STATISTICAL INFERENCE APPLIED TO CLASSIFICATORY
PROBLEMS

By C. RADHARRISUNA RAO
Statistical Laboralary, Calculta

PART I1: THE PROBLEM OF SELECTING INDIVIDUALS FOR
'WARIOUS DUTIES IN A SPECIFIED RATIO

1. IsTtrRonUerioN
In a discursion of tho nuthor’s paper on the ‘Utilization of multiple measure-
meats in problemy of biological classification” read before the Royal Statistical Socicty
in 1943, Mr. Patrick Slater posed the follewing problem.

"Could Mr. Rao give a rulo of procedure to Lo followed when out of an undis-
tributed population with purameters Xy, X,,..., X, and [3], n, have to be selected for
duty A, n, for duty B clo., given the means for ench duty? This supposes that the
whole population must be distributed among the dutics and the quota and the desired
standards for each duty aro laid down.”

In reply the author has given a completo solution without proof. The object
of this paper ia to study this problem in ita gencrality, supply the recessary procfs
and suggest some practicnl methods of arriving at the desired classifieation.  Although
the main resuits are deducible from the general theory of decision functions as deve-
Joped by Prof. Abraham Wald in his book on ‘Statisticsl decision functions' and in
his lectures at the Indian Statistical Institute, the computational procedure presents
some difficully. The two lemmas given in the next eection are useful for this purpese.

It is also shown that the solution derived by the method of maximum likelihood
posscsses some jmportant propertics.

2. Two LEMMAS
Consider an array of elements

4 Ay .. 4,

Uy Gy we Uos

A Ay, e G

consisting of p columns and n rows, Let I denoto tho product and $ the sum of # ele-
nents chosen ono from cach row such that the total number of elementa coming from
tho firat column ia cqual to a &pecified valio 2, from the second ny and 0 on from
the p-th column . Obviously n 3 p if no n is zero and n = ny +otug
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Lemma Lz If the elements uy are nof neyutive and if there exial quantitios
Ay Aqu, A, auch thal each clement ay of ny clements chosen from the isth column gutis-
fics the relationships

Aag > Aay - Jorj =120, p w2

and if similar reationships are satinfied for ull i = 12,..., p with the same get of Xa,
then for this choice of nyng..., n, elemenls the product P defined above is a mazimum,

To provo this conyider any other choico of x, elementa
[ P

from tho i-th column. Remembering that tho sccond subseript refers to the row num-
ber, the elements from the rih, ath,... rows occuring in the former sclection may be
represented by

[/ .

from which by definition it follows that the product

[
is not less than
A
A”A'; a4 ’/‘l‘ L

The A's are positive by definition'so that division by a Adoesnot change the inequality
sign. Comaidering al) tho groups of elements in the second selection we find

Nay, a, 0 pnd A

A
g e Gl

>la,a,..
'

DEES

! e =1
)X e

sinec

allthe A’s in the numerator cancelling with those in the denominator in the fina) product.

Corullary 1.1: If the object is o maximise the product without the restriction on
the number of clements coming from each column then, obriously, the best procedure is
to choose the bipyest element from each row.

Corollary 1.2. 1 The product P will be & minimum if the inequulity rdationship
(2.1.1) is reversed,
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Corollary 1.3: 1f prel the methol described in lonma | reduces to evalunting
the ratios

an it ] i
—_n,
an Uy ag,

and arranying them in descending order of muynitude and choosing the elementa in the ny-
wieralor from the first ny ratios and the elements in the denominator from the second.ny
ratios.

Lemma 2 If there exist quanities py, py, ..., i, such thut each clement a, of
the n clements chosen from the ith column sntisfies the relationships

aptpy paptpy forall j=12,., p
and if similar relationships hold for all § = 1.2,...,p with the same set of p's, then for thig
choice of Ny, ny eleiments the sum S defined ubove is @ marimum,
Tho result fotlows from lemma I by considering exp (a,,) and maximising the

product. The exstenco of /s leads to the existence of positive quantitics A's ured in
lemma 1, Tko sun § is minimised when tho reverse relationships hold good.

3. DPROBLEMS OF TWO GROUPS

Let us consider two groups characterised by probability densities Jx)0)
and f,(x|8,) whero z stands for all the availablo set of measurements and 0 for al] the
paramceters. Theso may be simply denoted by fi(x) and fyfx).

