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ABETRACT

A nommegative matrix is called megular iF it achmits w nommepative gewealioed
inverse, The structure of such matrices has been studied Iy several avthors If A s
nennegative regular matrix, then we obtain a complete description of all nonnegative
generaliosd imerses of AL Ln puetendar, it is shown that i A 5 1 nonoegative negular
matrix with 1 zero row or columin, then the zero-nomzero puttern of auy nonnesative
peneralized inverss of A is dominated by that of AT, the transpose of 4. We also
obtain the strocture of nonmegative matrices which adoit -omneeese 0
and minitaom-norm generalized invere=-

"-M]IIEI.I‘!!H

1. PRELIMINARIES

A matrix A is nennegative {positive) if each entry of the matrix s
nopnegative (positive), in which case we write A = 0 (A > 0). For matrices
A, 8. the notation A = B is used to denote the fact that a,; = b, forall 4. f.
l"he transpose of the matrix A will he denoted by AT,

Lot A be an t2 X nomnatrx, and consider the equations

AlzA = A, (1)

GAG = G, (2)
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[AGY = AG. (3)

(GA)Y = Ga. (1)

A matrix & ﬁuti.lif}-ing (17 i% culled o genemlim—:d imverse (or g-im'er:ie}' of A,
I €C sutisfies (1), {3). then it is u {1. 3hinveme or a least-squares g-inoerve of
A, and [ il satislies {1), (43, then It is a {1, 4)-Inverse o & mininsem-norem
g-inverse af A, Fimally, i G satisfies (1)—(4), then it is the Moore-Panrose
inverse of A, The Moore-Penrose inverse of 1 reu] matrx A, denoted b A7,
1111-.':1}-'5 exists und is urjue.

A nonnegative mulrix s regular 01 admils & ponnegalive g-inverse. In
this paper, by a remilar matrix we abvays mean a nonnegative remilar mai,

A sguare matriv is a monomial mateiz i it has precissly ane nonmern entry
in each row and cohimn.

Let £ beun m 2 n 0 — | matric A nRnegatte ks A is suidd o Frave
patiern P il a;; is voneeeo i and only il p; s noweero, IT A, B are
nimnegative X # natrices. then A, B ae said ko have the same pattern il
e, =it and ouly if b =1 whereas 8 s suid to be dominated by 4 in
pattern if LI_.J, = {} whenever t#, =

2, NOMMEGATIVE C-INVERSES OF A HECULAR MATHIX

The strecture of repulur matrces hus been fvestiguted by severad wn-
thors: sec |1 4, 6] Tu particular, it is known that « neunegutive matx of rank
rois rogular it and ooly if it has a monemial submatriz of order £, More
precisely, we luve the following,

Tueonrs 10 Fet A FBeoonom Xon 'i"E’,l__f“HEm' Rrclrit {Jf rertk v, Then there
exist permmtation matvices P, O sech that

Mo ML
s [ VM VA L-'] :

whers M odv o - Mo rﬁr.l.:f__{umd wartrtr arwel U ¥ are rtrepatie rmatrices @
order v X (0 - v im — v) )1 respectivedy,

The main pumpse of this scetion is to describe the stmcture of afl
nunnepative g-inversss of a regulur matriz, For s porpose it wdll be
sufficient ta cansider matrices with o zero row or eoduman, in view of e
{ollowing sitnple resalt. The proot is omitted.
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LEvWa 2. Fot A be gn m ¥ 1 mateiy parﬁirm?wd ¢s

-l

Then the class of all g-inverses of & Iy given by matrives of the form

where BT i a gancerse of B oond X, Y. Z are arbitrary owateices of
Aappropriale dimension.

We will need the following resnlt; see. tor exwmple, [5. . 25] A proot i
inclueded for vomnpletetiess.

LisMa 3. Let A be an w2 nomateiz, Then the olass of afl g-inverses of
A i miven by matrices of the form

A X -4 AXAA (a)

wherg A iy a specific p-lmverse of A and X iy arbitegry.

