the
remaining 45 villages, The bazie dabta about this population is

taken from Sukhatme (1954, pp. JG1-1G3).

The mean souare errers (m,s.e,) of different estimators
of the population total based on a rander sample of size n are
obtalned for both the populations and the efficicncles o thage

stimators over % are presented in the following table, Prop-
ortional alloecation is5 uzed in the stratificd random sempling,

TABLE 10,.4.1
JEFffleionetos of difforent estimators

L — g - P WA e R S E R e Mo m Fow T mow A H o ow o dem e 2w o oww R F o R SRS

,;'!:I'-‘| : L3 L ‘F“P*-Qp :];bnw-" - - ——mmppi} o #I-;[w L]
dstimator Unntrﬁ?ﬁ atra, Unstr&:h‘ﬂtra,
Mean per unit 100 naYy 100 170
Natio f63 517 2130 338
Regrazsion 555 B2l SA6 348

e A e T i Al e W A s A 3 mmow w D WS ML ae o e fer o o ES o we Sta R ek
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m the ahove table 1t 13 clear that for populotion T, strati-
Hod random sampling with ratic and regrossion estimﬁtars and
sith proportional allocation 1s Inferlor to the corresponding
utimators based on unsgtratifled sampling sinee Ri‘s ars
proximately equal (R, = 1,206 and R, = 1,1963, 1In the

252 oF the popnlation IT there iz marvginal gain in using
ratification {in the case of ratio and ropression estimators

tecause of the fact that R, = 0,308 and Ry = 0,265,



AETEHTE X

TATA FOR POPULATIONS 1 AND 2

TABLE Ad

gfhta on numher of workera (xi], fixed capital (x,) and vutpui {y} for

‘&) factories in a region.

2 o8

&r.
I + x1 . 12 - ?- no, x"’ 12 l
[E] {2} (3 ) (1 A2 A3 14
1 51 106 1350 21 87 516 3717
2 L7} 162 1176 2 a8 00 J750
3 52 235 1841, 23 92 FR% 3730
k 52 325 W06 24 93 505 3767
3 53 Dby 2656 o5 97 590 8
& 54 214 2546 26 too 534 3886
7 57 310 20134 bl 107 638 972
8 &0 370 3280 28 110 625 4005
9 69 385 3425 29 113 630 4109
10 &7 390 3416 30 116 6l 4216
11 68 367 3390 31 119 73 4950
12 70 412 3395 J2 121 73% 4302
13 71 497 3417 33 123 663 4385
14 73 430 3290 34 127 6a5 K06
15 7h 435 3481 35 177 680 L5730
16 76 450 3520 36 131 700 4689
17 78 563 3570 37 134 750 5386
18 R’ 520 3740 38 135 745 hg61
19 81 470 3K 9 130 752 4822
2 a5 Wby 3601 40 154 782 5097
Cﬂntﬂ.;
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Table A1{Conid.)

S, ar.

B *1 o ¥ T X %3 ¥
(L) 2) 3 1o T3 A5 Al
41 152 760 G104 &1 LR 1740 HHSS
L2 160 Ba7 52Bb 59 BHE 1705 700
% 162 el 5113 6% hsd 1650 6825
44 166 781 523G Oh L5 1775 HOLD
3 173 R0 53% 53 54 23 TG
6 145 7 47637 &4 i 19730 TG 70
Nyl 142 815 5420 a7 567 Iy 7151
kg 148 A7 A5602 HA LS .l P 718k
h) 211, BHG 36730 69 FOR >0 7215
50 245 048 5582 70 Ghh 2355 7ok
51 2573 T Ehalk 71 647 2B00 7500
50 L 1086 5790 79 700 2R s
53 291 1073 5839 73 750 2506 it
5 J14 1163 59 2) Th s 2 TRG RO &
JOoF 333 1350 fi315 T Rk oleTl 0573
5 352 146% 6510 76 470 2005 #1829
57 375 1530 6514 77 G173 A 1315
54 387 16830 (719 78 TEY TN ATY0
59 &35 1670 6757 2 ) 004 M7
60 iy 172 6550 4N 1095 Fhn g

T, and ¥ in ( 000} rupees,



TALS POR FORCLATION

1L

AL A2

3

Village~wine compleie amumeration data obtained in 1751 caneus Tor a Teheil.

