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1. I n t r o d u c t i o n  

This paper is a development of the earlier work [Bx] , [B~], [Bs] of the author 
on extending Birkhoff's ergodic theorem to certain subsets of  the integers. I t  was proved 
in [Br] that given a dynamical system (DS, for short) (f2, &, ~t, T) and a polynominalp(x) 
with integer coefficients, then the ergodic means 

1 
(1.1) AN f =  ~ l<Z  T " " ' f  

converge almost surely for N -+ co, assuming f a function of class L~(~, ~). Here and 
in the sequel, one denotcs by ~ a probability measure and by T a measure-preserving 
automorphism. The natural problem of developing the L~-thcory for p < 2 was studied 
in [B~] and a partial result was obtained. We continue this line of investigation here. 

The approach used in [Ba] , [Ba] relies on a method which may be summarized 
as follows: 

a) Reduction of the general problem to statements about the shift S on Z, which are 
of  a " finite " and " quantitative " nature (in the sense of inequalities involving 
finitely many iterates of the transformation). 

b) Proof of certain maximal function inequalities, relative to the shift, by Fourier Ana- 

lysis methods. 
c) Use of the " major arc " description of the relevant exponential sums, similar to that 

in the Hardy-Littlewood circle method. 

As I observed in [B1], this approach should be considered more general than the 

solution to some isolated questions. 
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The purpose of this paper  is two-fold. First, as far as the Li-theory is concerned, 
we will develop appropriate harmonic  analysis methods (maximal function estimates 
for certain sequences of multipliers), which will make the argument  less dependent  on 
special properties of the exponential sums (essentially exploited in [B1] , [B,]). Using 
this additional ingredient, further examples will be obtained, for instance sets of the 
form 

A = {[p(n)]; n = 1,2,  . . .  } 

where p(x) is any polynomial  with real coefficients and Ix] stands for the integer part.  
Secondly, a method will be described to cover the full L~-range, p > 1. In particular, 
it is shown that  the averages A s f  given by (1.1) converge almost surely f o r f  a function 
of class LP(f~, g.), p > 1. The  problem for Ll-functions remains open at the present time. 
The  shift reduction ment ioned above allows one to give a new and simple proof  of 
Birkhoff's ergodic theorem (cf. [Ba] ). Our  proof  of the pointwise and maximal ergodic 
theorem is related to [K-W], but  it is different and provides more quanti tat ive infor- 
mation.  In particular, in order to illustrate ideas, it will be shown how to avoid the 
invariance of the limit. When dealing with subsets of Z, this invariance is indeed not 
available in general and the pointwise ergodic theorem is not a formal consequence of 
the maximal ergodic theorem (except if the linear span of the eigenfunctions of T is 
dense). The  shift reduction applies equally well for positive isometries. Already for the 
sequence of squares A = { n * }, the L*-result for all p > 1 is new, and in particular the 
following corollary (for p = 2, see [B1]): 

L e t f b e  and L~-function on the circle ~ = R / Z  and 0t e R \ Q a n  irrational number .  
Then  the averages 

1 
(1 9) N 3c f(x + n" 

to the mean f2f(x) dx, for almost all converge x. 

It  is tempting,  especially for ? = 2, to approach such a problem by straight forward 
Fourier Analysis, considering the Fourier expansion of the f u n c t i o n f  (cf. [S]). However, 
to make this method  succeed, stronger information on the Fourier coefficients o f f  seems 
needed than just  their square summability. The  proof  of the previous statement uses 
indeed harmonic  analysis methods, but  only after reduction to a dynamical  system 
problem. Observe that  in this case only the maximal inequality needs to be proven 
~ >  1) 

fo( ]') f. (1.3)  sup Y. f(x + n' ~) dx <, c f(x)" dx 

forf~> 0. 
Next, we describe the organisation of the paper  and state the main results. 
In  the next section, an approach to Birkhoff's theorem is presented along the lines 

explained above and some less known features of this result are pointed out. 
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In section 3, we considerer the variation spaces v,, where 11 X l[op is defined as 

( 1 . 4 )  s u p  (Y lx ,_l - I ' )  I ' ' ,  x = . . . .  . 
*; h <  "." < Js 

These spaces are well-adapted for a quantitative formulation of convergence properties. 
In this context, we recall a result due to LSpingle on bounded martingales, which is of 
importance later on in the paper. 

Section 4 is devoted to the proof of a maximal inequality for certain sequences of 
Fourier multipliers. These Fourier multipliers appear naturally in the " major arc " 
description of exponential sums. The results of section 4 are purely L 2. 

In  section 5, we recall some basic and well-known facts on the behaviour of expo- 
nential sums of the form 

lq 

( 1 . 5 )  ~N(a) ---- Z e u'~'('' a, 
t t ~ O  

where 

(1.6) p ( X , a ) = a d  x d + a a - l x a - ' + ' ' ' + x x x  and ~ = ( ~ l , . . . , ~ d )  e[0,1]  4 . 

The information on these sums needed for our purpose is essentially the same as for solving 
the Waring problem by the Hardy-Littlewood circle method. 

Section 6 is a new presentation of the L2-result on polynomial ergodic averages 
obtained in [B1], based on the new ingredient obtained in section 4. In  this proof, we no 
longer need the a priori estimate of A. Weil for exponential sums with prime modulus. 

Section 7 of this paper contains the corresponding (new) L'-result for all r > 1. 

Thus the following theorem is proved: 

Theorem 1. - -  Let (~,  ~ ,  Vt, T) by a dynamical system and p(x) a polynomial with integer 
coefficients. Then there is the maximal inequality 

(1.7) [] sup l A m f l  ]],'< C ]]f]] ,  

where A m f is given by (1.1) ,  i.e., 

1 
- -  Z TP(") f A N f =  N 1,<,~s 

and f ~ L'(fl ,  Vt), r > 1. The constant C in (1.7) depends only on r > 1 and on the polynomial p(x). 
Moreover, the averages A m f converge almost surely for N ~ oo. I f  T is weakly mixing, the limit 

i f  given by f f dvt. 

The previous result remains valid for positive isometries on L ' (~ ,  ~z). Let us point 
out that the proof of Theorem 1, in the case of a general polynomialp(x) with integer 
coefficients, is essentially identical to the special case p(x) = x ~. Essential use is made 

of duality and interpolation methods. 
In section 8, the results of section 4 and section 5 are used to prove the following 
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Theorem 2. ~ Let (f~, ~ ,  ~z, T) be a dynamical system and p(x) an arbitrary polynomial. 

Then the averages 

1 

for  f any bounded measurable function on ~), converge almost surely. Here [x] staruls for  the integer 

part o f  x e R .  

It  is possible to obtain L'-results, r > 1, relative to the averages (1.8), at the price 
of additional technicalities, based on the method of proof  for Theorem 1. This further 
development is not  worked out in the paper.  

Section 9 contains various comments  and remarks on almost sure convergence in 
general, related to [Bs]. 
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and  D. Omste in ,  simplifying an  earlier exposition ['B,] (cf. also [Be] ). 

2. Birkhoff 's  T h e o r e m  Revis i ted  

Let (~, ~ ,  ~, T) be a dynamical  system. In  this section, we consider the usual ergodic 
1 

Y, T " f  appearing in Birkhoff's ergodic theorem. We discuss averages A ~ f =  ~ 1< .<~  

their convergence properties, partly keeping in mind possible extensions to certain 
subsets of Z. 

A) Mean  Convergence  
1 

= ,~1 z~ pointwise converges on The  sequence of complex polynomials pN(z) ~ = 

the unit  circle (to 0 except for z = 1). Consequent]y, by general spectral theory of unitary 
operators, A~ fconverges  in L2(V) wheneve r f  E L*(a). The  main point here is the existence 
of a spectral measure. The  Herglotz-Bochner theorem indeed ensures the existence of a 
positive Radon  measure v on the circle T, such that  

f~ ~ , 0  ~(d0) (2.1) ( T " f , f )  = ~(n) - e- 
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implying that the map L2(II, v) -+ Ls(~, tz) mapping the nth character e ~ ' ~  on T " f  
is an isometry. Thus the convergence of A n f in L2(~2, St) is equivalent to the convergence 
of ps(z) in L2(II, v). 

This is clearly an L2-theory. In  general, given a subset A of the positive integers, 
the point-wise convergence on the unit circle of the sequence of  polynomials 

1 
(2.2) p ~ ( z ) -  Z z ~ 

I A n [1, NIl ,-<.-<~ 
n E A  

is equivalent with a mean ergodic theorem for the set A. In  the case of" arithmetic sets '"  
this test is particularly useful since the convergence of pl~(x) given by (4) is 
closely related to phenomena of uniform distribution. For instance, if A is the set of 
squares { n ~ [ n = 1, 2, . . .  }, we have 

p~(e 2m=) --> 0 if a is irrational 

1 q - - 1  a 

and pl~(e ~ )  --> S(q, a) - -  ~ e ~ ' ~  for 0t = -  (the Gauss-sums). 
q , = 0  q 

It  is not surprising that the (stronger) almost-sure convergence properties result from a 
finer analysis of these exponential sums and the class of L2-functions appears as the natural  
function space in these problems. A sequence A C Z+ is " ergodic " provided p~(z) -+ 0 

z e T --  { 1 }. The property implies mean convergence o f A ~ f t o  fnfdv., for a & ~ u m i n g  T 

ergodic (this is the case for A = Z+ but not i fA  = { n a [ n = 1, 2, . . .  } for instance). 
B. Weiss [W] observed that sequences A obtained by taking suitable unions of 

disjoint intervals are ergodic but may fail to satisfy the pointwise ergodic theorem, even 
with respect to bounded measurable functions. 

B) ~ Ergodlc Theorems 

Let again 

A . f =  N . _ I  

and define the " maximal function " 

f ' =  sup [ A ~ f [ .  
~T-- 1, 2, . . .  

There are the LP-inequalities (I < p ~< oo) 

(9..3) l i f t  II~', . . . ,  <-" C(p)llf l ]~,o.~,  

and the weak-type inequality 

(9..4) I I f" I lv.| ~ c I I f [[a,o. ~, 

where II g lIT.*,| --  sup ),tt[[ g[ > x] and C, C(p) are absolute constants. 
~ > 0  
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Let us give a simple proof (2.3), (2.4) by deriving them from the shift model (Z, S). 
In the case of the shift, the weak-type property (2.4) easily follows from geometric covering 
properties of integer-intervals, in the some way as for the Hardy-Littlewood maximal 
function on the real line. Once (2.4) is obtained, the LP-inequalities follow from the 
Marclnkiewicz interpolation theorem. Consider now the case of the general dynamical 
system (~, ~, T). Of course it suffices to prove inequalities (2.3), (2.4) (with fixed 
constants) for a " restricted" maximal function 

(9..S) f---- s u p _ A ~ f  (f~< 0) 
x ~ N ~ N  

where N is an arbitrarily chosen positive integer. Take an integer J >> N and for fixed 
x e fl, consider the orbit 

x,  Tx, T t x,  . . . ,  T z x .  

