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ABSTRACT. — We give an affirmative answer to the unitary representation problem
on IN-groups and extension of compact group by a nilpotent group. Thus, weak mixing
problem also has a positive solution on these groups, that is any ergodic and strictly
aperiodic probability measure on these groups is weakly mixih2000 Editions
scientifiques et médicales Elsevier SAS

1. Introduction and preliminaries

Let G be a locally compactg-compact metric group with a right
invariant Haar measure. Let P(G) be the space of all regular Borel
probability measures oi;. For u and A in P(G), the convolution
A p of » andpu is defined byr x w(f) = [ [ f(st)dr(s) du(z) for all
bounded continuous functions on G. Forn > 1, let u" denote the:-
fold convolution product of: with itself. Let L3(G) be them-integrable
functions onG such that/ f(t) dm(t) = 0. Let|| - ||, be theL!-norm on
LY(G). Forpu € P(G) and f € LY(G), definepw * f(s) = [ f(st)du(t)
foralls e G. Thenu x f € LY(G) and || * fl1 < || fll1.

Asymptotic behavior of random walks o6 are studied by several
authors ([2] and references cited there). Ergodic and weak mixing are
two important properties in the study of asymptotic behavior of random
walks onG and it is also interesting to find the connections between
them. We say that a € P(G) is ergodic(by convolutioh or the random
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walk induced by on G is ergodic if

—-0
1

1 n
Hr_zz'uk*f
k=1

for all f € L3(G) and thatu is weakly mixingby convolutiod if
12 '
U3 [+ F5)g()] dn(s) > 0
n k=1

forall f € L}(G) and allg € L*(G).

Let X be a Banach space arfd: G — B(X) be a bounded opera-
tor representation af;. The representation is called continuous (respec-
tively, weakly continuous) if the map— T (¢)x is continuous (respec-
tively, weakly continuous) for every € X. For au € P(G), the u-
averageU, (x) = [ T(1)x du(r) is defined in the strong operator topol-
ogy for strongly continuous bounded representationsy 6 reflexive
and the representation is weakly continuous, the is defined in the
weak operator topology.

A 1 € P(G) is calledadaptedif the closed subgroup generated by the
support ofu is G andy is calledstrictly aperiodicif there are no proper
closed normal subgroups a coset of which contains the suppgrt of

For any u € P(G), weak mixing ofu implies ergodicity and strict
aperiodicity of and its converse is known ageak mixing problenfsee
[2]). Lin and Wittmann proved that any ergodic and strictly aperiodic
measure is weakly mixing whenewvéris a SIN group oiG is a Nilpotent
group (see [2]). In fact Lin and Wittmann proved that the unitary
representation problem also has a positive solution for probabilities
on these groups.Unitary representation problenfor any u € P(G),
whether adapted and strictly aperiodicity implies the strong convergence
U, for all continuous unitary representations.)

In this short article we extend Theorem 3.3 of [2] to IN-groups and
extension of compact groups by nilpotent groups and obtain the following
result. We now recall that a locally compact groupss called aN-group
if G has a compact invariant neighborhood of identityin
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THEOREM 1.1. —Let G be a locally compact -compact metrizable
group. Supposé is a IN-group orG is a extension of a compact group
by a nilpotent group. Then the following are equivalent fioe P(G):

(1) n is ergodic and strictly aperiodic

(2) w is ergodic, and for every unitary representatidi, is strongly

convergent

(3) for every bounded continuous representation in a Banach space

X,
lim sup }iﬁx*, Ulx)| =0
S PR
for all x € N whereN is the closed linear manifold generated by

UteG(I - T(t))X-
(4) 1 is weakly mixing.

As mentioned in Remark (2) below Theorem 3.3 of [2], to prove the
Theorem, it is enough to prove that (1) implies (2), that js i a ergodic
and strictly aperiodic probability measure, theéficonverges strongly for
any unitary representation. In fact in the next section, we prove a stronger
result, namely ifu is adapted and strictly aperiodic, théff converges
strongly.

2. Unitary representation problem

In this section we provide an affirmative answer to unitary represen-
tation problem for measures on certain groups which includes all IN-
groups. We first prove the following lemma.

