KERNEL OF LOCALLY NILPOTENT R-DERIVATIONS
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ARSTRACT. In this paper wa stuny the keruel of A non-zera locally nilpotent
R-derivation of the polyaormial rng B[X, V) ever o neclherian otegral docsin
R ooontaniog a licld of charactecistic sem. W show chae 10 8 i normal Lhen
tine kernal hea a graderd H-algebra atrnetrs isnmomhbic ©e the symhnlic Hesa
aleehra of Aan unmixed ideal of heipht one in J, snd, comversely, the symooelic
Thoses adgelera of way wonixed Doieht o ideal i 7 coan be eonbedded Do G0, 1
ag the hernel of a locally nilpotent H-devivation of B X, V] Ye alan gve a
necesaary and snfficient criterion for the kerne! to be o polyvnomial rioge o
ponerul,

1. INTROTHIOTHIN

Locally nilpotent F-derivetions of the polynomial ring RIX, ¥, where 1 is a
T FED. containing a ficld of characteristic =ero, have boen studicd rocomtly by
Draigle-Treudenburg in ((D-I)). In this sibuavion the kernel of a non-sero loeally
nilpotent A-derivation of KX, Y] is a polynomial ring in one variable ceer B {D-F,
2.1). In our paper we first investigate locally nilpotent H-derivatioms of £ X, V]
vwer 4 noetherisn reorme! dotain B ocontaining g Geld of charseleristic sero, We
first deseribe the structure of the kornel of such derivations as a greded H-algchra.
We prove :

Theorem 3.5, Lot B be o noctherian aormal domatn containing o Feld of charao-
feriste zevn and lef D be a nonezerw locally nelpotent B-derivation of the polynomial
ring R[X, Y with kernel A Then A has the structure of o graded ring @ An usith

fedi|
Ap =R and 4, o Jinile veflerive R-module of vank one for every n. o facl, when
K i3 not a fleld, there erists an ddenl [ in B of wnmived Reight one such that A is
fsomorphic to the symbalic fecs alpebre EB ™7™ as a graded H-algehra.

T )

Conversely, let B be as ehove and let [ be any ideal of unmieed height one in 7,
Then there erists o non-zovo locally nilpotent R-derivation of R[X Y] whaose kernsl
i dsomorphic to the symbolic Recs algobre EB IT™ as o graded R-algebra.

ni

I fact we show (Proposition 3.3) thet when A is o noctherian normal domadn,

afy inerl subring of BX, Y] of transcendence depres one over JE has Lhe graded

AN
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ftalgelea slruelure deseribed above, The crucial slep In Lhe prool of Lhis resull is
i parching lemma (3.1},

The converse part of Theorem 3.5 would show (sec 3.6) that the kernel of a locally
pilpolenl B-derivalion of RIA, V] need now be fnilely penerated over 7 even when
£ is normal. We discass the guestion of finite gencration of the kernel and its
eonneclion with the elass proup of B2 (3.7 and 3.8} We also pive ao exanple {3.11)
to show that Theorem 3.5 i3 not valig if A i2 not normal.

In (]}, Reoiechler had shown that over s field K of charactarislic zero the
kernel of a non-zero locally nilpotent K-deriwation of XX, ¥] is a polmomial ring
EF] where I iz a varlable in K[X, Y. As wmentioned carlier, in {D-F01, Daigle and
Freudenlburg have investipaled locally nilpalenl ft-derivalions of R[X, Y], where &
is & UF.B. comtaining a ficld of characteristic mero. They proved that the kernel
of & non-zero locally nilpotenl R-derivation of B[X, Y] s a polynomisl ring R[F
([D-F], 2.1 and gave a necossary and sufficient conelition for £ to be a variable in
X, }” {[D-I"], 2.5). In general, when F? is nol a U.ID., the kernel need nol be
a pﬂl}"nnmnl ring over A {in fact it need not be finitely gexwrah—*d uver Hj, even
when [t ig normal, as Theorem 3.5 {quoted abovie) shaws,

In Section 4 of our paper we generalise Che resuli ([D-F, 2.1) in another direction
—we give a necessary and sufficient condition for the kernel fo be s polynomial
ring i one varieble over B whoere H is any nocthorian domain containing a ficld of
charmeteristic zero. We prove :

Theorem 4.7. Lel B e o neclherian domadin confaiming o feld of charaelerisiic
zema and et £} be o non-zero drreducible locolly nilpotent 8- derivation of the poly-
nomdol ving R[X, Y. Ther the kernel A of I is o polynomdal ring i one vertelle
over It 4f and ondy if DX and DY either forte o regulor RX, Y]-sequence or are
comarimael in KX, V). Moreover if DX and DY are comazimal in B[X. Y], then
X, Y] s o polynomial ring 4n one sarfable over A.

A crueial step in the prool of Theorsm 1.7 iz Propodition 4.5, which givea a
neceszary and sufficient condition for a singly generated A-subalgebra of KX, Y
Lo bre an ineri aubring of ft X, ).

Wi also show {Proposition 4.11] that in the situation of Theorem 3.5 all locally
nilpodent A-derivations of (X, Y] hes o praded A-module siucture,

In Section 2 we ael np notations and quote the resnles which we me, In Section
3 wo investigate in detedil the case of noctherian normal domains and in Scction 4
we diseiusy resudls over weneral noslherian domains,

2, PRELIMINARIES

In thix section we tirst set up the notarions, define some of the terms used in the
paper and recall thelr well-kuown properiies. Inally we quole the resulls which
will be nsed in the paper.

Notations, Throughoul the paper we will agswmne owr rings o bhe commulalive,
For a ring B, B* will denote the multiplicative gronp of anits of B, For a prime ideasl
P of R, k(P) denotes the ficld Re/PRp. The notation A = R will mean that A is
a palynomnial ting W % variables aver A. For an clement F £ B[, -, Xy]i= Rl=h,
Fy denotes the partial derivative of ' with respect to X,

Definitions. Lel & be an inlegral domain with quolient feld K. Ao elenenl I &
R[X1,--- . X,] is said to bo o generic variable if K[X), -, X = K[#]F Yanda
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residual varinble if for every prime ideal P of R, K{M[X,, -, X = k(D) [Fe = 4,
where Fp denales the image of F in &{P)[X), -+, Xa].

