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SUMMARY

In this paper an attempt has been made to construct a series of balanced
temary change over designs along with the method of analysis. In the
method of construction, it is considered that a treatment symbol should
occur in a given sequence at most twice but the same treatment will not
appear in two consecutive periods. Various combinatorial requircments
along with their parametric relationships for a ternary change over design
to be balanced are written and discussed. According to Saha [2] a set of
difference sets corresponding to initial sequences are defined satisfying
certain conditions for getting balanced change over design. Two designs
for v =7 and v = 11 from the Series of Balanced Ternary Change Over
Designs are developed.
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1. Introduction

A change over design (with the presence of only first order residual effects)
is said to be balanced if every estimable clementary contrast among direct effects
is estimated with the same variance and every estimated elementary contrast
among residual effects is estimated with the same variance. Quite a few balanced
change over designs are available in the literature ([1], [2]). However, all these
designs are binary in the sense that no treatment symbol occurs in a given
sequence more than once, If this condition is relaxed, it will perhaps be possible
to obtain some more balanced change over designs. The purpose of this paper
is to investigate this aspect. A series of balanced change over designs are
actually constructed. :

2. Analysis of ‘Ternary’ Change Over Designs

We consider designs in which a treatment symbol appears in a given
sequence at most twice, but, the same treatment does not appear in two
consecutive periods. In conformity with the nomenclature used in block designs,
we may call such designs as ‘temary’ change over designs,
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We assume that in the design under consideration, there are v treatments,
b sequences (i.e. experimental units) and each sequence has length k (ie. k
periods). As (i) each treatment occurs in every period a constant number of
times usually denote by t, say, and (ii) any two consecutive treatments in any
sequence are distinct.

It is therefore, obvious that treatment is replicated exactly r = tk times
in the design. It is assumed that t = (b/v) is an integer.

For the analysis, we cousider the usual homoscedastic fixed effects model

Yijlm = |+ 8§+ p; + 4+, €ijlm (2.1)
where Y, ~is the observation corresponding to a treatment 1 immediately
preceded by treatment m given 1o sequence i inperiod j(i=1,2, ., b j=1,
2,. k Lm=12 .,v,l#m),pisa general mean effect, s, the effect
of the i sequence (mnt), p; the effect of the j period, t, the dnrect effect of
the 1™ treatment, r, the res:dnal effect of the m™ tneatmem and ¢ iiim is the
random error component asswmed 1o have a zero mean and constant variance
6>. We shall consider the case in which there are no residual effects present
in the 1st period, so that when j = 1, the suffix m and r_ are dropped. For
convenience the symbols s, p; 4 etc. will denote the least squares estimators
of these effects as well. Let T, and R, denote the totals of observations which
contain the direct effect of 1 and residual effect of treatment I, respectively,

(=172 ., V.

Taking the restrictions (i), (ii) above and using
Lt=0=Z%r = I p, =L s the least square nomal equations for

estimating direct and residual effects for a design are as follows:

G =bkn (2.2)

T]=ru+§: s+ 1t +2 W Ty (2.3)
m=1

Ry = @-bWu+G~tMn+Y Y tu+®m) Y p+ Y s

m=} m#l j=l
2.4)
where " is the number of times, treatment | has been immediately preceded

by m (in the sequences) in the whole design, z si(') is the sum of those sequence
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effects which contain treatment 1 in any period, Z sim is the sum of those
: o i
sequence effects which contain treatment 1 in any but the final period. Note
that if treatment 1 appears in a given sequence twice, that particular sequence
effect will appear twice in the sum Z s?). Similar convention will be followed
o i o
for the sum Z sim. G is the grand total of all observations.

i
Let Z, Sg') denote the sum of the totals of those sequences which contain

treatiment | in any period, and 2 Sim, the sum for those sequences which contain
‘ ‘ i

treatment | in any but the final period with the convention that if treatment

1 appears twice in a sequence, that particular sequence total will appear twice

in the sum 3, S, ® similar convention is followed for ¥, S also. We further

¥ ) i
b

restrict out attention to the class of designs for which Z S, % is a constant
P=1

foralll = I, 2, ..., v, where s, is the number of times the 1% treatment appears

in the i® sequence. Then, we have the following normal equations:

> sV =tk urk Y s”+Rt1+z Mt R =6V

i i m= |, m:tl

+ Y Oy = B T @2.5)

m=1lm#l

™M
2,
|

—r(k—-l)u+k2 s+ (R~ b/v)tﬁz Ox; - Bty

i m=1, m»l
v

+ R-bV)yy + Z Qin = BP = Bi) T

m=1, mz]
(2.6)
b
where R = 3 si A, is number of times the treatment pair (I, m) has occured
i=1

together in sequences in the design and B;" is the number of times the treatrent
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pair (1, m) has occured in sequepces with 1 in the last period in the whole
design. The quantities A, and B" may be called as functions of ternary
frequencies of pair of treatments.