For the function f,  define the function 9 on Z as follows 

~9(J) = f ( T '  x) i f  0~<j~<J 
= 0 otherwise. 

Thus A~ 9 ( j ) =  Aaf (T  ~ x) provided that O < j < J -  N and hence, with the deft- 
n i t i o n  ( 2 . 5 ) ,  

(9..,/) ~(j) = / ( T '  x) for 0 ~< j < J - N. 

The inequality [[ ~ [[tP~z, ~< [[ 9" [[t,,z, < C(p) [[ ~ [[tpcz, then immediately implies, by (2.6), 
(2.7), 
(9..8) Z _ IIf(T'  x)l" ~< C(p), Z If(T'  x)I =. 

0 ~ t < J - N  o~<t~J 

Integrating (2.8) in x ~ [~ with respect to the measure ~ yields 

_ l l T ' f l l : a  C(p)" ~ I I T ' f l I '  
0 ~ J < J - - N  0~<J<J 

and since T is measure-preserving, one gets 

Ilfll,  a c(#) Ilfll,, 
l 

hence 

IIf" II, ~ C(p) I l f l l , .  

One can deal similarly with the weak-type inequality (2.4). Assumef E Lx(fl, l~), X > 0, 
let D~ = [ f -~  X] and X be its indicator function. Given x e f~, let 9 be defined as above 
and let [ I ] stand for the cardinality of a (finite) subset I of Z. The shift inequality thus 
gives 

I I 11r c II I1,',-, 
and, by (2.7), 

C y. f(T'x), 
o g t ~ J  
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hence 
C 

(2.9) T. x(T t x) .< ~ f (T  ~ x). 

Integrating again, we have 

Cj_N J llflh, 

from which (2.4) easily follows. 
At present, the covering argument leading to weak-type inequalities does not 

seem to be ava.ilable when dealing with particular subsets of Z, such as the squares or the 
primes. In these cases, we were unable so far to develop an Lt-theory. The L s and 
L'-inequalities (p > 1) are obtained by making essential use of Fourier-tranfform methods. 
This is an approach similar to that in differentiation problems in real analysis involving 
lower-dimensional manifolds. 

C) Almost s u r e  C, onvergmmce  

(s.10) 

Since 

By the maximal inequality and a standard truncation argument, the almost sure 
convergence of A a f  for f in Lx(C~, t~) reduces to bounded functions. Denote by F the 
Lt-limit of ( A a f )  and, for given r > 0, let N. satisfy 

II F -- A ,flh < ,. 

By the invariance of the limit (since the ergodic means relates to the full set of positive 
integers) and the maximal inequality, we have 

][ sup i F -- A~(As . f ) l i t  < Cr 
N 

Ng 
i A~(A~,f )  -- A ~ f  I .< 2 ~ llfll| 

it follows from (2.10) that 

II lim ] F -- ANfl  Ih < C,, hence lim I F -- As f [  = 0 almost surely. 

This discussion completes the proof of Birkhoff's theorem. I t  is clear that the pre- 
ceding argument does not apply when dealing with the more general averages 

1 
T ' f  (9~.11) A ~ f =  I A r~ [1, NIl neA,..<~ 

corresponding to a subset A of Z+. 
If  the eigenfunctions of T generate a dense subspace of L s, the almost sure conver- 
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gence of Az~f f o r f  of class L ~', p~< 2, is implied by the pointwise convergence of the 
sequence p~(z), [ z I = 1, given by (2.2) and the maximal  inequality 

I[f" I[~ -< C [[fl]~; f*  = sup ] A N f  [. 

This is the case for instance for the model (~, T) = (T, R~), R,  x = x + a. 
In  the remainder  of this section, an alternative method  is explained for the pur- 

pose of proving the theorems stated in the introduction. 
Take f i n  L~~ t~), I f [  ~< 1. For e > 0, consider the subset 

(2 .12 )  Z, - -  { [ ( l  + r I n = 1, 2, . . .  } 

of Z+.  Clearly, for each N e Z+,  there is N ' e  Z. such that  

JAN f - -  A~ . f [ .<  2r 

Thus  to prove the almost sure convergence of (An f ) ,  it suffices to show that  there is no 
r > 0 and no sequence of positive integers Na, Na+ 1 > 2Nj, such that  

(2.13) [].,dc, f [ [ , >  �9 where . . s  sup ] A ~ f - -  A~i f [ .  
N/~< N~< Nj+ 1 

N~Zg 

In  fact, a more quanti tat ive statement is shown, namely 

(9..la) ll.+Z'+fll,< 0(j)IUll ,  

f o r J  large (depending on e appearing in the definition of.~'j).  Since (2.14) only involves 
finitely many  iterates of T, the general case reduces again to the shifs (Z, S). For the 
sets {p(n) ] n = 1, 2, . . .  } (resp. {[p(n)]; n = 1, 2, . . .  }) considered in Theorem 1 (resp. 
Theorem 2), the inequality (2.14) follows easily from the proof  of the L~-maximal ine- 
quality. In  the context of theorem 1, this argument  was carried out in [Ba]. The  method 
will be repeated in section 6 of this paper, for the sake of completeness. 

3. V a r i a t i o n  S p a c e s  a n d  V a r i a t i o n a l  I n e q u a l i t i e s  

We start by recalling the definition of the variation norm v, (1 < s ~< oo) for scalar 
sequences ~ = (x,),  = 1, 2 .... 

J 

(3.1) 1[ ~ [1, = sup{( Z, = a Ix~ --  x"i§ l')1/+ [J = 1, 2, . . . . . .  and nx < n, < < h a } .  

The  sequence space v, then consists of those sequences s for which [1 k [],, < oo. We will 
also use the notat ion [I ][,, for continuously indexed systems ~----- (x,)t>0, where now 

J 

(3.2) [I ~ ] [ , , : s u p { ( Z  Ix, i - x t  i . l [ ' ) l / ' l J =  1 , 2 , . . .  and t l < t , <  . . . < t  a}. 

These spaces v~ are frequently used in probability theory when studying questions about  
convergence. In  this context, some known inequalities about  martingales are needed for 
our  purpose. More precisely, we will use the following result due to Ldpingle [L~] 
(el. also [P-X]). 
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Lemma 3.3. - -  Let E .  (n = 1, 2, . . .  ) be the sequence of  expectation operators with respect 
to an increasing sequence of e-algebras on a probability space and f .  -= E . f  an associated scalar 
martingale. Then, for s > 2, we have the inequality 

0 .4) [l{f. } l k : ~  c(s --  2 ) - '  [Ifi{~,' 

where I2~ ~, refers to the v,-valued LZ-space. 

This result may be seen as the quantitative form of the martingale convergence 
theorem. The inequality (3.4) fails for s = 2 (this is a well-known feature of the Brownian 
martingale, related to the law of the iterated logarithm). In fact, the dependence in s 
stated in (3.4) will be of relevance later on and we include a fast proof here. 

Proof of (3.4).  - -  For X> 0, denote by N~(~) the number of X-jumps in the 
sequence {f,(o))}, where f .  is defined as above. One has the following inequality for 
l < r <  oo: 

(3.5) [I X(N~) 1'2 [I,< c, [ff] t ,  for all X> 0. 

This is a form of Doob's oscillation lemma for martingales (see [Nev]) and is obtained 
by methods of stopping times and square functions. We use interpolation to derive (3.4) 
from (3.5). First we prove (L ~' 1 denoting the Lorentz space): 

3 5 
(3.6) I ] { / , } l l ~ < c ( s - 2 )  - v ' ] l f l l , , , ~  f o r ~ < p ~ < s < ~ ,  s > 2 .  

Let t h u s f  -= Xx and A C n be a measurable set of measure ~(A) = e, hence l I /I  I,,, = 
Estimate pointwise, for Nz defined as above from the function f ,  yields 

(3.7) II {A(,o)II,, [,__20 

Hence, since p ~ s, 

(3.8) 2 ,z02-*" 

applying (3.5) with r = 2p/s (which implies 6/5 ~ r < 2 in view of the hypotheses made 
on p, s) and X = 2-*. Since [[f[[; = r (3.6) is immediate from (3.8). Writing L" as 
interpolation space between L " '  and L s/2, (3.6) is easily seen to imply (3.4). 

We will now derive a real analysis version of (3.4) from Lemma 3.3. For a 

function f on R, set f t  (x) = -~ f ~ . Denote also by 

(3.9) o~f(X) - f(),) = r f(x) e -  2g~kx dx 
d - - -  oo 

the Fourier transform o f f .  Thus 

(3.10) ./~ (X) =f(tx). 
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/.emma 3.11. - -  Let g = gto.ll be the indicatorfunetion of the interval [0, 1]. Then, for 
f e Lt(R) and s > 2, one has 

(a.19.) I I { f*  z, I t >  o ) II,+,,,,-< +(~ - 2 ) - '  II /Ih,  

where ~, stands for o,(R+) with the norm given by (3.2). 

As usual, f .  g denotes the convolution o f f  and g. 
Denote by (Pt)t>0 the Poisson semi-group on R. Thus if P ~ f = f .  Pt, one has 

PI(),) = e-tl x j. Considering the Brownian martingale associated to the harmonic function 
u(x, t) = ( f *  P~) (x) on the upper half-plane or, alternatively, invoking Rota's dilation 
theorem, inequality (3.4) relative to martingales implies 

(a . la)  I[ { P, f [  t > 0 } [ILL ~< c(s - 2) -1 [If  I[1. 

Pr0of of Lemma 3.11. - -  By (3.13), (3.12) will be a consequence of the following 
inequality 

(8.14) II { f *  K, I t >  0 } llo,. ~< + l l f l l , ,  

where K stands for the function X -- Px, hence satisfies the Fourier transform estimates 

(3.15) [ X I. I(P~) ' (x) l < c and [ R(x) l ~< + min(l x l, I x I- ' ) .  

