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IxTrODUCTION

Systomatic sampling has now como to bo of much interest both in
theoretical and appliod statistica. Thia typo of sampling with its various medificatinns
is well known. Madow (1944), Cochran (1046) and Yatea (1948) huvo discussed omo
particular types in ono dimension, This paper deals with tho two dimeuaional geno-
ralisation of Cochran’s results for the uni-dimensional caso.

Lot tho univoerss to bo sampled consist of mi rows, each of nk cells in mn strata,
cach stratum containing Ik celts, Tho cells aro aquaro or rectangular as tho case may
bo. Let tho co-ordinates (z,y) bo taken in such a manner that, y = constant, gives a
row and z = constant, gives a column. Thus in each row n sots of k cells are along z dli-
rection and in cach column m sets of I cells are nlong y direction. In a particular stratum,
v colla out of Ik cells are chosen at random.  Then overy Ith row of eclls (alung y direc-
tion), beginning from thoe ono in which each of theso choson cclls occurs, is selueted.
On cach of theso sclected rows, colls in samo column with the randomly chosen oncs
and overy kth coll (along x dircction) aro taken, thus comprising o samplo of sizo mnr,
which is a kind of sy io sampling in two di i This typo of aysiematic
sampling may also bo defined as: v colls out of I celis aro taken at random from &
particular stratum; then in cvery other stratum a similacr set of v cclls are chosen,
having the same configuration within the sct and also with respect to the stratum as
in tho first stratum, We may also tako a random samplo of size v from cach of the
strata forming a total stratificd samplo of sizo mnv, Alternatively, mny cells may bo
taken at random out of all mnik cells without stratifieation, which will constitule s
pecfeetly randem samplo,

Wo assume Lls universo to be homogencous in the senso that £(z,) = i, whero
2's aro the observables of tho cclls, and that obscrvables havo got common varianco
and different apace-correlations. Lot p{u,v) bo the space-correlation betseen points
soparated by distances u and v along z and y directions respectively, i.e., if P Lo the
coll (z,y), wo shall pair its yield agninst tho yicld of tho cell (z-+4, y+v) and from tho
sot of all such possible pairs shall calculato p(u, v), which may have cortain fluctua-
tions due to tho finiteness of tho universo. If this univorso bo infinite, such an elect
will bo absent. If, howover, tho universo be finite it may be considered to bo a samplo
from an infinito population, ns has been dono by Cochran (104G), where E(z) = g1,
Viz) = 0% and E{(z4uper = pifzy — )} = plu,) for the infinito population. This
plu,v) for difforont values of u and v will form a solid figuro which may bo cnlled a
correlopiped, This figuro will bo a i ono for i inal sizes of the colls.
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In this paper the expectod values of tho variances of the grand samplo mean,
as averaged over all finite populationa from tho infinite population, under random,
stratified and systematie sampling will bo denoted by o3, o, % and ,,* respeetively
following the symbols used by Cochran (1046). Ay, 8y, 8, 8, aro the operators, such
that

A,0(u,v) = plut1,0) — plu,v),

Aap(i,v) = plu,v+1) — plu,v), 3,p{u,v) = plu+ o) — plu — )

3.5p(np) = plu+1,0) + plu — 1,0) — 2p{u,v), A Ban(u,0) = Ayplu,v+1) — App(u)
and similar definitions for 8,, 8, and 8,38, We shall also use E,, E, such that
E\p(n,0) = plu+1,v) and Eyp(u,v) = p(u,v+1). Theso E,'s are different from E (with no
subscript) which denotes “‘expectation”. It is also to bo noted that p{u,v) = pl—u,—v)
and p{u,—v) = p{—u,v) are different and we shall denote p(u,v)+p(—u,+v) by ¥ {u,v)
which is symmetrical with respect to u and v, A,y and A,y will always denoto A y{u,)
and Ags(u,v) respectively.