5r. urra cultiva-
nn. in ted mron
K. (in acred)
wilen -

[ RS (R

1 (07 onhlh
2 1.55 428

3 3,01 Y177

b 9,96 =67

5 AT 2418

& 9,71 B113

7 6,16 1869

8 12,06 2713

I G k2 a0y
10 1.2 61
11 15,14 342
12 12,896 Lot
13 773 15440
1% 2,17 (95
15 0,03 1560
16 12,74 n56 Y
17 6.99 LA |
is 780 o423
io 1.63 60K
2} F.03 1324
&, 1.2 527
A 1 H1%} Lyl il
23 T adily xivo
ok 2,54 710

8re ares  tulbiva— e area ent tiva-.

e in ted area nn, in ted area

M. {ir acres) 8. {in neres)
Wil eg miles )
R &N [V I &)
25 2.05 N7 B 14,30 2871
26 200 LRD ) 13,06 3GTH
a7 L,03 1527 51 1. 40 811
o T Th 1367 52 9e13 1 LT
o 1.95 Ta7 a3 T B 16605
30 G lh 1648 iy 07 235
3t 11,373 L4450 55 1,35 5%
32 1,060 3k It 9,06 DLET
k3] 490 1658 37 4,60 004
35 D.18 b1 5A 10.67 20h0
313,25 L5065 50 357 131h
36 Ra37 1751 ) .2 1516
a7 PpL 24 &1, Ha17 1657
IR 5 &6 2TAR i 5,01 1953
0 .91 3017 = 5aT7 2071
Al fe 0B 1599 £t 7573 a7o
11, 8a33 ety “g SR 1718
b2 13,23 il A 6,98 316
43 VPRt 1559 07 .74 653
N . 1371 &8 3. 60 2757
A5 7. 390 65 6.%5 3218
16 F.R5 250 70 #.07  hosd
47 M7 AN 71 3.47 1209
L 2a7l 1109 rit .55 1658

Contd,
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Table A2 {Contd.)

5r. APrAA cultivated Sr. arne cnltivated
o in ar M, in FN 2T
2. (in%fReq) a9, (in neres)
o oumiles mi | ey

(1) (2] 3N 1) A (3
73 6.27 2608 101 3.67 1425
74 Fab1 1289 102 Sal? 2566
75 4,59 599 103 Lo 60 2504
76 7.21 a573 104 E ALY 1356
77 iy %) 1k1% 105 0,82 At
78 3a31 D) 106 (.96 603
79 %65 1547 107 1.23 63
80 10.15 60 108 1.88 1074
BL 9.27 2600 100 3,03 1939
B2 2,32 1240 118 h.57 2366
#3 6.07 M7 111 Iy, 32 HNi1R
B4 3.08 1R6G7 112 1.77 h OB
85 2.77 1357 133 718 2075
A6 4,66 1031 114 556 2796
a7 h.58 1330 115 Mo by LE7D
BA 2. 2% 1333 116 330 1328
£9 2,58 1501 117 .61 1612
90 004 509 115 Tail3 1653
01 R, 47 Lhih 118 .51 5433
§2 5.56 18 17 H.15 2648
9% 10,87 H1%) 124 1,04 730
9% 7435 ks 122 Rk 228
9% 1.20 612 123 2,70 1753
96 16,36 5507 1% 2,75 773
a7 11.29 L3k 125 h.0% 2056
o8 3,05 1667 126 HeRl 2860
99 3.43 2013 107 (.56 2377

100 0.80 156 118 77 1318




DATA FnR PIPITLATION &

TARLE A%

Female literacy rate and worlt participation rate (1671} in 45 selected
cities and urban agglomerations of India with wopuiation 130,200 end shove,

fme of the Femal s Yeonle Heme of the  Nemale Fomale
§ elty 1iterady woTl cily literacy  work
rate partici- rate partioci-
pation . pation

_ rate rade

(1) . a9 (3) Ay (2 {3
lzayawada 55.79 507 Bel panm 135 5210
tur 3702 15,81 Bellary 3977 #.50
rnool 36554 14,75 Cuttack NI Ty habh
ramabad b PR 16,12 Berhampur 57 e 7. 68
pnhati i L BY 8. 26 Bruhaneawar G0 k0 5.08
Hnechi 49.39 UL Amrd Lgar 51,50 .71
Lkare Steel city 16,25 12,23 Ladiana S0.06 2 11
Hhar i M a,14 Jul Tundur 51,08 2.8
dmedabad 49,76 .06 Fatinla 510U Tall
bjkot Bkl ha27 Jadbhpmr I 00 7.3
Dhevanagar WOk B.51 Ajmer 45,55 5 40
Jaita o x 43.91 7439 Dindigul 7 b 5499
Iadind 54,67 Ta ki Fombaliunam 548,35 LA
Hntak 47415 3,19 Fanpur W 3a71
dbala Cantt. iy, 6D 388 Luclmow 3,38 3.50
i ' h9.573 4.9 Varanasi 31,92 10,5
Wlicwt 8. 38 4 AL Goraithpur El.42 T. A1
dore h6 .60 5«50 Dehradun 454,07 4 )
htlom b, 23 fa8y Caloatin 5 Y L,75
bolapur 33424 11.93 Asangol 48,55 k3R
olhapus 4P 46 5450 Delhi 501 o BR 5,13
#legaon .73 3,83 Twphal "3.573 j_;_q_q:;,'