We clearly have the pointwise estimate 

(3.16) II { f *  K, I t > 0 } II,, <~ (+~z I f*  K# I') '~ 

+ ( Y' [[{f* K, 12+~ t~  2++1 } 11,~)1~. 
k ~ Z  

By Parseval's identity, the Lt-norm of the first term in (3.16) is bounded by 

invoking also (3.5). 
Next, we estimate the contribution of the second term 

(3.t8) { Z J l { f .  K+ I 2 ~  t~< 2++1}11~;,} 1]~. 
k ~ Z  

L e t 0 < ~ < l b e a f u n c t i o n s u p p o r t e d b y [ ~ , 2 ] u [ - - 2 , - - 1 ] ,  I ~ ' ] < G ,  such tha t  

Z ~(2" x) = t. 
0fEZ 

Defining K,  by R,().) ---- g,(X) 7(2" X), one has that K = ]~ K, ,  and (3.18) may 
be estimated by the triangle inequality as 

0 . 1 9 )  Y~ { Z II{f* (K,), 12+~< t~< 2 '+1} l i lLy  '~-. 
�9 EZ kEZ 

From (3.15), 

(3 ~.o) I x/l(g:,)' (x) ]<  c and ItL(x) l< c2 -I~l. 
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majorizing vt([ut, ut+l] ) by vx([ut, ut+l] ). 

15 

F i x ~ e Z .  F o r k e Z ,  consider a net 2 k = u l < u ~ <  . . .  < u  s = 2  ~ +1 o f N = N ~  equi- 
distributed points. The number N~ will be specified later. Estimate 

(a.9.1) [I { f *  (K,), I 2k ~< t < 2 ~+1 } II,. < 

[,_~ I f *  (K~,)., + 

§ d,]'}'"- 
iX I O,[f, (K~),]I 

Again by Parseval's identity, the La-norm of (3.21) is bounded by 

1 
t - 1  ~ Xl ~ a - ~ - t  

by the definition of K~ and (3.20). Here [ X I ~ p stands for t P < [ X [ < 4p. Similarly, the 
LI-norm of (3.22) is bounded by 

r ' / §  

o . ]'" 

Substitution of estimates (3.23), (3.24) in (3.19) finally gives the bound 

[ + (f, ,,f,,.-- o,,,,,.. 
~t, k E  Z X I ~ I~-k-" 

chosing N~ = 2 I~l. 
Summation of (3.17), (3.18) yields (3.14), which proves Lemma 3.11. 
Let us point out one application of Lemma 3.11 to the convergence of the averages 

1 
--  Z T ' f  

in Birkhoff's theorem. 

CoroIlar 2 8.25. N Let (El, K, ~, T) be a DS andf  e Lt(I~). Then, for s > 2, 

(3.26) [ { 1  y. T ' f l  N = 1, 2 , . . .  }[[ <<.c(s)Ilflh- 

The last result does not seem to appear in the literature. It refines the results 
discussed in the previous section (related to almost sure convergence). The proof of 
(3.26) reduces to the particular case of the shift model (Z, S), following the procedure 
described in section 2 of this paper. In  the context of the shift, (3.26) is just a discrete 
version of (3.12). 
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Writing 

fo o 1 ( 3 . 2 7 )  q~ = - -  x,.q~'(t) tdt ,  X, = -/Xto.,j, 

for a smooth function q~ on [0, oo], vanishing at o% the following lemma is a consequence 
of (3.12) and the convexity. 

Lemma 3.9.8. - -  Let q~ be a differentiable function on R, vanishing at oo. Then, for  s > 2, 

(~. ~9) [l{f*~)|It>O}[Iij~$~C.(S--2)--l(:~aol~t(X)[IXldX)llfll,. 
We conclude this section with a corollary of (3.28) which will be of importance in 

the proof  of certain Fourier-multiplier maximal inequalities considered in the next section. 
Let H be a Hilbert space. I f  A is a subset of H, denote by Mx(A ) the X-entropy 

number  of A, X > 0. By X-entropy number ,  we mean the minimal  number  (~< oo) of balls 
(with respect to the H-norm) of radius X, needed to cover A. We set IV[ x = 0 if d iam A < X. 
The  following result relates to H-valued functions on R. 

Lemma 3 .30 .  - -  Let q~ be as in (3.28), s > 2 and H a Hilbert space. Then, for f ~ L~(R), 

(3.31) II sup (XM~/~ 113 ~< c,(s- 2) -1 [ I f l l , ,  
X > 0  

where one defines pointwise Mx(x ) = Mz( { ( f ,  q~t) ( x ) [ t  > 0 }) and C~, = f [  ?'(x)] [ x [dx. 

Proof. - -  Observe first the pointwise inequality 

(a.32) XMx(x)I/'~< {~ II ( f *  ~,;)(x) - ( f .  ~,;_,)(x)II&},,,~< I l l ( f *  ~,)(*) }ll,,, 

where i = (tj) is defined by put t ing 

tj = min{ t > t~_ 11 I I ( f *  ~,) (x) - ( f .  ?,j._,) (x) []H> X}. 

(Since we are concerned with a priori inequalities, we may  take the sequence t = (t~) 
of bounded length.) 

Writing f = Y~f, e~, f ,  = ( f ,  e, ), where { e, } is an or thonormal  basis for H, 
it follows from (3.32), (3.29) and the convexity (s > 2), that  

I[ sup(XM~") [l~ ~ < [Y~ II(f=* ~, } ~,.:~ ~''~ ~< c~(s -- 2 ) - '  (Y~ IIf= II~)'". 
X > 0  c~ ct 

This proves (3.31). 

Lemma 3 .33 .  - -  Let ? be a~ in (3.28) and H be a Hilbert space. Then, with the notation 

of (3.30) a n d f o r f e I ~ t ( R  ) and K >  0, one has 

(3.34) f~min(K,  Mx(x)) 1/2 dX , ,< c~(log K) 2 I l f l l , .  

Proof. - -  With the notat ion of the proof  of L e m m a  3.30, set 

f ; = s u p l f , * r , I ;  f , = ( f , e ~ )  
l > 0  
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so that  

I l l :  II. 
by the Hardy-Lit t lewood maximal  inequality. Define 

(3.36) F = [y,(f2)~]v~- 

and, for s > 2, write 
1 1 

= min(K,  ~r K 2 ~ Mx(x) 1/' dX fs Mx(x)) '/2 dX ~< F(x) + 
J K - l i t  F(z) 

l 1 

~< F(x) + K~-i( log K) sup X. Mx(x) 1/'. 
X>0 

1 I 
. . . .  (log K) -1. Now, (3.34) follows from (3.35), (3.36) and (3.31), letting 2 s 

17 

4. M a x ~ a l  Inequalit ies  for Certain Sequences o f  Fourier Mult ipl iers  

Proving the L2-maximal inequality in Theorems 1 and 2 in the context of the shift 
(Z, S) by harmonic  analysis methods leads to Fourier multipliers given by exponential 
sums (the properties of which will be recalled in the next section). In tiffs section a rather 
general estimate is obtained, especially motivated by the major arc description of these 
exponential sums. 

The  dual  group of Z is the circle group II = R/Z,  which will be identified with [0, 1] 
(identifying 0 and 1). 

The  main result of this section is contained in 

(4.9.) 

Then 

(4.3) 

Lemma 4.1. - -  Assume ?,z < . . .  < Xx ~ rl and, for j ~ Z+,  define the neighborhoods 

Ri- - - -{XEII  [ min [ X - - X ~ [ ~ < 2 - ' } .  
l~<k~<K 

sup fN.f(X) e~X~dX[ t~,~< C(logK)2[[f[[ t~z,  

for functions f on Z. 

Remark. - -  I t  is an interesting question whether  there needs to be a dependence on 
the number  K of  base points in (4.3).  The  logarithmic dependence will suffice for our  
purpose. 

In  order to simplify notation, we denote by #" (resp. #--1) the Fourier transform 
(resp. inverse Fourier transform) for functions on either R or Z. 

For the sake of completeness, we include the following known argument  to derive 
the corresponding inequality for Z from the R case. Indeed,  it is often more appealing 
to prove the result on R because of the presence of the dilation structure. 

8 
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(4.5) 

Then 

(4 .6)  
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Lemma 4.4. - -  Let �9 be a set o f  multipliers on [0, 1] satisfying 

][ sup [ ,~'-~[?.~'f] [ [[L,,m ~< B [[f[IT.~,. 

where G is an absolute constant. 

Proof. ~ Denote by B x the best constant satisfying (4.6). Writing, for x e Z and 
u e [0, p] (ta < 1 to be specified later), 

o~--x[T.~f] (x) = ~ - x [ T ~ - f ]  (x + u) + ~--x[(1 -- e ~x") T ~ f ]  (x) 

and averaging in u gives 

II sup I ~ - ' [ ~ / ]  I I1~, < 
tp 

(4.~) P-'~ [I sup I # ' - l [ m ~ f ]  l t l ~ ,  + 

sup II sup I ~ - ~ [ ( 1  - ~ ' )  ~ / ] 1  I1~-,. ( 4 . 8 )  o < ~ < ~  , 

By (4.5), (4.7) is clearly bounded by 

(4.9) p-w2 B II #'f]l~[0,q = ~-x/~ B I[f[Io,,,. 

By definition of Bx, (4.8) is bounded by 

{4.10) Bx I l f*  ,~"-1[ 1 - e~'X'] lion,, -- Ba II o~f �9 El - e ~rax"] I]L~0,al 

= CpBx ]]fllt',z,. 

Hence, from (4.9), (4.10), Bx~< p-V2B + CpBx, thus BI~< CI'B by choosing t~ small 
enough. 

By Lemma 4.4, Lemma 4.1 may be restated as 

Lemma 4.11. m Let Xx, . . . ,  XK e R and let R j  stand for  the 2 - t  -neighborhood of  the set 

A = { X x , . . . , X K } , f 0 r j e Z .  Then 

(4.az) II st~p ] ~ - t [ x R / ~ / ]  I [1, -< C(log K)* (If  lb. 

The proof is mainly based on Lenuna 3.33 of the previous section axed will be 
presented in several steps. 

Lemma 4.13. - -  Let Xl, . . . ,  X~reRsatis fy[  X k -- X k, [ > v >  Ofork  4= k'.LetO<<. ~<<. 1 

be a smooth funaion such that supp ~ C [--  1, 1]. Then 
K K 

(4 . t4)  II sup I y. e~'~*'CA * ~,)1 !13 -< cClog K)' C Y' IIA I1~) '~. 
| > ' r - '  k - - I  k - - I  
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Proof. - -  Observe first that 
k 

(4.~5) [I y- a, e ~ , "  II~,L0.~-l~ < c~-1'~( Z [ ~  :)~,2 

for all scalar sequences ~ -=  (a~)1<k< K. This is an easy consequence of the separation 
hypothesis of the ),k's and we leave the verification to the reader. 

Since supp ~ C [--  z, x] for t > v-1, there is no restriction in assuming that 

(4. t6)  suppj~ C [--  x, -r] for I ~< k < K. 