LEMMA 2.1.— Let G be a compact metrizable group affdbe any
unitary representation of; in a Hilbert spacel. Suppose there exists a
dense subgroup/ and a sequenceéx,) in H such that| T (r)x, — x, || —
Oforall t € H and|x,|| < 1forall n > 1. Then there exists a sequence
(y,) in H such that||x, — y,|| > 0and T (¢)y, = y, for all t € G and
X, — yn IS orthogonal to all common fixed points for all> 1.

Proof. —Let P be the projection on the common fixed points. Then
(I — P)YH is a closedr -invariant subspace df(. Let R: G — B((I —
P)H) be the representation 6f defined byR (r)x = T'(+)x for anyr € G
and anyx € (I — P)H. ThenR is a bounded continuous representation
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of G. Also, |[R(t)(I — P)x, — (I — P)x,|| — O forall r € H. SinceG

is metrizable, there exists an adapted and strictly aperiodic probability
measurexw on G such thatu(B) = 1 for some (countable) Borel set

B C H. Thisimplies for allk > 1, that||( — Vl’j)(l — P)x,|| — 0. Since

G is compact, by Corollary 2.11 of [2]jV}|| — 0 and hence — V,f

is invertible for somek > 1. This implies that|(/ — P)x,| — 0. This
proves the result. O

We first consider extension of compact group by a nilpotent group.

PrROPOSITION 2.1. — Let G be a locally compact -compact metric
group andT be an irreducible unitary representation 6f in a Hilbert
spaceH. Suppos&s has a compact normal subgroup such thatG/K
is a nilpotent group. Suppose there exists a dense subdiopG and
a sequencedx,) in H such that| T (¢)x, — x,|| — O for all r € H and
lx. |l < 1forall » > 1. Then eithelT is trivial or ||x,|| — O.

Proof. —-Let L = H N K. ThenL is a compact group. We denote the
restriction of 7 to L by R. Let F be the space of all common fixed
points for R. By Lemma 2.1, there exists sequengg) in F such
that ||x, — y.|| = 0. SinceK is a normal subgroup of;, L is also a
normal subgroup of; and hence is G-invariant. Sincel is irreducible,
F=(@ or F=H.If F=(0), then|x,| — 0. If F="H. ThenT
is trivial on L. Now replacingG by G/H N K, we may assume that
HNK =(e). LetS = G/K andS*! = [§%~1, S] whereS® = S. SinceS
is nilpotent, there exists /2> 1 such thats**! = [S¥~1, §] = (e). Then
for anyr € H**1, we haver € K. SinceH** c H andH N K = (e),
we haver = e. Thus, H is a nilpotent group and heneg is a nilpotent
group.

Now, since G is metrizable, there exists an adapted and strictly
aperiodic probability measurg on G such thatu(B) = 1 for some
(countable) Borel seB C H. This implies for allk > 1, that ||( —
U,'j)xnll — 0. SinceG is nilpotent, if7 is non-trivial, Corollary 2.6 of [2]
implies that||U|| — 0 and hence — U} is invertible for somek > 1.
This implies that|x, || — 0. This proves the result.O

THEOREM 2.1. — Let G be a locally compact -compact metrizable
group andu be an adapted and strictly aperiodic probability measure
on G. SupposeG has a compact normal subgrouf such thatG/K
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is nilpotent. Then||U}}|| — O for any non-trivial irreducible unitary
representation.

Proof. —Let T' be an irreducible unitary representation®f Suppose
Ul /> 0. Then by Theorem 2.3 of [2], there exists a dense subgbup
of G and sequenceér,) such that||7 (r)x, — x,|| — O for allt € H and
x|l =1 for alln > 1. By Proposition 2.1 we get thdf, is trivial. Thus,
|U: |l — 0 for all non-trivial irreducible unitary representation@f 0O

We now consider unitary representation problem for IN-groups.

