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Lot ¥ be a tree walh o verlices, where each edge 15 given ac erisolation, aod 1at 2 be jts
vertex-cdge incidence matrix. Tt iz shown chat the Moore-Penrase inverse of £ 5 the
o 1) w moldx A oltainzd as fellaws, The rows and “he cofrnng of & are indezed

.
hy the coges and the vertces of ¥ respeclively. 1 ev are an edee and o vestex of T
respectively, then tho {eaul-entry of A 15, upte a sipn, the number of vertices In the
Lotiestiod Cusdpinesd of T ehich dods aot coiiain o Fuitheimcd, 19 sign of the
eniry 15 positve or negalive, depending on whether ¢ 15 orented away from or towards o
This resalt i3 thoe wsed to obtain ar cxpression far the Moore-Penross inverse of the
inchiencs malnx of an acbiteary dirscted graph, A rocent fesiin éee o Mocon is aiso
derved as a consequence.
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t. INTRODUCTION

We consider graphs which have no loops But which possihly have
multiple edges. Il & is a graph then (), £(G) will denote the vertex
set and the edge set of & respectively, T.et & he a graph with
WG =1{1,.... 0}, EGi=ie,. ... e, and suppose cach cdege of G iy
wweigned an orentation. The verles-edge lmeidence matric of G
denoted by NG, {or simply by @ if thers 15 no possibility of a
confusion) is the r=m matrix detined as follows, The rows and the
columns of & are indexed by F{(7). E{G} respectively. The {7, §5 - entry
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ol O is 017 veriexs 7 and edpe &, arz not incident and otherwise i v | o
— | wecording as e, originales or lerminates at § respectively.

IF 4 35 am s mnalnix, Lhen an soon matnis & i called & generahized
ivaiss of A K 4G4 =A, The Maore-Penrose inverse of 4, denoted by
AT is an mxs matnix sabslying the equations 404 — A, G45 - &,
(47T =46 and (GA)T =G4 It is well-known that anv complex
malrin admits 2 unigue Moore-Lenvose inverse, We ot o |3, 0] for
basic prapertize of the Monre-Penrose inverse.

Fhe mein purposs of Wiy paper s Lo obbon s woaph-theoretic
deserintion of the Moore-Penrose inverse of the incidence mulnx of a
tree. This is ihes vsed to descmibe the Moore-Pearose invarse of the
incidence matriy of an arbatrary directsd graph.

If & i= @ grapii where each cdgc bus an origntatlom, then
Lf[’:;=ﬁ[(§}§_}{(_ﬁr is known as the Lapigrian marriz of G oand 35
important in many ditferent arcas (see [9) lor & survey). The matoix
K(G1 = QUAHTO0G) has been called the edee-vervion of the Laplacian
[7, &]. Using our main resubl we also obtain expressions for the Moore-
Paorose inverse of the Taplacian matrix of a tree. We also desive an
expression for the inverse of K () when r is a tree. which has recently
been ohwined by Moon [ 111

2. INCIDENCE MATRIX OF A TREE

let T obe a tree with wvertex =et F(F)={l...n} and odge set
Tey.e,1 ). Suppose each cdge of T is assigned an orientation and
let £F be the corresponding veries-edse incidencs matrix

We now introduce some notation. [f ¢ = £(T}, then the graph e,
ohtained by removing e from . has twoe connected components,
Prenote by e, Th the compenent which contains the head (the
werminating vericay ol ¢ and by Gule, T the component which
contains the tall (the initial vertex) of = Also, let

oule, T =|F {Gle, TH ofe, T)=1V(G (e, 1),

where |- | denates cardinality. Then clearly,

ople, Tt onie, T = | FIT = p



TSCTDFENCE MATRIN OF A TREE 181

Lot fedl o m-1b Fodi o nl We define dyfe, /1 1o be the
nwatber of veraicss 1 ine vonposcii ol ey wlaol does o Soiatais |

Thus

sl {fur T if
herle 1 = - \ .
e T T ]

Further, we define wir(a:, i1 1o be 1 or Il according as j & F{(Gyie. T
or otheraise.
The following is the main result,

THEOREM 1 fer T obe o tree with vertex sed VU1 =10, o nt wed
edge get dey L ens b Suppose each edpe af T iy awslgned an

nrientarion and el i::' b ihe c‘un't'hl[.'f..'nr.r’ir,'g 1'E.rfe_taeaf5:r dnclderics PraiEia
Faf M be the {n- 1) 2 maneix defined as

Voo Ca ) .
my = —jowlen T - mrlen i}, i=h.o.n—1 j=1...n
"

Then M =0 .

