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Abgreact: We consider the problem of testing the null hypothesis of no change against the altornative
of exactly one change point. The proposed tesls are based on generalized two-sample U-stalistic
processcs. We drive the liomting noll disteibutions of the proposed lests. Some applicalions in
Swtestics] Reliability are given.

t  Introduction

Change point problems have received considerable attention in the last two
decades, They are often encountered in the fields of quality control, reliability
and survival analysis. A typical situation occurs in quaiity control when one
observes the outpoet of & production line and is interested in detecting any
change in the qualily of the product.

Let X, X5, ..., X, be independent random variables with respective distribu-
tion functions F,, Fy, ..., F. We may be interested in the problem of testing the
null hypothesis of ne change

HyFi=F,—=F=F, where F is unknown

n
against the alternative of exactly one change point

Hy:F = =F,

y=F and K= =FE=0G,

where F # G and te{h 1) areunknown .
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where [x] is the integer part of x. In H} we may consider various types of
restrictions on the nature of the difference between F and G, parametric as well
as nonparametric. In this article we will only consider the nonparametric ap-
proach. For additional results and references on change point analysis we refer
to Zacks (1983), Bhattacharyya (1984), Csdrgd and Horvath (1988a), Sen (1988),
Lombard (1989) and Huskova and Sen {19849).

Most of the previous work in this area is focosed on possible location
changes, that is, when G is of the form Gix) = Fix — &) for all x and for some
unknown #, We note here that the problem of testing Ay, against H; is like a
two-sample problem based on twe independent samples, X, X., ..., X, and
Xinti 1o o2 X with unknown 1 & {0, 1} Motivated by this observation Sen and
Srivastava (1975) proposed the test statistics 5" and 5’ for the one-sided and
the two-sided location alternatives, respectively, where

§1Y = max (Vn’.ﬂ—k : En{Vt,n—t})
1=k<n—1 .\I,J"a:arﬁ{'[/;‘"_k} :

= max |Vt~ Ealind)|
1zksn—1 Pargi Ve .o

Finoz 15 the vsual Mann-Whitney form of the Wilcoxon statistics based on the
two samples X, X,,..., Xy and X, ..., X, and E (¥, ,_.) (resp. vary(V, ,_,})
iz the expectation (resp. variance) of ¥, , ; under H,. We note here that 5" and
52 are extensions of the Wilcoxon-Mann-Whitney test statistic to the change
poini setup. Csdregd and Horvith (1988b) oblained the limiting distnibutions of
statistics of the above tvpe when the associated U-statistics are based on kernels
of degree (1, 1), which include the above case. Pettitt (1979), Sen ([982), Csirgd
and Horvath {1988b), and Hawkins [1989) proposed tests for H, against H,
which are based on one-sample U-statistics.

It is well known that the Wilcoxon-Mann-Whitney test has good power
properties for detecting location differences for moderate tailed distributions
and for testing against stochastic ordering altermatives in some other cases.
However, several two-sample tests based on generalized U-siatistics of degrees
other thanp (1, 1) are available in the literature which are good competitors of the
Wilcoxon-Mann-Whitney test and it would be of interest to examine their
extensions to the chanpe point setup. The investigation of change point test
procedures which are based on generalized U-statistics of degrees other than
(1, 11 is also motivated by the following example.

Example [- Let F be a life distribution function, V' = | — F and [ be the corre-
sponding survival and density functions, respectively, The hazard rate finction of
Fis rg(-) = f{-}F(*). Suppose that the quality of items produced in an assembly
line is measured by their hazard rates. An item with a smaller hazard rate would
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tend to survivce longer. Due to wear and tear of the machinery it might be of
interest to test Hy againgt H where the difference between F and G iy expressed
as F < G i, Fis fess than G in the hazard rate ordering whick holds i and only
i, eV = rg0) In the corresponding two-sample problem, Kochar (1979) pro-
posed @ tesitng procedure hased an a generalized U-statistic of degree (2,2]. A
charge pobti extension of Kochar (1979Ys test will be discussed in the sequel,

In this article we consider Lest procedures based on generalized U-statistics of
deprees other than (1, 17. These procdedures can be used to test M, against

H,: H| holds with F;éGand F#a,

where = is a specified partial ordering of the considered family of distribution
functions like, for exampie, the stochastic and hazard rate orderings.

