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SOME RECENT RESULTS ON THE LINEAR COMPLEMENTARITY
PROBLEM*

G. S. R. MURTHYT, T. PARTHASARATHY*, AND B. SRIPARNA#

Abstract. In this article we present some recent results on the linear complementarity problem.
It is shown that (i) within the class of column adequate matrices, a matrix is in Qg if and only if it is

completely Qo (ii) for the class of Cg—matrices introduced by Murthy and Parthasarathy [SIAM J.
Matriz Anal. Appl., 16 (1995), pp. 1268-1286], we provide a sufficient condition under which a matrix

is in Pp and as a corollary of this result, we give an alternative proof of the result that Cg NQo C Py
(iii) within the class of INS-matrices introduced by Stone [Department of Operations Research,
Stanford University, Stanford, CA, 1981], a nondegenerate matrix must necessarily have the block
property introduced by Murthy, Parthasarathy, and Sriparna [G. S. R. Murthy, T. Parthasarathy,
and B. Sriparna, Linear Algebra Appl., 252 (1997), pp. 323-337]. Furthermore, we conjecture that if
a matrix has block property, then it must be Lipschitzian. This problem is an important one from
two angles: if the conjecture is true, it provides a finite test to check whether a given matrix is
Lipschitzian or nondegenerate INS; and it settles an open problem posed by Stone. It is shown that
the conjecture is true in the cases of 2 X 2-matrices, nonnegative and nonpositive matrices of general
order.
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1. Introduction. Given a matrix A € R™*" and ¢ € R" the linear complemen-
tarity problem (LCP) is to find a vector z € R"™ such that

(1.1) Az+q>0, 2>0, and 2'(Az+¢q)=0.

LCP has numerous applications, both in theory and in practice, and is treated by
a vast literature (see [2, 10]). Let F(q,A) = {z € R} : Az+4+q¢q >0 } and
S(g,A) = {z€ F(q,A) : (Az+¢q )2 = 0}. A number of matrix classes have
been defined in connection with LCP, the fundamental ones being @ and Qg. The
class @ consists of all real square matrices A such that S(q, A) # ¢ for every ¢ € R"
[11], and Qg consists of all real square matrices A such that S(q, A) # ¢ whenever
F(q,4) # ¢ [9].

For any positive integer n, write 7 = {1,2,...,n}, and for any subset « of 7,
write @ = 72\ . For any A € R™"*", A,q is obtained by dropping rows and columns
corresponding to @ from A. For any z € R", z, is obtained from z by dropping
coordinates corresponding to &, and z; denotes the ith coordinate of x. Consider
A€ RV™. If a C 7 is such that det A,, # 0, then the matrix M defined by

Maa = (Aaoz)_la Ma& = _MozaAa&u M&a = A&aMaom M&& = A&& - M&aAaéz

is known as the principal pivotal transform (PPT) of A with respect to o and will
be denoted by p.(A). Note that a PPT is defined only with respect to those « for
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which det Ay # 0. By convention, when a = 0, det Apo = 1 and M = A (see [2]).
Whenever we refer to PPTs, we mean the ones which are well defined.

We shall recall the definitions of some matrix classes that are relevant to this
paper. Let A € R™*"™. Then A is said to be a P-matrix (Pp-matrix) if all its principal
minors are positive (nonnegative); if all principal minors of A are nonzero, then A
is called a nondegenerate matrix; A is semimonotone (Ep) if (¢, A) has a unique
solution for every ¢ > 0; A is fully semimonotone (EéE ) if every PPT of A is in Ep;
A is copositive (Co) if 2t Az > 0 for every x > 0; A is fully copositive (CF) if every
PPT of A isin Cy. For the definition of NS and Lipschitzian matrices see section 3.

In this article, we present some new results pertaining to three matrix classes,
namely, (i) the class of adequate matrices introduced by Ingleton [4], (ii) the class of
fully copositive matrices introduced by Murthy and Parthasarathy [7], and (iii) the
class of I N S-matrices introduced by Stone [13].

In the case of adequate matrices (see section 2), our main result is that a col-
umn adequate matrix is in @ (in Qp) if and only if it is completely-Q (completely-
Qo). Characterization of completely-Qo matrices in general is a complex problem [1].
Murthy and Parthasarathy [6, 7, 8] have shown that nonnegative matrices, symmetric
copositive matrices, C(J; -matrices and Lipschitzian matrices are in Qg if and only if
they are completely-Qpq.

