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IsTBODUCTION

The problem was suggested by Prof. 1. Wold when he came to the Indisn
Statistical Institute as a visiting professor, This paper is exclusively devoted to
model sampling experiments. Ilere, we may consider a process of the follow ing type:

20 1 By (0, 28y T, 2,y 2, 20 ) —
J=1%.mt=13..7T
where 2,/ denotes  exariable x7*  as observed during the time-period 4, £, are random
disturbances, and the system_is recursive of the type considered by Wold in the opening
paper of this volume, As for example, the following is o recursive system of the type
described above:
o E w
o=+ &Y,
Y = (@ H80(=5)} €Y,

==Y & a0 —r¥)Hgm

where k, a, b and ¢ are constants. This type of process may oceur in economic problems
(Bentzel &.Wold, 1946). Doubts have been expressed whether in this situation cstimates
of parameters of one or more of the relations can be obtained by the method of least
squares.. This problem was to some extent considered by Bentzel and Wold (1946) who
thought that the least square cstimation is permissible when the system of equations is
recursive. To examine how far the least square method is successful, samples were
constructed with known modejs and then the constants were deriyed for comparison with
known true values.

MpnELS AND THE SAMPLE SERIES
The models considered here are of the type :
d, = dip.)+£,
4= a(pa) e
o= plpen dig )80

where d,, 8, and p, denote demend, supply and price respectively at a particular time-
point . Then i the price-serjes be evolutive, but. the demend and. supply serics be
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stationary, we may estimute the parameters of the functions d(p,) and a(p,) by the least-
square method.  Dut, if one of the latter two also be evolutive, we may estimate the
paramclers of the stationary one :

Model 1: We consider @

s = 4008000 4,

Pua = PuA0.05(d ~ s+
where &, % { are normal variates with zero mean and unit variance. The following
sample series of size 50 with random variates taken from Mahalaniobis (1983) has been
obtained ¢

i P 4. ” U P dy .

[ 674 14014 - 25 991 100.92  107.8¢
1 840 117.87 18.18 26 0.8 10128  68.00
2 M4 7084 20,43 21 1184 8032 8376
3 o 818l 74.40 28 1182 80.4¢ 04.92
4 1500 6.4 118,43 20 1107 90.35  97.00
5  13.08  70.50  100.05 0 9.50 10428 90.60
6 1345 .32 80.81 3 1043 05.80  69.47
7 H.a7 71.65 78.35 az 11.59 86.00 8.0
8 1389 483 §7.65 31022 96.70 103.84
9 11.8) 8257 8316 B 1044 9722 §0.4S
10 12.32  BLIL 66.18 35 10,59 9542 8.7
1 12,07 84.05  4.80 36 10.3 920 162
12 1160 846 71.30 37 1.6l 8.31  00.%0
13 14,33 8765 61.72 | 10,60 0392 113.70
14 15 8802 ed.00 » 8.13 12294  06.00
15 1265 7923 70.62 0 923 108.73  560.07
16 1322 H.20 81.30 i 10.97  80.01  75.08
17 1405 00.34  08.38 42 1286 79.68  108.01
18 1245 8089 12373 131208 1788 441
19 ‘893 11209 0L “ 0.00 11145 153.35
20 935 105.68  47.64 It 7.8 13244 181
21 80.16  52.68 [ 930 106.01 54830
22 77.80  80.88 I 1027 07,70 8311
2 76.04  00.88 48 1105 3382 103.23
2 78,03 117.76 49 1093 042 MO.IL

The dermand-price relation as a result of least square estimation of the
parameters from tho logarithms is,

97230
(p.)0.988

which agrees quite well with-the assumed model,
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ON TIIE ESTIMATION OF PARAMETERS IN A RECURSIVE SYSTEM-
Mode? 2 :
d, = 100-3p+§,,

3§ = 50+y.-|+§55+v..

21

Po= Porbgy (=t + 50

and Vin)=1lort 25 Vig) =1,fort 25
=4, fort > 26; =90,fortp 2 Vi)=1

&4 7 £ 81 independent normal variates with zero mean,  The following model-sample
of size 50 has been considered for the estimation of parameters :

¢ P d " ' Pu 4 "
1 7.52 7852 87.32 26 19.80
H 6.9 5240 8335 27 18.83
3 785 76.25  57.86 28 2228
4 1080  65.01  58.50 20 21,87
5 1037 00.02  £0.87 I X1
8 10.00  60.28 89,07 . an
7 12.38 ol.s8 68.45 32 20.05
8 1o 6671 0228 33 25.87
0 1233 6427 60.57 ETI TR
10 1261 0265 0320 B 220
N 30 6100 5.0 30 8.7
1$ 1303 57.05 R348 37 7.8
13 1539 8240 64.20 LI N )
4 1649 50.59 00,80 39 23.68
15 15.00  53.63  67.4¢ 10 2056
18 1592 5279 05.03 4 10.70
17 1533 80.00  enTt 2 1828
18 1891 82,22 08.33 43 1801
19 1804 4473 6577 W28
20 1948 €1.60  08.04 s 3s
21 19.85  d1.80  68.09 0 2009
22 1979 400 70.87 7 3.6
23 20.67 3.1 60.13 FER I
2.2 3030 70.36 40 30.61
26 1071 42.86 7138 50 3310 0.58
For this sample we get : d, = 99.661 —2.968 p,,