Lot B be an integral domain. A derivation 72 of B s said to bo locolly nilpetent
if for ench b £ B, there exists o positive integer v (ne may depend on b)) such thal
B = 0. The derivation £ on & is said to be drreducible if the only principal
ideal of B conlaining D(B) ia B, or, equivalently, D = 8D’ (with b € B and IV a
dorivation om A implies thar &£ 52*

A subring A of & domain B iz said to he an fnert subring of B if for any paic of
non-zero alemends p,y € 0, the product oy € A if and only if both o,y £ A

A routine verification shaws that an inert subring of o UV iz a UF13. If
A is an wert subring of B, then A iz algebraically closed in B; furiher if § s a
multiplicacively closed subact in A then 5774 i3 an inort subring of §776H.

Lel B be an ntegral domain conlaining a Geld of characlerislic gero. It is well-
known ([13-F], LI(1)} that the kernel A of 2 locolly nifpolent derivation £ on £
12 an fnert subring of B, Also it Iz easy to see thet for any multiplicatively closed
sibaet S of A4 {0}, £ extendy to a locally nilpotent derivation of 5718 with kernel
S LA and Bng 1A = A Morcover if £} is non-mero, then the transcendence degrees
of B over A iz one {[D-F], 1.1{4}.

For an ideal f in a noetherian domain B, let Assg (BT = {F.--- B} and
S—=Hy( U B Then the n-th symbalic power I of £ is defined to be the

1<inr
ideal I'™ = RO IM(37TR).
Tre now quote the results to be msed.

Lenima 2.1. For o non-zem alement & in ¢ nectherian domoin £ ond o mulfi-
plicatively closed subsel T of It the n-th symbolic power of the ideal I = RNl 'R
is given by £ — ROe* T AL

FPraof. We may assume f iz a proper ideal of A Let ol — (A3 0 --- N A0
(N, M- N, be a primary decomposilion, with N; being P-pricmary, sueh thae
P,NT = precisely for 1< < r. Then 7= (A 7o N and e ' H=TTTR.
Moreower, T C 5, where § = A5 U %), Therclore
T wty
Ena™ TR=gnN™ TRC RN TR =11
Conversely let 2 € 1750 Then there exists 8 € § such that se € 1 (C Rioe " K.
SBines Asgq [M/a™R) = Assy (R/aR), wo hove
Asgyp 1 (T VR TV RY = Asay 1 (T BiaT K] = {T_-IPJ:_'-- b R - 5

Now let o™ R = £3411-- -1 be 4 primary decomposition with ; being T -

primary. Now sz & 4 i but s ¢ T ' I for any | < ¢ < r. Therefore x € € for
every 1 < i < v, and hence i« & I o T7L R, ence the result, O

Temma 2.2, Lot B be g noecthorien local ring swch that depth B = 2 and T oan
idead ire B sueh that depth (B = 10 Thero depthg I = 2.

Prouf. Let k be the residue feld of . By onr assumplions Jome (&, 1), oot (k, B)
and Heome (&, 8/T) are all zero madules. Hence from the oxact sequenco

(t — Homik, I — Dok, R) — Hom(k, BT — Bal' (k, T — Bl (k, R)
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it follows vhal Hem (&, I} and Ezt! (&, 1) are both zero and thercfore depth [ =
2 |

We now state a standard result ([B-H], 1.4.1, pe.19} which gives a criterion for
a madule to be reflexive,

Proposition 2.3. fef B b o aocctherian ring and M o finite H-modude. Then M
is reflestve if and only if
(i) My is reflemive for oll F £ Spec B with depth Bp = 1, and

(i) depih Mp =2 for oll P £ Spee B owith depth Ry > 2,
The [allowing rezull on {inile generation is due Lo Oneda (0], 2,14, 2,200

Theorem 2.4, Let B e o woetherion domaine and A one overdomoin of R such
that A[l/x ds finitely generated over R for some 2{£ 0) C A Then the folfowdng
statermnents hold:
(1) ffS is o multiplicatively closcd subset of H such that § ' A is finitely generoted
puer STLR, ther there ewisls ¢ € 5 such that A[L7 8] ¢ finilely gencroled over
K.
M1l A iz finitely gonerated sver B if and only if Ao is findtely generated oner By
Jor all wasimal ddeals M in I

Ay a consequence by ([G], 2.1) we have

Corollary 2.5. Let A be o noctherion domain and 4 on K-sebalgebra of a fidtely
generaled overdomain of . Then the stalemends (1) and ) dn Theoromn (2.4)
Folid,

We now quote a relevant portion of a residt of Bentschler [|Bn ). An alternative

proof is also given in (D-F], 1.2],

Theorem 2.6, If K iz o field of characleriatic zere und D a non-zere, loclly nidlpo-
tent K-derivation of KX, Y], then there coist F,(7 such that K X, Y] = K[F,G]
and ker D — K|F|. Morevver there exists o € K|F such that D - olAp, where
Ap i the dertvation defined by Ap(X) = -Fy ond Ap(Y) = Fy,

The following result has been proved by Abdgeankse-Fakin-Heinzer [[A-E-H], 4.1)
and Russcll-Sachaye {[R-5], 3.4

Theorem 2.7, If B — A — J‘-r’.:_"‘- are LR Th s auwch #hat the fronscendernce degree
of A sver R 48 one, then A= R

Corollary 2.8, Lel I be ¢ WFD. and A an R-agebra which {2 an fnert subring
af B[Xq. . X (= KUy af transcendence degree one over K, Then A = B,

The next theotom is due to Bass-Cormell-Wright {[B-C-W), 4.4).