Within the class of Cg -matrices, we provide a sufficient condition under which a
matrix will be in Py. As a corollary to this result, we provide an alternative proof of
a result due to Murthy and Parthasarathy which states that C({ N Qp-matrices are in
Py. As another consequence of this result, we deduce that a bisymmetric E(’; -matrix
A is positive semidefinite if, and only if, the rows and columns of A+ A? corresponding
to the zero diagonal entries are zero.

Last, we consider the class of I N S-matrices and show that a nondegenerate I N S-
matrix must necessarily satisfy the block property. There are no constructive charac-
terizations of Lipschitzian or INS-matrices. In [8], the authors showed that Lip-
schitzian matrices must necessarily satisfy the block property, and Stone [14] showed
that Lipschitzian matrices are nondegenerate I N.S-matrices. We conjecture that block
property is a characterization of Lipschitzian matrices. It is proven that the conjecture
is true in the cases of nonnegative or nonpositive matrices and 2 x 2 matrices.

The results on adequate and Cg -matrices are presented in section 2, and the
results on INS- and Lipschitzian matrices are presented in section 3.

2. Results on adequate and Cg -matrices. A number of matrix classes are
invariant under principal pivoting; i.e., if a matrix is in class C, then all its PPTs
are also in C. The matrix classes Q, Qo, P, Po, E(’;, Cg, INS- and Lipschitzian
matrices all fall in this category. In the definition below we consider another class of
matrices which is also invariant under PPTs.

DEFINITION 2.1. Say that a real square matriz A € A if for every PPT M of A
the diagonal entries are nonnegative.

Remark 2.2. Note that Eg, which contains the classes Py and Cg; (see [2, 6, 7)),
is a subclass of A. However, A\E(’)c is nonempty as [_(1) _(1)] is an example of this kind.
Furthermore, it is easy to check that if A € A, then A® € A.

Another class of matrices that is required for our results is the following.
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DEFINITION 2.3. Say that a real square matriz A has property (D) if for every
index set o the following holds:

det Ao =0 = columns of A.,, are linearly dependent.

Let D denote the class of matrices satisfying property (D). Note that if A €
A (A € D), then Apa € A (Ana € D) for every a. An interesting property of D
is that if A € D, then (q,A) has a solution with a complementary basis for any q
with S(q,A) # ¢ (see [7]). Another interesting property of D, which is a direct
consequence of the definition, is the following.

ProrosITION 2.4. If A € D is nonsingular, then A is nondegenerate.

A matriz A is said to be a column (row) adequate matriz if A (A') is in DN
Py. Ingleton [4] introduced the class of adequate matrices (i.e., both row and column
adequate) and showed that if A is adequate, then, for every q with S(q,A) # ¢,
Az + q is unique over S(q, A). We now present our main results on column adequate
matrices.

THEOREM 2.5. If A€ AND, then A € Py.

Proof. We prove this by induction on n. Obviously the theorem is true if n = 1.
Assume that the theorem is true for all (n — 1) x (n — 1) matrices. Let A € R™™"™ N
A N D. By above observations, A,, € Py for all @ such that |a] = n — 1. Suppose
A & Py. Then det A < 0. Note that A is almost Py. Since A € A, diagonal entries of
A~! are equal to zero. This means that det A, = 0 for all o with |a| =n — 1. Since
A € D, this implies that columns of A are linearly dependent which contradicts that

A is nonsingular. It follows that A € Py. O
COROLLARY 2.6. Suppose A € R"™"™. The following conditions are equivalent:
(a) Ae PyN7D;
(b) Ac AND.

It is known that nondegenerate E(’; -matrices are P-matrices.

COROLLARY 2.7. If Ef N'D, then A € P,.

A matrix A is said to be completely-Q (completely-Qp) if all its principal sub-
matrices including A are Q-matrices (Qo-matrices). Cottle introduced these classes
in [1] and characterized completely-Q matrices as the class of strictly semimonotone
matrices (A is said to be strictly semimonotone if (g, A) has a unique solution for
every nonnegative ¢). One of the problems posed by Cottle [1] is the characterization
of completely-Qq matrices which is still an open problem. Murthy and Parthasarathy
have characterized completely-Qo matrices in certain special cases (see [6, 7, 8]). The
following result augments these special cases with column adequate matrices.

THEOREM 2.8. Suppose A € AND. Then

(a) A€ Qo if and only if A is completely-Qo;

(b) A € Q if and only if A is completely-Q.

