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SUMMARY. Threo nolions of wuflicionoy, Bayes, claasical and decision thoorotic have
been considered in tho literature. These threo notions aro  equivalent when tho astatistical
structuro is dominated, In this popor rolationship botweon tho threo notions is investignled in
the undominated caso with particular attention to tho coso whon tho o-ficlds aro eountably
gonoratod.

0. INTRODUOTION
Supposo (X, #) is & morsurablo spaco carrying u family of probability
moasures {P; : 0 € ©). Though rolovant only in o later soction wo shall through-
out assumo that @ is equipped with a o-fiold @and that forall 4 in £ 0— Py(d)
is @-measurablo. Thero aro threo approachea to tho concopt of sufficiency of
a suba-fiold .@of 4.

(i) Clussical: Thoro is a conditivnasl probubility on 4 givon & indo-
pondont of 0 in O.

(ii) Decigion theoretic : Givon any decision problom and any docision
rulo & thoroin, thoro is & g-moasurablo docision rulo ¢’ equivalont
to 4.

(iii) Bayesian: Givon any prior § on (0, @), tho postorior on O given
A is tho samo as the posterior given Q.

Theso concopts aro dofined moro precisoly in tho noxt soction. We shall
rofor to classical sufficioncy simply as Sufficioncy and to (ii) and (iii) as D-Suffi-
cioncy and Baycs Sufficioncy respoctivoly.

Tho throo notions are oquivalont whon {P,:0¢©} is dominated by a
o-finite moasure. Burkholdor’s Examplo (1961) of a non-sufficiont o-fiold
containing o sufficiont o-fold shows that noithor (ii) nor (iii) is equivalont
to (i). Blackwoll conjocturod to us that whon tho spaces (X, _4) and
(0, @) aro atandard Borol and 8 i3 countably gonorated (i), (ii) and (iii) would
bo equivalont evon if {P,:0¢ @) is undominated. As a firstsbop towards
sottling tho conjocturo, in this paper wo study tho relationship botweon the
throo dofinitions whon tho o-fiolds considored aro all countably gonorated.
Intorost in countubly gonoratod o-fiolds stoma from tho fact that thoso e
procisely tho o-fiolds goneratod by Borol mouswrablo real valued statistics.
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1. RELATIONSHIP BETWEEN D-SUFFICIENCY AND SUFIICIENCY

Wo Login by giving prociso dofinitions of Suflicioncy and D-Sufficiency.

Definition: 8C A is Sufficientfor(X, A, P,: 0€0)if givon any boundod
roal valuod _¢ moasurablo function f, thore is o g-measurablo function f¢
such that f* ia o version of Ey(f] g) for all 0 ¢ .

Lot (4, o) bo u sot d oquipped with a o-ficldo.  Wo shall rofor to (4, o)
as Action Spaco. By o docision rulo 8(+, <) wo monn a stochastic kornol from
(X, A) to (4,0) io, forovory z, 8(z,.) is a probability moasuro on o nnd
for every Eco &(., E)is _A-measurablo as a function of z. A docigion rule
8(s , -) i 8aid to bo &-moasurablo if for all E €, &§(z, E) as » function of z is
&-moasurablo.

Definition : Asubo-fiold .@ of _# is D-Sufficicnt if given any action spaco
(4, o) and a docision rulo &(., ) thero ia w -moasurablo docision rulo (., )
such that for all Eco and 8¢ O

{ 8(z, E)dPy = | 8'(z, E) dP, e (L)
x P 4

Proposition 1.1: @& 8 D-Sufficient for (X, A4, P,:0¢€0) iff thereis a
8-measurable stochastic kernel Q(. , .) from (X, B) to (X, A) such that for A ¢ A

and 0@
xJ‘ Q(z, A)dPy = Py(4). o (12)

Proof : Tho ‘if’ part is trivial. For tho ‘only if’ part chooso (4, o) to
be (X, _4) and as 8 tho docision rvlo 8(x, E) == Ig(x).

Wo now stato tho main thoorom of this soction. [Q. E.D.]