Theorem 3.9, Lel A be o finilely presented P-algelbra. Suppose that for ol mami-
mird deals F oaf K, the Kp-algebro Apods Ap-isomorphic fo the symmetric algebm,
af some Rp-module. Then A &8 R-isemorphic to the symmaetric elgebra Symo [M)
of @ finitely presented H-module A

Corollary 2.10, Lat B be a locolly factorial noctherian domein and 4 an B-alyebra
which & an inert subring of B[X,, - X,.] (= R[m]} of brunzcendence dogree one
over . Then A ds B-isomorphic to the spmmetric alyefra of an invertible ideal of
I
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Pronf. For cvery maximal ideal # of B, Ap = Ro''l by (2.3 Now by (2.5), A is
finilely generated over R and hence, applving 2.9, 4 = Sping (M), where 11 is
obvitmaly a nitely generated projective K-modole of rank one snd henee isomorphie
to an nvertible ideal of R, O

The following eriterion of Russell-Sathave follows from {[R-5], 2810

Theorem 2.11. Let K be an integead dormoin and A a findtely generoted overdornaein
of B. Supposc that there erisls an clement 7 o#n B which 42 prime i A such that
sArR=aR, A, =R, W ynd the fmage of SR i olgebraically cescd in AfmA
Then A= R

The following result occurs in ([B-0], 3.2).

Thoorem 2.12. Let B be o noetherdion dovnain such thef either B onfaing o feld
of characteristie zoro or B is seminermal Then an cloment & in H[X, V] (= £
5 o varkable f and only if @ is o residual verieble

3 Lodacty NWwpoTEsT DERIVATIONS OVER NORMAL NOETHERIAY DOMAING

In thia section we investigate in detail the kernel of locally nilpotent R-derivations
of X Y] where I is o nostherian normal domain conlaining a Geld of characier-
istic zoro. The main result is Theorem 3.5, whers we give a precise descriprion of
the suructure of the kernel of sauch derivations.

We first prove a patching lemma,

Lemma 3.1. Let 1T be o noctherion domedn ond 4 on overdomatn of B such thel
JANMEA = 7 for every idect J of B, Suwppose that there esivd non-zerv elemendy
wy & R osatisfying the condifions:

1) o and v Jorm an R-sequence,

(ii) A.=Jo,M.

(i) 4, — &,

':'i.‘r'] A= :"13; M ;'11‘,_
Then A has a groded ring struchore @ A, with Ay = K ond 4, a [finite fype

1)
reflerive f-modude for el v, I foct A ds fsemerphic a8 o groaded R-algebre to the

syenbolic Rees algebre @ I of a veflerive ideal I in B of height one.

wl

Remark 3.2, Let R C A © B he integral domains such that B is faithfully flat over
I, Then JAN K = .J for every ideal J of 7.

Proof of 3.1, Let A, = R, [0 and A, = R [V where IV < A, Sinee A, =
Ho 7] = Ry [V, 16 s ey o see that

V={ull +eife™ forgome e € B, ue RNR,," me &Y.

Now ¢ — ™V —alf € (o™ a)dn R — ™ el e, ¢ = 2™v — au [or some
wan e B bet B — L —wand =V —a. Then

Ap = Ry[F, Ay = R[] with €@ = AF where A = a/2™ € Ry,

A, — @ R F™ and A, — EB H, "

o nx=Q

Mirwr
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Since
Ay = €B (RF ")y = €D (RyC™):
w0 nz
where
{Ha Pty R D R G [ RO
it [ollows that
A= A0 Ay =B A, where 4, = R N R,G™,

]
Thus A4 is a graded R-algelwa wilh 4y = B, N &, — K by (i),

We will now show that Ap is A-isomorphic to an ideal T of 2 guch thal A, = I
sa fmodules for every n, which will show in partienlar that each 4, iz a finito
H-mnoduale.

Maes&,”, then pulting fT — Gfa — Ffo™, it measy tosse that A = 4,7 4, —
E[H]| (= H“JJ, and wo are through. S0 we may assume that «ft, ia 2 proper ideal
and let

= HrMah,.
Then &, — aliy,, and hence I is an ideal of height one,

We now show thar for every n, A, = 7. G a™) a5 H-modules, Let § C A,
Then

JI. — b‘:;ﬂ — (Elﬂ-h I.l'w.':':h:IF.-} — cj_,—rl.:.,-m.'r:h — C'[G“.."I{E,”:l

i’

where
be R, and ¢ - 0™ e a" R, MR, ="k, K- jind

by {2.1). Conversely if ¢ £ ™, then hy (2.1}, ¢ = «"6 for some b € Jf,. Thus
eGP fu™) = WE" € RyG™ on the other hand ofG*/a™) = {efz™ ) p™ & R 7,
50 that o™ /a™ € RGN RF™ = A, Thus Ap = I' - (G /0™ and ihe map
e 1 e[ ™) — e gives an A-isomorphism of A, onto fl

Lising the above isomorphisim we now cheek that A, iv a8 rellexive Brmodule for
every n., Sinee Ag = K s obviousy reflexive we assamme that n = 1. Let P = Spec R

If at least ane of the eloments &, i doees nol belong Lo P then by condibion {ii) or
(ii1] it followy easily that 4,z iv a free Be-modnle: in particular, 4, 5 i3 reHexive
aneg depth A, p = depth B

I hoh e,y © P, Lhen by Loepothesis, they form an R-sequence so that depth Kp >
2. It follows that in this sitnation PHpe cannot be an associated prime ideal of
Refo®Rp and hence PR ¢ Assp, (eI 5), which shows that depth (Bp /100 5)
= 1. Now sinee A, = 77 by (2.2), it follows thal depth A, p = 2.

Thus we see that depth 4, p = 2 whenever depth Bn = 2 (irrospective of whether
T,y & Fornat). On the other hand if depth B <01, then al least one of @, y does
not belong Lo P, and in this case 4, p s seen to be reflexive. Therefore by (2.3),
A, 15 reflexive.

Now consider the injective map 4,0= R, G]|) — R,|T)(= HHM] defined by

W
G+ aT. Then since A, = I™ - (G /"], the mage of 4i= A, "4, - ) A in
b
I, [T is precisely the symbolic Rees algabra @ T (— R [

N>
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Av g consequence of Lemnma 3.1, we now 2ive a deseripuion of Lhe graded B-
algehra structure of an inert subring of the polynomial ring B[X, .-, A of tran-
geetwlence degrec one over Ji, when K s b noetherian normal domain.

Proposition 3.3. fet 5 e a nostherion rormud domain and A on H-alyebra which

i2 an tnert subring of R[X1, -+, X (= B™) of transcendenee degree one over It

Then A hos the slruclure of o graded ring @ Ap with Ay = N and 4, o finile
il

reflerive B-module of renk one for every n. I fact, when A iz not o field, there

crists on idesl T oof unmized helght one in B such thel A is Lsomorphic to the

aymbolic Hees algebre ea T oy g groded K-algebra.