Two types of problems arise. Firstly a samplo of size n,+n, may be drawn
from a group with two populations mixed in the ratio 7, : nm, and o division of the
aample in two groups of n, and n, individuala ia required. Sceondly two samples of
sizes n, and ny drawn independently from the first and sccond groups may get mixed,
In,this case what ig the best method of separating the individuals belonging to two
diﬂ'cmnb‘groupal The difference between tho first and second problems ix that iy
the latter every samplo is known to coneist of ny individuala from the first group and
ny from tho recond while in the former no such: information is available, the samplo
being drawn at random from a mixed fopulation.

3.1, Solution to the first problem

Let x,,...,2, represent the mensurementa on . individunls. As observed cnr-
lier z, will stand for all the availablo set of measurement on the ith individual. Tho
probability of the sct is

?[”|I|(I|)+ mefd)]
Consider tho following set of functions

Sirgee®y) S T = L
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which can bo represented simply as &, 8, satinlying tho conditions

& =vorl, &+&, =1
& Sar
and -;"l =y )-;51 =Ny

where n, and nq aro the spozificd numbers. 16 the individual with measurments z,
is ansigr.ed to tho first group when 4, = 1 and to the second when &', =1 then tho abovo
set of functions constitute a decision rule for the problem (Wald, 1950). The prob-
fem i3 then to construct the above functions such that the expected rink associnted
with this decigion rule is a minimum. To calculato the expected risk we need
know ag a datum of tho problem the lows of assigning an individual of one group to
another. If ry, represents the loss in aswigning an individual of the firat to the sccond
and r, in the other case thea the quantity to bo minimised is the expected value of

Ll fidx) + T|:"’|”|[|(£|)'

1 m i)+ ol

= 5;2(6.".1 + 87 ) e (@01)

where ayy = ras fltm Sy + ma fo), ayy = nam filimy Sy + e f)

The ex pected loss will be & minimum if 8 and &' are chosen such that the expression
(3.1.1) has tho least value. The problem is the samo as that treated in lemma 2
leading to the solution

Si=1 if  aptri gty

=0 il b > mtae

where s, and 1, aro suitably chosen to satisty tho condition X4 =ny. Now
a;—a,y & fta—pty implics that
Tamefiln)—nmifin) o

m Sin) T Sl

Sy
i > A

or

80 that the decision rulo reduces to tho evaluation of thoe likelihood ratios A, "= f(z,)/
Jax,) and assigning, all the individuals with higheet ny valués'of of tho ratios to tho
fiest group and tho rest to the sceond.” Or if the differences o) = log fi(z,)—log f,(x}
are first caleulated thon tie highest n, valuea will form the basis for selection to
the first group. Fortunately the decision ruls is independent of tho-apriori probabil’-
tics andd also the loss function.
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Corresponding to every decinion fule wo can sct up adennity [unction of 1he
obscrvations by conridering all individuala axsigned to tho firat gronp as having been
drawn at 1andom from the first group snd similarly for the second. By using lemma 1
we find that the best decinion rule found above maximirzes tho correspordling probabi-
lity density.  As shown below this furmn the basis on whieh the olution of 1he second
problem depends.

Solution to the recond problem

In this problem the mixture is known to conist of n, individuals drawn from the
first group and ny from the second. The observations 2|, z,...., 7, could have arizen in
°C,, wayt, any subsct of n, observations belonging to the fimt group. Tl.e prohabitity
density of the observationa is cqual to tho sum of the densitics azsociated with *C,

v
ways of splitting the sample. 1f z,.7,,.
groups of sizes n and ngthen tho probability densit)

and x,7,... represents a division into two
ity of the observatinna can be written

as
Plr) = Sh{eMrd o fln fidr)
where the sumation is over "L‘,,‘ such terms, Corresponding to any ore of *C', possible
1

decision rules the loss relative to the given set of ebservations ix 1/1(x) timea
RULRESS & A TG AN R P LA . (321

whero /{(a.b,....p.q...) is the loss incurred in adopting an assigned decision rule when
in fact x,,7,,... come from the first gronp and z,.x,, ... from the sccond, Tke lovs will
genorally be a function of the number of wrong classifications only. That decixion rule
for which the oxpression (1.2.1) in the least ja the best in the sense that it minimiscs
the oxpocted loss. The solution depends on the evaluation of the expression (3.2.1)
for cach of the ‘C” decinion tules and this makes its application a little difficult in
practice even when n in small.

As an allernative wo may try to minimise the maximunt loss incurred by follow-
ing s decision rule.  1f we suppose that the loss function ia proportional to the number
of wrang claxsifications then the maximunt Joss occurs wlen all the individuals in the
smaller group are wrongly clarsified, With this assumption it ean be shown that the
division of the sample corresponding to the masimum probability density aupplies
the best possible solution to the problem. Thir solution mny be referred to as the
maximum likelihood solution; we consider the *C, ways of splitting the sample

o8 avsociated with 'C,,l different hypotheses conerning the individuals in the sample
and choose that hypothesis which has the maximum hkelihood.

