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Abstract

The paper deals with the aging property of 4 ene-component sysiem supporied by an
identical, inactive standby and o perlect repair Tacility. We assume that all the Tilstimes and
repair times induced by the operating and under-repair components gre mutyally independent
and repair times are urbitrary, 1 is shown that the lifgtiome ol 2 syslem thal begins with one
[both) operative component (5] having NWWUE {NBUE) Ifetimes is NWUE (WBUE)

Kevwords: Amng classes; NBUE; NWTE: Bepairable syzlems: Inactive standby; Porfect repair
facility

1. Imtroduction

Barlow and Proschan {1976) studiced Lhe aging properties of the coherent syslems
via the aging properties of components under the assumption that the components
may have repair lacilities. They grouped the components of the system, sav ¢ into two
mutwally exclusive groups. Components subjected Lo repait upon failure were put in
one group, say, £ and rest of them in other group, say £;_ The main result of Barlow
and Proschan is, if

11y lifetimes of the components in group Fy are exponentizl,
() hlgtmes of the compopents in group Kz arc IFR,
{in) repair times of components in group £, are DFR, repairs restore the components
al age rero,
{ivh lifetimes and repair times of all the components are mutwally independent.
then the Hivtime disinibution of the coherent system is NBLL
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Cne componenl system supported hy one active standby and a repair facility 15
4 special case of the above model when ¢ is a ‘parallel’ system, group E, has two
componenis and group I, 1 cmply,

Hence, using the above result, one understands that when a component having
exponential life is supported by an active standby having exponential life and a DTR
repair facility the lifctime of the system would be NBU,

A natural question is, cun one depart from ‘exponential’ life? Barlow and Proschan
felt so. They conjectured that the coherent system ¢ would have NBU life even when
all the components in group £ have IFR iietimes and rest of the assumptions are
unchanged.

However, in 1977 Miller gave a counter example and showed that it is not possible
to depart from compenent having ‘exponential’ life to component having arbitrary
I+ R life,

In this paper we study the effcet of inactive standby and a repair facility. Precise-
ly, we study the aging properties of 4 one component system supported by an
inactive standby and 4 repair facility, (Barlow and Proschan. 1975, Maodel 3, p. 203)
with two initial conditions. In the first case, we starl the system with a new compon-
et and a new standby. [n the second case, wo slart observing the process
when the first component has failed so that onc component (the standby)
starts Tunctioning and repair of the other (the failed component) has Just began.
Let F and G be the common distribution functions of the life-times and repair
times of the componenls, respectively. We prove that in the first case if # is NBUE,
the system's life is NBUE {no matter what is G) and in the second case, if F is
NWLUE, the system’s life is NWUE., More can be said when F and G are both
exponeniials,

In the following discussion, {X,.n =0} and {¥,, n = 1! indicate successive life-
times and repair limes of the components, respectively, We assume that {X, n = (1
and {¥,,n = 1} are mutually independent sequences of non-negative independent
random variables (r.v's]. Further, let X 's have common distribution function © and
survival function F, ¥,'s have common distribution function & and survival function
i Let Fi0h=0= G and

Fixidx = pp = x, J Gixpdx = p; < o, {1.1}
[}

o0

Let 2, 721 denele the independenmt and identically distributed rv’s whose
common disinbution is the conditional distribution of X, given that ¥, = V.. Let
H and H denots the common distribution function and survival function of the ry s
Z;, respectively, Then

mx *
Hiuj—p 7| GxdFix) wherep =] GldF(y). t1.2}

o wdll
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Define
k
E=imthiz i<, T.23 X, (1.3}

i—1
To=RotTie Sa=Y i mal

Maote that T, 15 the time of first faillure of the above model given that, initially, one
component is operalive, other is under repair and age of the operalive componcenl as
well as the elapsed repair titme are zero. Similarly, T, is the time of first system (ailues
when, initially. both the components are operative and ages of the components ars
#ero, Then

. )
Riry = PIT, =] = Fin+ 3 p™| Fit - wdH™{w), (1.4]
mi=1 o 11
el
Ruitl=P[T,=1] = Fla + 1 Rt — wpdfiu), {1.5)
51

where #9045 the m-fold convolution of H with isell.

Since these are intepral equations it is dilficult 1o caleulate exuet relinbihity ut lime
teven If 1 and &7 are completely known. Barlow and Proschan (1973) and Birelini
[1985) have obtained the Laplace transforms of reliability and availahility while
Bhattacharies and Kandar {1983) have given bounds for the steady-staie availabifity
of this model. As stated earlier, we study aging properties of Ry, and R, in terms of
wemyg properiies of F, This would be helpful 1o provide bounds for the reliability at
time 1.

In Section 2 we state and prove the resulits we require and the resulis dealing with
the system under study are given in Section 3. In a special case, when component
lifetimes are exponential, we derive explicit expressions for R4ty leading 1o stronger
aging properiies,

2. Technical preliminaries

The necessary results are summarized in Lemmas 1, 2 and Theorem 1.

Lemma 1. Let F, [T and p be as given in (1.1} and (L2}, respectively, then

Flos By < p 'F(ny forall e =0

Proof. Notc thad the Radon Nikodym derivative of H{f) with respect 1o Fiig
is p LGN which is increasing in ¢ So the pair (H, F) possesses the gencralized
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tnonatone-likelilkood ratio property. Hence, we have Fity< A0 lor all ¢ 20
{see Lehmann, 1986, pp. 78, 83).
Also, pH(f) = {" G{x}dFix) < ["dFix)= Flidforallt 2 0. [0

Lemma 2. Let F, oy, pand B be as in (1.1), (1.2) and {1.4), respectively; then

_ [T __Hr_
M, Jn Ri(x)pdx T

Proof. sing Wald's eguation {cf. Barlow and Proschan, 1975, p. 169) in the definition
of T'; as given in (1.3} we have

.un.=m.KJL-'{X}=l‘i. 0

Theorem 1 given below provides a safficient condition for ¥y + X, to be NBUE
when &, X'; are non-negative, independent r.v.s and X, is NBUE,

Theorem 1. Let F) and I, be two disteibuiion functions with {inite means gy ard g,
respectively, and £ (07 )= F,(07)=0. Lat

MmE
Fz,{f} = | FIU = H}dpz{ujl.
o 0

and Fi =1 F5. If Fy is NBUE and

|
™ } Foixpdx < Falt) forall i 20, -

ez
then Iy is NBUE.