R0

Myoof, I I is a ficld or & Dedekind domain then the resule follows immodiately
frinm (28] or {2.10) respectively.

B wa assumc dim R > 2. Sinee A << X, -, Xn. JANR = J for cvery ideal
J of B, Therefore by (3.1), Il & enoueh to show Lhal there sxist elemenls =, 4 © 1
which form an [-sequence such that 4, = R_ﬂm~ Ay, = Rgm amd A=A, " A,

Let 1= R4 {01} and let K denote the quotient field of £, Then clearly 4714 i
an inert subring of K[X1,--- , Xn] of transcendeonee degree one over K, aned hence
by (28], T7'A = K Now sinee A C B Xq, .+, X,], by (2.5), there oxists an
elernenl ¢ & T auch 1hal A1/ iz [initely gensrawcd. From this and the facy that
T-1A — KV il [ollows easily that vhere existe x € T such (hal

A, = r

Tz ¢ R, then clearly 4 = FY and all the statements in the theorem fol-
low trivially, So hence coward we assume thal ofi is o proper ideal in B, Lel
Assy (RizR) =M. -, .}, Sinee A is 2 noetherian normal domain, A(H) = |
for all 1 < 4 < r. Let §=RY{ | B} Then clearly § 'R is a P.LD. and
Ty

§7L4 is an inert sulring of (S7'RI[X), -, X of trunscendence depree one over
S7VR, Therefore, by (28], §714 = (§7 7)1V, By (2.5) there exists # = § such
that A[l/s] is finitely generated over H. Henee from the above cquation it follows
easily that there exivts i © & such that

A, = R@.j].
By conatruction the pair &y form a regular sequence in K. Ye now show that
A=A M Ay Let
c=afe =biy e AunAg abe A §Ee BT
Av w,y formn a regular sequence in & and hence m £ Xy, -, Ay, the squation
¥ = 't yiclds that o & 2 R[X,,---, X]. Now since A is an incre subring of

RX|,--+ X il lollows thal AN R[X), -, X = o/ A, Therefore ¢ = ufa’ €
A, showing thar

A=4.MA4,.
This compleles the prool O

Remark 3.4, Leu I be an ideal of unmixed heighl one in a noetherian normal domain
B. Then f has a primary decomposition of the form F — £ m--- 0 B Let
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[T] demote the eloment Z e[ B in £ (H). Mow o routine vorification shows that
1l

for any bwo wwmired ideals T and J of helght one in 7, the following statcinents

are sguivalent.

(i 20 as Brmodules,

(i) @ 17" = G5 ST as graded H-algebras.
il frgt|
(i) [I] = [J] in O (Ie).
Thus in Proposition 3.3, given any inert sulwing A, the cholee of T is unique up to
ity imuage in the elass group (in the sbove senve). Sinee for a URD., £ (1) = 0,
the above ohsorvation gives anothor way of cxplaining the result {2.8) and honee
the result {[D-F], 2.11.

We now prove ow main heoren on Lhe slirueture of the kernel of a non-sero
locally nilpatent B-derivation of H[X,¥] over a normal domain K containing a
[ield of characleristic zero,

Theorem 3.5. Let B be a noctherien normad domain containing @ field of charae-
terdnfic zero and lel I3 be o novn-zere loeally nilpolent R-devivelion of the polynomial
ring B|X, Y| with kernel A, Then A hay the structure of a groded ring @ A, with
mEl
Ap = R and A, e finite roflesive B-module of rank one for cvery n. In foct, when
It ds nol o fleld, there ewinfly wne ddeal T of wnmiired hedgh! one in It sweh thel A is
izomorphic to the symbolic Rees algebm GB 7 gy o graded B-algebra.
nzi
Conversely et H be as above and {ef [ be an unmised ddcal of height one in H.
Lot B be the symbolic Rees algelra EB T Then theve evisty w lveally nélpolent
vl
B-derivation 2 of B|X, Y whose bernel ds fsomarphic to # as e groded H-algelrs.
In porticulor B con be cmbedded as an dnerd subring of R[X, ¥

Proof. Since the kernel A iz an inerl subring of B[X, Y] of iranscendence degree
one over H, the first part of the theorem follows from Proposition 3.5,

We now prove the converse slavement, Let Assg (BT = {4, . F.} and
RIS U Py, Then §7'Ris a P.LD, and henee T8 B is principal. Therefore

=i

we can choose an element y € § snch that fH, i principal, say, {1 K, — af, for
somc @ € I By {2.1) it would follow that T™ R, = o™R, ¥n > 0. Therefore
B, — Ryly], where g — o, Il v € B*, then I is principal, so thal 3 — R 1 and we
are through [far instance we maey consider the R-derivation I defined by X =Y
and DY = 0. So we assume y & 177,

Lot Assy (RipHEl = {th, - .} Since At =1Vl < j < fand y & B for
any 4, I & €); lor any 4, 7 and henee T & | U b Choose o 2 1Y U ,). By

1egas 1:5s

vonstruetion @ and y form an K-ssquence, and since K, = A, = ah. By — A:(f]
where f = x¥. Cleatly g = (o/z)f and a £ I2),. Moreover, since » £ T and
4y, — aky,, we have d

# = [ufy™n for some w € RM(Ry,)", me ZT.
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We now show that B=H, N8, et h—afe=y"dc a"B 1y 8, where p g2 &t
and e,d © B. Leve=3, ;17 and d = 3, &7, where e dy © IV 07 = 00
Then w0y = yely Wi Sinee x,y farm a regular scguenee in A and y is a non-zero
divigor in I/ T, il follows Lhat e; € 99 RO — g9 7V, showing Lhal § € 2Py B,
Phis 20 B Oyt — 2y 44 and hence B = B, 1 Hy,.