Insection 1, 0,% 0,.* and 0,, havo been calculated and it has been shown
that their relative proportions aro independent of v, and hence the relative cfficiencies
of the threo types of sampling. In scction 2 a st of sufficient conditions under which
stratified sampling is moro cflicicnt than random sampling has been stated in a number
of theorems, and in section 3, a sufficient condition under which systematic sampling
is moro cfficient than stratificd sampling has been stated in Theorem 4. From the
results of these two sections, wo can find out tho set of sufficient conditions under
which systematic sampling is more efficient than random sampling; though the two
hase not been directly compared. Cochran'a results como out as special cases. But
thero are somo improvements over Cochran (1948) that the results are true whatever
may be p, positive or negativo, and that v may be greater than unity.

Seeriox 1
It can bo proved that En(:,—;)' =1z % (=2 e (1D
" LABNTY )

Lenma 1, In o plot containing M rows of N cells each, with z,; as the stochastic veriate
corresponding to the (i,j)theell, s = 1,2, .., N; j= 1,2, ..., 3,

X M - ) ‘v ‘7_ - Nzl 3
E[ s (,"_,).} - js,‘::_["‘_(“i_‘_') -N ':‘:l‘(.\l—r)P(O. v)=-M 3;.'(.\ —u)p(n, 0)
X-1 M-
=L X (N—u)(M—v)yiu, "):l
=

Proof. By (1.1), g.l l;‘l 2y =1 = N%\’E(:‘_z")' whero the summation is to bo extended

over o)l combinations of z, and z/ in the finito plot, which is a samplo from an infinite
plot of the type joned in the introducti Thore aro ¥¢, combinations in all
aplitted as; (i) within each row ¥c, combinations, boing M. ¥c, in all, (ii) witbio each

%0




SYSTEMATIC SAMPLING

column ¥eq, in all N ¥cq and (iii) botween (2, y) and (z4u, y+v), (u % 0, v 3% 0), giving
24e ey,

Now, E{‘z‘ (z.,—;)'} = 'j}ﬁ E(S—ptp—~10)) = j‘% El—plz,2)) o (L2

whero p(z,, z,#)means the correlation between z, and 2, and the summation ia to bo carried
ovor all combinations of £ and ¢ (i.e., ®¢, in all). Lot us first find Ep(,z0). Tt
will bo tho sum of threo expressions corrcaponding to tho three casea (i), (ii) and iii)
mentioned above. In case (i) thore are (N —u) cells (1,0)-distanco npart in ench row;

theroforo, Epfz,, z,7) of this type over all rows s N’EI(A’—u)p(u,o). Similarly. for cnso
.l

(ii), Eplz,. 2,7} is NIE;I(JI—v)p(O. v). In casofiii) considering the four points (z, y)(z -} u.y),

{z, y+v) and (x4u, y+4v) with u 32 0 and v3£ 0, it is abvious that thero will bo only 2
effoctive types of distances of caso (iii) among theso four pointa, namely, (u,v) and
(—u, v). Tha distanos (—u, —v) Is equivalent to {u, v}, sincs the spaco correlution
will bo the samo for both tho dist ; similarly, tho dist (u, —v) is equivalent

N-1 M-
to (—u, v). Therofore, summing Zp{z,, z,-Jover this typo we get }:‘l :“: I(‘\'—u)(JI —u)p{nv);
- -l

beacauso fhero are (N —u) (M —v) scts of such quadruplets. It is a point to noto that
Pplu, 0) = p(—u, 0) and p{0, v) = p{0,—v).

Again 1 over all combinations is ¥¢,.

Then tho lemma follows from (1.2), which can bo writien as:

s[%lé‘(;,,-;)'}-um_n--(l-ay.,v))=(J{.v—nmw. N e (13)

| . 2 -1 2 X2
whero (A, N) = T@AN=T) :‘_:.(-"—')P(o. ’H’m 'ﬁp("- 0)

+ﬂ‘v(-;;"-‘,_—l) ’:gl' 'é’.l'(y—u) (Mmt)i(u,0) oo (1)
and L3, N) = 1—(}, N) e (L5)
. putting M = ml and N=nk in (1.3), wo have for tho wholo finito pojs lation:

E{Z(z=1)%) & (mnlk—1)o*{1—g(ml, nk)) e (L0
Similarly, for cach stratum, putting 3 =1and ¥N= in (1.3)
E(2(z—5)Y) = (k—1)o*{t—¢(l, k)} - {L7)
Thereforo, for mn strota, E (a8, within strata) = ma(lk—1)o3(1—g(f, X)} ... (1.8)
07
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For cach of the systematic samples for r=1,
E{S(z—3)Y = (mn—1)e2{1—~g, (m,n)} putting 3= m and N = n, replacing p{u,r) by
pluk, el) in (1.3) and (1.4) and replacing ¢ by ¢,,.