The L.H.5. of (2.1} is called *equilibrivm’ or *first derived distribution’ correspond-
ing to F;,

Proof. If u; or g or both are zero then the resull follows immediately.
For uy =0, gy = 0, let

e

Fifr + x)dx =1 ¢+ I, (2.2]

U

where

k=]

Fo

e [l =R ]

Fut + 5 —wdfyiwdx and I[= ' | Fir+x wdFidx,
3

<0

LER Y]
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Now

[= i: [ E: Filt —x— u.jdx-ldf-'z(u} = (Fairh Fz0) (2.3}
and

= B }T Folt + x —uy dedFylu) = !m (1 — 1t + ) dF;(u)

2

—w {0+ | waFslt +w)
w 11

o

=, Falth + J . Falw)dw,

Hence. using (2.1) and (2.3} in {2.2), we get

oo LE

Faixydx =y Falt) +J Falxidx = (g + pez)Fale) Torall e =0

J T

Therefore, F5 is NBUE. [

Remark. If F, is exponential then the conditiom (2.1) given in the above theorem is
also necessary for Fy 1w be NBUE.

3. Aging properties of the syseem

Theorem 2. If I is NWUE, then the dj. R, of the time of first system fatlure, given thar
initially one component is operative, is NWITE.

Proof. Taking infegral on both sides of {1.4) and using that s NWUE we get

1 R, (x)dx

v

it

Fii — widH™ u)

;Hrr[FEEH Yo Jf’";*rl d H'™ ).

m=1

oIF - ni!

[lence, agwin uxing (1.4,

. Riixydx = ,u,|:ﬁ1 {1 + Z p”'ﬁ‘"”{u—!_

m=1

ol
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Alsa,

(1—pb ¥ p"H™(5)

m=1

splifs: 3 ;rm“Lﬂw-“m—Hl"ﬂ{r} ,

m=1

—pii = ¥ p"‘“J Hit — wydH™(u)
&)

m— 1

it -

=;J[E[t] " E P l Hit —u}dHf"‘][u}:[
m=1 Ji

2p

=1 it
Fin+ ¥ p’“l Fir -u,‘lciHr"“]{u}J (lrom Lemma 1)
m=1 SN

=pR.(1).
Thus,

it

1--p

d

fmx}dx;emﬂlm[l+ F }

= l“”_ R.{t) = pg R;(t) {from Lemma 2. O
- F

Theorem 3. If F is NBUFE, then the df. Ry of the time of first system failwre, when
initially both componenis are new gnd operative, is NBE.

Proeofl. As stated in Section 1,
Hity=P[Ty =] =P[X, + Ty =17,

where X, and T, arc independent non-negative ev's with survival functions F and
R, and F is NBUE. Hence, to use Thearem 1 it is enough to prove that

i3

J Ry(x)dx < jtg, Rol1), (3.1

Since F is NBUE, proceeding as in Theorem 2, we have

LN o

' Ryix)dx EH;-LFU} + ¥ p"P[X, + 8. > :]J_

m=1

50, In view of Lemima 2, 0L iy cnough o prove Lhal

=1

il- p][F{r} -3 pTPLY, + Sa tJJ < Byl 3.2}
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Now

i1 opr Y p"PIX, + S. =t —pP[X 4 S =t

w=1

¥y ﬁ’“'*"LPFL ]

m=1

PIX, + S, =1]

—p[P[X, =+ PLY 50 X = 511

- ¥ p [| e — dpeim @ I"}[.ﬂ}
m=1 o0

where & denotes, the conyvolution.

al

Hit - xpdFix}

of T3

=pEir—p

gkl . THe - xpd(H™ & Fyjxh (3.3

w1
Using (3.3}, LILS. of (32)

= Fitp+p i Hir — x)dFix) + L pm | L — KM S P, i3.41
pali] =] o i

Mo,

i

Ruit) = Filoy+ | Rt — wydFiu)
P

- »

=FP0+ Y pm | Fir— xidil™ @ Fiix). (3.5)
M= ol

From {3.4) und (3.5} we see that {3.2) 15 satished if

-

r
A — xydFix) = FPY, forall s = 0

w1

Fith+p

and pHir W= Fir xiforallr=z0and 0 s x5t
However, Lthese inequalities are true by Lemma 1. []

Remark. Tt can be seen that in the special case when both F and & are exponentials
wilh parameters » und g, respectively, the reliability Tunclions are given by

it

. h
Roft) —, "—expl-af) - ;

expl—brp, ¢ =0
fr ¥ -- P $
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Ein= o expf— at) + i

‘.‘__
e 5 a:.xm—bu, ¢ = (1.

where bla) = 4124 + ﬁ:l(l]{f_l»l + pf? — 4'1_)1,-3}

and 0 = o < A = b. Hence, we sce that K, is a survival function of the convolution of
two independent exponential r.v.'s with parameters b and a while R, is the survival
function of proper mixture of same two r.v.'s with mixing probabilitics as given in the
gxpression. Thus, Ry is IFR and #; is DFR {sce Barlow and Proschan, 1975).
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