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Abstract

An inequality is proved for convex functions applied to self-adjoint matrices. Several
known inequalities are shown to be consequences, but properly weaker. © 2001 Elsevier
Science Inc. All rights reserved.
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We derive several previously studied matrix inequalities from one; and that one
turns out surprisingly (at least to us) to be simple, and to be sharp where most of its
predecessors were not.

We deal with self-adjoint matrices or operaté¢gor which we assuma < A <
M. HeremandM are real numbers, and the order between operators is that in which
A < B meansB — A positive (semi-)definite. The inequalities we consider are of
the form

O(f(A) <--- )

Heref is a real function defined o, M1, f(A) is defined by the usual functional
calculus, andp is a unital positive linear mapping. That i8takes the identity to the
identity (perhaps of a different algebra of operators), 8ng 0 implies®(B) > 0.
The right-hand member of (1) will involve:, M and®A, and of course it will be
different for different.

The assumptions just made will be in force throughout the paper. Typical of these
unital positive mapping® is the mappingpB = Z?:l P;BPj, whereP; = P/*
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andP; P, = Pjé;. In caseZ _1 P; = E is the identity, this is called a “pinching”;
if not, ® must be thought of as mapping to the algebra of operators living on range
(E),s0®(1) =

Several inequalities of the form (1) have proved their worth, Wiksumed con-
vex. These are sometimes called “matrix converses to Jensen’s inequality” [12] and
we pause to explain why. ABis a sort of averaging, fdiconvex we expecb(f (A))
to be bounded below by (®A), and a special case is known as Jensen’s inequali-
ty; thus (1) is, if not really converse, at any rate complementary to the expected
inequality. Now

F(PA) < D(f(A)) ()

does indeed hold for these, providedf is not merely convex but matrix-convex
[5,6]. This means that for all matricels BandallO< A <1, f(AA+ (1 —A)B) <
Af(A) + (1 — A) f(B). For suclf, then, adducing (1) along with (2) mea#&f (A))
is bounded both above and below.

Many of the importantare matrix-convex and so satisfy (2), but some like) =
€ are not; still we will obtain the other bound (1). Functions that are not even convex
can be brought in by comparing them to convex ones, as pointed out by Li and
Mathias [8].

Our comprehensive result is Theorem 1. We state two known corollaries first.

Corollary 1.1.
D(A%) < (M +m)PA — Mm.

Corollary 1.2. Assuméd < m. Then

d(AYH < _ L g4 + s + =
S Mm M m

Theorem 1. If f is convexthen letting L be the linear interpolant

1
L) = M—(f(M)(t—m)Jrf(m)(M—t)), ©))
—m
we have
D(f(A) < L(PA). (4)

Proof. As f is convex and. linear on(m, M), with agreement at the end points,
f(A) < L(A). Becausep is positive, we deduc@( f(A)) < ®(L(A)). But sinceL
is linear and® unital, ®(L(A)) = L(®(A)). O

Theorem 2. Equality holds for every in the conclusion of Theorefif and only
if either f is linear or spectrumi) C {m, M}.

Proof. If fis linear, thenf = L and equality holds. If spectrum) < {m, M}, then
for a spectral projectoP, A =mP + M(1— P),
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fA)=fm)P+ f(M)(1— P)
=L(m)P + L(M)(1— P) = L(A),

and equality holds.

In any other case, choose the spectral projetof A belonging to an interval
whereA has spectrum (sB is non-zero) and.(¢z) — f(t) > é for suitables > 0.
Choose® which does not annihilat®;; for example, any pinching. Then equality
cannot hold in (4), for

L(®A) — O(f(A)=P(L(A) — f(A))
= ®(P(L(A) — F(A)))

> P(P35) =8<DP7>EO. (]

Now for the functionf (r) = r2, we get Corollary 1.1, fol(1) = (M + m)t —
Mm fits the prescription in Theorem 1. This is our result [4, Theorem 2]; it appeared
different there because a further quadratic térbm )2 was subtracted from both
sides. By Theorem 2, the inequality is sharp.
There is more to say about the functigir) = +~1 (for 0 < m). Corollary 1.2 is
obtained using
1 1

1
L) =——1t+—+ —;
@ Mm+M+m’

the result was in the proof of our [4, Theorem 3]. (We ought to have pointed out,
and we point out now, that the reasoning was earlier known [9].) By Theorem 2, this
inequality is sharp.
Corollary 1.2 implies [4, Theorem 3]
(M + m)?
AMm

(A survey of proofs of related inequalities is in [1].)
Or, Corollary 1.2 implies

WM — m)?
Mm ’