Thoorom 1: Suppose g is D-sufficient for (X, A, Py: 06 O) then Q-con-
lains a sufficient o-field.

Proof : Lot Q(.,.) bo a B-measurablo kernel satisfying (1.2). For each
bounded _g-moensurablo function f dofine

T flz) = | (¥} Q= dy).

Assooiato with each bounded _A-moasurablo funotion f a ,&-moasurablo
function f* as follows

lim 1 :I‘.‘. T* f(z) whon tho limit oxists
=) = Ao B fal

0 othorwiso.
al2-7
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Lot 8y = a{f* : f-bouudod _g-moasurablo).

& C 8 and wo shall show that &, is sufficiont. By Iopf’s orgodie
tworom (Novou, 1065) for all 0¢ O

I*(=) = Egf] 6,)[Po) - (13)
whoroe
By = {de A :TI4 = I4[P;).
By (1.3) 8= ,[P,). Honco by (1.3)
S{x) = Eo(f] Bo) [Ps)

ostablishing sufficioncy of @,. [Q.E.D.).
Thourom 2: If @ is countubly generated and D-sufficient then & is itself
sufficient.
Proof: By Thoorom &5 of Burkholder (1961) any countably gonorated
o-fiold containing a sufficiont o-fiold is itsolf sufficiont. [Q. E.D.]
Tho following corollary ia an immediate consoquenco of Theerom 1.
Corollary :  If g is D-sufficient then & is also Bayes sufficient.
Woakor forms of D-Sufficioncy can be obtained by considoring rostricted
classos of action spacos such as
(D,) compact motric action spacos
(D,) finito action spaces
(Dy) 2-point action spaces.
Whon the samplo apaco is standard Borol D, would bo oquivalont to D.

D, is known in tho literaturo as *Tost Sufficioncy’. Wo do not know the
rolationship botwoon Dy, D,, Dy in tho undominated case.

2. DAYES SUFFICIENCY AND CLASSIOAL SUFFICIENCY
As beforo (@, ) is a measurable spaco and P,(.) is a stochastic kornol
from (@, @) to (X, _4). O stands for all probability moasures on (0, @)

For oach probability moasuro £ in 6 wo donoto by A, tho probability measuro
on (X X0, 4X@) dofinod Ly

Aldx0) = [ Pof4)dE(0).
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Wo shall donoto Ly A; tho marginal of A; on (X, 4). Wo shall donoto by
X X @ tho o-fiold containing all sots of tho form XX C for Cin @ _4XO and

8X0 aro similarly dofined.  For a function f on X, by f wo shall moan tho
function on XX dofinod by f(z, 0) = f(z) ¥z, 0.

Definition : A sub-g-fiold & of 4 is said to Lo Bayes Sufficient for
(X, A, Py :060) if fur ull € in @and for nll £ in O.

EA‘(Ianl 8X0) = EAE(IXXOI.AXO)-

Proposition 2.1 : The following are equivalent :
(i) @ is Bayes sufficient for (X, A, Py:0€0).
(ii) The sub-o-ficlds 40 x and X X @ are conditionally independent given
8 X0 on the probability sapce (X X0, AX @, A¢) for each E in 0.

(iii) For every bounded A-measuruble function f on X there is a &-measur-

able function f* such that
Jo= E“(flgxe) for each E e 0.

Proof: Immediate from Proposition 23.3A of Loove (1955, p.351).
[Q.E.D)

Wo had tlready remarked that in the undominated easo Bayces sufficioncy
does not in general imply sufliciency. In this scction wo address ourselves
to the situation when the o-ficlds under consideration rre all countably
gonerated.  Wo first givo an examplo to show that tlo assumption of countablo
gonoration is not onough to ensure the implication.