For u ~ R, denote by ~, the translation operator; thus % f ( x )  = f ( x  + u). It  follows from 
(4.16) and Parseval's identity that 

1 1 
(4.17) ]lfk -- %f~ It, < ~ [If~ 112 for [u I < ]-6-6 x-L 

Denoting by B the best constant fulfilling (4.14) (CK x/2 will certainly do), one gets 
I 

from (4.17) for 0 ~< u ~< "~6 v-x that 

K 

1] sup I Z e"~x*'(A * 9t)] II, ~< 
(4.18) ,>,- ,  , -1  

K 

II sup I y~ : ' ~ "  ~.(A * ~,)1 II, 
t > -r 1 k = l  

["1 Integrating (4.18) in u on 0,1- ~ allows to replace (4. I8) by 

K 

(4.191 C II : 11 sup I Z ~ - ~ x , .  : ' x * ' ( A  * ~,) (~)1 II~o.~ ,~.,., II~,,~,. 
l > o  ~ = 1  

Therefore, it will suffice to bound (4.19) by C(log K) ~. (~  IIA 1122) "~ in order to prove 
Lemma 4.13. 

Fixing x e R, consider the set 

(4.30) A = A, = { ( ( A  * qh) (x), . . . ,  ( fx * qh) (x)) It> 0 }  

as a subset of the K-dimensional Hilbert space~ x. For ), > 0, denote again by M x = Mx(x ) 
the entropy numbers of A. There exists a sequence B, (s s Z) of finite subsets of the dif- 
ference set A '  - -  A such that 

(4.~x) I~1.< 2.2 '  for b e B .  

(4.22) # B, < M~2, ~ 

and each element a ~ A has a representation 

(4.23) i f =  ~ b, w i t h b o e B o  
J E Z  

K 

($ stands for " c a r d i n a l i t y "  and I a[  refers to ( ~] I ak 12)vz) - In writing (4.23), we make 

the implicit assumption that A = A, is bounded, which is clearly no restriction. 
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Estimate 
K K 

sup [ Z e -~xk"  e~'Xk'(fk * oh) (x)[ < Z _max ] 2~ e-2"xk" e2~axk" bk 1 
l > 0  k = l  , ~ . Z  b E B  s k = l  

and replace the Ls([0, . -x] ,  du)-norm by 
X 

(4.2,4) Y' [I _max I y" e-'2"x'" e~,,,x,, b~ [ lit.it0. ~-x,. 
$ { ~ Z  b ~ B  s k = l  

For given s, consider the following bounds 
K 

max ] . . .  1~< min{ 2 '+1 K m, [_Z ] Z e-2~aX"e ~'xk" b~ 12]1/~}. 
bEB$ b(~B$ k = l  

They imply, invoking (4.15), that (4.24) is bounded by 

(4.25) Z min { v- 1/2 2' +' K I/2, C'r- 112 2' + a($ B.) x/2 } 
,EZ 

Cv - m  f~' min(K, Mx(x)) v2 d), 

using (4.21), (4.22). 
Taking the LS(dx)-norm of (4.25), the required bound on (4.19) is obtained from 

(3.34). This proves (4.14). 

Lemma 4.26. - -  Assume that Xl, . . . ,  XK e R satisfy I )'~ - -  )'k' [ > 2 - "  for  k 4: k'. 
Then, with previous notation, 

(4.27) ][ sup t o~'-l[zi~i o~-f]] 112 ~< C(log K) 2 I l f l l , -  

Proof. ~ The inequality (4.27) is derived from (4.14) by a standard square func- 

tion argument. Take r as in Lemma 4.13 satisfying ~ = 1 on - - 2 '  . Estimate 

sup [ ,.~-1 [XRi , ~ f  ] ] ~< 
J>~ s K 

(4.28) sup] E e~'Xk'[( f .e  - ~ x " ' )  * q~z/][ 
$>~, k = l  

K 
(4.29) + { Z I ~ -- Z ~2i(k -- X,)) ~ ' f ]  1~ }m. 

By the hypothesis on % g �9 qhi = (g * cPv-1) * cP2i for j >/ s. Hence, applying (4.13) 
with fk = ( f . e  - ~ x k ' )  * ~2,-~, (4.14) gives the following bound on (4.28) 

(4.30) C(log K) ~ [~--~i [f(x + Xk)] ~ ] r ~ x)]'] dX ~< C(log K)' I[/[[, 

invoking the separation hypothesis of the X~'s and the fact that supp ~ C [-- 1, 1]. 
By Parseval's identity, (4.29) is bounded by 

{ f x ,,,2 ( 4 . 3 1 )  ' ~ $  [/(~k)['~ [Zl~i(X) - -  k = l  2~ * ( 2 ' ( X -  X,))]z dX] ~< 

K 
sup [ Z ] X~./(X) -- X r -- X~))[]. Hfr] , .  
XER I ~ .  7r 
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K 
Since Zai(X ) --  Y~ ~(2J (X-  Xk) ) is bounded, and vanishes if either d is t (X,A)< 2 -~-1 

or dist(X, A) > 2-~, the first factor in (4.31) is clearly bounded. 
Now, (4.27) is implied by (4.30), (4.31). 

Remark. - -  In  a later application, A = { Xl, . . . ,  Xx } will be typically a set of 
rational numbers a[q, (a, q) = 1, with q < Q and the neighborhoods (major-arcs) consi- 
dered ,~ Q - L  Thus the more restrictive Lemma 4.26 actually already suffices for our 
purpose. The statement of Lemma 4.11 is simpler, however, and the result may be of 
independent interest. 

In  the remainder of this section, we complete the proof of (4.12). 

Lemma 4.82.  - -  Let again 

R , = { X e R  t min lx-x~l<2 -~} f o r j e Z .  
l ~ k ~ K  

Then 

II sup [ ~-- l [XRj~-f]  ] II < (log [ s I) Ilfl[  

for S a finite subset of Z. 

Proof. ~ The argument is inspired by the Burkholder-Davis-Gundy-Stein (cf. [Ga]) 
dual version of Doob's maximal inequality. The only difference here is that the operators 
are not positive. We only use the fact that the R/s  are decreasing. Assume thus, rede- 
fining R~, that 

R~+xCRj ,  l~<j~< 2' where s ~ l o g l S I .  

Denote by B the best constant satisfying the inequality 

11 sup I ~ r - l [ Z ~ i ~ ' f ] l l l ~ <  BIIfII~ 

or equivalently (by dualization) 

Ig, I II . j~< 9s 

Identify S and { 1, 2, . . . ,  2 '} and let (So)I,I< , be a diadic partitioning of S 

So, o So, I $i,o $1.1 
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Sct ~ = ~--I[zRj .@-g#] ; clcarly 

(4.35) ( g ~ , ~ ) =  ( g ~ , ~ )  forj~<k. 

Using this fact and HSlder's inequality, one gets, from the definition of B, 

<Y. llg, l l~+2 Z I< y, g .  y, K>I 
Icl<* iuS,,o k~ s,,x 

<ZIIg ,  II~+2B,Z 11.< Z Ig,[[I, II Z [g, ll[. 
[ J {~ Sr J U S,,1 

~< (1 + 2Bs) II 2; [g, 111~. 

Consequently, B~< 1 + 2Bs implies B ~< cs, proving (4.33). 

Proof of (4.19,). - -  Define 

S = { j  ~ Z I K  -x 2 - 5 <  1~ - ~, I<  K 2 - '  

Obviously 

(4.36) 

Define further 

I S I < K  '. 

Z, = {j  e Z\S [ Rj has r components ) 

for 1 ~< r~< K. Hence 

(4.37) Z~ <: Z~ -< ... -< Z~ 

for some 1 ~< k ~e k'~< K}. 

where Za, Zx are half-lines and Z, is a finite segment for 1 < r < K. For r > 1, let 
j ,  = min Z,. By construction, there is a set A, C { X k } satisfying 

(4.85) I k - - k ' [ > 2  -jr for X4=~' i n A ,  

(4.B9) [.I [X--2-J,X-k-2-~]CR~C U [ x - 2 - ~ + l , x + 2  -j+~] f o r j e Z , .  
) . e A  r 

To prove (4.12) we proceed again by 

11Z ~ II, < B II y' I g, [ 
J 

Using (4.32) and (4.36) and setting 

II 

Since Z, -< Z,, for 

( 
Hence 

( 

and II 

x~A, 

duality and estimate the best B fulfilling 

II~ for ~ = ~- ' [Z~j  ~'gj]. 

G , =  Y, g~ and G , =  Z g"~ we have 
i ~. Zr ~J ~. Zr 

Y.~II.< II y~ g'~ll~ + IlY( y, ~)11~ < (log K)IlY~ Ig, I I1~+ II Y' ~.11. �9 

r <  r', we have, for j  EZ,,j' eZ,,, 
~ , ~ ,  ) = ( g ~ , ~ , ) .  

~. ,  ~., > = < c . .  ~,, > 

Y.~.It~=Y. II~.II~+2 y~ <O..~..>. 
r < r '  
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The same argument as in (4.32) than shows that 

(4.40) B 2 ~< (log K) 2 + B~ + B(log K) 

where B x has to satisfy 

(4.41) 1[ sup [ o~'-~[Xgi..~'f] I 112.< Bz I[fl{2" 
EZr 

In order to estimate Bx, apply (4.26) with A = A,, s -~j , ,  taking into account (4.38) 
and j/> j ,  for j E Z,. Invoking then (4.39) and a square function argument such as 
in (4.31), it follows that Bz < C(log K)". Substitution in (4.40) yields that B < C(log K) ~. 
This proves (4.12), hence Lemma's 4.11 and 4.1. 

5. Behavlour of Exponen*;*l Snm$ 

In analyzing the Fourier multipliers appearing in proving Theorems 1 and 2, 
information is needed on the exponential sums (1.5), i.e., 

~T 
= (5.1)  

where 

(5.2)  and 

In this section, some well-known results and procedures are summarized. The 
estimates required are mainly provided by H. Weyl's basic lemma 

Lemma 5.3. - -  Let f ( x )  = ~z x + ~2 x 2 + . . .  + % x n and [ ~a - -  (a/q) [ < l /q  ~, 

where (a, q) = 1. Then f o r  all ~ > O, 

1 
(5 .4)  I ~ ~ f ( ' )  ] ~ Cg .1+,[q--1 _~_ n-1 ._~ qn-~r]p, w h e r e  p - -  2a_z 

W6EI 

(cf. [Vaug] or [Vin] f o r  a proof).  