+ forv=1, E (8.5, within aystematic sample) = Ik(nn—1)o*{1 =g, imn)} ... (L.9)

Now, for a random samplo sizo n’ from a finito population of sizo .V, the variance of

1 N—n'
sample mean = — i

NS {-\; E(z—;)'}. summation being taken over whole finite

population,

Hence putting N = malk in our caso, n’ = mnv, we have, using (1.6) the expected
varianco of sample mean as:

1 mn(lk—y)

= —_
i mnv (mnlk—1) mnik

v

{mnlk—1)a¥{1=J(ml, nk)} = mnv( l— {l—é{m[ n.()}
(1.10)

Again, thero aro mn strata with Ik cells in each and let z,,, 2,4, ..., 7,, bo the sample of
sizo v from the ith stratum.  Here z,) is a stochastic variale and isnot to be confused
with 2, having no subscripts, that denotes a co-ordinate in the introduction. Then

z=L T2l Tz, wheroz = B ¥z = T v,
T mnv am ” mn e M e = Tahd e

But E(FE) = 1 ‘7’;‘_'; (",;” 1=, &), from (1.7).

Hence ot = E(NE) = (1—n) {1—¢(1, k)} e (LID)

Now, to find tho expected varianco ¢,,* of systematio sample, lot 2y, Zy4,.-1 710 bo the

sample from the first stratuny. Then the samples from other strata are automatically

fixed up. Tho grand sample mean 2,, = LI o £z, and 0,,% = E(z,—7)t, whero
MY (o g1

z is tho grand mean of the finite population.

Hero lc'.-!’:l x,)/mn be denoted by 4.y, so that (2,,—2) = % }': (,2,,—%)
"l =}

Hence (2, —2) = —”—, {ll'; (r’n'_’)"*‘,':“;_l(l"-y—f) (,-:.,—2)} (112
(#1')

%



SYSTEMATIC SAMPLING
We shall take the averago of (1.12) over "¢, systematic samples.

If z,; be a random point (observable) from tho first stratum, (2,, ia tho mean of the
corresponding eystematio samplo. Then for summation of (1.12) over ™y aystematic
samplos, any ,2,, (f = 1,2, ..., mn), will occur Wt¢,_, times, becauso only (v—1) will
be required from the remaining (fk—1) to complcto a samplo of sizo r; and ,2,, and
% G §), will occur together ®~%,, times; thercfors in tho expression {1.12), when
summed over “c, samples, (£,,~2),§ = 1,2, ..., Ik, will occur *~%c,. limes and

(,2,,—!)(,.2,,_5)0 %30 %%,y times. But i:‘(.:,,—z) = 0,

]
whono £ (12, — 2oty =1) = 05wl £ E 2,8, —1) = — £ 2,2
#
Henco in the summation, {2, =2 occurs (Mg, — I, ) = N¥e,,, limes ; aud the

" I Y
required average of (1.12) is “:fT:l 71‘ ‘2‘.‘ (=2 = :" l(l:(‘;l. ')I)L maly2,,—2)

0 k-wy e - ’
- TR { z ’2_.‘ (#;)—2)3~(s.8. witbin systematio snmplo with » l)] «.(1.13)

Henco taking expectation

._,.=":: ﬂ(‘:ﬁi {(...u 1)—(mnlk—1)g(md, nk)— mm-—l)+n(mu—l)¢,,(m,.))

from (1.6) and (1.9)

o (mall—1) U{ma—1)
=m(l r){l-_ Ty Stmlat + (!ﬁTM"")} w (L)

and from (1.10) and (1.11):

ot = m‘:' (1-"';) {1—4(».[:,"1-)] - {L15)
o »
. %'(1_11_) {l-¢(u-) } e (L1G)

where @ (A, X) Is givon in (1.4), and

Bulm, ) = (M T L (m—v)p(0, o) + m £ put, 0)

4+ X (,.-..)(... —r)p(uk, o))

(=1} ot

2
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It is thus scen that tho rolative efficiencics l. : L. 5 aT0 independont of v and
o ot oy
are dopendent on tho nature of stratification and the corrolopiped, of which, if the

latter bo known, tho formor ean bo adjustod to suit the purposo.