Ezample 2.1 :

X=0=][0,1].
D: a non-Borel univorsally measurablo subset of (0, 1].
&: DBorol g-ficld on [0, 1].
A = @:o-fiold genoratd by {@, Dj.
Pyl A4) = I4(0): i.0., Py is tho monsuro degonorato at 0.
Now givon g in O thoro is & By in @ such that E(B,) =1and & is cloarly

sufficient for (X, 4, Po:0¢€B,). DBeycs aufficioney of & now followa from
Proposition 2.2. But & is not sufficiont,
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Remarks: In the abovo examplo & is far from boing sufficiont. It ia
oasy to sco, by considering Ip(:c), that & is not oven test sufficient. In parti-
culer in the testing problem [, :0 €D against II, :04 D with 0-1 loas
function the docision rule

necopt Il if = bolongs to D
8=) =
necopt I, if 2 Lelongs to D€

has a risk function identieally equal to zoro. In terms of risk function evory
& measurnblo decision rule is worso than & and in this context uso of .8 measur-
ablo rules would Lo unsatisfactory. On the othor hand if ono were concerned
with only Bayes riska then restriction to @-moasnrsble decision rules will not
entail any additionnl loss.

In what follows wo investigato the oquivalanco of those two notions undor
certain ndditional assumptions. Howover wo aro unablo to docido the res-
trietivencas of theso nssumptions oven in tho caso when the spaces © and X
aro both standard Borel.

Proposition 2.2: Suppose A and @ are countably generaled. Then 8
i8 Bayes sufficient iff for every Ee O there is a set Epin @of E-measure 1 such
that g is sufficient for (X, A, Py:0¢€ Ep).

Proof ; “If part’.

Given £ sinco thore is an E, of E-measuro 1 such that g is sufficiont for

(X, A, Py:0¢E,), for any bounded A-moasurablo function fchooso an f*,
A-measurablo such that

/' =E,f]|8) OcE,.
Now for Ce@
f If‘d,\¢=j I]’dP,dE(O) =c.f £ [*dP,dE(0)

¢ B
B nzt

Q

- fdP,dE(0)=I Ifd"e-

cnxc B Cc B

‘Only if part’,

Fix £¢ 8. Givon f bounded A-moasurable, thoro is by Bayes aufficiency
of 8 8 @-monsurable f* such that

J*=E(jlaxe).
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Now I ] SO dP, d;(0) = cj ‘.! JdP, dZ(0) for all C in @. Thorefore ! [°dP, =
c B I

Ide’, a0, & for onch Bin 8. By rumning I through a countablo snbalgebra
3

generating &

] 1%dP, = I fdP, for Be g outsido » E null sct N,
B n

Thus
f*=E(f18). 0¢XNe.
Now taking a countablo nnion of null sets with f running through indi-
cators of sots in a countablo algebra generating g, tho proposition is proved.
[Q.E. D]

Proposition 2.3:  Assume thal g is countably yenerated. Let f be a boun-
ded _A-measurahle function. There is then a version of Eo(f] 8) which ia joinily
measurable in (x, 0) with respect lo (@ X C).

Proof: Lot {B,, B, ..} gonorato 8.
8, =a(B,, B, .., B, let B)...B™ o atoma of g,. For Ae 4

s K PyA () BY)
Jolz) = ')_-l —;—"Po( 7 IB:(J:)

i8 & version of Ey(I4|.8,) which is jointly mensurablo with reapoct to (g, % €).
Dofine
Jim f3(z) whenover tho limit caists
fiey=4
0 othenwiso,

Since {f§(z) : 7 > 1) forms a martingale for cach 0 and 8, T & it is easy to ece
that f5(z) = Eg(I4].8). Tho proof can now bo comploted by considering
shnplo functions and their limits. (Q. E. D.)

Definition : {(©, @)(X, A, Py:0€0)} is said to Lo ‘woskly coherent’
if for any Loundod _#X C-measurablo function fo(z) satiafying (s)

|: -vEeé (Ep E(E) =1, and f, :_A—monaura.ble)]
(o)

such that for 0 e Eyf, (x) = f(z) [Py)
there is un A-messurablo function f* such that

S(z) = fylz) [Pg] forall 6in O.
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A discussion on wonk coherence will Lo doferrod to tho noxt section.
Horo wo shall invostigato tho offoct of woak cohorenco on Bayes Sufficioncy.
In what follows 72, will denoto the aet of _g-moasurablo /\;‘ null sots angd
n=07=0N_ 7.
teo 0go
Theorom 3:  Assume that the experiment is weakly coherent. If & ia

Bayes sufficient then 8= N 8V, is sufficient. Conscquently if
Eeo

8 =8V, then g is ilself sufficient.