?Lhasm gar 48,07 4, 26 S ’
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DATA FO FOPULATIOUS 5 AND 6

TAILE Al

Mmta on height {(x, ), base dameter [x,} and fibre weight for 50 Jul+ plants
vt at Jute Agrictaltural lesearci Institute Parm, Barrackpare in 1962-63,

5T, ' ar.
00 *1 3‘2 ¥ nn. *1 o I
{1 12} &) L) (1) (2} (3} (4}
1 7.08 1.3 5.0 20 N.H3 .3 7.0
3 TQﬂE 1.4 5:5 28 6.53 j-.:ﬁ!r fhﬁ
4 5.67 1.3 1.5 29 7.50 1.8 R
5 575 1.2 L0 30 6,23 1.2 5.0
6 6.08 1.3 6.0 31 6.07 1.5 £.0
? ﬁ;ﬂj 1-2 1115 32 {Ig,jj;E 1.& ilhﬁ
E ?'53 1-"“ 61‘5 33 {;i 25 1-? J‘-S
0 h.33 1.5 5.0 T 0,58 1.3 5.0
o H.17 1.7 %5 35 T 25 1.2 6.0
11 G758 1.4 5.5 36 7.33 1.3 (.5
12 be 25 1.3 4a5 37 5433 1.5 445
13 5.92 1.3 3.5 38 (.92 1ah 6.0
1"* 6-0(} 143 &-5‘ 3‘; ﬁ*?l'j 1';1 'ii[l
i5 L 1.5 7} i e 1.5 74l
16 5450 1.3 ba A Puts 1.6 s
17 6.45 1.2 5.5 50 7 Ao 1.5 7.5
18’ 6-6? 1.2 IEQS !I:j ?.DH 1'!; '}"‘[}
19 0.R3 1.9 545 bl 7 W03 Lo 645
20 733 145 743 15 733 1.4 )
21 545 P 35 iy 7.08 1.6 75
22 Ga17 1.4 he5 7 H42 1.7 T
3 7e25 1.7 %5 48 eH3 1.6 740
o 717 1.6 6.5 49 .00 1.5 .0
25 708 1.2 50 50 ho17 1.5 4,5

X in fect, To in ema. apd ¥  in gms.
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DATA A0 ZOFULAFICHS 7 AND #

TR L5

1961 population, 1971 population and worlers in 1971 of 142 cifies and
uwrban agglomerationg with popuwlation 10¢,000 and ahove of Indiae.

(Figures in '00s)

tne of 1964 1971 Viorlers Té’;‘“ﬁ of 1961 1974 Vhrkers
e Pop. Pep.  in o Pop. Fop, in
"y 172 S 1971
0 @) 6 M € I )] [&] GL QN
Hyderabad 124090 17082 L3560 Ahmedabad 119 pfitst h5 5
Ylsakbapa-
tnam 2112 303 1000 Surat. AT hTiR 1492
Vizayawnda  234& WYY 1018 Farada 2ah h6Th 13505
fiuntuy 1871 uO%g RSB “ajkot 1941 3002 768
Wrangal 1561 mM BHh Bhavnagnr 1765 2061 5B
R jabmundry 17330 g 575 Jamnogar T ML 570
Eakinada 1.4 1642 UhR Hadiad 790 1083 o1
Kurnool 1008 1367 433 Robtak T 1248 01
Nellore 1068 13% 397 Ambala Cantt, 1355 1025 Phi
Elurn 1n8% 1280 371 Srinagar 5% i) 56 ings
Nizamabad T 1148 397 Jamoms 107 1552 h3p
Hachili..
patnam 1014 119 11 fnehin 7 g3y 1195
Tenal i 78 0% 309 Trivandium 239H 098 1154
At t1 10457 123 b Zelient 19713 T30 8
Patna 3546 Y303 1373 Alleppey 1388 1404 410
Jamahedpar 3280 Y52 1330 Suilon 410 1951 130
Thanbad 2006 433 1597 IndoTo AL BT 1570
&nchi 12 2560 608 Tabel pur W70 5338 1541
Guyn, 1514 1798 463 twalior 3006 M6 1069
Bhagalpur 1438 1727 bA7 Bhopal iy 9 1107
Parbhanga 10730 1320 3 Durg-Jhilay-
nagar 1332 ol 5
Mazatlerpur 1091 1270 403 Ujjain ¢ _1?;2 2 méf E'f,i
finltara Stenl ’
city T L SELES) Ty Hin L proe 17308 Y Hn7
]"ionﬂl}'r H:}R' 16 ':‘?} sy Ha Ml N i BT uE, ",
Bihay THG 1003 243 hilampur w7 1338 E21)