Proof.  Clearly, lor any X, (3} is indeed a pdnverse ot A, Conversely, if
s a0 rinverse of A then € can be it in the furne (5} b_'gf- seblineg
A=0-4a". [ ]

The following is the wwin result,

THEOREM 4. Lot A be anom % n regular matrix of rank rocith o sern
row or eotumn. and et C be o nonvegative g-meerse of A Thea O s
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dorainated by AY in patternt. Furthermore, there exist perinutetion motrices
P, ¢ stch that

A, 0 - 0!
}  Amp 0
*
PAQ = !
] ¥ AL
* Ed ]
_ _ (&)
G, 0 0
L ¢
N . 0
QG = :
00 (i,
! o ]

where A, &y @ positive, renk-one matrixand A 0,4, = A i=L2.....r
(Specifically, if A, = =,y for postlive vectors x,, v, then G, is n nonneza-
tine matriy satifying y?(:ﬁ:h:i =1, i-12_ _.r)

L

Proof. We remark that the +'s in the expression for PAO in the
theorom arc oot Lﬂlnplf:“til‘m arl.utmr}, sine, [or anmpie there is o rank
restmicton on the mairix, so that the + hlocks cannnt contribnte to the rank of
PAQ. By Theorem 1 we muay asswne, after permutiog the rows awd the
columns il necessary, that

o[ M MU
& VM VML)

where M = diag{m ;... m_ ) is an r % r diagonal matrix and 1, ¥ are
nonnegalive malriccs of order r % (n — r}, (m — r} X r rospectively. Then

S ¥
A= .
!

is o p-ioverse of A, We have

A P 2 _[r o
AA_[EI ﬂ]' o [v ﬂ]‘
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It < is o peinverse of AL then In Tomime 3,

¥x
+ _I. _|2

X &
PoullE Al oo
ooonlfx, x.|lv ol

Hl. Thes

!
AR P
o0

[or sume ¥ = :
[Xﬂ Xy

0=

b {[-:le XV + ULV X,
Xa Ko |

Wz 0 then Xpp =0, X, = 0 X, = 0 Furthermiore,
M7 e U8, + 5.V 1 U,V e,

and therefore X, wpe XV oand UNLY must b d[agonal Ml rices,

Note that LY, = E i (XEJ}; whern I, is the jth colimn af £ rm{]
(X,l} i the fth row of Xu Touch L7 0 Xk is u divgronul tnutrix und nw £
the zem vector, so we conclude that if 17, has mare than vue positive rnl‘n
then (5. ]' s zem, while if L has one positive entry in position &, then
(Xm]' haa al most one positive r.-ntn necessarily in position 1, in purticolar,
xf s dummalod by U7 (and bence b». MUY i opottern, A sirnilar oot
applies for X5 and VAL

We now claim that X2 is dominated T ¥17 {and henee by ¥MUD in
pattern. Suppose the (7, 7} entry of VU7 & zero bat the {6, §) entre of X5 s
pusitive, Then there exist 1, g such that (b Lioplenty al ¥V and the {q. /)
entty of U7 are both positive. Observe that, since the {i. §) entry of ¥ 0s
zero, then p 7 q. We have 4, (X0, > 0 and hener the {q. pJ enly of
UV s positve. However, Fhis §s a remtradiction. since N ¥is o diagronal
malriz, Thus the: clain is prm-'ed.

We huve theretore shown that €2 is dominated by A" in pattern.