Denote by Q, the set of rational numbers. For 

and 01,...,0 E[0,1]nQ 

with common denominator q < N a, define the " major box" in the d-dimensional torus as 

(5.5) ~ ( 0 z , . . . ,  0~) ----{~ = (~'1,..., %) ~ndi[ %-- 0~ [ < N  -'+8 (1 ~ j ~  d)}. 

The following fact may be found in [Vin] (ch. IV, Th. 3) and can be proved by iterated 
applications of Lemma 5.3 combined with Dirichlet's principle. 

Lemma 5 . 6 .  ~ I f  ~ does not belong to some major box as defined above, then 

(5.7) [ ~(~) l  < CN -~'. 

Here ~ (~ )  is defined by (5.1) and C, ~' > 0 depend on d. 
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One  may  describe the shape of  ?s(~)  on.~ ' (01,  . . . ,  0a). Let  0~ = a~/q, o~ = Oj + ~, 
and  [ ~ j [ <  N - J+n .  Writ ing n = qs + r, where  0~< s <  N/q  and r = 0, 1, . . . ,  q - -  1, 

one has, for j = 1, . . . ,  d, 

(5.8) r162 ~ = (0~ + ~)  (qs + r) ~ e Z  + O~r ~ + ~q~ s ~ + 0(N -~+~8) 

since q < N ~. Hence ,  clearly 

(5.9) ~s(~) {~q-~ }{q  ~r/~ } = E e ~ ( r e a + ' ' ' + r d o d )  )-], e 2 r~c~ lq '+ ' ' '+~dc~M)  - ~ - 0 ( N - 1 / 2 ) .  
r ~ O  s--O 

For (ax, . . . ,  ad, q) = 1 and  0~ = a~/q, define 

(5.1o) s ( q , ~ ,  . . . ,  ~ )  1 ~ - ~  _ ~ ~2n~(re x+ ... + r d0d)" 

q ~ = o  

Set 

= e ~ , n ~ +  f ~ +  ... + f~a~ dy. ( 5 . ~ )  v,,(~) N +o 

Then,  (5 .9)  and  the estimates ] ~ I < N -  ~ + ~ easily yield the following lemma,  replacing 

the second factor in (5.9)  by  its cont inuous substitute: 

Lemma 5.19.. - -  For -~ eJg (O) ,  -~ = -0 + -~, one has 

(5.13) q~s(~) = S(q, ax, . . . ,  an) Vs(~) -k- O(N-1/~), 
where O~ = a~/q. 

Recal l  also 

Lemma 5 .14 .  ~ I f  (q, a l ,  . . . ,  ad)  = 1, then 

(5.15) l s(q, al, . . . ,  a , ) [  -<< cq -~' 

where ~' = ~(d) > O. 

This is clearly a consequence of  (5 .3) .  
In  this work,  we will not  need  freer information on the S(q, at ,  . . . ,  aa) , such as 

the mult ipl icat ivi ty propert ies  and  A. Weil 's estimate for q a pr ime number .  

Finally, we give some estimates on the function 

(5.16) v~(~) = f~ e ~ ' ~  ~" + ~' ~ ' '  + ' "  § ~ ~ ' '  ay. 

Lemma 5. t7 .  
d 

(5.1s)  t t - v~(~)  I < c ~ I ~, t N' 
r 

(5.19) I v~(~)l  < ee l  + ~ I~, I Nq -l'a 

where C = c(d). 

The  first estimate (5.18) is obvious and  the second (5.19)  follows from van der  

Corput ' s  est imate on oscillatory integrals. 
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6. ]Krgodlc T h e o r e m s  in  L ~ 

In this section, we prove Theorem I for functions of class L 2. This result appears 
in [Bx]. The argument  presented here uses less structure. According to the discussion 
in section 1, the maximal inequality and convergence problem for the averages 

1 
Z T~(">f (6 .1)  A ~ f =  ~ .=1 

(6.2) p(x) -----bxx-k-b zx  2-4- . . .  + bax n, b ~ Z  and b,t> O, 

where reduced to proving certain inequalities for the shift model (Z, S). In  the case 
of the shift, one has 

(6.3) A s #" = f .  Ks ,  where K s = N ~,(,)) 

mid 8, stands for the Dirac measure at x ~ Z. Hence, introducing the Fourier transform, 

(6.4)  A ~ f  : # ' - a [ # ' [ K ~ ] .  # ' [ f ] ] ,  

where, for ~ ~ II = [0, 1], 

1 
(6.5)  # ' [ K s ]  (~) = N y~ e - ~ ( " " ~  = q~s(-- bx ~, . . . ,  --  b d ~) - ~r ( - -  ~.b). 

For s >/ 0, define an exhaustion of the rationals in T 

(6.6) N,  = { 0 e Q n [0, 1] [ 0 = a/q, (a, q) = 1 and 2' ~< q < 2 '+ t  } 

which is considered as subset of  17. Thus ~0 = { 0 = 1 }. 

[ Denote by ~ a smooth function on 11 with ~ = 1 on --  ~ ,  and ~ = 0 outside 

[ --5'1 ~] (The smoothness of ~ will be irrelevant for the LZ-theory but has importance 

when considering L'-estimates for r < 2 in the next section.) 
Define 

(6.7) +,.s(a) = :Z S(0) w~r(~ -- 0) ~(10'(~ -- 0)) 
0 ~ s  

where, with the notation (5.10), (5.11) of section 5, 
? t (6.8)  S(0) = S(q', ax, . . . ,  aa) 

(6 .9)  

Thus it follows 

(6 .10)  

Also, since q ' >  

(6 .12)  

where -- 0.bj = a'~/q'(mod 1) and (a~, . . . ,  a~, q') = 1, 

ws(~) = V~(--  ~b,, . . . ,  --  ~bd). 

from Lemma 5.12 that, if 0-----a[q, q < N ~, 

# ' [ K s ]  (~) = S ( 0 )  w s ( ~ - - 0 )  + O ( N  -x/2) if [ ~ - - 0 [ < N  -d+n. 

q/ba, if 0 = a]q, (a, q) = 1, one has by (5.15) with notation (6.8) 

I S ( 0 ) [ <  C2- '~' for 0 e ~ , .  

4 
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From (6.9) and (5.17) 

(6.19.) I 1 - w~,(~)l < C I ~ I . N  a, 

(6 .1a)  I w~(3) I < C[1 + 1 3 1 N ' ]  - ' / ' .  

Observe also that  the summands in (6.7) are disjointly supported, by definition of ~o 
and ~. 

/.emma 6.14.  - -  There exists ~x > 0 such that the uniform estimate 

(6.15) I ,.~'[K~] (s) --  Z qbo, N(s) I < CN - .1 

holds. 

This l emma allows the replacement of ~r[Ks]  in (6.4) by more explicit multi- 
pliers which will be taken care of by L e m m a  4.1.  

Proof of (6.14).  - -  Redefine major arcs in II by letting 

(6 .16)  .~ (0)  -- { s ~ ri I I s - 01 < N -+§ ) 

for 0 a rational a/q, 1 ~< a~< q, (a, q) = 1 with q < N ~. 

C a s e  1. - -  s belongs to an arc .Af(0o). 
Assume 0 o e ~,o,  thus 2'* < N 8. Let st be a positive integer (depending on N), 

to be specified later. Estimate, using (6.10), (6.11), 

(6.17)  I SrrK~] (s) - :C +.,=(s) I -< I 1 --  ~(10'o(s -- 0o))1 
+ 2; sup I w~(s - 0) l + C2-,1a' + C N - ,  ~, 

#~< 'x 

where the sup is extended over all 0 e ~ ,  different from 0 0. 
Since 10'* < N 's  and ] s --  0 o [ < N-d+8  < N-X, the first term in (6.17) vanishes. 

Letting 2 '1 ,.o N s and writing 

lq_12_,1>~ 1N_~8 I ~ - O l > ~  I O - % 1 -  I s -  OoI, I O - O o l > ~  

for 0 e ~ . ,  

1 
S < S l ,  0:I: 0o and I s - - 0  o l < N  -1, it follows that  I s - 0 l : > ~ 1 0 - 0 o l .  Thus the 

second term of (6.17) is bounded by (log N ) . N  -l+(sa/e~, invoking (6.13). Hence (6.15) 
holds. 

C a s e  2. - -  s does not belong to a major arc. 
Clearly, from the definition (5.5) and (5.7), we have [ o~'[KN] ( s ) [ <  CN -~', 

1 8 2 , 1 , ~ N  8, write by (6.5). For 2 ~  

(6 .18)  I y, ~ , ,~(s)  l .< Y. sup I ~ ( s  - 0) 1 + c2- .1~' .  
#~<h OEa~s 
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By definition of.ag(0), it follows from the hypothesis on r that  I ,t --  0 I > N-*+ ~ whenever 
0 e ~ , ,  s ,< sx. Hence I ws(~ -- 0 ) [ <  CN -aId by (6.13) and (6.18) implies again (6.15). 

This proves Lemma (6.14). 

I t  is clear that, when proving the maximal inequality 

(6.19) [[ sup I f *  Ks  I Ilt'(z, < C [Ifllt',z,, 

the function f may be taken positive and hence the supremum taken over the set 
Z, = { 2* ] k = 1, 2, . . .  }. Setting 

(6.2o) ~ = z +s,~, 
8 

estimate by (6.15) and Parseval 

(6.9.1) 1[ sup I f *  Ks  l i b -  < II sup I # r - ' [ ~ s  ~ f ] [  th 
~ E ~  n ~ z x  

+ ( Y, II ar[g~] -- +~ I1~)'" I l f lh  
*Eza  

-< ~ Ilsup I ar-'Eq,..~arf]l Ih + C l l f l h -  
s=o ~. 

To estimate the contribution of the first terms, define 

( 6 . ~ )  ~..~(~) = z s(0) x(N'(~ - 0)) ~(10'(~ -- 0)) 
eels 

with X = Zt-a,a~, considered as function on R. It  easily follows from (6.11), (6.12), 
(6.13) that there is a uniform estimate 

(6.28) ~ I +,.~ -- ~,.~ I -< C 2 - ' "  
~ E z x  

Therefore, again by a square function argument 

(6.24) II sup I a r - l [+ , .~  # - f ]  I II, -< 11 sup 1 # ' - ' [~ , .~ ,  # ' f ]  I Ih + c 2 - ' a '  I l f l h .  
za za 

For N e Zx, write N ~ ----- 2 s and let R~ be the 2- ~-neighborhood of R ,C II. Thus, setting 

(6.9.5) ~-[g,] = ~ ' [ f ]  Y. S(0) ~(10'(~ -- 0)) 
o e a ,  

(6.26) ~,, N ~ ' f  = ~r[g,]. Xaj, 

it follows from inequality (4.3) in Lemma 4.1 that  

(6.z7) II sup [ ~ -x [~ , ,~ , .~ f ]  I Ils~ II sup I #'- l[#'[g,]  x~]l Ih 
~ z  1 J~Z+ 

,< C(log I a~, I)' II g. lb. 