Contd,



Table A5 (Contd.)

VIiI

Name o 1961 197t orkers oo° °f 1961 1971 “orkera
ciﬁy Frpa Fopa in fify Fopa Tep, in
. 1971 . _ 1971
\1] ] YL (L) {2) )] {4)
Antlam B7% 1186 208 Bellary AT 125 361
Burhanmr (212§ 1053 BE7 Devonsgere TH1 12149 366
Greater

Bombay §1520 50685 21867 Bi japur TG 1333 051
Nngpur 6436 HOBL 27650 Simngn %7 1027 299
Poona 5976 8532 2495  Dhadravathi 658 1613 271
Sholapur 3376 3981 1150 Cutlak 14673 1340 )
Kolhapur 1874 pagen | 684 Romlel a on’J 1725 BSR4
Amravati 1379 1936 514 Berhampur 769 1176 322
Malegaon 1214 1918 535 Bhubanegwar W 1055 379
Naslk 1311 1762 498  Amritasar 3763 h327 1297
Thana 011 1702 578 Ludbinnn Ay 4011 1908
Akoln iLne 1655 456 Jul lundur gl o0l AQh
Ulhasnagar  107A 1681 h73 Patials 14572 1519 hims
Aurnngnbed B76 1505 401 Jaipur hi1Th bl3L 1655
Dhulia 389 137 37 Jodhpar RIELTY T1LEY f5k
Kanded Bi1 1264 37 A juoer 2310 e bE1
Abmadnagar 970 1173 37 Hota 10% M3 LA
Sangli 718 1138 319 Maner 1506 1886 461
dal gaon B0 1067 78 Udnipnr 1111 160 hgh
Bangalore 11526 16482  LBRL  Alwar 77 I00A 263
Hubli -

iharwar 2485 3796 1055 Medras city 17252 2h703 7155
Mysore 2539 3556 937  FMadurei N 5487 1559
Mangslere 1745 2441 771 Coimbatore 9863 %35 1102
Bel gaum 1468 2138 587 Salom 242 083 s
Gulbarga 971 1456 383 Tirmchirapalll 2499 062 Ba7

Cnokd.



Tble A5 {Contd.)

e
4

}i;ze nl 1961 1971 hbib%ers me of 1961 1971 H'?:II'I;EI'H
ﬂé? Pop. Yap, iz 1_n Top. Top. 1971
) & I R U D ! NN )
Tnttcorin 1240 1548 Bl Gorakhpur s B P 237 b17
Hagercoil 1062 142 385 Saha ranpiir 1552 P257 AL
than javar 111 1405 368 Debxadun 15673 1994 501
Yalloxe 1177 1382 412 Jhanai 1647 1aul hyy
Mindi gk o920 1275 55 Tampnre 1354 1618 453
Hoganallur 247 1134 bl Sheh jahanpar 1477 1641 B
Hruppar T98 1132 %10 Hathura 12573 1805 377
funtha konam 924 1130 bt Firorahad T 137 plal)
Eanchipuram 927 1105 343 Ghaziabad 704U 1280 368
Hrnelveli 880 1055 306 Muzafinrnagar 876 1145 e
Lrede 738 1037 3k Tarruklabad aki; 1114 332

~cum-Fatehgarh
fnddalere Ta2 1018 s} Fatzabad 72RT g8 B3R
Fanpur 9710 12730 3866 Mirgapur-cum— |

Vindhya chal 1ol 1009 08
Lusknow 6357 A0 2390 Cal eutta 57364 700545 22806
Agra 087 6378 1605 Durga)niy 417 072 H0)
Verenasi 4839 R HADM La23 Kharagpur 107 1619 bl
illahabad 4307 5140 1.4 Arangnl 10374 1574 LR
Keotut 2844 3678 1058 Purdian NELIOL 1430 387
Bareilly 7R 321 BHS Chandigarh 9573 23%) *7h
Horadabad 1948 2724 Firat Delhi 255075 ThUGH 11151
Aigarh 1850 2554) HHR Jmphal 477 1p0hA oRE
& Bokaro Steel city camwe into eximtence only after 1961, To epsure

und £ormi ty, a hyphathetl eal
growth rate in other cities

gituated,

1261 population is estimated Lamed nn

of Mhar atate in which Bokaro im



DATA FOul POPULATION ©

Data on number of workers (x) and mamber of alsenlves (§) for
the 473 gample factorics.