Now define an fi-derivarion It on X, V] by

DX =-u, DY =1

Then 52X =) = D?Y, s ihal D 1s locally nilpoent. Lel 4 — Ker (D), We shall
shorw that the mraded H-algebras B and A are isomorphic, which will complete tho
proal,

Mote that £ induces locally nilpotont derivations £, (resp. £, on By XY
{regp. R, [X,Y]) with kernels 4, (resp, Ay). Now let

F=xX Y, ¢G=aX | ™Y
Then F, 7 € A and G = affw (sinee xy™ — o). Since
R,[F] C A C R, XY] (= 1,[F]'T)

anel the franscendence degree of K, X, ¥] over A, is one, it follows that 4, — B | F).
Similatly A, = A, [C]. Also note that since x, ¥ form a regular R-sequence and A is
an inert subting of B X, V], we have (s o the proof of Propogition 3.3} 4 = A.m A,

Now let o @ A= A:[f]] = A, [— B.[F]|} be the A,-lsomorphism defined by
o+ Fandw: Byi= yg]) = Ay{= R, 0]} be vhe R -isomorphism defined by
g— 7 In Ay, we have dlg) — glaf/w) — abYe — = g Thus both & and
¢ ntduee the same somorphism £, = Auy. Henee their restrictions induce an
isomsorphism H{= H, ™4 ZoA= AN Ao Henee the resnlr. [

Note that if Ris alocally factorial domain (for instenece il 2 is regular) containing
a field of characteristic zero, then by (2.10), the kernel 4 of a locally nilpotent B-
derivation of 7' X, Y] iz finitely peneraled over J&. However, [tom Theorem 3.5 it
follows that in gencral the kernel necd not be finitely gonerated (ovon when R s
normmal}, a3 the following exemple illustrates,

Example 3.6. Le. ' be a now-singular elliptic cwrve in PZ. defined by a homo-
geneous  irredneible polynomial # in C[X. Y, %] [for instance, take # =
(VeZ X% XZ%)). Let R=C[X,Y, Z] x vz /(F). Then 17 is a two-dimensional
nermal local domain whose class proup i oot forsion,  Therefore thers exisly o
prime ideal # in & of height one such that 2™ is not a principal ideal [for each
m = 1. Hence the symbolic Rees algehra B = EB PR e not finitcly gencrated
el
ovcr B (for the proof cee [I] or [C]). Now by Theorem 3.3 there existe a locally
nilpatent A-derivation of A whose kernel ig igomorphic to B and henee is not
[initely penerated over K, L

However, in the situation of Theorem 4.3, if the gronp T (R)/ Pie (1Y) s wor-
gion, Lhen [or any unmixed heighl one ideal T of B, 7™ would be an invertible
ideal for somc €. Then it is casy to sce that T8 = (U angd henge Fim*H) —
el w0 < <1 1, Thus @ I g finilely penerated. Therefore hy

L]

Theoremn 3.3 we hawve
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Corollury 3.7. Let I be o noetherian normael domeain contadning o field of cher
acteristic zero such fhat the group O (R} Pic (K] is forsion. Then the herncl of
uriy focally nidpotent R-derivation of RX, Y] is findtely generaled over i,

L'sing Theorem 3.5, we give below an example to show that the above condition
is nol necessary for the kernel of every locally nilpotent f-derivation of A, ¥] (o
be finitely penerated over K.

Example 3.8, Lel & = C[X\ Y. ZW|/{XY - ZW), P = (X, Z)R snd @ =
(X, W . Then it is well known that Pie (R) = 0 and 1 () = Z and is generaled
by | Pli{= —[]).

Let &4 he the associated graded ring @ (PPN Consider the OfY, W-

n

algehra cpimorphism ¢ @ CY, WL V]AYE - WV — B defined by 07 —
X(mod £*) and ¥V — Z{meod P*). We first prave that ¢ is an isomaorphism,
which will show in particular that & iz an inlegral domain. Lel J be Lhe ideal
@ (P /PP in B and let S be the mmltiplicatively closed subset #£/F % {0} in

-l
/3. Then it is essy to see that §7'0 = C[Y, W) with 705 s a maximal ideal,
showing that &t J = 1. Now since dim [ R/ P) = 2, it follows that dim /4 = 3, and

henee o ig an isomorphismm.

Since H iz an ivhegral domain, a routine induction argument would show thar
P71 i P-primary, Le., P = P Similarly one can chack that @ = ™. Thus
Foand @™ are unnixed ideals of height one in I with [P = o[ F] and Q"] = n[Q|
in 7 (/).

Now let I be an urunixed ideal of heighl one in 2. Then [f] = n F] or n|@ lor
some non-negative integer n, vy 1] = n[P|{= |£"]). Lherefore ' = P™. Hence
there exists f € K™ such that §f = P*. Therefore I™fw = pom — (prjlm —
F s that £ = [0 n. Thus by Theorem 3.5 the lernel of any non-zero
locally nilpolent R-derivation of B is f-isomorphic lo the Rees alpebra of an ideal
f {of unmixed height one) in A, and henee is finitely generated over A. [l

fternark 3.9, Let 1 be s noethedan normal domain, The pronp G (B Pie (R} s
tarsion it and only if €4 (Hay ) is tarsion for all maximal ideals A of A

Herrarl 310, Ton the above example dim B = 3. However if £ s 4 noecheriasn nor-
mal domain af ding 2, then by a result of Cawsik {[(7), Thearem 3.5 and 2.3 it wanld
[ollovey Lhal the eondilion thal 7 () Pic {R) is torsion i indeed necessary lor Lhe
kernel of every locally nilpotent H-derbvation of 8]X, Y| to be finitely generated.