Mext we pive some basic defintions of generuhized two-sample U-statistics of
degree (m,m). Let ¥, Y5, ..., ¥, and 2. 2, ..., £, be two independent samples
of sizes #, and n, drawn from the Y and the Z populations, respectively. Let
BUF1e ¥ae oo s Vot B1e Fae -0 Bt e 8 kernel of degree (m, m), 1 = m < minin, . #).
Without any loss of generality we may assume that ¢ is symmetric in its first
(resp. last) m arguments. The roles of these two sets of arguments need not be
[and frequently are not) symmetric. A kernel ¢ of degree (m. m) is said to be
skew-symmetric il

lﬁll:y]f.:uz!‘ ""-'.-."IM;'ZJ.!‘ 22!‘ vk, zm] = _'ﬁ{zl‘ zzf' boEat) z'ﬂ‘ll yls}lls ""‘}Iﬂﬂ] a

In most of the applications we employ skew-symmetric kernels. For this reason
we will confine our attention to this type of kernels.

The generalized two-sample L-statistic based on the ¥ and 2 samples and the
kernel ¢ of degree (m, m) ts defined as

i AU TR : )
L'nl.n1_{(m)(m)} EErﬁ{Yil,...,1‘;"‘._2‘;'._”.,2_,«”} F 1]

where the above summations extend over | <é, <f < - <iy=<n and | =
L=< = f, = ny. Since the kernels are assomed to be skew-symmetric, it
follows that under Hy, E(L, ) =0 For the kernel ¢ of (1] we define

P =Ldin Y. Y02, 2y, 2 (2)
We will need the following condition

EldY, Yoo Yoi &0 2y 2 ) < 00, forsomees =2 . 3
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Let
aj = E'?'r'f{rl} and ‘5% = Eﬂf’ll{zl.} .

Condition (3) insures that o, , oy and E|@{ ¥ ) @,(£,)] are linite.

2 Tests Against the Onc-Change Point Alternative

Assume first that the change point tisknownand [ntj =k m < k< n —m Let
U, ,-; be a generalized two-sample U-statistic based on a skew-symmetric ker-
ncl ¢ of degree (m, m) and the two samples X, ..., X, and X, ,, ... X,. The
kernel ¢ is selected in such a way that U, ,_ is an appropriate test statistic for
testing H, against H when 1 is known and [ar] = & and larpe values of L
are significant. The two-sample U-statistic tests proposed here are based on the
U-statistic process {0, 0 =t = 1}, where

k
Uﬂ(n) =m Tk =K Ume s msk=nom, “

UL = Uy(1) = 0 and U,(-) is defined elsewhere by interpolation. One of the
following test staistics may be used for testing H,, against H,,

"om R
]_IM = Z L'r.ﬂz (_) 1
h=m H

- k
T, = \fn max L",,( ) .

m=k=n-m n

i) x
"
v (

n—pl H, "

e S
To=r" 2 kn—tg

K=t
u,(2)
\ A
Te, = 0™ max

m m<k<n-m '\,."'lrk{r:!“-_ k]' ]

Tae= +fn max

maksn—n
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)

Toy=n" max . %
makza—m ki k)
The limiting null distributions of T,,, i = 1, 2, .... 6 are piven in the following

Theorem which is proved in Section 4.

Theorem [ Assume that ¢ s skew-symmetric of degree {m, ne), B(-) is a Brownian
bridge, H, and condition (3} hold and let 6° = Eg}{X )

1. If v = 2 incondizion(3), then as i — oo,
- A} :
ot = Bisds =1, |
[F]

T fe S sup Blsh—t, .

L 2o
i

T,./0 3 sap | B(s)] =1y .