Br* 8T
x ¥ _ x ¥
ks Fin
It 21 G M (3) 00
1 95 5 3 i) 6
2 749 7 o4 69 H
3 3o 3 5 673 5
A L5 o % H3 7
5 b ) 3 2 124 13
6 142 A o8 B3 2
7 125 9 29 o6 2%
B Bl 10 0 59 13
9 43 6 H ] 1A
10 53 2 12 N1 14
11 148 16 3% 73 7
12 80 & 10 149 12
13 57 5 35 5% 13
14 152 13 i) &9 15
15 47 % 37 61 1
1t 43 4 38 164 15
17 116 in 39 132 i
18 65 [ ) Az 5
19 153 g 41 3 A
0 52 a 42 26 14
Vad b7 1% 43y 1 10
o GIA 6




DATE FOi PRIKCTRIN Of JETE
Digtrict-wise arem {3} amd production (¥} of Jute in India.

. £ th 195152 306162 1962-63 196364 196465 1970-71
R eipiet x ¥ x ¥ = ¥ x ¥ x ¥y ox ¥
{1} (2 (31 il 5% ) (8} 9y ey (11) (139 (13}

Derrang 1700 1ik% 1752 1R 1% N 8 1665 11993 153 11539 2522 15904
‘foalpara A X006  TTHR 266M6 337 16578 438 28216 302 2677 3/00 30204
Eazxump 283 9 29 1gom W53 15116 HI3  2H9 3371 1981 2960 13188
Le ki opnr 25% 183 A 1899 aht 1379 24 1706 G 1310 ) 2579
Nowgong 469% 25371 5563 795 MG 2h&RT Y68 43l 475 27RES 6 2 6715
{haperan 556 3FA 1277 i8R 1157 &G54 955 6768 837 6210 672 4007
Inrbhangs 203 55 6%  3%3 562 &322 507 36351 514 3214 23 1573
Parnes 15558 78882 15328 £3799 13830 70012 k756 8029k 12208 52109 10594 00919
Sabarsa 1381 6349 4608 TR Fbh 17066 JgE 20809 2E60 13179 PLEQ 11179
Gare Hills k86 399 41 5005 647 330 676 3847 688 3793 407 4603
Dalamere 88 ERE L . 405 3R Lhg 2576 695  4h6M H4% 4462
Cattack 2008 23643 HRd 2300 3586 TB15 WS 29561 3998 27925 3209 25066
Tahorai ch o8 786 24T 1974 24% 1824 813 6100 234 2032 A4 1533
Lheri #8h 338 1857 5004 942 €816 8 3337 748 6365 542 4oom
Si taper 519 1558 532 4327 494 W63 1382 135 451 3537 268 2061
Bardwan 1429 11562 1453 10941 1433 1t 59 3R65T 1708 15970 138 11610
Cooch—Behar 37 317 0% %7 WX 341 3 152% 5%2 37255 565 35880
Darjeeling 186 958 M7 MmER 3w (0 0 2% 1M1 B W 533 1830
Teoghly o8 a6 W31 Losa7 3 43680 FBA 3517 W51 L5770 2680 29370
Jalpaigari 1692 15280 4715 W56 W M2 4Bz M0 3877 oElg3 4Z10 27070
alde wWwe2 1503 504 15059 T4 12053 F0F 17160 23R 11179 2340 12000
i dmapore 1785 IA3TR 1530 9253 1559 10453 1573 966‘- 1740 20543 im0 1610
“urshidabad 6324 2620 AYE %D 7035 W37 7R GTH02 7972 57062 6910 L3010
Sadia 5253 233 5638 41983 5229 Wi0B 0 3606 L3685 4591 58372 6270 IGO0
%—Parganas 5031 0108 500 AXT7  484h B/O9E 323 44oRt 3395 LB7T SZELY 23900

Wert Bemgal 1938 10392 6176 347 5% 32676 17 3BF0 £265 31983 G140 3407G

x ig 10 bectarces and ¥y in bales of 1900 kge.
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DATA FOR PROINICTICN OF RKICGE FOR FOU'R STATES

TARL.E B3

Hatrlot-wige information on ares in hectares {x) and productisn of

tien 1o tonnea (y) for 195455 and 1964-08.