Proof. (a) It suffices to show the “only if” part. Suppose Ano &€ Qo, say, for
a = {1,2,...,n — 1}. By Theorem 2.19 of [7], there exists a 3 such that n € g,
det Agp # 0 and M., < 0, where M = pg(A). Since A € Py (Theorem 2.5 above),

My, = gz: ‘2;; = 0, where v = 8\ {n}. This implies det A,, = 0, which in turn
implies det Agg = 0 as A € D. From this contradiction, it follows that A, € Qo. By
induction it follows that A is completely-Qgq.

(b) Once again, we will show the “only if” part. Note that the conclusions of
Theorem 2.19 of [7] remain valid even if we replace Qg by @ in the statement of that
theorem (almost the same proof can be repeated). Hence it follows (from the proof of

part (a) here) that A is completely-Q. |
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COROLLARY 2.9. Every column adequate matriz is in Q if and only if it is strictly
semimonotone.

We now turn our attention to the results on Cg -matrices. In [6], using the con-
cept of incidence, it was shown that Cg N Qo C Py. We recapture this result as a
consequence of our results here.

THEOREM 2.10. Suppose A € R"™"™ N C’g7 n > 2. If the rows and columns of
A+ At corresponding to the zero diagonal entries of A are zero, then A € Py.

Proof. From the hypothesis and Theorem 3.17 of [7], it is clear that every 2 x 2
principal submatrix of A is in Pp. Assuming that every (k — 1) x (k — 1), k > 2,
principal submatrix of A is in Py, we will show that every k& x k principal submatrix
of A is also in Py. Let B be any k x k principal submatrix of A such that all its proper
principal minors are nonnegative. Suppose det B < 0. Arguing as in Theorem 3.17 of
[7], we can show that

1 0 C
w15 4]
where C' and D are nonnegative square matrices of the same order. It follows that C
and D are nonsingular and that B = [ 0, by 1]. From the hypothesis, it follows that
C™1 + (D™Y! = 0 and hence D~ = —(C~1)!. This in turn implies that D = —C".
This contradicts that D is nonnegative. Hence det B > 0. The theorem follows. O

COROLLARY 2.11. Suppose A € R™*" N C({ NQqo. Then A € Py.

Proof. If n = 1, there is nothing to prove. Assume n > 2. We will show that
every 2 x 2 principal submatrix of A is in Py. Suppose, to the contrary, assume that
Aqa € Po for some o with || = 2. Without loss of generality, we may take o = {1,2}.
Then Aqa ~ [ (ﬂ (this notation means a;; = ass = 0 and ay2, as; are positive).
Since Apa & Qo, we must have n > 2 and a j € a such that aj1 < 0 (follows
from Theorem 2.9 of [7]). Note that if a;; < 0, then A ¢ cl. But if ai; > 0, then
also A ¢ C’({ (follows from Theorem 4.1 of [8]). It follows that every 2 x 2 principal
submatrix of A is in Py and hence A € Py. Arguing as in Lemma 3.2 of [6], we can
show that for every 7 such that a; = 0, we have a;; + aj; = 0 for all j. Notice that
in the proof of Lemma 3.2 of [6] we need only that every 2 x 2 principal submatrix
of A is in Py. Hence the rows and columns of A 4+ A? corresponding to zero diagonal
entries of A are zero. From Theorem 2.10, it follows that A € Py. ]

In [6], it was shown that a C’(’; -matrix is in Qg if and only if it is completely-Qq.
The arguments used to prove this can be extended to obtain the following result.

THEOREM 2.12. Suppose A € R"™*™ N Cg, If A € Qo, then A! and all its PPTs
are completely-Qoq.

Proof. Tt can be verified that if a matrix B € A satisfies the condition that for
every PPT C of B satisfies

cii = 0= ¢ij + ¢ = 0 for all 4 and j,

then B and all its PPTs are completely-Qg matrices. This is because, if B has this
property, then Graves’s algorithm processes (¢, B) for any ¢ and terminates either
with a solution or with the conclusion that F(q, B) = ( (see Chapter 4 of [10] and
Theorem 3.4 of [6]). Therefore, we will show that any PPT of A* will satisfy the above
condition. Let D = p,(A?") for some a. Observe that g, (A) exists. Let M = @, (A).
It can be checked that, M = SD'S, where S = [1‘6" _IO&&}. Hence for each i, j, either
dij +dji = m;; +m;; or dij +dji = —(mij —&—mﬂ) If d;; = 0 for some i, then m;; = 0,
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and by Theorem 3.4 of [6], m;; + mj = 0. From this it follows that if for some
i, d” = 0, then dij + dji =0. O

One may ask whether the converse of the above theorem is true. That is, if A € C(’,c
and A" and all its PPTs are completely-Qyg, then is it true that A € Qo? The answer
to this question is “no.” The problem arises from the fact that transpose of a C’(’; -
matrix need not be in Cg . As a counter example, consider the C’g -matrix A = [{ §].
It can be checked, directly or using Theorem 2.5 of [7], that A’ and its PPT are
completely-Qq but A € Qo.