Secrion 2

Here wo shall find out & sot of sufficiont conditions under which stratified
sampling is more eflicicnt than random sampling, i.e., under which o,* > 0, We
shall at first prove a fow important lemmas,
Lemma 11, Forall values of § and &, L{I+1, k) > L{l, k), if the following conditions
be satisfied ; (i) Ay, v) < O, (i) Ay, v) < 0, and {iii) 2¢{(u+1, 0) > Y{v,0+1)
+ y(utl, v4-1).
Proof. Replaccing M by { and N by £ in (1.4) and (1.5}, wo get L{l.k).
Then, putting I' = 14+1,4 = k=1, A’ =Ik—1, and

.2y

l—e- I—v _k—w - (k—x) I—v .
”°‘=2(77r 7l R i 2(‘1.4—

whero us£0andv 50 wo have

LOHL B—LR) = B fop0ort T ablus) - 28
Now beeause  ¢(u,v) = —A0{%,9) + $(u,v+1), thereforo
) -1 ,
Z o pl) = — E Subiflun)+Sub(ud) - 123)
where Sew = b oy
r
And '}iilﬂ,,p(o,v) =— '};: 8'0,852(0,0)+8'p(0.0) - 2
whers S = ’_zl By

Thea 8%, = v{y(l—}—‘ - #) + %], whore y = I—1—v,

Heneo for y»0,de, oL (1-1),8, »0 e (25)
ond gy = — (’;;” - (26

. = k— . . . p
Now S, = 1..,+‘_I‘-‘ ay = A_A"" +% _l:- 2 8, which from (2.5), is positivo for o & (I-1)

und using (26), S = _;’-‘:) - (27

100



SYSTEMATIC SAMPLING
Then from (2.3), (2.4), (2.5), {2.6) and (2.7), the cquation (2.2) Tea¥s to

Lt -t by =~ R U - L8 B2 g g

~Esvasm o 2w - Eyon . e

Sow & G2 gt p- Gty n=3 o) {w -0, n]  €=0 P, vin

244’ Y7Zry k44 v
. (29)
.Lj%“'). Alu=1 D + :zq :!ET_R;) TR . (210)

For 8,1 < 0, the first part of {2.10) is greater than or equal to zero, but the other
part is not poeitive ; therefore for A, € 0, and 4,17 < 0, we have from (2.8):

-
Lo+, h-La b = o+ 2 4;! aptu-1,n-£ ¥ 4-.') St .. 211

where Q > 0.
Again 8,50, ) = Y, h—plu, 0).

k—u)

Hence, from (2.11), LU +1, ) — Ll &) = @+ & (“A

{29(u, 0)- ¢lw, D) —yfu -1, 1)

. (212)
Now, 2{u, 0)—g{u, ))—#(u—1,1) 3 2¢(u, I=1)—u, H=yix=—1, I). for &y & 0.
i 2(ut], o) B oy, v+ 14 ¢(x ), e4-), for all values of v,
2y, I=1)—Plu—1,H—y(n, 1) > 0, i.e., expression (2.12) and hence (2.11) is greater
than or equal to zeru,
Hence, the lomma s proved.
In a similar way, the following lemma can be proved.
Lemma 111. Forall values of L and &, L{l, k+1) > L{X), if the following conditions
bo satisfied: (i) Agiu, v) < 0, () d,0w, o) < 0, and (i) 2P(u+1. v} > Plu+l,v)
+ylu+1, vtl).
Theorem 1, For all infinite populations in which (i) 4,y € 0, (i) &9 <0,

(iii) 2¢0(u, v41) > ¢lut), oO)+putl, v+1) and (iv) 20+l v) > Yy, o+1)
+¥ {4+1,041), 0, < o for any size of tho sample; and ou! < o,* unlees
equality holda in each of the above four cascs.