Vttar Pradesl

195455 196415
®of the
trict X 7 * 4
1 (2 e { 4) (7)
mdun i3a8 903 1368 1997
iranpi v Q044 &7 2 8358 AHGH
Warnaghr 2380 1845 3330 3010
mt 1345 298 A 37 2030
mdshakbiar L4t 2 &M 5L2
harh 404 e fri A19 63
10 9 8y 59
9 6 £q 70

Fpu.ri 0 2 1043 L 4h16

1087 732 b 32y it
ﬂllr 7977 768 10359 7903
e 7187 3098 A350 7080

2323 1284 387 037
Wnbad 6085 2592 7A60 4%
jjbanpur 6711 3998 0151 HA13
{bhit 4780 2038 1304 R970
pr 3324 1644 LG9 3770
nihabad 2306 iA9A LT oL
fah 3iBB 11 57 55t
mr B454 3773 7071 6463
dipar 5862 4845 7114 7396
ihabad 11973H 6201 14566 9333
[} 1017 by 208G 1075
fan L0 18 557 201
lrpur 296 173 B4 30
k S LuTY 331 2 0236 6795
1138 10915 ooy 15283 13212
ALY 10065 jhgg 1h800 10648
mr 7282 2111 028G 5700
i 861 057 D607 3390
a 768 508 A0HS 361
1 W04 X7 D41 1h 18776
i

Condd.



Table B2 {Contd.)

Uitar Fradesh {Contd.)

orL

135445
Neme of the
digtrict x y * Y
{1 3 )] 18] (5}

Gorakhpur 20030 i61zm 1RQL7 1195
Denria 16877 10317 32161 25805
Azamparh 18390 6497 196%0 LiHAE
Nalnital 5234 3531 &630 A4
Luckonow 2857 2071 WAp G52
Upnac 5073 3734 F0H 5736
Bae-Bareli ' 9132 6155 11239 A
5i tapur a867 T70R 12646 AO80
Hardoi 5099 3600 7087 5274
Eheri 10673 6584 1413 BHIR
Faizahad 12395 7225 14257 10177
Gondn 23036 12695 35063 19446
Bahrei ch 15402 A432 17340 3283
ful tanpnr 11387 bauy 15138 10202
Pratapgarh 6505 U5k B R Ti7h
Bara-Panki 02 771 12872 10542
Hill dletricta 1607% Moo AR57 769

i Rm Em o S Em EE mm omm et oy G am @ oy mew —n a3 Gm mm mm mm wn me e e P e e

Area () in 10 heotares and production nf rice {y) in 10 tobnes.

e o v— —

firenter Hombay 114
Thana 1AL
kolha 13041
Hntnagiri 12974
Haalk 313
Pmlia 2813
Jalpun 773
AbmednagaT Ho7
Poonn L7673
Satara 4
Manpli 1105

Megharaahlra

11
AP
16714
13164

27
h e
"3k
3Ly
351
1754
or8

i Y i —

Y L]
15091
13504
1alme

09
TGH

Bi)
1nsL
9%
b
1h50%

306
SR8
15502
15464

T
14733

33
1108
Hill
M50
13511

Contd.,
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Table B2 (Contd.)

Maharpahtra {Contd.)

1954-55 196455
Mame of the )
dlgtrict . x Yy x 7
{1) )] e i} 5]
Shalapuor By 362 055 539
Enolhapur 7304 80209 10481 996
farangabad 393 272 510 386
Parbvhant 773 L54 1704 H33
Bhir 591 Ly 067 681
¥anded 1422 145 3300 2805
{mma nabad MEh 1284 Ju08 2174
Bul dhana 184 g2 4t 5
Aknla 418 205 R0 550
Ao ravati 51 163 T hig
Yaotmal Wit %6 1218 803
Wrdah f0 A1 4035 05
Nopgpur 1770 1661 66 2337
Bhandara 24708 201809 o756 AHTTH
Chanda 172R/% 154928 uhay ig081

W e ey aE g s R e e mE Lm S mA R mm GE M am v e ey EE e M e i e B A i e e ed e

x in hectares and 7¥ 1n tonnea.