A matrix A is said to be bisymmetric if, for some index set «, Ay and Aszg are
symmetric and Ag, = —Af . It is easy to check that PPTs of bisymmetric matrices
are bisymmetric.

THEOREM 2.13. Suppose A € R™*"™ is a bisymmetric E(’;—matrix, Then the fol-
lowing are equivalent:

(a) A€ Qo;

(b) A is positive semidefinite;

(c) for anyi,j, a;; =0 = a;; +aj =0;

(d) every 2 x 2 principal submatriz of A is in Pp.

Proof. We first observe that every bisymmetric E(’; -matrix is in C(’; (Theorem 4.7
of [6]). Implication (a) = (b) was already established in [6]. The implication (b) =
(c) is a well-known fact about positive semidefinite matrices. The implication (¢) =
(d) is a direct consequence of Theorem 2.10. To complete the proof of the theorem,
we will show that (d) = (a). Assume that A satisfies (d). Using the fact that every
2 x 2 principal submatrix of A is in C(’; N Py, it is easy to show that A satisfies (c).
Hence, by 2.10, A € Py. Let M be any PPT of A. Suppose m;; = 0 for some i. As A is
bisymmetric, so is M. So for any j, either m;; = —mj; or my; = my;. If my; = —my,
then m;; +mj; = 0. If my; = my;, then, as M € Py and my; = 0, we must have
mi; = mj; = 0. Thus for any j, m;; + mj; = 0. By Theorem 3.4 of [6], it follows that
A€ Qo. 0

3. Block property. Stone [13] introduced the class of IN.S-matrices. A matrix
A is said to be an I N Sp-matrix if | S(q, A)| = k for all ¢ € int K (A), where K(A) is the
set of all p for which S(p, A) # 0; and INS = U2 (IN Sj;. Next we say that A is Lip-
schitzian matrix if there exists a positive number A\, called the Lipschitzian constant,
such that for any p,q € K(A), the following holds: given any « € S(p, A), there exists
a z € S(q,A) such that ||z — z|| < Allp — ¢l|. Stone [14] showed that Lipschitzian
matrices are nondegenerate I N.S-matrices and conjectured that the converse is also
true. Furthermore, he showed that the conjecture is true with an additional assump-
tion of Lipschitz path-connectedness (see [14] for details). To date, no constructive
characterizations are known for I NS and Lipschitzian matrix classes. Thus, there is
no finite procedure to verify whether a given matrix is I/N.S or Lipschitzian.

DEFINITION 3.1. Say that A has property (B) if every PPT M of A has the
following block structure (subject to a principal rearrangement):

M11 0 PN 0 Mlm
0 My ... 0 M
M= : : 2P
0 0 ... My Mg
My, My M, My

I+11 +12 - I+1 +1 141
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where My1, Maso, ..., My are all negative N -matrices (i.e., all entries and all principal
minors are negative) and the diagonal entries of Mi 777 are positive.

In [8], the authors showed that every Lipschitzian matrix must have property (B).
In this section, we will show that every nondegenerate I N S-matrix also must have
property (B).

Note that if a matrix A has property (B), then it must be nondegenerate as every
PPT of A has no zero diagonal entries (see Corollary 3.5, p. 204 of [10]). From the
definition, property (B) is invariant under PPTs and is inherited by all the principal
submatrices.

THEOREM 3.2. Suppose A € R™™" is a nondegenerate INS-matriz. Then A has
property (B).

Proof. Let o = {i : a;; < 0}. By Theorem 5 of [12], Ay, is a nondegenerate I N S-
matrix. Also, for i,j € o, ¢ # j, Agg € INS, where § = {i,j}. It is easy to check
that if Agg has a positive entry, then Ags & INS. It follows that A, is nonpositive
and hence in Qg. From Corollary 3.5 of [14], A, is Lipschitzian. From Theorem 4.7
of [8],

N 0 0
0 N2 ... 0

Ao = . . ) for some [ > 1,
0 0 ... N

where each N’ is a negative IN-matrix. Since every PPT of nondegenerate I N S-matrix
is also nondegenerate IN S, we conclude that A has property (B). 0

Our conjecture is that property (B) is also sufficient condition for a matrix to be
Lipschitzian. Below we verify this conjecture in certain special cases.