By definition, I ~~  [ < 4', and it follows from (6.11) and Parseval that 

II g, Ih -<- c2-'8" I l f lh .  
Substitution in (6.26) yidds the bound 

(6.28) 11 sup I ar-~[fo.s  a r f ]  I II, < - C.s~ 2 - ~  I l f l h  
zl 
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and hence, substituting in (6.21), 

(6.29) II sup If* Kr~ I I1~ < c( Z ~ 2 -'~') Ilfll,-<< c Ilfll, 
N E Z  x s = o  

which proves the maximal inequality 

(6.30) II sup l A ~ f l  II~< C tlfll~. 
N 

Next, we verify the almost sure convergence using the method described in section 2 of 
this paper. Thus we prove art inequality (2.14) in (Z, S) 

J 

(6.30 Y~ II ~' , f [ l~< 0(j)Ilfll~ 
j--1 

setting 
(6.32) ..~r = sup I f *  (K s --  K@I  

N/<~r<Ni+I 
N E Z  s 

where Z, = { [ ( 1  q- r n = 1, 2, . . .  }for ~ >  0 fixed, and Nj is any rapidly increasing 
sequence (Nj+I > 2N~). 

We again apply the Fourier transform method. With previous definitions, it again 
follows from (6.15) that f .  (K~ -- K@ may be replaced by o~--1[(+s -- +sj) ~ ' f ]  
when defining ..~r Fixing So, it follows from the previous inequality (6.28) that then 

(6.33) I I ~ ' ~ f l l , <  Z I1 sup [ ~ - - I [ ( + , , N  - -  +o,~;) ~- f ] l  II, 
s~so  N / < N <  N/§ 

~sz~ -k- Cr -x 2 -" ' ' '~ I l f l [ , ,  

where the second term in (6.33) will be 0([If[l,) for appropriate s o. Thus it suffices to 
verify (6.31), defining now 

(6.34) a l l , f =  sup [ .~ ' - ' [ (ws  -- w@ ~'f] 1, 
Nj< N < N/+I 

NEZr 

where ws is given by (6.9). The reader will indeed verify that summing up the first 
terms of (6.33) over j = 1, . . . , J  will only introduce an additional factor (depending 

on So). 
Let Z = 7~0. xj and 

(6.35) ~ f  = sup I f *  (7~r~)- 7~],)[, 
N j < N <  N/,X 

1 
where Xi =-~Xto, t~. Since the following inequality clearly holds pointwise (with v s as 

in section 3), 
J 

(6.36) {Y, (..~jf)z}v2<~J~l'il{f. 7~lN= 1,2, . . .  }[1,,, 
i--1 

is follows from (6.36) and (3.26) that 
# 

Y~ [ l ~ j f  ~-< CY/~ It~'~ Ilfll~ 
]--1 
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hence 
ff 

(6.37) Z II x ~ f l ] ~ - <  c z l[ ~ - ' [ ( w s  - ~ ( ~ . ) )  ,~z'f[l~ + CJ xt2 [Ifl[~. 
J = l  NEZg 

This first term in (6.37) is bounded by 

(6.38) sup[ 2] [ w~(~) - - i ( N ' ~ ) l  ~] I l f l l~< c ,  Ilfll  ~ 
N~Z t 

using the fact that, by (6.12), (6.13), 

(6.39) I ~ ( ~ )  - ~(N ~ ~)1 ~ c min(I ~ IN ~, (I ~ I N~)-'") �9 

Hence, for.~r by (6.34), one has, by (6.37) and (6.38), 

(6.4O) 21 [I ~r, f l [ ,  -< C,J  s/' Ilfl[~ 

independently of the choice of the sequence Nx ~ Nz ~ . . .  ~ Nj. The proof of (6.31) 
is now completed, and so is the proof of Theorem 1 for L2-funcdons. 

Observe finally that if T is weakly mixing, then A x f - - > f f d  ~ in L 2 (hence a.s.). 

1 2~ z ~l"~-~ 0 for Indeed T has no point spectrum as unitary operator and N .<~r 

z~C~--{z~Cl I z l - -  1}, 

except on a countable set. 

7. Ergod ic  T h e o r e m s  in  L ~, p > 1 

The purpose of this section is to extend the L2-theory to L *, p > 1. Of course, 
only the maximal inequality 

(7.1) II s u p [ A ~ f l  I]~<- c ] i f l l ,  
N 

needs to be shown. Once (7.1) is obtained, the a.s. convergence for functions f of class 
L~(V) reduces to bounded functions and hence is taken care of by the L ~ result, obtained 
in the previous section. 

The partial result was obtained in [B2] (p > 1 -~-~-~. 

Considering again the shift model (Z, S), (7.1) becomes 

1 
(7.2) II sup I f *  K~ I 11, < C Ilfll~; KN = N ~-1 8/'("'}" 

The proof of (7.2) by Fourier Analysis methods is more delicate than in the La-case 
because the Fourier multipliers involved in the argument need to have goods bounds 
on L'. 

We use the notation of the previous section. Thus in particular 

q--1 f ~  (7.3) S(0)-----l/q Y,, e -~' ' ' '10 for 0 = a/q and wr,(~ ) = e - ~ r ' ~ d y .  
r ~ 0  
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Denotc again by ~ a smooth function on R, 0~< ~ I, supp ~C [-- I/2, I/2] and ~ = I 

on [--  1/4, 1/4]. 
The following lemma will be useful when comparing L~(R) and /~(Z)-norms. 

Lemma 7 .4 .  ~ For I < q < s D, r = o(1), one has 

Proof. - -  Observe that, by Bernstein's inequality and the hypothesis, 

for 0~< u~< 1. 
We first prove the inequality II IIt',-,~ 0 II I1~',~, in (7.5), for some bounded 0. 

Let 0 ~< u < 1 and write 

(7.7) I fF(~),~'~(D~) d~ ,, < fF(p) e ~ ' + ' )  ~(Dp) dp t~ + 

Integrating the pth power of the first term in (7.7) in u, the L ' (R) -norm is obtained. 
Let p be an a pr/0r/constant satisfying the above inequality; the second term in (7.7) may 
be estimated for fixed u 

invoking (7.6). Thus it follows that O ~< 1 + C c p ,  hence the boundedness of p. 
To prove the converse inequality in (7.5), write 

and apply the inequality II I1,, < p II I1~, and (7.6) to estimate 

for 0 ~< u <~ 1. Since Ccp<  1[2 for ~ small enough, substitution of (7.9) in (7.8) yields 
the converse inequality, proving (7.5). 

Lemma 7.10. - -  For S(0) defined by (7.3), the/l(Z)-norm of the Fourier transform of  the 

function on II 

(7.11) 

is bounded by 

(7.19.) 

Y. S F ~ - -  
o ~ a ~ q  

q Y sup I~'F(jq+x)l .  
J E Z  0 ~ m < e  
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Proof. - -  By definition of S(0), the Fourier transform of (7.11) at the point x ~ Z 
equals 

2~ S ( ~ ) e  ~'~'`')~ # ' F ( x ) =  (${ 0.< r <  q [ x - - p ( r )  ~qZ})o~F(x). 
O<~a<q 

Thus the tx(Z)-norm is bounded by 2~ ~3 [ # ' F ( j q  + p(r)) 1, hence by (7.12) 
r = o  t E Z  

/.emma 7.13. - -  Let 1 < q <  D. Then, with the notation (7.3), 

( 7 - " )  o o ~  s (~) fw~  (~ - - ~ ) ~  (D (~ -- ~))  e~ '~  ~ Ilo(,., ~ C" 

Proof. - -  Apply (7.10) with F(~) = ws([3) ~(D~). It follows from (7.3) that w~([3) 
is the Fourier transform of the image measure v~ under the mapping p(Ny) : [0, 1] -+ R. 
Hence ~ = v~ .  (#'-~[~])v and (7.12) is bounded by 

( )1 q X sup ~._,[~] x + j q - - p ( N y )  dy. 
(7.15) D ~ez 0<,< ,  D 

Since I 5~'-~[~] ( t ) [< C(1 + t2) -1, one has 

Substituting in (7.15), (7.14) follows. 
One has the following real Analysis maximal inequality: 

Lemma 7.16. - -  For p > 1 and f + L*(R) 

(7.17) II sup I ~-- '[w~ ~Y]  I [l~,., < c II/11~,.,. 
N 

Proof. - -  As observed earlier, ws is the Fourier transform of the measure v~, image 
of the measure dy[N under the mapping p : [0, N] -+ R. Thus we have to estimate 

dvs[ 
[[ sup I f *  vt~ Ill," For t sufficiently large, one has that - ~  = l /Np ' (p-~( t ) )  which 

lq s - - t  

is of the order ( I /N)t  -1+a/d) in size. Thus the problem reduces to show that 

i f . i s )  II sup I f *  [ ( l /N) t  - 1 + ( 1 / a )  ~0.~,r I II, < c I lf l l , .  
I t  

Defining k(t) = t - t  +(lta) X~o.~l, (I/N) t -1+aId) 
s > 0. The fact that 

(7.19) ]l sup I f*  k, ]][, ~ C I l f l [ ,  
m>e 

X~0.1~a](t) ---- k(l~a), where k,(t) ---- s k , 

follows from the Hardy-Littlewood maximal function boundedness on R. This proves 
the lemma. 

Next, we prove a discrete maximal inequality: 
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Lemma 7.20. - -  Let 1 < q <  ~D, ~ = 0(1). Then, forp> 1, 

(7.21) I supl 
c, Ilfll,',-,- 

Proof. --  The main ingredient will be (7.16) and the problem is to pass from R 
to Z. Writing x e Z  as x =yq + z, z = 0, 1, . . . ,  q -- 1, the left member of (7.21) 
equals 

{ o~<~<~ I[ sup I f  ws(~) F,(~)~(D[~)e ~e~ d~ I t~(d,)}1/~, (7.22) 

with 

(7.23) F,([~) = o<o<~ y~ ~ ' f ( $ + [ 3 )  e~'(~+~)" 

As in the proof of (7.4), denote by ~ the a priori best constant in the inequality 

I 
For 0 ~< u < 1, write 

(7.25) sup l f ws(f3) F(~) ~(D~) e ~  d~ l <<. 

sup . Iws(~)F(~)~(D~)e  ~ y + ' ~  d~ ] 

+ sups .IwN(~) F([~) ~(D[~) [e ~ t ~  -- I] e ~ r  d~ . 