0y |

2 4f v = 2 in comdilion (3), ther as n— oo,

1 H,l-ﬂ
Ty fot S fa e .
wE R g
Pitofo < aly. logm} —expl —exp — y} . —0 €y <

il
PiT. /o <aiylogm)} sexpl 2exp v} . D=y o,

where a(y, 5) = (2log s) "2y + 2logs + 1 log log s — log =}

The critical values of t,, ¢5 and £, arc respectively given in Tables 4. 1 and 5
of Section & of Chapier 3 of Shorack and Wellner {1986). The critical values of
1, are obtained from the well known result Pr{t, = x} = exp{ —2x*}, x = .
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3 Applications

Example 2; This is g continuation of Example | in which we wizh to fest Hy
epeiinst

I,y My holds with F = Gand F £ G .
In the corvesponding two-sample proflem, Kochar {1979} proposed the kernel

-1 xxyy ar pxxy
Xy, K2l ¥iL ¥a) = 0 if xyxy or pxyx (5)
I if yexxor xypx

wheTe, _.I'Tfyr ffxump.l’fr, FPXX Fepresenls ) = ¥, SR R Xa, Vi E K 2 K = Xy,
Va W, X, =X, OF ¥ S ¥y S Xy = XL Tt s shown in Rochar (V9T9) thar the
twio=scomtple test based on the kernel @ of (3) performs betler [han the Wilcexon test
Jor detecting hazard rate ordering,

Tests for Hy agutrst Fy o can be based om the process U () of (41 with the
kernel ¢ of (5) which is skew symmetric of degree (2. 2). Under H,, and condition
{31 we abtain the results of Theorem | with @ = |52 (see Theorem 21 of Kochar

{1979 for detuils).

Example 3: Testing Ageainse ¢ Change In the Location Parameter

We are interested in testing Hy againsd 1 owith Gixy = Fix +~ 8, 0 = 0 and F is
unkrown. [n the corresponding rwo-sainple problem Desfipandé and Kochar (1982}
propased the kernel

I irmn(y, ..., v, = min(x, ..., x.)
AR ANV, . Pl = TR, -, X )
TR T Nt Fpeeen Fd = 4 — 1 ifmin{x,. ..., %) < min{y,... .. bl
[ and max(x,, ... x )= max(y, ..., ¥,)
0 otherwise

{6

and showed thar large values of m are more suitabe for (hin tailed distribuiions.
Note that when m = 1, the kernel ¢ of (6) reduces to the Wilcoxon- Mann-Whimey
kernel,
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Tests for H, against a change in the locaiion parameter cant be based on the
process U () of (4) with the kernel ¢ of (6} which is skew-symmetric of degree
im, m). Under Hy, and condition {3) we obtain the reswlis of Theorem 1 with

e

;
Am — |
(2!}1 1

(gee Theorem 2.1 of Deshpandé and Kochar (1982} for derails).

at = 2m M 2m - 1) Ydm— 1V 41—

Example 4:  Testing Ageinst a Change in the Scale Parameter

We consider here the problem of testing Hy, against H with Gix) = F{fx), ¢ = 1
and F jz symmetrie ground zero and wnknown. [n the correspomding [wo-sample
problem Kochar and Gupta (1986) proposed tests based on the kerne!

1 if min as well as max of (X, ..., X5, Vis
vo ey Vool @re some X8

B(X1s vy X Frooos Yad = 4 —1if mint a5 well as max of [x,. ..., Xy V1.
c s K @FE SOME )8

0 otherwise .
i7)

Kochar and Gupra (1986) showed that the corresponding U-statistic when m — 2
is equivilent to the two-sumple Mood's statistic for the scale problem. For other
choices of m these tests perform better for thin tailed distributions. For additional
properties of these tests we refer to Kochar and Woodwoarth (1992).