We now glve an example Lo show Lhal Troposition 3.3 and Theorer 3.5 are nol
vahlid if K is not normal. Note that if £ is a one-dimensional nostherian domain,
then the symbaolic power T of a non-sora ideal T in f? obviously coincides with
Iy sl bence the symbolic Rees alpeba @ I3 s finilely generaled over K.

nz0)
Howeveor the following cwample shows that when B is o one-dimensional noctherian
dommain [eontaining Q) Lhen the kerpel of & non-zero locally nilpotent B-derivalion
of H[X,¥" necd not be finitely generated i K i nat notmal; in particular, it need
oot be of the [orm @ Fhalpn
=
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Example 3.311. Let R= R - {$)C[&]]. R is & noetherian local domain with max-
imal ideal M = (DC[[H]]. Let & be the normalisation C7t[} of £ Define a locally
nilpotent A-derivation £ af ALY, 7] by

Bix)=itand (V) = -+

{t is caxy o see that ker (13) = RIX 44Y]. Now I7 testriets to a locally nilpotent
R-derivalion D of X, ¥] with keroel 4, and i is easy to see thast

A=R4+ MI[X +i¥.
We nwoner show _tha.t A s nat_even noetherian, and henee is not tinitely zonoratod
over . Since B[X +1Y/MA[X +4Y] (= C1) is not finitely genersled az & module
over A/ME[X FiY {= R), cleauly B[X . iY] cannol be & finite A-module, and

henee for amy f(#£0) € M, fR[X +437] (€ A) is nol linitely generaled as an ideal
inn A Thus A v nob noetherian, |

In the next section we shall show (Proposition 4.11) that all locally nilpotent R-
derivations of f[X, ¥ over a normal domain B {eonlaining a field of characlerislic
wero] with s fixed kernel A together with the zero deriviation has o graded A-modnle
shricture.

4. LocaLly WILPOTENT DERIVATIONS OVER GGENERAL NOETHERIAN DIOMAINS

In this section o shall give a necessary and sufficiont condition for the kermel of
an rredncible locally nilpolenl A-derwaion of the polynomial ving A:2X, ¥ fo be
F Y (Theorem 4.7). The crucial step in Lhe prool is Propusition 4.3, Before [hal
Wi prove some lemmeas,

T awidd the tedivm of repetition we shell hence orvards asswme that 7 denoles
a noeetherien domein eontoining o fleld of cheructeristic zemn and i denofes the

guotient field of B.
Lemma 4.1. For any £ € K[X, Y\ K, (Fo, BOR[X, Y. K[F] £ (0).
Proof. Let 8 = K[F}\ [0}, L = 8~ K[I" (= K{I'}} and € = 5-1KX. V] We
have the exacl sequence
Opac @ C 5 Qage o+ Do — 0
Since L ie a perfecl field, ¢ is sinooth and henee Q0 s 2 projective C-modnle of
rink ome {[A-K], pp. 150-162). Hence the exact sequoned
0 — Im (o) = Qg — Ty — 0
splits. New as £ i a frep Comodule of rank two with basis dX and 41 and

Tm () is penerated by FadX + Fed¥, the elements Fy and By are comaximal in
' and henee (Fy, FY3R[X, YN KIF] £ (0). ]

Lomma 4.2, For any F € X, Y|\ K, if K[I'] & an inert subring of KX, Y,
theere the ddeal (Fx, Fy ) K[X, Y s not contained in any proper principal idemd of
KX, Y]

Procf. I possible ledb (Fy, Iy 3K [X) Y C pi[X, V] where p is a prime elenent of
KX, Y. By (40, pIX, V] N H[F] # (0) and bence it is penerated by a non-sero
irreduchle element $(F) of KTF). The mevtness eondition and the nreducibility of
@{ £ imply & relation p = wp(F) for some w ¢ K. But that would imply that Fy
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and £y both helong to the ideal ¢{FIE|X, Y], which is abemd by simple di—"EI‘L‘-"H
cansiderations. Henee tho result. [l

Lemma 4.3, Lel F e (X, Y IR'X. Y] and I be an ided of B, Then I € FR[X, ¥
if and ondy if both £y ond Fy are in TRX, Y

Proof. Let F'= Z a;; XYY, ey £ R Note that ag = 0. Since A containg Q, #'y
iF

[= Z rz @i Y2)XT 1) is an element of FTR[X, Y] if and anly if ay £ T for all

1 d
(4. #) for which 4 > 0, Similarly Fy c FHE[X, Y] it and only i ay; 7 for all (€, 5)

4

for which § = 0. Hence the result, O

Propaosition 4.4. Let & be o generic variable in B[X, Y Then R[X, V" = R[F]
if Far, Fy ove comasimal in R[X Y.

Froof. By [2.12) it s enough to show that F s a residual vaeiable in B[, ¥ Let
P € Spee B and F ihe image of F in &(F) X, Y], Wilhout loss of generalily we
iy assume that K s loeal with maximesl ideal P and residuoe field & (= £/ F}, and
prove bhab &/ X, ¥ = &[T by induction on &l P (= dim R) = d, say. I[ d = 0,
thore is nothing to prove,

Let d = 1. Wow ginee R I8 8 one-dimensional noctherian local domain, by the
Krull-Akizuki theorem (N, p.115) it s easy Lo see thal there exists a diun:—*h—*
valuation ring (€ m) auch that B < €' < K and the residue ficld L = /7 i
finite over & We first show that F is a variable in C7X, ¥]. Sinee F is & peneric
variable in €°X, Y], by (2,11} it is enough to show thal L[T is algebraically closed
in L[X,Y: But the algehraic closure of L[F] in LXK, V] is clearly of the form
L7], and by the comaximality assumption of Py, Fy it follows easily that F is
linear in &, showing that L[F = L[f is algebraically closed in LIX,¥]. Thus
O1X, Y. = CF)Y, and henee L[X, Y] = LIFIN. Now L being finite separable over
k, il followes that &[X, V] = k[F 4.

Mow the case d > 2 follows by an easy induction arpument. [

Proposition 4.5, For an clement I in R Y)Y R, the followdng statements are
equivalent
) R[FY is on inert sulring of B'X, V).
{i1) K[F] % an dnert subring of KX, Y] and the {deal {Fx, Fyv  R{X, Y] ds efther
the il fdeal or hos grode 2,

Pranf. [i}=(ii}. Suppose (1) holds, Then a ronbine verification shows that &[5 s
an inert sulwing of KX, ¥).

Wilhout loss of generalily we may assume vhat F e (X, YR[X, V). If Fy < BY,
them wo are through. 1f 5 =1, then # 2 Y HIX, Y], and henee by the inertnoss
condibion it ollows easilly Lhat IF — o} [or some « € 7, Le, Iy £ B and
we ate thromgh. Thos we meay assune that Py s s non-zero non-nnit elesnent
ol X, Y] and show that Fy is a non-zero divisor in RXV]/Fx X, V1. Lei
Q@ & Asspy v (RXY]/ P B YL Then depth {RX,Y]q) = 1. It suffices to
show that Iy € Q.