Splitting it up into five random samples, each of size ten, the following estimates
Jor z, and 8, in d, = a,4 8, p, were obtained :

2 3 4 5
& 100,927 0,64t 07.200 00,810 100,048
2, —-3.086  —2.006  —2.835 —2.84  -3.001

275

10



VoL 11}  SANKIIYX: TIIE INDIAN JOURNAL OF STATISTICS [PartsB8& 4
Model 3

d, = 100—p,+¢{,,

8 = 50+0.04 py~t7,,

Pu = P +0.05(d ey —a)+H 0
£ 7\, &, ore normal variates with zero mean and unit varinnce. We take a random
somple of size 50,

t P de " U P d, a
1 762 03.50 — 26 4371 5420 24.2¢
2 a.19 978 40.00 27 4681 5238 2413
3 8.38 00,51 18.80 28 48.07  83.87  23.84
4 12.85 85.04 47.22 20 49.04 49.21 22,47
[ 13.23 87.80 44.31 kO] 53.01 48.47 23.24
] 14.05 8523 43.80 a 53.03 047 20.23
7 17.47 81.50 41.73 32 53.51 44.72 19.83
L] 17.20 8242 42.28 33 5042 4486 20.05
0 10.49 B1.17  40.00 U 8732 s 17,64
10 21.00 79.48 41,64 35 67.30 44.50 17.52
1n 22.47 71.71 40.10 36 80.05 33.23 18.43
12 2441 74.43 30.87 37 81.42 38.83 18.41
13 27.28 72.49 37.73 33 62.47 31.38 15.33
14 29.19 70.87 37.54 39 62.33 37.50 14.35
15 28.08  69.65  30.54 0 6225 3140 12.60
18 30.37 68,38 35.47 41 62.74 3L 10.80
17 .3 70.60 33.02 42 62.95 30.67 12,05
18 32.79 67.18 33.52 43 63.78 35.68 8.44
19 35,70 63.08 3141 44 0348 IT.42 7.95
20 38.21 61.83 30.63 45 .40 36.68 7.03
21 39.78 61.00 29.20 40 85.80 35.43 6.54
22 40.04 80.47 20.53 47 65.03 .83 5.00
23 42.08 50.76 27.06 48 68.42 30.30 5.97
24 44.07 £5.35 20.65 19 71.19 23.64 kY
25 44.20 57.70 25.90 50 .22 25.60 3.32

From this sample we get the folloning estimated equation
d, = 100.110—0.909 p,
Model 4;
dy = 100—3 p.+{,,
£o= 504pey
Po= Piat0.05(de —a )+
Tho follewing are the samples

Sample I; Sample 2

P de o Pe dy 3

T.52 78.52  88.02 10.32 60.82  60.42
610 8240  585.67 1065 00.80  '0.00
7.21 1700 674 12,13 03.38  60.40
1031 00,06  ©58.15 1245 6271 62,58
0.63 744 50.12 10,58  06.80  62.82
§.85 7293 58.80 1061  07.22  00.89
10.89  06.03  £7.02 10,14 7157 6132
017 72,20 060.47 1033 68.00  62.42
9.95  70.81  £8.18 12,08 62.01  050.43
10.07  70.27 0.7 13.08  00.80  61.28
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Sampls 3 Sampls &:

P dy . I dy I8

13.07 0223 OL73 1243 622t 63.0¢
12,80 03 63.01 1356 89.55  o62.18
1303 0.3 6105 13,10 ol.e8  84.30
1391 00.00  62.00 1263 6221 0238
10 6701 0242 1142 67.83 62,80
11.¢5  05.62  50.83 1207 5831 6183
N4 83.07 8076 1314 00.83  03.98
12.33 63.85  OL.12 1200 0112 gi01
12,04 02.03 6184 1,53 6524 03.76
13.83 8000 03.28 10.36 08,87 eL%

Sample &

P 4 A P d .
0.83  70.00  00.08 0.855 1203 8.5
8.30 7112 6L.40 703 7601 50.00
.41 T2 S8 1070 66.71  £9.32
840 7570  08.81 1262 6107 60.70
8.09 7501  58.70 lide  80.50  63.00

Assuming V(£) = V(1) = V(Z) =1 and & =50+f; puytn, the following
are cstimates of 8y ¢ (somple size 10)
Bsmple no, 1 2 3 4 5
loaat sguarc eslimalo 0.08 1.02 0.94 1.03 1.03

It appears that although some of the relationships are evolutive in character it
is possible to ealimate some of the parameters quite accurately Ly the method of least
squares, A more exact method would be to consider the probability density of all the
obscrvotions end derive the estimates by the method of maximum likelihood. This
naturally leads to complicated computations. Some investiglatiun is needed before o
simple technique could be ofcred.
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Chart 3.1, Scattor dingram of modal 3, whoro dy =100 —py % [y
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Chast 3.2, Seatter diagrara of model 3, whoro # = 60 4 0.04 pry = + %
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