To prove the property referred above, consider any other decision rule leading
to a divirion of the mamplo

Zo g Zageeens TppTpgeere 00 2040 Tequonns TapTagens
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into two groups of sizes n; and ngand compare with the division
TugXagueerZeqs Tygee BN Ty Xy 0o 20y Pagens

aswociated with the maximun density, Tho measurements clamified in 1}.0.same
way by the two decinion rules aro reprosented by x.,, #.y....for the fimt group and by
Z430Tag, voo for the second group, By definition

Slra)  Silay)
1 P hiny - (22

and the »ame in true for the product of a number of ration involving x, and the product
of the same number of ratios involving r,.

Let ny&ny without low of generality. Tn this case maximum losa occurs,
by following the first decixion rule when

Ly Xegy eony TayXagess e (3.2.3)

arive from the first group in which case & sulmet n, out of

T Zageers Tnidpgiees . (324)

arise from the recond group. let thie subset be

EST- ATRUNE N oy . (3.2.5)

By replacing the subkeript ¢ by & we obtain the corresponding aituation for the
proposed maximum likelihood dezision rule. ‘The difference between the two probabi-
lity dexsitics arsociated with maximum errom for the two rules is, apart from a common
multiplier, equal to

/1(’»,.)fl(’r..)~~~f:(tn,.)/z(1u|)~-~ -fl(-"n.,.)/.(-'fm.) . Il(’r’.)f[(:xg)---

which ix not lezs than zero according to result (3.2.2). By considering all subsets of
ny ohrervations out of (3.2.4) we oxbuust all possible ways in which the ohservations
leading to & maximum error according to the first rulo can arire, Tocach such caso
thero in & correxponding divinion leading to tho maximum error for tho proposed rule.
But this division leads to s smaller probability density. The total chance of maximum
error relative to the given set of obeervations is thus a minimum for the maxjmum
likelihoorl decizion rule.

4. TUE PROBLEM OP THERE GROUPS
As jn the cake of two groups wo consider two situations, firatly when tho sample
connints of n individunls observed at random from a mixed Topulation and sccondly
wken the samplo ix & mixture of ny individuals drawn from the fint group, =y from the
sccond and 2, from the third. Tho problem in oither cane is to select 7, individuals
for the fimt group, n for the sccond and n, for the third, wlhere nybngtng=n.
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Let fitx), [4{x) and fy(r) represent the probability densities of x for the threo
groups and 7y, 7y, 75 tho proportions of mixture in the general population. Tho loss
in nmigning & person to the i-th group when, in fact, he Lelongs to the j-th group ia
denoted by ry. The aposteriori rinks in assigning an individuat with measurementa
2, to the first, recond and third groups are respectively equal to

e AT )
R VAR TN TN EE Wy AES]

< A £,

N R e ST
and

0o = —hlmIna e filnr,
LA W A ENEEN {|)+'lfl(:l)

Conaider o et of functions
L =00r), & =0orl, 8 =00r, 344 13" 2}
such that
4 = ny, S8 =y, B8 = n,

They define a decision rule if the individual with measurements 2, is assigned to the
first group when 8, == 1 to tho second when 4 = 1 and to the third when =1
Tho aposteriori risk for such a aclection procedure is

Zl;("t")n+5'"xl+d'ﬂn) o {41)
The best decision rule in onc which minimisea the above expression. This ja exaclly

the problem solved in lemma 2. The beat xolution is

& =100 aytmagtiy aytiaytp

O =1 il antiy S aytity antity astpy

8 =1 i eyt Caytay, antinagtiy
where jr, pq and gty are determined auch that 4 =n;, L8 =ny and X8 =n,, Asit
standa the problem of determination of fry, yry. iy appeams to be complieated, Thero
is a geometrical deviee which is helpful in the solution of the problom. In higher.
dimennional cascs involving four or more groups the geometrical mothod cantot be
applied. For threo groups wo replace a,,, 8y, a3, by two coordinates

Xy=ay-ay, Y =ay-n,

and represcat the n points (X,, ¥) on a two dimensionaf chart with rectangular axes.
The problem in to determine a point (X,, ¥,) on this chart such that the regions formed
by the lines X = X, ¥ =Y, and ¥ —¥,=X-X, contain the requisito number of
points. This can bo done by moving three thin rods 0", 0Y*, 0Z' fixed at tho point

1
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O aa shown in the figure below, with OX* nand OY” parallel to the X ard Y axes and
arrivo at tho required division by trial ard error. 1t will Lelp in thin process if the
numbers falling in the threo regions are recorded for a few poxtions of the frame with
tho frame marked on the chart.