Tests for Hy, against a change in the scale parameter can be based on the process
U(-) aof (4) with the kernel ¢ of (T} whick is shew-symmetric of degree (m, m).
Under I, and condition (3) we obtain the results of Theorem 1 with

5 Im? { ! - 2! 5 {(2m - ]]!}*1

7T om = 1) 4m wi T gm 1|

(see Corollary 2.1 of Kochar and Gupra (1986) for detuils).
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4 Proofs

Theorem 1 follows from the resuits of Section 4 of Csdrgd and Horvath (1988b)
and the following result.

Lemma 1 Assume thei ¢ is skew spmimetric of degree (m, m) and H, and condivion
(3) hold. Let ¥ = Egf(X Jand & =a '@ (X i=1 2, ... n where . (") is as

in(2). Then,
$ af| 2o ®)
P=k

i o k'\. ) &
o[ () 6
n i

dtchn—m | =1

a1 =

Proaf: The prooffor m > 2 is 4 routine extension of that of m = 2 which is piven
below.

Recall that

K 5 (n—k)l‘l

D,,(;i)—m n a{n—ﬁ.;;ut,;r,‘_,f{(z)1~ 2 ) 9)
where

Lr?i*.-n“k = Z z 'JHXIE Xﬂj;X;! Xj} ' “-':I}

1gi=fzk k41l Zr=x=n

Let @{-; -} B* x B* =+ R be such that F(x: ¥} = $x,, X35 ¥1, ¥ab ¥ = (x4, x3)
k k
and y = (y,, ;). Define Z = (X, X,), K = (

2),3\’—}{:(”_ )and

2
&,(x) = EPix Z) = —ED(Z. x) .

LetZ,, ..., Zg bethe puims {(X;, X;L | <i < f < k] in lexicographic (dictionary)
ordering and Zy,,, ..., Zy be the pairs {{X,, X,), k 4+ 1 =7 < s < n} in lexico-
graphic ordering, Note that

Uina = Z Z PLi L)

l=ick K+1=1aN
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a7
Following Cafirgd and Horvich (1988b), we wrile
U = U UR O, i)
whore
{,’,l;.“ - E dW L ;f,j] :
| iy
Ul Y @7T R,
1Ty e K
und
L = 3 AV A AN

KE+E=i<jcn

By (29} of junvon and Wichura (1983 and the cqgnaton immedialely pre-

ceeding It (see also (4.4)-(4.7} of Csdred and Iorvith (1988k1). we obtain

v . ]
max | DR — 3 (N — Zi 4+ 1y, [I.ij‘ £ 0in?)

{12y
1zF=n=-1 =1
! 3 g
max [EEY Y (K3 l}!ﬂl[z,]‘ = Hn*) (13
Tehemn -2 i=1
and
e P .
max |[UF'— Y N+ K =2+ )ega) =0in7) . {14
Bk n—1 I=E+1 |
By {L1}-{14) we obtain
i |U' f(n - k) 5 (20 (k) i [N/ }}::
dax — i 7
leten-? | ol 1 . 2 = b 24 -E b |
< 0Mm?) . (£S5}

Mext, we note that
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L
E‘i r:ﬁll:Z.,] = z 7 1,'ill:.li'txn X|U 1 I.lﬁ.]
= [
b
L Bir)= Y PUXLXY (17
i=K+1 E+l<i<jum
and
¢ (x) = E®,{ix, X)) = Ed (X, %)} . (%)

Hy (16) {18) and Theorem 1 of Hall [1979) we obtain

i

& 4 ]
max ‘IE ‘-pjfziJ_(k 1 1) Z ':#j{XE}[L"”{n} ' {19

Fakgu—2 1= .
and

nax
2zkza 2

i aﬁlfz,.}—(”_k_ I)__Z ﬁﬂ;{X.-‘.l‘iﬂfrﬂ. {20)

n
i—K11l " ! 1]

By (15, (19 and (20) we obtain

: ‘n—ky(k— 1Y & oo (Kvfe—k—1Y
max (UF_, — (n 4 )( | ) 3 $IX)+ (j)(n \ ) X ¢11X.-1J‘
T=2k=n 2 -1 - i—k 11

L om?) . {21}

By (%) and (21} we obtain (8).
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