Let P=@QnA If P =(0), then QK X, Y| € Ass ey KX, Y]/ Fx KIX, V),
arul hence 12 a prime ideal of height one and therelore a prineipal prime ideal. Hence
by (4.2), Py £ QK[X, Y], and we are throngh,
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Mow suppose thet P # (0) and Iot a be a non-zero element of P Since
depth (BX.V]a) — 1. Q0 £ As.'f,,;[_xI;-][R[_Y,YJ};"{[R[X,Y];-; ardd sinee o £ A,
is exronded from B, Thus PRX,Y] = @ C Assgx v (R[X Y /aR[X, YY), Hence
P dsag(tfull), te., Llhere exisle b £ B alf ouch chat b C af, and therefors

B Cal X, Y], be Biafl

Now if # £ @, then by the above relation it would follow rhat BF = ol for some
! £ B[X., Y. Since bI" ¢ R[I', candition {1) would imply that 7 £ RF] and henee
{z = oF' for some e £ A, But this relation would imply 8= ar) £ af, contradicting
the choice of b, Thus F £ &, and hence by [4.3), Fy € Q.
(111 =% (i) Assume (i) holds. Since K[F| {8 an inert subring of KX, ¥, it s
emough to prove that B[X, 1] 7K [F] = R[], i.e., to show that eB[X, Y] 1 R[F] =
ef[F] Ve € B, Thus Lhe prool will be complete if we prove the following elajm,

Cladm. 11 {Fx, Fy )X, V] e oither the unit ideal or has grade 2, Lthen ¢ R[X, ¥
R|F = «R|F; ¥e € £,

Proof of the Clatm. Let €7 € B[X, Y] and &(F) = Z a: F*, @ © B, bo such thet
0= i
of? = @{F). To prove the claim it is enough to show that a; € o Wi
We firael show thal che [rst derivative ¢'(F) € o2[X, V], Now

= eldy — @ (F1Fy and oFy — &' (F1 5y

Let ¢ X, Y] = ()N be a primary decomposition of ef|X, Y] and let £ be the
assaciated prime ideal of A[X, ¥V]/N;. Now, & R boing the associated prime ideal
of RX,Yip /oR[X,Y]p,, depih (B[X.V]p,) = 1. Henee (o the given condilions
on £y and Fy-, at least one of them becomes unit in KX, ¥ |p,, ie. of least ane of
them docs not belong to Py Hence by (*) we have ¢'{F) € ¥;, Since this would
hold for every j, we have ¢'(F) € le::X.: ¥

The above argiument shows, by induction, that the m-th derivative o™ (£
£ aR[X, Y] ¥m, | < m = n. In particular ¢ divides -:_;'}';”]fF:l and as € — &, it
chows that a, £ ofi,

Let . (I} = E au L. By an easy induclive argument as above il follows
=l n—

that ¢ divides o, the leading coeflicient of ¢ for every 7. 0 < r £ n. Hence the

result, O

Corollary 4.6, Ar inert subring A of R[X. Y] of travscendence degree one over
R is isomorphic to BY i and only if there exisis an element £ € A such that Fy
and Fy cither form o seguence ar are comostnal in BRIA, V.
We now prave the main result of this section.
Theorem 4.7, Let D be a lveally nilpotent B-derivation of 8.X, Y] and let A de-
note the bornel of I Then the following stofements are equivalend:
(i) D s irreducible and A = RIL,
{i5) DX amd DY ecither form an BLX, Y]-seguence or are comaximal in 81X, ¥].
Moresver if DX and DY are comazimal in B[X, ¥, then BLX, V] = AN,
FProof. (1) =+ (i), Lel A = £|F]. Since B|F 14 an nert subring of £.X, Y], by {(4.5),
Py and Fy either form a sequence or are comaximal. Henee from the eguation

I DX + Fy DY = DF =1}
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we conclinde that
X =ufy and DY = —ul for some » € A[X, Y]

Since 1 iz irreducible it follows hal € 5°. Hence DX sod T either form o
sefuCnoe or aro camaximal (since Fx and Fy have the same property).

(il =3+ i), The irreducilility of I iz obvious.

Now D induces a non-zero locally nilpotent derivation on KX, V] with kernel
5 %A, where § = Y [0). By (26), 5'A = K'H], where H is & variable in
KX, Y], Wo may choose the above [T fo be in the deal {X, Y1RLX, V], From the
cepation

Hy DX Iy DY = DIT =)
and from condition {ii), it follows that
Hy = glY and Ay = —gl2X for some g £ AKX, Y]
Since H iz a variable in KX, Y], it follows that
g& K*NRXY| =8\ {0}
Hence by {4.3], it is easy to see that
Hoegl where Fe dand DX = -1y, DV = Fy.

Thns K| (= K[H]) ix an inert smbring of £|X, ¥] with the properiy that Fy
and Fy either form a sequence or are comaximal, Hence by {4.5), K[F] is an incrt
subring of £|X, ¥, Now since 4 iz comtained in the quotient field of BIF], it follows
casily that A = A[F).

If DX, DY {and hence Fy, Fy) are comeximal in B2X, V], then since F ia a
generic variable, by (1.4) it follows that BIX, V] = R[F]MN = ADL r

Aemark L&, Nate that when £ is a UKD, any irreducible locally nilpotont &-
derivation of £2X, Y] olwvionsly sabisfies condition (i) in Theorem 4.7 and ay lo-
colly nilpotent derivation is & mmltiple of an wreducible locally nilpotent derivation.
Therefore when £ iz noetherian the result (TD-FR, 2,15 follows from Theorem 4.7,
The above thearem also shows that the resubr ([D-F1, 2.5), which was proved for a
T I, is brue when 17 is saoy noevherian Jomain (eontaining a field of eharacterlstic
ZETOI}

Corollary 4.9, The following staloments are cquivalent,
() D e o locally nilpotent devivation of RIX, 17 with kermel RIF1(= RID.
{ii} Ir = vAp, where F iy o generie varialble i B[XL Y] such that Fy Py either
farm o scquence or are comapimal in KX, Y], o € RIF]N {0} and A is the
derivalion defined by Ap{X) = —Iy oand Ap(Y) = Fiyr.