PROPOSITION 2.2. — Let G be ac-compact locally compact metriz-
able group andr" be a irreducible unitary representation of. Suppose
G is aIN-group, that iS5 has a compact invariant neighborhood of iden-
tity. Suppose there exists a dense subgréupnd sequencéx,) such
that |7 (t)x, — x,|| — Oforall r € H and ||x,|| = 1 for all » > 1. Then
G/Ker(T) is a SIN-group, that is group with a basis of invariant neigh-
borhoods at identity.

Proof. -By Theorem 2.5 of [1], there exists a compact normal
subgroup K such thatG/K is a SIN-group and in fack is the
intersection of all compact invariant neighborhoods of identity. X die
the subgroup generated by a compact symmetric invariant neighborhood
of e. Then N is a compactly generated open normal subgroupG of
such that the closure of each conjugacy class is compact and hence by
Theorem 3.20 of [1], the closure of the derived subgraupof N is
compact.

Let L be the closure ofN’. SinceN is open,N N H is dense inV. This
implies that the derived subgroup &fN H, say D is dense inL. Since
N is a normal subgroup af;, L is also a normal subgroup of. Let F
be the space of fixed points fér. SinceL is normal, F' is G-invariant.
SinceT is irreducible,F = (0) or F =H.

SupposeF = (0), then by Lemma 2.1)x,| — 0. This is a contra-
diction. Thus,F = H and henceN’ C Ker(T). Let R:G/L — B(H)
be definedR(rL) =T (¢) for all t € G. Then||R(tL)x, — x,|| — O for
all t € H. Since N is metrizable, there exists an adapted and strictly
aperiodic probability measure on N/L such that.(B) = 1 for some
(countable) Borel seB c (N N H)L/L. Then|[(I — V})x,| — 0 for all
k > 1. Since|lx, || = 1, |V}| =1 for anyk > 1. SinceN/L is abelian,
by Theorem 2.11 of [2], there exists a sequelig® in H such that
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IR(L)y,— y,|| — Oforallt € N and|y,||=1foralln > 1. SinceN/L

is a compactly generated abelian group, it has a maximal compact sub-
group. LetM be a closed subgroup &f containingL such thatM /L is

the maximal compact subgroup 8/ L. SinceN /L is a normal subgroup
G/L, M/L is also a normal subgroup @f/L. Let E the space of fixed
points forM /L. ThenE is (G/L)-invariant. Sincel is irreducible,R is
irreducible. This implies thak = (0) or E = H. SupposeE = (0), then

by Lemma 2.1)y,|| — 0. This is a contradiction. Thugy = H. This
implies thatM /L c Ker(R). SinceL c Ker(T), M C Ker(T). Also, M

is a compact normal subgroup such thgtM is an abelian group hav-
ing no compact subgroups, that/s is the largest compact subgroup of
N. SinceK is the intersection of all compact invariant neighborhoods of
identity, K ¢ N and hencek c M. This implies thatk c Ker(T). This
proves the result. O

THEOREM 2.2. — Let G be ac-compact locally compact metrizable
group andu be an adapted and strictly aperiodic probability measure
on G. SupposeG is a IN-group, that isG has a compact invariant
neighborhood of identity. Theli; converges strongly for any irreducible
unitary representation.

Proof. —Suppose||U/ x| /> O for somex, then ||U]|| # 0. By
Theorem 2.3 of [2], there exist a dense subgrdtipand a sequence
(x,) such that|T(¢)x, — x,|| = 0 with ||x,|| =1 for all t € H. By
Proposition 2.2G/Ker(T) is a SIN-group. Thus7 actually defines a
representatiorR of G/Ker(T) which is a SIN-group, by Theorem 3.3
of [2], U/ x = V;'x converges strongly wherg is the image ofu in
G/Ker(T) and V is associated taR. SinceU;x # 0, T has a non-
trivial common fixed point. Sincé is irreducible,T is trivial. Thus,U),
converges strongly. O

3. Proof of Theorem 1.1

The implications (2}= (3) = (4) = (1) hold for any metrizable group.
We now prove that (1) implies (2). Suppogeis a ergodic and strictly
aperiodic probability measure. Thenis adapted. Now, Theorem 2.1
and Theorem 2.2 imply that; converges strongly for any irreducible
unitary representation a¥. An application of Theorem 2.2 of [2] yields
the result.
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