Integrating thepth power of the first term of (7.25) in u e [0, 1] gives, by (7.16) and (7.4) 

(7.26) q-"~ II sup [ ~'-X[w~ F~(D.)J X [Ir~ ~ < 
N 

Cq -x ' '  [] ~--I[F~(D.)J  I[r~ = 

By definition of P, the/"-norm of the second term in (7.25) is, for fixed u e [0, 1], bounded 
by 

[ 

Apply consecutively (7.5), (7.6, (7.5) to estimate (7.27) by 

From (7.26), (7.27), (7.28), it follows that p <~ C + C c p  implies p < C, assuming r 
small enough. This yields (7.24). 
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Applying (7.24) with F --  F, and substitution of (7.23) yields 

and summation over z = 0, . . . ,  q -- 1 gives the following estimate on (7.22) 

f * ~ ' - x [ 0 _ < ~ < , ~ ( D  (" - - ~ ) ) ]  t, < C [ ' f [ ' t ' "  

This completes the proof of Lemma 7.20. 

Lemma 7.9.9. - -  Under the hypothesis ofLemma (7 .20) , forp  > 1, 

(7.30) sup Z s ( a i r w s ( ~ ) ~ ' f ( a + ~ l ~ ( D ~ ) e 2 " ~ ( ~ + " ) d " l [ t  p<" \q / ,I 
i I 

S O<.a<q 

Proof. - -  Apply (7.21) to the function g given by 

Observe that ~ (D  ~) ~(D[~) = ~(D[~) and that the first factor in (7.31) is the Fourier- 
X 

transform of an O(Z)-function, by taking w N = 1 in (7.14). Inequality (7.30) now 
follows. 

The following lemma in an important new ingredient in proving (7.1). 

Lemma 7.32. - -  One kas the following restricted maximal inequality: 

(7.33) [[ sup [ f , K ~ [ [ [ = ~ <  C~(loglogNo)[lf[[~ f o r p >  1. 

This is a problem about positive functions and hence N may be taken of the form 
N ~- 2 k, k 0 ~< k ~< 2k o. Instead of considering the t~(Z)-inequality, we will rather deal 
with functions f taken on a finite cyclic group G - Z z = Z/JZ, where J is taken large 
enough (depending on No). The measure on G is the normalized counting measure and 

1 2~ ~{~c.~- The inequality (7.33) is equi- f .  K s is the convolution on G o f f  and ~ l a . .< s  
valent to 

(7.34) [[ sup I f ,  K~[l[~.p,o,~< C~(logk0)[]f[]T,P{G," 

The reason for this set-up is to invoke Stein's extrapolation theorem [St] according to 
which the inequalities (7.34) for p > 1 follow from the weaker inequalities 

(7.35) ]] sup ] f , n ~ k l l l , . ~ o , ~  C~(logk0)]]fl]#,~,. 

5 
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Since (7.35) weakens for increasing p, one may assume that q = p' = p / ( p  - -  1) is an 
integer. We replace (7.35) by its dual version 

~ 0  

(7.36) [I • (g~, * K~) I lq < Cq(log ko) 
k = k o  

whenever 

(7.37) g~ t> O, Zg~ ~< 1. 

Let M (to be specified later) satisfy 

(7.38) M ,~ log ko 

and put L~ ----- K ~  for simplicity. By splitting in sub-sums, (7.36) will clearly follow from 

(7.39) [[ ~ (g~ * Lk) 1[~ < C, 
~o< k<2k0 

whenever {g~} fulfils (7.37). Denote by p the smallest constant C, satisfying (7.39). 
In the sequel, let C stand for a constant depending on q. 
Expanding the qth power of a sum and integrating, we have 

[] Z (g, ,  L,) ][~ ~< 

(7.40) C Z jo (g~, * Lk,) . . .  (gk, * Lk,) 
~o< ~t < . . .  < ~q < 2ko 

(7.41) -b c f o  [ Z (g~ Lk)] ' -1,  

where (7.41) is bounded by O ~-x. 
Choosing M appropriately, we will achieve the estimate 

0.411) [[ [g~ �9 L~) . . .  (g~, * Lk,)] * (Lk, -- L~o ) IlL, G, ~< k~-' 

whenever k 0<~k x < k  S< . . .  < k ~ < 2 k  o. 
Once (7.42) is obtained, write 

I:G (g~'* L~,)(g~* I % ) . . .  (gk,* Lk,) 
t ~  I 

and estimate (7.40) by 

(7.4,$) C -k Z Jo [( ~ g~) �9 L~] (g~ �9 L~) . . .  (gk, * Lk,). 

Since the first factor in the integrand is 1-bounded, by (7.37), (7.43) turns out to be 
bounded by (7.41), thus by Cp t-a.  Consequently, one gets p t< C + CO k-l, hence 
p <  C, proving (7.39), thus (7.36) and (7.33). It  remains to obtain (7.42). 
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Proof of (7.42).  - -  This is an L2-problem and we use the Fourier transform method. 
Denote gk, by g, and let N, = 2 M~. 

We keep the notation ~" for the Fourier transform on Z and identify G with the 
integer interval [0, J] endowed with normalized counting measure. 

For each r, let s, be increasing integers to be specified later. With the notation 
of the previous section and D to be specified, define 

(7.44) 1~, = 5', Z S(O) w~,(a --  O) ~(lO'(ot --  0)) ~(D -~ NJ,(ot --  0)). 
s~<~ o E a r  s 

It follows from (6.15), (6.11), (6.13) that, for some ~ > 0, 

(7.45) [ #'[L~] (~) -- fl,(~) [ < C(N;" + 2 - ' ,n  + D-I" ) .  

Since, from the definition (6.6) of ~ , ,  one clearly has 

(7 .46)  [1 ~'-l(~-~r)II'~', "< C4'~, 

there is a uniform estimate 

(7 .47)  [ # ' -~  [n , .  ~'(g,) ] [ ~< ca ' , .  

It  also follows from (7.45) that 

(7.48) [[ (g, * L~) --  ~ ' - a [ f l ,  aV(g,)] I[~.~o, ~ C(N; 8 + 2 - " '  + D-"a) .  

Observe that the Fourier transform of the function .~ - -x [~  #'(g2)] --- # - - 1 [ ~  #-(g~)] 
vanishes outside a DN~- a neighborhood F of { (a/b) ~ II ~ 0 ] b <~ 2~'~ }. 

Estimate the left member of (7.42) as 

(7 .49)  

II (g, * L~) - -  # - - I  [~-(g,)  f~,] 11~.'(o, + 
II ~ - ~ [ ~ ( g , )  n , ]  I1= II (g8 * 1%) - -  # - -a[# ' (gs )  ns] II~,,o, + . . .  + 

[[ # - - l [ ~ - ( g , )  ~ ,  [[oo . . .  [[ # - -a[#- (gq_~)  1"~,_,] [[| [[ (g, �9 I.%) 
- ~-~[a , (g , )  n.]  I I~.,~,,, 

(7.6o) + i1(~--~[~-(g,) n , ]  . . .  ,~'- ~[..~(g,) ~ ]  } �9 (/.~ - / . ~ )  I1~.,,o,. 

By (7.47) and (7.48), (7.49) is bounded by 
q 

(7.51) C ~ 4 '*+ '"+ '~-I(Nj  8 + 2 - ' 8  + D-its). 

Making the appropriate choice of the numbers s, ,~ log k 0 then allows the estimation 

("/.52) (7.49) <, 1 ko q + k0O. (N2a + D_V~). 

By the remark on the support of the Fourier transform made above, (7.50) is clearly 
bounded by 

(7.53) l] #v-air-(g,)  1"~,] . . .  #-- l [#-(g , )  fl,] ]]L~o,. sup ] #-(Lk, - - / . ~ )  (~)]. 
, , E F  
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Again from (7.49), the first factor in (7.53) is bounded by C 4 ' t + ' " + ' q <  ko ~ By 
definition of F, (6.10) and (6.12), one easily verifies that the second factor in (7.53) 
is at most 

tN ' ]  n CNom CD \ ~ 1  + (7.54) 

provided that 

(7.55) D2q'r < No 8', 

which is obviously satisfied for D < 2 ~ .  
By definition of N, and since k 1 < k2, 

(7.56) (7.53) 4 k0C[D2 -Md + 2 - � 8 9  

Collecting estimates (7.52) and (7.56), the left number of (7.42) is bounded by 

1 
~-~ ko ~ + kCo[D -x/d + D2 -Ma + 2 - ~ ]  < ko ~ 

for a suitable choice of D, log D ,-, log k 0 and M--~ log k 0 (cf. (7.38)). This completes 
the proof of (7.42) and hence of Lemma 7.32. 

The proof of (7.2) is mainly based on L2-estimates, (7.29), (7.32) and interpolation. 

Proof of (7.2). - -  Denote by ][ ][, the t '(Z)-norm in what follows. For s = 1, 2, . . . ,  
define 

(7.57) Q ,  = 2~ 

(7.58) ~ ,  = { k  e Z  I 4 '< k <  4 '+1 } 

and with previous notation, let 

~  ( . ,  . _  
for s'~< s, k e ~ , .  

I t  follows from (6.15), (6.11), (6.13) that for s'~< s, k e~Cd', 

I ~ [ K ~ ]  (=) - a, , , ,(~) I < 2 - " ' "  (7.60) 

and by (7.13) 

(7.01) II ~- ' [n~, , , ]  II1 < c. 

Fix 1 < Po < P < 2. I t  follows from (7.30) that 

(7.au) II sup I ~'--l[~-~k,#' ~ f ] l  I1~o < c I lf l l ,o .  
k 

For k ~ Of,-, write 

f ,  K~k = ~ '- ' [D~,,  o~-f] + ~--1[(~,.~ _ n,,1 ] ~-f]  + . . .  