P(A™Y < (PA). (5)

oA™Y < (@A) 1+ (6)

this is the bound we would get by using an argument of Mond agdiég12, The-
orem 3], and it generalizes their inequality [11, (4)]. Indeed, Corollary 1.2 implies a
continuum of inequalities (the parameteranging ovefm, M1):

(A Y < i{,ﬂ(m)—l —2u+ M +m). 7)
Mm

To prove (7) from Corollary 1.2, one simply calculates that

1t+1+1<1 w? D M+
Mm M m  Mm| ¢ H G
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The choicexw = (M + m)/2 yields (5), and the choige = +/ Mm yields (6); neither
of (5) and (6) implies the other. But (5)—(7) are not sharp; indeed, even for

M 0
=[5 ]
and@ trivial, (7) does not become equality for apy These competitor inequalities
are more natural, in that their right-hand member is in terms of an inverse, but they

are weaker.

Like remarks apply to the bounds obtained by parellel reasoning for other convex
f.

Corollary 1.3. Under the conditions of Theorein
Q(f(A) < f(PA)+maXL(t) — f(t): t € [m, M]}.

Proof. This can be proved as in [12, Theorem 3]: lgetlenote the negative con-
vex functionf — L, with g(m) = g(M) = 0 and midg(r); ¢ € [m, M]} = —f; we
have to show thatb(f(A)) — f(PA) < B. But &(f(A)) — f(PA) = @(g(A)) —
g(®A) becauseg — f = L is linear, andP(g(A)) — g(®A) is tractableg(A) < O,
s0®(g(A)) < 0; and spectruni®A) C [m, M], SO—g(PA) < B. [l

However, it is at least as edifying to see Corollary 1.3 as a corollary of Theorem
1. For that, we have to show that its bound is bigger than the right-hand member in
(4) —that is, that

L(®A) < f(PA) +max{L(t) — f(1): t € [m, M]}.

Well, of course; and this is one of the steps in the proof we just gave!

Corollary 1.3 in casef (r) = 12 is the Popoviciu inequality (cf. [7] and [4, Cor-
ollary 1]). Corollary 1.3 in case (r) =t~ is (6). All non-trivial f give non-sharp
inequalities in Corollary 1.3 and must turn to Theorem 1 to get sharp ones.

After this work was completed, we learned of the earlier independent work [10],
which uses linear interpolants in a similar way.

Acknowledgements

The second author thanks NSERC of Canada for funding and the Indian Statistical
Institute for hosting his visit to Delhi where this work was completed.

References

[1] G. Alpargu, The Kantorovich inequality, with some extensions and with some statistical applications.
M.S. Thesis, McGill University, 1999.



R. Bhatia, C. Davis / Linear Algebra and its Applications 323 (2001) 1-5 5

[2] T. Ando, Concavity of certain maps on positive definite matrices and applications to Hadamard
products, Linear Algebra Appl. 26 (1979) 203-241.

[3] R.Bhatia, Matrix Analysis, Springer, Berlin, 1997.

[4] R. Bhatia, Ch. Davis, A better bound on the variance, Amer. Math. Monthly 107 (2000) 353—-357.

[5] M.-D. Choi, Some assorted inequalities for positive linear maps on C*- algebras, J. Operator Theory
4 (1980) 271-285.

[6] Ch. Davis, A Schwarz inequality for convex operator functions. Proc. Amer. Math. Soc. 8 (1957)
42-44.

[7] S.T.Jensen, G.P.H. Styan, Some comments and a bibliography on the von Szdkefalvi-Nagy—Popovi-
ciu and Nair—-Thomson inequalities with extensions and applications in statistics and matrix theory,
in: T.M. Rassias (Ed.), Classical Inequalities: Generalizations and Applications, Kluwer, Dordrecht,
to appear.

[8] C.-K. Li, R. Mathias, Matrix inequalities involving a positive linear map, Linear Multilinear Algebra
41 (1996) 221-231.

[9] A.W.Marshall, I. Olkin, Matrix versions of Cauchy and Kantorovich inequalities, Aequationes Math.
40 (1990) 89-93.

[10] J. Mici¢, J. Péaric, Y. Seo, Complementary inequalities to inequalities of Jensen and Ando based
on the Mond—Pearic method, Linear Algebra Appl., 318 (2000) 87-107.

[11] B. Mond, J.E. Péaric, A matrix version of the Ky Fan generalization of the Kantorovich inequality,
Linear Multilinear Algebra 36 (1994) 217-221.

[12] B. Mond, J.E. Péaric, Matrix inequalities for convex functions, J. Math. Anal. Appl. 209 (1997)
147-153.