b .
Since Y, s;=rforalll, 3 s, =kforalli (1=12 ...,vi=]1,
i {

2, ..b) and Z st = R for all 1, it follows that

L
My = 2 sy sy

i=1

is also a comstant, A, say 1#15 LV = 1,2,...,v. It is clear that a sum of a
product of ternary frequencies of a pair of treatments when added over-all the
sequences is equivalent to combinatorial requirement IV mentioned on next

page
- It also amounts to :
A= (k~RN(v-1) @
Also 61 = P’,/b—G/bk, where P’ is the total of all observations in the
first period. Thus eliminating Y. s and Y. s by making use of (2.5), 2.6),
i i

2.7) and Z P, = - in (2.3) and (2.4), we have
j£1 =
P = -RRY-Mk Y t, ~UVkR-bW)

m= I,m=zl

Uk Y (—Bp-k 1y 2.8)

m= 1l,m#l

Q = (-Rk—bv+bvk) -1k 3, (=Bl —BM 1

m=Lm=#l

“UkR=bV) =1k Y (A-B -k t,, Q.9

m= 1, m=zl

where

P, = T (k&) 3 s ‘ (2.10)
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and Q= R~ (1K) Y st @riv-GrR), 1= 1,2, ., v (2.11)
i

From (2.8) and (2.9), it is now clear that if the design satisfies some further
constancy restrictions imposed on the parameters y|" and B the normal equations

(2.8) and (2.9) are further simplified. Suppose the design satisfies the following
conditions,

@ P=yforall, m{lzm),lm=1 2.,V 2.12)
G pP=fforal Lm=m)l,m=1 2., v
under (2.12 (a), (b) the nommal equations (2.8) and (2.9) reduce to
Pp=A{4+B 1 (2.13)
Q=C{+D

where A, B, C and D are some constants depending on the design parameters
only. Coustant restrictions serve the two-fold purposes of attaining the simplicity
of analysis and the balance. By virtue of the conditions (2.13), the resultant
design becomes balanced as well.

We thus have the following combinatorial requirements for a ternary
change-over-design to be balanced.

I. Each treatment occurs in a given period an equal number of times.
This number is usually denote by t and clearly we then have b = vt.

IL It is defined that s, is the number of times the 1” treatment occurs
in the i" sequence (I = 1, 2,...,v). Since any treatment occurs in a
given sequence at most twice and the same treatment does not appear
in two consecutive periods then the ternary nature of the design is

brought out by imposing the conditions that 0< s, <2 for ali  and i.
Also it is indicated that 3. s, = r for all 1 and Y, s; = k for all i.
i 1

1L Every treatment is followed and preceded by every other treatinent
equally frequently, say y munber of times.

IV. Every ordered pair of distinct treatments should occur as an ordered
pair of consecutive treatments in a sequence say A number of times.

V. Every ordered pair of distinct treatments should occur as an ordered
pair of consecutive treatments in the same number of curtailed
sequences formed by omitting the final period.
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VL

VIL

VI

In those sequences in which a given treatment occurs in the final period,
the other treatments occur equally frequently say [ munber of times.

In those sequences in which a given treatment occurs in any but the
final period, each other treatment occurs equally often in the final
period say f§ number of times.

As explained earlier, conditions I and II are the most important
combinatorial requirements for a change-over-design to be balanced
with respect of direct and first residual effects. Clearly from
requirement 1, (b/v) is an integer. Combinatorial requirements II and
IV have already been explained. Requirement I implies that
bk-1)=yv{v-1)ie bk -1)v is a multiple of (v-1). As s, =0,
1 and 2 and every treatment occurs equal number of times in a period.

It clearly shows that Z sl"i = R by virtue of condition IV,

If condition V holds then conditons VI and VII are automatically
satisfied. If final period is omitted, then every ordered pair of distinct
treatments should occur, say A’ number of times in the curtailed
sequences where A’ = (r—t) (k — 1) — (R* = t¥(v - 1). Every treatment
followed and preceded by every other treatment equally frequently,
(y—1) number of times. One can say that condition III gives balance
with respect to previous treatments. The remaining conditions give
balance in current treatments and preceeding treatments with respect

.to periods. Thus if a design satisfies combinatorial requirements from

I to VI, it is ternary balanced. The same type of conditions for binary
balanced were also explained by Patterson [1]. These combinatorial
conditions are necessary conditions for a change over design to be
variance balanced for the direct and first order residual treatment
effects.

In the next section, we shall actually construct a series of balanced ternary
change-over-designs.