Tami 1 nadu
Chingl eput 27364 28762 33523 4654
South Arcot 4000 32430 e 4RCLI
North Arood ARG w501 540 L7973
Salem 112302 17667 130634 23
Coimbatore noa 7275 112%) 575
Tirnchirapalld U LR . R UG8 ILETY
Thanjavur 55161 0714 £0186 105073
Madurai L355A 19875 L3507 DRFNT
Jiamnna dhpasam 17505 AN OLO 4R 719
Tirnnalveld 1h62u 20680 13606 10428
Nilpiria Ti% 457 355 3
fanyolumari 5181 6533 hh03 10105

Aren {x) in 10 heciarsg and production of rice {y) in 10 tannes.



Tahl e B2 ( Contd.)

v

Wept Bengal

195455 196565

Name of the -
diatrict x ¥ * ¥

(1 &N (3 i) &3
24 Parganau 60335 53351 530756 76270
Nadia 19559 17606 143506 LS
Murshidabad e S R 31116 25T 0 FIRYS
Burdwnn 3933 R7UAY Wi o 60 iy
Birtum 0T 30604 a7 hhant
Bankurn 30900 30519 540 L3002
Hidnapare B0 350 Nhihi SEEA R 100315
Hoogly 17871 185 13529 2572
Howrah 8511 8452 A7 17050
Jalpaiguri 17677 177366 21540 25310
Darjeeling 202 4103 3750 3760
¥aldn 15151 11150 200016 1355%
West Dipajpur 23860 23438 Wt Th hotol
Cooch Dehar 15064 1505 R 2071
Purulia 27067 0201 AN 32350

Area (x) in 10 heetares and production of rice (¥} in 10 Lenneg.



AALE B

Szeg af &4 citise {in 10C01g) in 1920 and 1030,

1920 gize 1930 xize
Bt.ra tum Feranm

h=1 2 1 2

797 314 172 1ot G} 64 205 1173
“73 208 172 1m [2a 317 183 115
ThR 296 163 119 781 328 163 123
73 258 162 118 805 302 253 154
BRY 256 101 118 670 peal g 144
577 243 159 116 1238 201 2y 115
RO7 38 153 116 573 53 Wl 13
507 237 1hih 113 634 oyl 147 1%7
&57 235 138 113 5TH AL M 100
L8 235 138 i1 407 ok 164 107
415 216 138 110 L0 A3 143 114
501 2n8 138 100 h51 255 169 111
387 01 136 106 450 a7 130 163
381 192 132 104 L&k s K 170 116
324 1Ay 130 101 hog 195 150 12z
315 179 126 100 3486 260 14% 134

Citien are arrangsd in the sate order in hath years
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DLTA FOU PCPULATION X

TALLE 1

1961 census village—wige population fables for Hathangale and
Shirel Taluks of Xolher digtrict of YMaharashtra atate of India.

Hathangale Talul

Name of wvillape Pppulation Wame of village Topulation
6 ) ) — {3
Gavra 1702 Mauje Uadgaon 1567
Ghuna i 4211 Nagaon 2505
Pargann FE33 Male 106
Kind 3834 Herw 5539
Tal zsande 2280 Hudshingi, 1240
¥ho ohi 2RGE Cholak 1355
Bhadol e ' KSR Aiygre 1584
Vathar 57 Batlanml« 5053
Bhendawade 1RAH Tardal gl
Latawadi 260 % Shiroli 5966
Padali 1466 Halondi 1438
Amhap FAN2 Ankedl 7096
Yathar T. Udgach 1519 Eorouchi LT
Vadgaon Koaba 569 Tilawani 1030
Manpadele 1673 Sa juni 2147
Savarde 3690 fangaon 4803
Narande 7723 Enbnur LhS54
Minche 2115 Aui 3710
Tasgaon hy Inpali 301
Top h3kn Chandur 3788
Hingangaon 1062 Rattan-Yodold 7366
Kumbha 7336 sangnti 2931
Nej ' 1923 Talandage 2263
Majale 1510 Hendal 3354
Alte 6036 Jangamwad i LA
Yelnd 70

We have omlited the village Hupami which is highly populated,

Contd,



XVITI

Bble CL { Contd.}

dhirel Taluk

Tme of village Topulation Namwe of village Population
) 2 (1) (3)
Iywmthasar 19 3 E&mrangutti i rl?’i
Sothald 3501 Nandani HaLG
Tanoli B745 Faaroli 1606
Tl wad 2515 Jambhal i 2041
ldgaon Lkps Yadrav 1944k
thinchawad 1923 Shahapuy 1189
Jajipapur 1196 Taknvade 3200
ipri 3194 Bhi rdhon bolb
Himshi rgaon G216 lnt 6868
Temadalge 1153 Shi radwad 386
Eondigre 181 Kurundwad 170
Ariunwad 24491 Terward H16
Ghalwad 1648 Hejarewad 1126
Entwad 1149 Bastoward 1217
Kanwad 1659 Herwad W7
Razur 1296 Akivat 3893
ghirati M70 Rajapur 2524
Zavathegnlend 1591 Khidramr 1767
Shedshal 2076 Ghosarwad 3%
faneshwadl 2625 Takali 1 HBE
fnrwad 1266 Dattawad MG
Aurvad 1395 Danwad 2010