Proof We remark that mmy = +dgle;, f). Furthermore, the sign is
negative i e; is oriented towards f(Le. 2 F{fuie, T3] and pesitive
otherwize.

Wrehrsticnim thar el — b th S entibe U matess al ardariae ol
Let MO =W =|wy. Let ije{l,....n—1} and supposz & is
nriented (Tom werlex nto vertex w.

Then

n
Wy = Y Mgy — M i )
k1

Consider the case 7 £ f and first assume that w £ F{Gele, 7). Then
clearly, = & F{Fles, T Thus

k

1
i = i1 == — — i e, T
A

and henece w,=0.
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Simitarly, if w & V{G.(e: T3 then v € {0 (e, T)) and

n

and again wy=Ik
Fiaally, i1 /=, then

] : i
Figy = - pley, wl e, = ——orlane
M n
Thus
. ; T, ;g o | 1
Wiy = Pz, M — = LT E, H.:I i Th8 1y = CHTA
n i

This shows that T == M@ — F_| apd the claim is proved. It also
Mellows that QMO — O MOM = M and it remains to show that A
is symmetric.

We claim that QA = f, - LS, where T, 15 the nxr matrix of all
ames

Yot OM _Z_Izy and let i {1,.. ., n}. Lel £59,55 be the set of

edpes emanating from and terminating at § respectively. Then
h—l
Y qamg= Y mg Y my 7}
k= L. P LS B

First det § + f and suppose the {7, f)-path in T uses the edge & = £y,
Then

1 e, Tl =
metes = € anfep, 170 if e B k+#7F
1 ~ofey, Ty € ageh

Substiwiing in {2} we see that

nrg = ayles, T4 );_: aglee, 71+ Z: errlee, T = —1.

e By kEE aEfs

Now suppose the (7 jf}-path in I uses the edge #, £ K7,
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Then
f cogig, T i =¥
ARy, = { cfe, 477 i ep et kb #r
i —oeler, T if ey & £y

Apgain, substituting in {2) we see that

Ay = —ogien T4+ ) clen T+ % aplen, T) = —1

= ki e B

n—1

T
fIZy =1t )‘ ity

k=1
[ z W — R E LI

P e
— Z ﬂ'.‘d:r.'-'h T4+ E_: r‘x,f_ﬁk}-?"]
rg e pEdn
—=—1.
Therefore z; = 1 — % Jd=1,...,n and the proof is complete. -]
COROLLARY 2 Lei T be a tree with veriex set ¥ (Ty=1{1,....n}and

e -— r. - k] L P - P Il L S P | .
iR e 288 {E], e o By—] f 2LPOAC BLLH PHREE O L by AEREG
orientation and ler O be the corresponding vertex-edse incidence mairix,
Ther the clars of pereralized nverses of O i given by

(o - wd}

whers w i an griitrary vector of order (0 1 x 1 and 1 is g cobenn
vecior of wll omes,

Froof The class of all generalized inverses of € 15 given by (see {12],
P23} matrices of the form

O+ X -7 QXQQ, (3)

where X is arbitrary. As scen in the proof of Theorem 1, 070 — 1.,
and QO =1, —1J,, where J, is the nx s matrix of all ones.
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Substituting in {37 we see that the clasz of gensralized inverses of {0 %

given by malrices of 1he Jurm.

1
";? S ; .k-."l:'
sctiing w = L ¥t m the shove capression, we pet the resu't. B

nf Theorem b oand Corolbiary

Ar o oemoosinionos
AL L ConRequence oL

WdTin (g . which i5 & $-1 matliis, is 4 poneralized tmvery

We now derive an exprassion for the Moore-Penrose inverse of the
incidence matrix of an arbicrary directad graph, wsing Theorem 1.

First we introduce more aoialiom. For an m = 7 matrixn 8 of rank r,
the volume of B8, denciad by vol (&), is defined (o be the postive square
oot of the som of sonares of 2l r 2y minors of B This rdefinition iz
duc 1o Ben-lsraed |2, 10].

Ler B obe an soxwr mattiy, For [<df <. =i =< m lei
£(4,... 1) denote the matrix obtained from 8 by retaining columns
ity... 0 and replacing all other columns by sero vectors, Then it can
be seen using ihe delerminaniad fonmula for the Moore-Tenrose
imverse (see |1, 4, 14] thai

-
g

i wal B, .. L) s ;
B = 3 Bl 00 )
vol*{ B)

B ennie A

= . i< mi, and the corresponding columns of B are lineariy
independent.