Proof : Let f be Lounded _g-measurablo.  Clwose a jointly monsurablo
version f(z) of Ey(f| 8). Since & is Bayes sufliciont, by Proposition 2.2, f5(z)
aatisfies (s). Now by woak colicranco thoro is an _A-measurablo function f*
such that f*(z) = fy(z)[Py], for 0 €. Wo shell comploto the proof by showing

that f*(z) is @V 7, moasurablo for oach &€ 6.
E = (z:£'@) # fi)

AE) = | BB
[

= .[ Po(E)dz(0)+ j Py(E) dg(0) =0. [Q.E.D.
Ep ri
Theorom 4 : .Assume
(i) (X, A) is standard Borel ;
(i) {(0, @ (X. A, Py, 0c0)} is weakly coherent ;
(i) 7 = {g}.
If further B i3 counlably generaled and Bayes sufficient then @ is itself sufficient.
Proof : By Theorom 3 it is onough to show
8= N8V 7 =48
Sinco (X, A) is Standard Borol and & is countably gonoratod it suffices
to show, (soo Blackwoll, 1955), that every sot B e & ia a union of G atoms.
Supposo B, is a &-atom such that B,() B 5 ¢ and By B¢ £ . Sinco
71 = (@} thoro is 0, and 0, such  that Py (By (| B) > 0 end Py (B, () B¢) > 0.
Lot £, givo mass % to ench of 0, and 0,. Then B¢ 8V 7, for, ony aot E in 8
must vithor contain B, or Lo disjoint with it and inboth tho cnscs AGO(EAB) >0
And this provos tho Thoorom. {Q.E.D.]
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3.. COBERENCE, WEAK CONERENCE AND MEASURADLE COHERENCE

Tho concopt of cohoront statistical structure is introduced by Hasegawa
and Perlman (1074).  The original idoa is duo to Pitchor (1065) who iptroduces
compact statistical structures and genoraliscs rosults in sufficiency for domi-
nated structures. Compactnoss may bLu shown to be equivalent te cohoronce
(sco Ghosh, Morimoto and Yumada (1978).

Woak cuvlieronco differs from cohoroncoe in the following two aspects :

(8) restriction to jointly moeasurablo function f(z)

(b) requirement in (o) for all priora on (0, @) rather than discroto priors
only.

If © is oquippod with a natural g-fickl then in tho context of Bayes suffi-
cieney und also in view of Proposition 2.3, requiromont given by (n) is vory
natural.  Using the roquirement () wo dofino a concept strongor than wonk
cohoronce as follows.

Definition : A statistical structure (X, A, Py, 0 €0, 0, €} is called mea-
surably coharont if for any boundoed A X @-moasurablo function satisfying tho
following restriction (ee)

[ for all pairs 6,, 0, in O thoro is an _A-monsurablo function
(+2)
f,l ,2( ¢ ) tuch that f’x ,,2(:1:) =j0‘(x)[l’ai] for i =1,2, ]

thoro is an _g-moasurablo function f°(. ) such that f*(x} = f(z)[P,], for
all 0in O.

Trivially moasurablo cohorence implivs wesk colivrence but tho convorso
is not always truo as is scon in tho following oxamplo.

Example 3.1 :
X=0=[0,1]
@ = _4 = Borol o-fiold

Pyld) =+ M)+ Ta0) 0¢[0,1), 46 1

whora A is Lobosguo moasuro on 4.
It ia oasy to soo that tho abovo atructure is not monsurably coheront by

conaidering
1 if0==x
Jo(2) =

0 othorwiso.
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On tho othor hand let fy(z) Lo n jointly mensurable function on @x X
satisfying (s). Defino

f(z) = fa(z) for all z in X
then f* is _f-moasuruablo and to check thut for any 0 in 0, f*(z) = fy(z) [Py)
ono takos a prior § = %—/\-{-—é 8 whero &, is thoe probability moeasuro concon-

trated at 0 and ono uses tho condition (s) for E. Honco this structure is
woakly coheront but not moasurably cohorent.