+ ~'-'[(~)~.. -- n~.._,) ~-f]  + [ ( f ,  K#) -- ~--'[n~.0 ~ ' f ] ] ,  
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so that 

(7.63) 

By (7.62) 

(7.64) 

sup i f *  Ks, I ~< y" sup 1o~'- [( ~,,,, -- a~, , ,_,) ~ ' f ] [  
k ~ k>1 4 ~' ' 

+ ~ sua.P [ ( f *  K2,) -- ~ - , [ a , . . ~ / ]  I. 

l[ sup [ ~ - ' [ ( n , . ,  - n~..._~) ~ f ] [  I1,0< c Ilfll,0 
k/> 4 s' 

while by (7.33) and (7.62) also 

(7.65) I[ sup ] ( f *  K~) -- ~ -~[n~ .~  ~ f ] [  [I,o-< C.s Itfil,0. 
kEars 

Our purpose is to interpolate (7.64), (7.65) with better t2-estimates. Using (6.15), 
estimate 

[1 sup [ ( f .  K2, ) -- # '- ' [f /~, , ,  ~ - f ] l  112 < 
k~ 4 s' 

(7.66) C Y. 2 - k ' , + l l  sup [ X 
k>~4s' k>~4 s' 0 ~ r ~ 0 '  

where ~b,, N is given by (6.7). 

i t2  . o~--~[hb,,=k.o*'f] -- # ' -  [ k.,, # ' f ] [  [Iz + 

Z I[ s u p  I '~ : ' - l [d / , , e J , "~ ' - f ] [  []2, 
r >  ~ k 

By (6.28), the last term of (7.66) is bounded by C.2  -~  [[f[12. 
Write 

a ~ . ~  Z + , . 2 ,=  

(7.67) Y, • S(0) wsk(a -- 0) [~(Q~,,(a -- 0)) -- ~(10"(~ -- 0))] 
r~<s' O~a~r 

qlQs' l~<a~<a _ . _ _ _ _ _ _ _ _ q  " 
q ~ f  2 J' * l {a, q ) ~ l  

There is a uniform estimate on (7.67) for k t> 4 ~ by 

(7.69) C .4  ~ sup [ w~k(~)] < C2 -k/2 
I~l > Q;,t 

in view of (6.13) and (7.57). Thus (7.67) contributes to the maximal function for at 
most C2- ". 

As was done in section 6 to prove (6.28), (6.29), one estimates the maximal function 
contribution of (7.68) (in t ~) by C.2  -v~  

Collecting estimates yields the bound C. 2-  v ,' on (7.66). Hence also, by subtraction 

(7.70) 

while 

(7.71) 

II sup [ ~- - ' [ (n , . , .  - n , . , ,_ , )  ~ f ] l h , <  c . 2  -~'~ ] l f l l ,  
k >I ,Is' 

[1 sup ] ( f .  K2, ) -- #--x[Q,,..~'-f] ] 112,< C.2  - v ~  I l f[ l , -  
k~x- ,  
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Interpolating (7.64), (7.70) at P0 < P < 2 yields the corresponding tP-inequality with 
constant C. 2-  np ". Similarly when interpolating (7.65), (7.71), and tP-estimate C. 2-  8p, 
is found. Here ~p > 0 depends on p 2> 1. Substitution of these bounds in (7.63) yields 

II sup I f ,  K~k ]ll,  C Z 2-8P*' + C Z 2 - n ' ~  C, 

completing the proof  of (7.2). 

8. Integer Parts of Polynomial Sequences 

Consider a polynomial  with real coefficients (d >/ 1) 

(8.1) p(x) = b  o + b  1 , , +  . . .  +b~x ~, b+>O 

and for a given DS(~,  ~ ,  ~t, T) the averages 

1 lq 
(8.8) As f =  N Z T t ~ " n f  

r  

where [y] stands for the integer par t  ofy.  Here we l e t f  be of class L ~~ (fl, tl). In  proving 
the a.s. convergence of (8.2), one may  assume at least one of the coefficients bl, . . . ,  bd 
irrational. Otherwise, if b j =  (a/q) (l<<.j<~ q), write n = m q + r  ( 0 ~  r < q )  and 

Az~f = _1 Z 1 Z T 'x '= ' (Tt~ '" f )  
qo-<<,<~ i q  -x =<.~-t  

where px(m) = p(mq + r) - -  p(r) has integer coefficients. The  a.s. convergence of the A ~ f  
is thus implied by Theorem I of this paper. 

Assuming that  bl, . . . ,  bn are not all rational, the sequence 

{p(n) -- [p(n)] ] n = 1, 2, . . .  } 

is uniformly distributed in [0, 1]. Fix ~ < 0 and consider the function v = % on R 

Set 

1 
(8.3) X ~ f =  N 

0 6 I-6 1 

Y. Y. - m) T ' f .  
�9 --1 m E Z  
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Clearly, invoking the uniform distribution property,  there is the pointwise inequality 

I l f l l ~  
(8.4,) [ A ~ f - -  -~fl -< ~ ~{ 1 ,< n ,< N [ dist(p(n), Z) < r },< 3r Ilfll= 

for N large enough. 
Thus,  it suffices to show the a.s. convergence of (8.3) for a fixed s > 0, assuming 

f e L~(~) (the hypothesis f e L ~ is only of relevance when replacing A s f  by A ~ f ) .  
The  proof  of this uses the same method  as in section 6. The  relevant exponential 

sums are given by 

1 E Z 'r(p(n)  - -  m) e - ~ ' ' * '  (8.5) ~'[K~] (=) = ~ . <~  , e z  

= X ~ ( k - - x ) {  l ~ e ~u~-~' ' '" '} 
kEZ N n~<N 

where 
1 

= - -  Z Z "r(p(n) - -  m)  8~,,,~. (8.6) KN N .~<s =ez  

Let q~s(~) be given by (5.1) 

1 
~ ( ~ )  = N .X=~ ~ " , "  + ~ "' + + ~"~'. 

Then 

( 8 . 7 )  �9 -~'[K~r] (o~) = ~ .~(k - -  o~) ~,~,~-~,~o o~r,(bx( k _ oO ' . . . ,  ba(k _ oO). 
t,.EZ 

For k e Z, define 

(8.9) 

aj (mod 1) = 0 ~ [0, 1] I b,(k - 0 )  - 

where (q, a l ,  . . . , a a )  = 1 a n d  2~ q<~ 2 '+1 } 

and for 0 ~ ~ , .e ,  let, with the notat ion (5.10), 

( 8 . 1 o )  s (0)  = s(q,  81, . . . ,  a~). 

Define also, with the notat ion (5.11), 

( 8 . 1 1 )  w~(~)  = v ~ ( -  bl ~, . . . ,  - b~ ~). 

Set further 

(8.18) +,,k.N(~) ---- 2~ S(0) w~(~ -- 0) ~(10' ba(o~ - -  0 ) )  
0 Egta, k 

( 8 . 1 a )  + , .~(~)  = y, ~(k - -  ~) e ~ - ~ ' ~  +,,~,~(~). 
k 6 Z  

Observe also the decay property 

G 
(8.8) I ~(x) l < I + czX~" 
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Notice that  different elements of ~, .k  are at least 4 - ' - 1  b~-l-separated and the sum- 
mands in (8.12) are thus supported by disjoint arcs in II (not necessarily centered around 
rational points). 

Using (8.8), one then has the analogue of (6.14) 

(8.14) 1 5 [K, , ]  -- Z l <  C . N  -8,. 
m~>0 

We leave the verification to the reader. 
Proceeding as in the proof  of (6.28) in section 6, one gets 

(8.15) II sup I ~--1[+,.,,++ ~-f]  [ I[~< C(l~ [ ~ . , k l ) 2 2 - r '  I l f l [ ~  Cs~ 2-  "" Ilfll~. 
NEZa 

Hence, by (8.8) 

II sup ] ~ - - 1 [ (  y, d?,,t+ )  rf]l 
Nezx ~ 1 

c Y. k s 2-8'~ < CIIfll2 

yielding the maximal inequality 

(8.16) II sup ] "~++fl II,. ~< C, Ilfl[,.. 

With this information, the proof  of a maximal variational inequality (6.31) is essentially 
identical to the argument  given in section 6 and will therefore not be elaborated here. 

This completes the proof  of Theorem 2 (for L+%functions). 

Remark.  - -  The main additional i tem in proving the L'-version, r >  1, of the 
previous result for sets A = {[p(n)]} is a more detailed analysis of the approximation 

of A N f  by At+f, based on rational approximation of the coefficients bl, . . . ,  b d of p ( x ) .  

9. F u r t h e r  C o m m e n t s  a n d  R e m a r k s  o n  A l m o s t  S u r e  C o n v e r g e n c e  

(1) In [B3], the author  considered the sequence A of pr ime numbers  and proved 
that the averages 

1 
(9.1)  A N f - -  Y~ T " f ;  A~r={pr imes~< N}  

converge a.s. for f a function of class L 2. Setting 

1 
= - -  ~] (Iogp)~(~}, ( 9 . 8 )  Kt+ N ~<N 

l~ prime 

it is well known that  

~(q) 1 ~ e2~(~_]) ) O(e_r ( 9 . 3 )  ~ (~) - -  q~(q~ N (k=l  y' + 

for [ 0~ -- (a/q) l < (log N) ~ N- l ,  1 ~< a ~< q, (a, q) ----- 1 and q < (log N)~. Here ~t denotes 
the Moebius function and q~(q) the number  of Dirichlet characters to the modulus q. 
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Prior to this work, it has been shown in [W1] that A s f  given by (9.1) converges a.s. 
for a function of class L', whenever r > 1. The argument is based on special properties 
of the expression in the right member  of (9.3) and does not seem adaptable to the set 
of  the squares for instance. The reader will easily check that the method described in 
section 7 of  this paper applies equally well to the primes. 

(2) Both Theorems 1 and 2 of this paper generalize to positive (not necessarily 
invertible) isometries on L', r > 1. I t  was indeed pointed out in section 2 that this situation 
reduces also to the shift. Thus in particular, one has the following generalization of the 
Riesz-Raikov result (cf. [Ra], [Ri]), where p(x) = x: 

Let p(n) be a polynomial mapping positive integers to positive integers and f a 

function on the circle H of class L', r >  1. Then (lfN') Y~ f(2~")x) converges a.s. 
X~n~<N 

to_ fnf. Recall in this context Marstrand's counterexample to the Khinchine conjec- 

ture [Ma], according to which there are bounded measurable functions f on II such 

that (l /N) ~] f(nx) does not converge a.s. 
I ~ N  

(3) Let T ,  (n = 1, 2, . . . )  be a sequence of commuting positive isometries on L2(tz) 

and define A N f = (1/N) Z T ,  f .  I t  follows from the results of [Bs] that the following 
n~<N 

property is a necessary condition for a.s. convergence of A~f ,  N -+ oo, even restricting 

to functions f ~ L ~ (~z): 
For each 8 > 0, there is a bound C(8) < oo on the S-metrical entropy number  (in 

the sense of section 3) 

(9.4) Ms( { As f [  N ----- I, 2, . . .  }) < C(8) 

of the subset { Al~f} of L~(tz). This bound (9.4) has to be uniform when f ranges in 

the unit ball of  L*(~). 
As pointed out through several applications (including Marstrand's example men- 

tioned above) in [B~], the previous criterion if often effective in disproving the a.s. conver- 

gence of such averages. 