THEOREM 3.3. Suppose A € R"*". Assume that any one of the following condi-
tions holds:

(i) n=2

(i) A <0;

(iii) A is completely-Q;

(iv) A>0.

Then the following statements are equivalent:

(a) A is nondegenerate INS;

(b) A is Lipschitzian;

(¢) A has property (B).

Proof. In view of Stone’s result that (b) = (a) (Theorem 3.2 of [14]), it suffices
to show that (c) implies (b). So assume that (c) holds.

(i). If the diagonal entries of A are negative, then property (B) implies that either
A is a negative N-matrix or A ~ [; °]. In either case, A is Lipschitzian (see [3]). If
the diagonal entries of A are positive, then either A is a P-matrix or A~! is a negative
N-matrix. Once again A is Lipschitzian (see [5]). Consider the last case a;; < 0 and
ase > 0, without loss of generality. It is easy to check (graphically) that A is IN.S and
that K (A) is Lipschitz path-connected (see [14] for details and the example following
Definition 3.3 in [14]). From Theorem 3.4 of [14], we conclude A is Lipschitzian.

(ii). By property (B), A can be decomposed into a block diagonal matrix where
each submatrix on the diagonal is a negative N-matrix. As negative IN-matrices are
Lipschitzian, one can easily verify that A is also Lipschitzian.

(iii). In this case we actually show that A is a P-matrix and this we do by
induction on the order of the matrix. Obviously the result is true for n = 1. Assume
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the result for all matrices of order n — 1, n > 1. Suppose A € R™*" satisfies the
hypothesis. Then all the proper principal minors of A are positive. If A ¢ P, then
det A < 0 and the diagonal entries of A~! are negative. By property (B), A~! must
be nonpositive. But this contradicts that A € Q. Hence A € P.

(iv). From the hypothesis and (c), a;; > 0 for all . Since A > 0, A is completely-Q.
Therefore A € P. d

PROPOSITION 3.4. Suppose A € R™"™. Assume that for some index set o, Aqq
is Lipschitzian and Agzs € P. If Aso =0 or Ans = 0, then A is Lipschitzian.

Proof. Assume Az, = 0. Let p,q € K(A). Let Ay and A2 be the Lipschitzian
constants corresponding to A, and Aggs respectively. Take any arbitrary « € S(p, A).
We will exhibit a z € S(g, A) such that ||z — z|| < A||p — ¢||, where A, to be chosen
later, depends only on A, A2, and A. Since S(q,A) # ¢, choose any z € S(q, A).
Let y = Az + p and @ = AZ + q. Note that z, € S(p),, Aan) and Z, € S(q),, Aan)s
where pl, = po + AaaZs and ¢, = o + AaaZa- Since A, is Lipschitzian, there exists
a zq € S(q,, Ana) such that

Allpe — a4l
AMllPa — qall + M Blll|za — 2all-

|20 = 2ol <
<

Since z4 € S(¢), Aaa), Wa = AaaZa + Ga + Anaza and w!z, = 0. This implies
z=(z2L,2L)" € S(q,A). As Aaa € P, x5 and 24 are the unique solutions of (ps, Aaa)

and (ga, Aaa). Therefore, |24 — 25| < A2l|pa — ¢al|- Combining this with the above
inequality, we get

e — 2zall

AMllpa = qall + M A2l Bl + X2)llpa — qall
Allp = qll + (A A2 Bl 4 A2)llp — 4l

Alp = ¢l], where A = A1 + Ay + A\ Ao B]|.

[ = 2|

VA VARVARVAN

It follows that A is Lipschitzian, and the case A,s = 0 can be tackled in a similar
fashion. |

Proposition 3.4 is not valid if we simply assume that A,, and Azs are Lip-
schitzian. As a counter example, consider A = [_(1) 7ﬂ It is clear that A ¢ IN S, and
hence A is not Lipschitzian.

The following is an example of a matrix with property (B).

Ezample 3.5.
-1 -2 -2
A=1| -2 -1 1
1 0 1

It is not known whether A is Lipschitzian or not.
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