Let G be & connected, directed graph (possibly with parallel edges
but with no loops) with F(&7) = {1....,a}, E(G) = {e1,.. ., &y} anil let
¢ be the corresponding incidence matrix. Tt is well-known, (see, for
exataple, Bondy and Murty [5]), that columms 4, .. 6 of @ are

I 1 sl T 1A

Towm marrlas 33 e] e .--“-..-1|:-n| Al e 1 S
Nnoarly indepeondent i and only o the cor

where A 13 the set of all etuples (R, ... 60 such that 1 <4 < &

y nding =dges form a
spanning tree ol ), and in that case any submatrx of order
(m—11 % (n— 1) formed using thess columps has delcrminant =1.
Thus vol®Qi. . ... i.) squals n if the edges ;... ., e, form a spanning
tree and equals zero otherwise. T (ollows that vol*(Q) — ax(G),

where ¥ ((¥) 18 the number of spanning trees m . Substitating in (4) we
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oilowing expression for 1oe Moore-Penrose imerse of 0. 17
L o™ o ?gosr
T male, T muplen iy,
] I"I-}\"I__{:I':I - .-I. LY 1

where the summation 15 over all spanning tress T containing e

3. THE LAPLACIAN AND TS EDGE VERSION

Iz'.":," — i" o | — fowa  pat

g e bl AR R PP TRRPE P o
et T obe u iree with verton sct Lipodnl doge 521

fer, ..o 1] Supposc cach codge of T 1. assigned an oricntatien. Lat
(} be the corresponding vertes-vdge meidence matrix, Lei L = @07 be
the Laplacian matiis, aud b2t & « 270 ke the edpe-version of the
Laplacian. Since ¢} has rank » — 1. & must be nonsingular. In this
saction we obiain expressions for the Moore-Peorose inverse ol I amd
for K~1. The expression for & *! has been recently given hy Moon [11].

By Compbell apd Mever {6, p 25, L1 = |:Q"}TQ". The lollowing
result now follows immediately from Theorom 1

THEOREM 3 Fet T he g tree with veriex set V(T )= {1,....n} and

refoe sod e o eao1 ) Suppose sach oedge of B iy assigeed an
origntation. Let (3 be the corresponding verlex-edge incidence mairix

PR

and lef £ — G0 be the Laplocian, Then it (7 () -entry of L7 s given
b

| o .
?‘?_‘;Z‘ rf-_rl:.!'.j! f}"._.i(:-l""T{{}.h E._l:'l:t':."[:n‘."‘k,_.l'_,l, i— 1 o 7 JI-: i= ].“ ST
k=1

where G0 fe) B8 —1 ar 1 aecording as e Is on the 05 fl-path or

FAEREr e

We remark that using Theorem 3 and some simple manipulaiion we
g the fnfiowing interesting fommula,

Ll £ =26 = i ), (5

where dff, 7} is the distunce {i.c. the number of edges in the {4, /-path)
between vertices 4, f.



We now obtain an expression for & ' As hefore. we may write
KFl=F =0o"" = MM

Suppose edpes &; and g of Tjoln vertices » and 5 and vertices wand
respectivoly. We sappose that r=wand s=o i i=j; We alc
wasume ihat vertices s and w aie on the (7 v)-path m 1

Consider the case where ¢ and &; ure similariy eriented with respect
to the froul-path. The graph Tide,ed has three connpoclod
compenents. Let 7 and £ denote the number of verfices m the
sermponsnty conlatting . andiprespestively: Eetie = a —ba b0 e
assume, without loss of generality, that e is oriented towards e

L LB o P BT P P
WELT ARl W 1T i:lﬁ: [RARERER]

11, ...,n}
= V(Griel-; Ttl:] Li }'Tﬁh if'}_'ﬁ T]} it -ir T"’I:’Glﬁl f‘-’h T:Il] i I"[_G.r[.f?j; T_.I:I}

By Theorom 1,

blb+e) I fe VG, ThH

Wmgmye = { ala+e) i6 FE V(Gle T))
| —ad i f e FiGele, TH O VR (g, T30
Ry PET E (PR R v | 303 0T o
Ty ihe e, ) — €0y O K- — Adad 15,

L 1 ;
2 Py My = —= {ab{b + ¢) + abla + ) — abc)
b
=1

—.i_}a:hlir:+b + ) -_lc.'th.
H= T

The case when ¢ and e, are oriented oppoesitely with respect to the
ir.v)-path can be handled similarty; the {7 f-entry of K=! turns out to
De — & ab in thai casc.

Let v(i7) be equal to 1 or —1 according as ¢, and e; are oriented

smilurly or oppositely with respect to the [r vl-puth respectively, We

different form and with different notation, in Moon [11].

Tueorem 4 Lising the natarion introduced ahove. the (i, fi-entry of K
equals 1 y(i, jlab.
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