Wi o Bake a eloser loak wt the strueture of A and G Asswine, withrg
loss of penerality, that
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whore L has all positive entries in the ith rowe and zeros elsewhers,

i=L12 .., roandin U, each colurmu has at least twvo uonzero cotries, (11
is possible that some U is vacuaus), Lel

‘,{E.II = [lli"i;'lr LRt E'Vr' .li'Vr - I]

ho a conformal partitioning of Xi.
-Sim.ilurl}'._ wes sswmue, without loss of gcncralit].-: thut

v Z,
v=| 2 |, xh=| 2 |

V. 7

Vi Zovi

where ¥, has all positive entries in the ith colomm and zeros elewhere,
P=12....r and in ¥__,, cach row has al leasl two nonzere ontrics, The
inalrix A thus has lhe form

M MU, MU, MO MITL |
VM VML 0 . o :
YV, M (b v, MI7, - il
A=
V.M 0 8 e VMU | VMU,
‘r-"r e} LES 1-':_‘_ 1_-1}-![_,-'1 i-r v l‘,", % .11-[.-': 1.‘_.-'( oip ﬂ.le.-( o

in view of the fact that VMU, — 0, 1L g4 ¥ j < r,
Minw partition (s m:rdingl}: As seen before, the blocks of & L'urrespund-

ing (o the blecks ML ... VoMET | ws owell as o the blocks
Vo MooV ML st be zern,
St
e, MUY,
A= ; { ) (R I

(vMY, (V)M

where the sahsoript i+ denotes ith row and the subsenapt - denoles flh
eulwmn,
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Now il van be scen thut the [orm given in (G} Is oblained by another
prrmutalion of the rows and the columas in A, and simultaneously in Gl
That exmphetes the proaf. [ |

Ye worw note svme consequences of Theorem 4. Noonegutive walrices
which admit ponvegative (1, 3)-ioverse and noonegative {1 4i-meere have
beon characterized in [2). Howoever, our characterization, given in thes 1ot
resnlt, deseribos the form of such matrices in a more explicit wav,

CORMLARY 8. Lt A be m % n nonnepatioe setric of raek v with ao
zero tow o column, Then A admits o nommegetive | L3nrere of and ondy
there eviat perimntabion awedrices F, Q seech that

PARQ - [B =]

where B s a divect som of v positina, rank-one wafrices. The meatric A admits
a nommezatice {1 d-interse if and only if there exist permutation smatrices P
3 steech thet

PAQ = [‘fl

whtere B iy o direet s uf ropsitive, rorHf-r pralrices,

Proof,  First suppose that G is a nonncgalive 1. 3 -menrse of A, Comsid-
eringr (AL if NIECESSATY, W IMAY dEsme, withmt loss of LPHPT'dllt‘r that &
sutisfies {10, {2). (3). By Theore 4, there exist permutation malrices sueh
that (6) holds, Sinee A Lus nok r, we Lo

PAQ = [XBB I‘]

[or soane madeis X whers B denates the divcet sumenl 4L Ko
Siner O is o refleaive g E-inversc of A it ulse bas rank r, -MlL] rhnr'r-f'm'n Wi
e

T T H H]
Er _[:] [:l'
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where H denates the direct sam of €,.. .0, . Since AG iz mymmetric,

t].IBIl

PAQUTCP" = { xﬂgf g ]

is also symunetric. Thus XBH = 0. Howcver, AGA = A implies Lhat BHE —
B and henee XBHE — XB = . Wow the * in the (2, 2) black of PAC) must
also be zero. sinec PAQ) has rank 7. Since A has no zevo vow, the (2, 1), (2,2}
blncks in PACY must in {act be vacnons.

Conversely, sappuse FAC huy the forn asserted in the L'Ul'ﬂllul}' where B
is a direct sum of A, ..., 4, Lol A, = x, g for positive weetors 7. g,
i—1....,r Sct

Then
0, 0 0
T 0
¢ : F
0 0 G,
o0 0

is o nunnegative {1, 3-inverse of A, The second part of the result is proved
Simi]urI}-. |

The next resilt has heen obtained in [4] and it follows irminediately from
Cornllary 5

CORGLIARY 6. Let A be an ot X 6 nonnegative matrix of rank r. Then
Az 0 if and only if there exist permutation mafrices P, O such that

B 0
PA{?—[” {}]‘

where B s a direct snm of v positive, rank-one salices.
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