3. A Series of Balanced Ternary Change-Over-Designs

Suppose v = (4t + 3) is a prime or a prime power. We construct a series
of balanced ternary change-over designs with parameters

v=4+43, b=(4+2) (4t +3),r=4(4t+2), k=4 3.1

Let x be a primitive element of GF (v) and consider the initial sequences

0,x%,0,x¥*%, (0,-x¥, 0,-x>*Y), v=0,1,2,....2t 3.2
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Then to prove that these (4t + 2) initial sequences will give rise to a
balanced ternary change-over design with parameters as given in (3.1), we
reproduce certain results from Saha [2] on the method of difference for
construction of balanced binary change-over designs, with suitable
modifications.

Suppose 0, 1, 2,.., v-1 be the v elements of module representing the
treatments. Suppose (@, O, ..., &, _,) is an initial sequence, containing k

elements of module (not necessarily distinct). The difference set
Wy Vs Wy _ ) comresponding to the initial sequence (a, @,..., 0 _ ) is

defined as
Oo=Wo O = Yo+ W, 0 = Yot Wi+ Vo Oy = Yo+ V¥i+...+¥_
The additions are taken mod v. Without any loss of generality, we may
take y, = 0, and therefore write the difference set (0,v,, ¥, ..., ¥, _,) as
W Wy e W)
Suppose (W,;, Voo oo Y=gy (0 = 1, 2,.., b/V), be a set of b/v difference

sets corresponding to b/v initial sequences. From the following triangular arrays
as

YW+ Wy Vi Vit Vs, Vit W+ + VE=T

d = Vi V2it Vs o ... Vit VETT
' Wi; Wi+t VT
Vie=Ti

i=1,2,..,blv

let the sets d?i,d“i and dBi be defined as

dyi = Wi Woip Wi+ WiE=T3)

dy; = (Wi W1 Vi Wi Wi Wi Wi Wi oo W)

dgi = (Wyi+ Wi+ oo+ VT Wit Vgt oo VT e WimTH)
i=1,2,..,blv

Further, let the totality of b/v sets [d.] be calied D and Dy , II)"3 and Dn be the
totality or the sets [dﬁ], [dBi] and [dni] respectively.

Then, as observed by Saha [2], if the b/v initial sequences satisfy the
following conditions, we get a balanced change over design:
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() D and -D (the additive inverses of the elements of D) contain every
non-zero element of the module equally frequently.

(i) D, contains every non-zero element of mod v equally frequently.
(i) Dy contains every non-zero element of mod v equally frequently.

(iv) For every i = 1, 2, ... b/v, d,; does not contain any non-zero element
of mod v repeated.

Against this background we now show that the initial sequences (3.2)
generated a balanced change-over design.

For the series of designs under consideration, we have
o i
Dy = [ X Ex" TN v = 01,2, 2

It is seen easily that among the clements * x2 every non-zero element
of GF (v) occurs precisely ouce and similarly, among the elements
+x>*2 every non-zero element of GF(v) occurs precisely once. Thus, in
D?, every non-zero element of GF(v) appears thrice, giving rise to the value

of ¥ =y =3.
Again,
Dﬁ - [i X2v+2,i x2v+2, + x2v (xz _ XO)]
- [ix2v+2 iX2V+2 __tx?.v-%q} xq — XZ_XO
Thus, in DB’ every non-zero element of GF(v) appears thrice and we have
By =Pp=3foral l#m; Lm=0,12,...v-1
For the designs under consideration, we can easily see that
R = Z s = 6(4t+2)
i
Thus, from (2.7), we have
A=(0k-RY(v-1)
[4.4 (4t+2) -6 (4t + 2))/(4t + 2)
= 10

Finally, it is seen that

it

D, = [£x™,x¥*%0,00, v = 0, 1,2,... 2
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Thus forevery valucof v=0, 1,2, .., 2, dqi does not contain any non-zero
element of GF(v) repeated.
Hence the requirements of balance are met and the proof is complete.
To illustrate the ideas, we give two examples:
(i) v = 7, the initial sequences in this case are (0, 1, 0, 2), (0, 2, 0, 4),
©, 4,0, 1), ©6,0,5), (0, 5,0, 3) and (0, 3, 0, 6).
The full design is given in Table 1 below.

(ii) v = 11, the initial sequences in this case are (0, 1, 0, 4), (0, 4,0, 5),
©,50,9,0,9,0,3),(0,3,0,1),(0,10,0,7,(0,7,0,6),(0,6,0,2),
0, 2, 0, 8 and (0, 8, 0, 10). Now the full design may be easily
developed.

Table 1:  Sequences

1 lo1234s56{0123456/0123456l0123456l0123456/01234556
Period 2 11734560/2345601(45601236012345[56012343456012
3 0123456/012345601234560123456/0123456(0123456¢6

4 2345601456012312345605601234/34560126012345
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