A
)+
Third gop z'
.o o/
. RS " Secod grovp
X’ — - T
. - LI X

SR
First grovp

y'
Figure |

To solve the sccond problem when the sample consists of a mixture of n,
individuals drawn from the first group, ny from the second and n, from the third, one
can et up the totalrisk relative to the given st of observations fur each of n!, (n,'n,'n,')
possible decision rules and choose that rule for which the riak is a minimum.This ja very
difficult in practice g0 that a simplifieil procedure is needed.  As before we may choose
that decision rule which lends to a division of the sample with the maximum prohabi-
lity density. This possesses an important property that the probability of the

maximum yumber of wrong classifications for any one group is as small as poss.ble.

The method of arriving at the required division ia first to obtain the quantit.es

ay = logfiln)), ay, = log [3{x,), ay; = log fy(x))
i=12..n
ond plot the points
X|=ag=-ay, Y =05 ~ay
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and proceed geametrically as in figure 1. For this division the probability density will
be a maximum,
3. ON A FEOULEM OF OPTINUM SELECTION

Birnbaum and Chapman (1950) considered a problem of selecting  candidates
on the basis of p admission scores ¥y, Yoy, The object in to select those whose
performance is expected to bo better in the final test.  The offered solution does not
refer to a case where the scores of a number of individuals .V have been observed but
toa h)‘pélhc!icnlxct ofindividuals offering for the admission test. Tho former problem
is oftcn met with because the question asked is whom out of & number of individuals
whose scores are available should be admitted. Let the scores of .V individuals be
be represented by

Nn M e Y

Yige Yso o Ype

Yixe Yxo o y,.§
To answer this problem wo need the expected performanve in the final test of an indivi-
dual with the initial gcores yy oo, #,y-  Let this expected performance be

£y = Yo - Yoi)

which actually stands for the regression equationof the final performance on the initial
scores, The regression function which may be of any complicated type supplics uy
with the expeoted performances 1y, o, oy of the cardidates and these latter scores
form the basis for selection. The regression fuuct on can be estimaled on the basis of
tho previous information. No assumption of multivariate normality is needed.

For instance if &, a given numler of seats, are available then the best plan is
to sdmit & candidates correspondling to the & largest +'s beeause this maximises the
expected performance under the condition that & have to he chosen.

A seeond alterantive may be to admit ax many e possible with the restriction
that tho expected average performance is not leas than an asdigned number xy. The
best plan is then to urrange the z scores in & decreasing order and find the cumulative
averages from the top and admit all those for whom the cumulative average is greater
than or equal to ;.  Obviously undersuch a selection procedure the maximum number
is admitted subject to the condition that theexpected average performance of the select-
ed candidates is not less than zo.

If tho restriction is that the average performanco of the chosen candidates
shonld exceed a given value zo with a probability greater than £, then again we start
with the highest scoro of £ and go on adding the others in the deereasng order of x till
the required probability remains greater than A, Tho caleulations are not howevey,
simple,

1
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If wo consider n hypothetienl vet of candidates, a situntion which may arise
when the statisticiun s asked to give & uniform rule for independent recruitment at
various places without rpecifying the numbers 1o be selected from each place, then
what is needed is the delermination of a score r, Ieading to the sclection of alf indivi-
duals with expected z acoro (calculated on the basis of the admiwion y score) greater
than or equl to z,. For this tho distribution of expected score z ay a function ol y
haa to be studied.  Let this bo f(). 1f tho criterion is that the maximum number of
candidates have to be admitted aubject to the condition that the expeeted average
performanco is not lesa than 7, then z, is determined from the formula

f sf(r)dr = .r,fﬂ.r)llz
Iy kS

in which case the expecied proportion admitied js

I-f(.r) dz

T

Rrrenexcrs

Binxsacst, Z. W. and Ciarsax, D. G. (1850):  On optimum selections from multinormal populutions
Ann, Mah, Stat, 21, 443,

Rao, C. R. (1043} The utilization of muliple measurements in problena of b
J.RS.S., Beries B, 10, 150,

ogival elnifivation

Watp, A. {1050} 1 Statistical docision functions. John Wiley & Sons, Now York,

Paper received : January, 1951,

116



	001
	002
	003
	004
	005
	006
	007
	008
	009
	010