FThe sum of two locally nilpotent derivations need not be locally nilpotent. Por
ingtance, define D3, 1% on RIX, V) by D (X)) = 0,1 (¥V) = X and Da(X) =
Y, Du(¥) =0 then (D + D0 (X + ¥ = X + ¥ ¥ However we can make Lhe
fallowing obsorvation.

Lemuma 4.10. Lel A be the Fernel of o won-zero looadly nilpofent B-derdvation of
R[X. Y. Then any non-zere locally nilpotent A-dertvatior of £1X, Y has bernol A.
Mureover the set of all Tocally nilpolend A-derivations of B[X Y] has an A-rodule
structure.
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Proof. Lel M be the sel of all locally nilpotent A-dervalions of BLX, Y], Lel D £
c M. Now AC ker 12C HX,Y,. Sinee 8[X, V] has the same transcendence
degree over bolh ker D and A, ker D is algebraic over A, But 4 is algcbraically
closed in B4, Y], Hence fer 2 = 4,

Lol & = R {0}, Now any non-wero £3 £ M cxtends to a locelly nilpotent
K derivalion D of KX, ¥] with kernel $7%4 and, by {2.6), §-14 — K[F| lar
some element A in BX, Y], Thus again by (2.6), 7 = aA. for some non-zero
o € K[F[{— & YA}, From Lhis description il clesrly [ollows Lhal il D), Dy € M,
then 37 4 1} i locally nilpotent and hence belongs to M. Aluo i is easy fo ses
that I D' e M and e £ A, then ol £ 3, Thus M is an A-module. O

Ii the kernel A of some non-gero locally nilpotent R-derivation of B[X, V] iz /I
(for instance if H ia n L.FAY), then by (44) and (4.1}, all locally nilpolent: A-
derivations of F[X, Y has an A-module stracture isomarphic to any principal ideal
of A, We now pive » deseription of the A-modole strueluee of all locally nilpolent
A-derivations of A[X, V] whon R is narmal.

Proposition 4.11. Let B be a noctherion normel domain and fet A be the kernel

of @ nore-zeve Tocally nilpelend Bt-derivation of B[X, Y] Then A s o groded R-

alpedra G; A, dsornovphic bo the symedolic Rees algebro of an unmired height onc
nxl

ifeal of £, Let M be the set of all locally nilpeterd A-derivalions of BIX, V], Then

M hos 2 graded A-module stracture. Moreower M dx dsomorploe o EB A, wsoa

el

graded A-module.

Proof. The graded R-algebre structure of A has been deduced in [3.3). Also, by
(4,100 M has an A-module slruciure sod Lhe kernel of any non-zero eement of M
is A,

Muw ay in the proof of (3.4) there exist eleinents &,y € & such thak 4, — R.,,.[-"],
4, = R_,J.l” amd 4 = A, 11 A, Apain as in the proof of (3.4} there exist an element
a4 & B R, and elements 7,00 £ A such that A, = B [F], A, = f,[G] and
( = AF, where A = a/z" for some wm € 27, As before, let I = BNak,,.

Now let 2 2 M. Then I induces a locally nilpotent f.-covivation I3 (resp,
B,-derivalion D) on 7.7X, Y] (resp, (X, ¥Y75) with kernel A, = Ry [ {resp.
Ay = G By 49, Iy = ade and £}y = 3A; for some a0 £ A 7 £ Ay
Now on A.,, the two pateh up. Therefore adr = 34q = (Ja/a™)Ap, and hence
Jo=x"o & A, A4, =A

Convorscly It is epsy o o that for any 3 £ A, such that o C A, J4. € M,

Henee I e M if wnd eoly if D = A5 for some 7 £ 4, salisfying Fe © 4. Sinee
7 and a arc fixed, we can therctore give an A-maodule isomorphism M — A %A,
by D= 3AgL) — ad. Now by (33) the proof will be complele if we prove Lhe
follerwire claim.

Clizirn, AMad, = @ Jldgm,

rl
Froof of the Claim, Consider the inclision 4,(— £,|G)) — B, [, where " = 7/a,
As in the prool of (3.1}, the lmage of 4 in f7,[7 i GE} I On ihe other

Tl
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hand, the image of ud, is deardly €5 o R, T Now by (21) I'™ ™R, =
ol
Rria"tlEe, = F+L Therefore the image of AN ady i My |1 s EB FlA) s o
n>i

@ i, M

ol
We pow give an ecamnple bo ilhlrate Proposition 4,11

Example 4.12. Let £ = C[X, Y, 2, W]/ (XY — W) Let x,y, = w denote the
images of X, V, 2, W respectively in . Let P = (x.2). Let F, & be elements of
RIE7 V] = A defined as follows:

F=xl--wl, J=:I7 +4V.
Let &y and Ae be twa B-derivations of 217 V) defined ae follows:
Aty =0, 5plV) = =2 , Ac(l) = 3 Ag(V] = —=.

Then &y and Ar are two Itreducible locally nilpotent derivations such that ker S
=ker Ag, which we denote by A Morcover, A, = R, [F] and 4, = R,[G].
Sinece P _ PP (see Dxample 3.8), it is easy Lo ses that 4 = L EF. (] [the FA-
subalgebra of R, V] generated by F and ). Moreover, 4 = EB A, where A,
1124

= Sy RECH

Since zAp = vAy, again using the fact Pinl = pn | s easy Lo see Lhal Lhe
A-module M of all locally nilpolenl A-derivations of AL, V] i generated by Ap
arte] Mo

Let [ = eau-i". Then £ is an ideal of A generated by F and 7. Sines 28 = o,

n=>l

for cloments a, b in A, of -+ 858G = 0 if and only I 2a 4+ sh =0, Sinee Ap (V) = —a
and An(V) = —z, adp + bAm = 0 if and only it mo + zh =L

The above discussion showa that P — Ap and & — Ag 13 a well defined
momorphizm of the d-modules  and A4 [

We conclude the piapor with the following obsoration.
The triangulability ceiterion {[D-F, 2.8} lormtaled for TLP.D, is Lriwe in general
in the following form

Hemoerk 413, Let I be an irreducible locally nilpotent A-derfvation on RIX. 1]
with kernel A = B!, Then D is triangulable over £ if and only if there exists a

variable 7 in A[X. Y] such that KX V] = (A &g K.
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