It is also oasy to seo that colwrenco with appropriate g-finld on © implics
measurablo coheronco and honco weak cohorenco. Thus if {Py, 0 ¢ O} is domi-
nated by a o-finite measure the statistical structuro is measurably cohoront,
buing already cohorent. Further cohoronco with countably gonerated A
would ontail {P, 0 € ©} to Lo dominated by a o-finito measuro (sco Rogge,
1972). However many undominatad structures aro moasurably (n fortiori
woakly) cohoront evon if A is countably gonorated.

Below wo shall oxhibit a class of undominated structuros which aro
moasurably coloront.

Lot us assumo that

(i) Each Py, 0in © is discroto
@) 7= () 7=

Definition : Say that {(X, A, P,:0¢0), (O, @)} admits n measurable
estimator for 0 if thoro is A measurablo function g from X to © such that
Pgios{z}) > 0.

Such a g will bo reforred to as n mnoasurablo ostimator of 0.

Thoorom 5: If{(O, @), (X, A, P,:0¢ 0} admits a measurable estimator
then it i8 measurably coherent.

Proof : Lot g bo & monsurablo ostimator. Then given any fy(z) jointly
measurablo satialying (es) dofino f°* as

S*z) = foralz).
It is casy to soce that f(z) = fy(z)[Py] for alt 0. [Q.E.D.)
Remarks: (1) Mensurable ostimators of 0 aro loosely spoaking moasur-
ablo vorsions of good ostimators of 0. JYor instance if & moasurablo version

of the maximum likelihood ostimato for O oxists, thon tho MLE itsolf would
be a moasurablo oatimator.
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(2) Assumo Py(x) is jointly monsursblo in ¢ and z; so that tho sot
{(z,0): Py(z)> 0} is measurablo in X xO. TFor oach z in X look at
A, = {0 : Py(z)>0}. A.’s aro oll moasurablo eots and that thoy aro allnon-ompty
is onsured by requiring 72 to bo empty. Tho problom of obtaining moasurablo
estimators is thon ono of moeasurable soloction of points from {4,:z € X}.
Various theorems on tho oxist of auch soloctora are availablo whon the
underlying spaces are Polish (Wagner, 1977).

Whilo tho oxistonco of measurable soloctors onsurea tho woak cohoronco
of statistical structures, wo do not know the validity of tho converse in tho
Polish caso. DBolow wo shall give an example of a statistical structuro not
admitting o moasurablo cstimator. It should bo noted that in the examplo @
and X aro both Polish, P,'s aro discrote furthor 0, s 8, implios Py 5 Py,
This example is duo to B. V. Rao.

Ezample 3.2 :

O0=X=[o0,1).
@ = _A: Dorol o-fiold.

Let D Do o Borel subsot of (0, 1] [0, 1] not containing a graph (Blackwell,
1969) such that (a) 7, D = [0, 1] where m, donotes tho projoction to tho 1-8t
coordinate (b) D docs not intorscot the diagonal. By tho Borel isomorphism
thoorom there is a 1-1, measurablo map ¢ from © =[0,1) onto D. Lot
¢ = ($1, $2) bo such an jsomorphism. For 0¢[0, 1] dofine P as tho measure

giving mass - to $,(6) and = to %,(0).

e shall show that the above statistical structure doos not admit a
measurablo estimator.

For, supp gisa ablo estimator
4 ={z: ¢lgle)) =z}, B={x:¢glz)) =2}

AUJB = [0, 1), since for all z, Py, (z) > 0 and 4 (}) B = ¢ sinco D doos not
intorsoct the diagonal.

Then the graph of k, dofined by

h=¢yogla4+B60glp
ia containod in D.

It i3 onsy to construct examplos of non-woakly cohorent atructuros whore
the spaces X, @ aro not standard Borcl. \We do not know of any non-weakly
cohoront statistical atructure in tho standard Borel case. Wo aro unablo
to ohock whothor oxamplo 3.2 is woakly cohoront or othorwiso.

Al 2-8
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