101
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Proof. These four conditions entisfy all the conditiona of Lemma 11 and Lemma 111;
LK) < LU+, B & L+, 641 € oo € Limd, nk)
i, 1—¢(l, k) € ) -g(ml, nk), from {1.5).
Honce, 0.,' € @3, from (1.10) and {L.11).
Thus the theorem is proved.

Again, il 3,17 = A, tho conditiona (iii) and (iv) of tho above theorem are satisfic,
Henee, a sct of moro stringent conditions can bo stated as:

Corollary.  For all infinite populations in which A = g € 0, 0,.* € ¢, for any
size of the sample, and o,! <, unlexs equality holids in each of the aluve cascen.

Theorem 2. For all infinite populations in which stratifieation is mado by parallel
steips along u-direction (say), @, > 0., for any size of the samyple, if the fullowirg
conditions be satisfied : (i) 3,y < 0, {ii) Ay € U, and (iii) 2y(u+1, ¢} > Jlu, v1)
+3¥(u+1, v41); and ¢,! > 0., unless equality holds in each of the above three cases.

Proof. Theso three comlditions watisly all the conditions of Lomma 11,

Then LILK S LU+LK) € oo & Liml, k), e, 1—g, k) € 1=(ml, k)

Here, of course, & represents the total number of cells in & stratum; thereforo
a,* € o, and the theorem follows.

Now, condition (iii) is satisfied, if &, » A,¢. Hence a sct of more stringent con-
ditions can be atated as:

Corrolary 1. For all infinite populations in which stratification is made by parulicl
atrips along u-direction (say), o2 C 0,2 if A0 <A Y € 6; and o2 > 7, unless
equality holds in each of these easea.

Corrolary 2. For & = 1 in ths ahovo case, i.e., for the onc-dimensional field along
v-direction, 0,2 3 o, if A¥{e.v) €0, or, Ap(0,6) S U ; beeause here n = 0. This case
has been discusseld by Cochran (1946) for v = L. AH theso theorems give the conditions
irrespective of the values of £, m,n,k anil honee any pattern of stratification is more effi-
cient under them. But tho author (1949) has given another set of conditions thut
dopends on some relations of the parameters.  Wo shall now cliscuss it. Ilere alot
we have got somo degrees of freedom in atratification. It can be stated in the fullowing
theorem,

Theoremn 3. For all patterns of stratificntion in which ¢ € & € Iand (n =)k = (m—1),
;2 € o.% if the Yollowing conditions ho satisfied: (i) A,¢ < 0, (i) Jy¢ <0 and
(iii) A,8, > 0 and 0., < o} unless cquality holds in each of these three cases.
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SYSTEMATIC SAMPLING

The parnmetric relntion is, of course, satisfied, if & = Jand m e n. This theorom
will be proved with tho help of temma 1V,
Lemma 1V, Tho expm«lon by a"V(l,}) > 0,ifthe fullowing comlitiona bo satisfied:
p oSS =,
(1} H;:‘:,,>0forn<bv<l bull a,)

) Awike) O, (if) Al ) C 0, and (iv) 3,8,9(v, r) > 0.

[ )
Proof. % .allmv L3 = r‘-; Y Sudwiv, J) + " S,ytk, ), whero 8 =% X ay

“N¥q T dgine) — B T.._\,g(n,l) —'5; T dg¥ (6,00 +Tuptkl)

where T,, = L Sy = .‘:‘. _, a,, whenco tho lemma can by proved.
(L
Now, we shall prove theorem 3.

LT, b4 1)L, ) o= S 010,00+ S angdle, O+ £ Tawbie) = 3 I a9 i)
- [y wi el o e

whero putting Febdl, =141, 4 =lk-1,and 4" = ¥ -1
ki
Y
and ay = M) D for iz 0, 0.