Ang 4LA19
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TABLF C2

DATA FOR POFTLATION [1

Hllage~wine dats on literates and educated persons per 1330 persgoma
{in 1961) in Kulti and Assanwol pelice-stalions of Assunasel aub-divisicn
of Purdwan diptrict of Weat Jengal, India.

Fulti police.sfation

s of the Titerates per HName of the iiterabes per
yillage 100 _¥illage 1000
(1) {2 (1) (2
Bobipur 132 fhunga e 228
Tburdi 123 Hatinal 134
Tamagaria 157 Farro 529
famptaria il Jagaidi 188
Migari B Ghitalpur 214
Sabanpue 267 Chhiota Thewun 117
Barda 142 S depur 352
Lalbazaz b8 Jndbane par 20w
Famna ga 298 Azanband 205
Manbenia 309 Sl tarampur 375
Balitara 150 Hel rui 377
fetana 538 Lachhipmr 89
Lachhmanpar 101 Prmicdi ha 2y
Rappur 857 Aldiki 290
Chalbalpuy 203 Hethand §174]
Eultarg 187 Rams) par iy
Habutdi 1730 Henrelgarin 10G
§hibpar %A Bejdihi 204
Gangutla 191 Pridi 132
Taydi (00 China Zurmi (8]

'}'he villages with literscy rate less than 95 are not considered
in RKulti police-gtetion wmune,

Sﬂﬂtdq



Table €2 {Contd.)

Asaanaol police—station

Neame of the literates per Hame of the literates per
village 1000 yillage ) 1040
0] ® (3] 3
Sarkdi 03 Keghabgnn) &7
Nadiha 56 Chak Feshabgan) 27
Ganrui ah6 Asgansol L57
Gopalur 28% Mahishiln 153
Narasamuda 32 Kotaldihi 167
Kumarpur W22 Lolipapari 158
Gobindpur Dhly Ghoaghik 194
Bhitala 198 Damra 161
Palasdiha 179 datgarui Lhng
Aarsaraldi 2h8 Gopalpur iia ]
Mahu juri 128 {arichkatn 256
Barapukhuriya 92 Sndi 116
Garparira 260 Aaghuna thhae ti zhel]
Ittar dhadls 71 Rana jibanpnir 51
nloa l}in dhadka Loh Turachal 187
Ealln 304 Tha Lepur 231
Sn tpukhurjia 106 ilarpy Dhamo 145
Kankhaya I8 Jagntai 148
Banbisbhmapur 108 Sartaria 50

Nigchinta 111




DA ¥OR PYCPULATION TIT1T

TABLE C3

Matrict~wiga totals of Jowar production in Maharashtra aod
fujarat of Indis in Y95A-5G2,

Maharashtrs Gujoral
Name of the Producetion of Name ol the Fraductien of
district Jowar district Jowar
{in tonnes) {in tonneg)
10 (2 ) N €
Abmedna gar an6 561 Amrali 8,010
Bust Khaundeah 112,430 Bhawnagar ML 620
Kolhajmp 57,530 Jamnagar 23,37
Nowth Satara 115, 840 Munagadh 17,0l
Nagik - 2h, M2 Kuth 20,5602
Foona 157 ,f_lﬁﬂ fajloot 20,684
Sholapur 36h,617 Surendranagar 25,362
nuth Satarn 153,110 Abm edabad 20,733
Weat Khandesh 1400, 316 Frnaskantha 2%, 286
Auranigs bad 237,130 Farondn 4,317
Bhir 144,668 Broach 47,102
Randed 170,54 Haira 7,023
{ismanbad 245,061 tiabanna 56,995
Barbhani 2u7, 811 Panch Mahsls &, 402
Akola 125, 245 Sabarkantha 7,170
dmraot] 103,11 Surit 55,637
Bhandara 14,730 T
Buldans 1% ,980)
Chanda 53,567
Nagprur 105,897
Wirdsh PETYLL

Yeotmal 136,464
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