“Then T, = i a +§ ay + .:'. ): a5, when:o
" ” i

LMkt —1) | oelldy- 1) oeribtr=lity=1) w40 ell4y)
Mo=pr—Ft—a—+ T ke

_ uri+a)'+y)
(Z

wlicro z = (t—u) and y = ({—v), from which it can bo proved that T.. > 0,
& a, =0

VI E I8 and T, is always 2o ie., if Vi Sk I .".;
-
and ¥ i:.xu >0
)=

Hence, applying lemma 1V
LU+, k1) — LK) 3 0, il (i) 8,9(n]) < O, (il) 3,9(0]) < 0 and (ili) A A, p(ux) > 0
(]
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whoneo  L{l k) < Lil+1, k41) < ..., < Liml, nk) il (i) &, < 0, (i) A, < O,

(i) A,8,9(u.) > 0, (iv) (m—1) = (n—1)k, and {v) VIS k < I

Henco the theorem,

Sgcriox 3

Wo shall now find out & sct of suficient conditions under which tho syste-
matic aampling is moro efficient than the stratified rampling.
Theoren 4. For  all  infinite populations, in  which (i) & plu,r) .> 0, and
(ii) &% (u.r) 3 0, a,,* 0}, for any size of tho sample and o, < 0.,% unless
equality holds in each of the above two cases.

Proof. As the relative efficioncy 7,4, ix independent of v, wo can take it to be
unity, i.e., tnko one samplo from each of mn strata.

From (1.13) for v=1, average (%, ~ )%, tho catimnte of oy,! in

1 LU = 1 N .
’m{ ‘}:I El (ry =2~ X (average a.a. within sys*cmatic samples) ] . 3

Let x5, 240 <.y Zpyr 5 bo the stratified samples from the mn strata, 1, the
mean ; z;; being the samplo from the ith stratum.

Then |3, =.£.‘x||/mu. Let %, be the mean of tho ith stratum and 2 the grand mean.
-

- 1 n - ] wn - . - — L& -
Thon 7, = IFIE npEw %3, o, = E(Z,—%) Now, E (zy—%* = 3; (ry=7.0*
+mna(Z, - 5L
Averaging over (Ik)=* samples we have
1Y

-X: ;l (£y—2)* = (averago a.s. within samplo) +mn(T,,—2)\.
¥

-

o 0t = E(Zy ) = ,—’;ln_ E {:: é-‘; (ry—3)'— %n (avernge 8.8, within samplo) }(19)

If x,, 23 ..o, T, bo the sample, and z its mean, then .. within samplo is

-2.(z|—;)‘= 0% (n—=)%; . (33
w1 ma e

e
which Is the avorage 8.8 within the sample, systematic or ‘atratified.

Let o, and o, bo the expoctations of tho averago e.s. within systomatio and
otratified eamplus respectively. Then w2 > 0w, if E4 > E., from (3.1) and (3.2).
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SYSTEMATIC S8AMPLING
From({3.3), E,, and X,, are given by ':—. multiplied by the sum of torms liko E(x) — z),
for all combinations of pairs of strata, (i, j donoting strata).

Wo can, thorefors, compare L., and I, torm by term.

Let E,, and E, donoto expectations for systematio and stratified samplos
respoctively. Also let z,, x; belong Lo (5, i) nd (jy. Jy) strata reapectively, such that
(=3, = % and (iy—jy) = o.

Thon Efn—oft =B,y —p+p—z)= 20%1 — pluk, )}, ... (3.6)
z, boing determined when z, is fixed snd vice versa.

For B, (z, — z,)% I'%" combinations of pairs are poesiblo In the present case. Wo
aro to take mean over all thess combinations.

It can be scon that (& — [[) pairas are (£ +- §) distance apact and (—[5]) are (fv + 5)
distanco apart.

Averaging over I%? combinations we have

a0 . i
Fulr—s)tm 200 1 l‘ll'-‘.-.?.:“u ‘E’” k=1 )= |5 pluk+i, rl+j)} . (35)
From (3.4) and (3.5), (£, — £..) will be proportional to the sum of terms liko

b2 e = LA, o) ek, )b (T T 4T T,

By plien

whor, T, -':z:’ ‘::.El“ (€ — il — ) {pluk + i, of + ) +pluk + §, ol — §)

+ ok = 6, o+ ) + pluk —3, W — ),

Tym k"ri::'(z — ok, &+ §) + pluk, & — )}, Ty = x:il' (& = iY{pluk + i, o)
+ p{uk — i, vd)), and Ty = — Ik {1k — 1) pluk, o).

Let us subtract 4p(uk, ul) from the terms of T,, and 2p{uk, vl) from torms of 7', and
T, each and add the balance to T,.

Thon weget: T, = E,lg (k=Y —=fHpluk+ i, vi4+7)Hpluk 43, o—j)+pluE—i, W-t5)
;
Hpluk—s, ol—)—4pluk,eD)
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Ty = & E U=Mput, +5) + (lu, vi—f)—2plubl), and

Ty = x::_l-:(k—i){p(uk+i, wly+pluk—i, ul) — 2pluk,uD)}

Wo aro in all subtracting I{lk — 1) p{uk, vl), and adding tho same to T, we get zero
as reaultant,

Honce the expression is Ty +T/+Ty e (3.8)

If 8s usual 8! m A'E-} m (EV—E-\)t, it can bo proved that

. "i:"' (i—[j)PE = By E-—2;
-

Then  E ()i =i i) — 200u) - 30

Hence in Ty,  pluk+i, vl+j)+...+pluk—i, dd—f)—4p{uk,vl)
= (B} +E"—2){pluk,ol+) 4+ plukpi—F) + AES+EI=2)p(uk, vl)

= B = ek, o) 8, k0.0

42" (0138, pluk,ol-1), using (3.7)

RTEt

Similarly, in Ty
Pk, o-k)+ptut, d—f)~2ptuk, o) =% (= |1) 4l o140,
and in 7,
k4, W) pluk =i, o) =2p(ukol) = E (I [o]) 82pluk+2, oD

Thus Ty, T’ and T’ are each positive, if (i) &% p(u,v) > 0 and (i) 3,%P(x.5) >0
for all values of uand v.
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SYSTEMATIC SAMPLING
Hence under theso conditions T, > I, whenco 0,1 o0

It is evident that the differenco vanishes only when equality holds in cach of the above
threo cases. Thua the theorem is proved,

From the proof of tho theorems given in this section and in previous section, we can
find conditions under which o, > o,,% In view of tho fact that in certain cases, we
aro pelled to adept s ic of stratificd types of sampling {technique, wo
ought to find out tho degreo of inefliciency also, which, though not easily expressible,
can be obtained from (1.14), (1.15) and (1.16) of section 1.

Now, we shall consider one example.
Let pluv) = }‘:.4.: -“','l_"’r',whem o A, = 1,and A, and p, are positive.
r1 L]

Eridently, p(u,v}) = p{—u.v} and wo can consider only positive values of u and v, This
is supposed to bo a natural condition (Ghosh, 1949).
-y

Here, Y(u, v} = 2p(x, v). Then 4, (s, v) = 2 2". A,c—x'"_"l' (e —1)
i

But when A, <0, e~ X 13 therofore, 4,9y, v) § G, for positive corrclations.

Similar is the case with A,(u,r).

But without knowing tho values of A, and y, we cannot say whether conditions
of theorem I are ratisfied or not. Only if A, = p, for all values of ¥, the coroliary to
theorem I is applicable.®
Again 3,8, Y{u, v) = 2.4‘,—“‘—/'!'(,—‘!_|x¢—l'| —1), which is positive.

Henco, theorem 3 can bo applicd, i.c., stratified sampling with /I & & P
and (n—1)k = (m+ 1)l is more efficicnt than random sampling, though the
is homogencous as regards tho expected means,

Also, 81 Y(u, v) = 2{p(u+1, v)+p(u—1, v)—2p(y, v)

=2 §‘.lA,e_x'"_""’(c‘\"‘—e_x"')‘, which s positive for positive p.

*It has been slso proved by the author that for A,¥{, v) € 0, 4,¥{u, v) < 0, 8.P{4, t) > O and
87P(, ¥) > 0 the rolation 6,* 3 au? > eu? holds good and ¢," = #,," if equality holde ba sach of the
above four cases when ¢..* o" 8180 will be true. Thewo rewults will bo published in s forthcoming
lssue of Science and Culture,

Thus in thia cxample 5,1 > #,5* > #,,%
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Similerly, 8,%%{x, ¥) > 0,

Therofore applying th 4, i ling is more efliciont than ified
snmpling.

Whilo the paper was in press, it camo to the notice of the author that some
of the results discusscd in this paper had been also obtained by Quenonille (1949).
The present author published these results in Scionce and Culture in 1049,

Thaunks aro due to Prof. B, N. Ghosh for some valuablo suggestions.
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