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Abstract

"o estitnating survey popoldalion tolils wilh dircct responses, vee of QR-prediciors maoti-
valed by postulated linear regression medels and their asyvmptotic design-based analysis is
rapidly breoming commen. Thair cxtension with randomized responses, to cover schieiee
issucs, @ dllustrated providma asympiobeally apemal predicior: alome wilh varianc: -
tirmalors. Canct Jdesign unbigsedness reguirement is replaced by avmplotic desizn unbisedness
TwsLrlglion,
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1. Introduction

We consider a survey population U =1L .4, 0 V) ol % mdividouaks beanng the
unknown values y; of a stigmatizing varigdble v Weiting Y for sum over (1o L) 1o
gstimatz the total ¥ = %y, a sample s of distinct units, # in number, is suppaosad to be
driven wecornding to g dasign pwith prabability pis) and positive inelusion prohichilit-
fes s, . f = Lo Y Supposimg an auxilinry variable x wicth known positive vadues
xoowilh g tolad X 15 available, o practice 14w assume plavsabibity of the following
ondel” A7, sav, lor which we may wrile

e o R R L [, (3 i1y
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Here ft is an unknown constant, g are random variables with model expectations,
variances and covariances, respectively, as

Em&:é] =S ﬂ- Vm{{:r‘} = 'T.':n (1m|::'!:i-':‘i::| — i ?‘}:.

Forstmplivily, oceasionally we shall woke g — fx,. Wnling E (V) us design expoecla-
tion [varianceh operalor, ¢ s an estimalor for ¥ oand demanding

L=, (1.2}

procedures for choosing (p.t) o contrel E, 1500 and their medifications, when
tandormized responses {RR) rather than direct responses {DR) are ooly available, are
well kiown to have been documented in the literature. Ome may consult for exnmpls,
Cassel et al. {1977, Chawdhurl apd Vos (19880 and Chaudhuori and Mukegjee (1335,
An alteroative approach is to replace (1.23 by a requirement of “wsymplolic design
unbiased’ (ADTU-ness of an estimator ¢ demanding

limEir=T (L3
and 10 be malividled to seek g slralesy (porso as Lo contrel Lhe magmitoude of
lim &, ot — Y2, (1.4}

Ihe concepns of AT I-ness and Lim £,(+] will be briefly indicated tn Section 2 below,
following Brewer {1979 In what follows, our plan is to extend this approach,
glaborately narrated in the recent ook by Sirndal, Swensson and YWretman {358W)
{1992) to the case when instead of the DR p;, only BR. say. r; 15 available lor i in 5, Tn
the sequel, we shall derive results concerning appropriate astunators lor ¥ based on
(8,01 =5 Their corollaries covering estimators based on (3,17 € 51 will emerge as
new resulis about DR not vet recorded in the hterature. So, this paper presents new
optimality results covering RR as well as DR, This is achieved adopting Brewer's
(1979 asymptatic method, ¥uriance estimators tor the former are derived and noted
Lo colncide wilth the corresponding omes already wvatlable Tor the batler when v, are
replaced by 5, e s

Following Chaudhuri and Mulkerjee (1988), we assume that devices are avaitable 1o
produce »; independently of ¢; for i £ ], satisfring, saw,

Eplrd = 1. Fulrh = '15}:51 + iy + 0=, [1.5]

with known constants x, J, 8.0 = 1. ..., N, By Eg, Vs, Or we dencte the oparators
for cxpeotation, viriunes and covariynce with respect to randomization experiment,
Chaudhur and Mukerjee (1988) alsio guve an cstimator for F, as

i @ %
Vi= e [z, + fler, i) (1.6

satislying E Pl = F.ics provided 1 + o, £ 0,
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Uhe celehrated QR-predictoc for ¥ incroduced by Wreight (1983 and furcher studied
by Sarmdal and Woght (19584 and S5W {1992) bysed on DR =

vor — Xy | ¥Ry Xifigl- (L7

We write ¥ for sum over [ in s and

fo™s 2,

£:0 = and R&; are constants, [l
Eater we shall write 33 Tor sum over 0§ {07 §1in L5 and 2% Tor thal in s,

Corresponding 1o uny csimalor ¢ ot ¥ obused om gy, 78 5 we shall comsider an
culimator for ¥ based on KR as # which is ¢ ovialualod with each yoinoe replaced by r |
ri s The RE-version of rgy will be denoted by oy Following Sdmdal and Wrighl
19641 we choose £, R, subjeel o

| — R,m

- — a eonstant for each §om L, (1.5%]
£mx

tir gnsure Lhad Tim E (7 ) — ¥. This also ensures that im B legul — 5 7.
First we shull derive 2 lower bound M (R, sav, lor MiRY = lim £ ¥, £ de - Y¥
with ¢ subjecl 1o

lim I de) — Fr; (1100

and shall lastrare chivce of G4, 8; Tor which “this bound will be attaimed” for e as vy’
arrespective of Lhis values of fo. @ Then, analogoos W Lhe variance catimators foc
fop piven by SErmdal (1992) we shall propese two varianee esiimators lor ey based on
a fixed-sice destgn and show them Lo swilably match when y and r, are inerchangec.

2. Asympratically optimal QR-predictor

We shall adopt Brewer's {1979) approuch in toto in our asymptotic analysis,
Follawing him we supposc that [0 dv reproduced T (=10 ames  yielding
irpy—id w1, o L 1 d = 1IN 4+ AL the onils (G — LA 4+
lar = I ... ¥ wnd fixed @ being the sume lor respective 5 — L& Consequently.
Voionwep — dlorevery f— 1o T for cach espectve § — L N Toom cach T )
a sgmple 15 then drawn according o p independently® for every j= 1, ... 1. The
sumples 20 drawn are umaleamated inwo a pooled sample, say, 5o which has a size Tw.
The laler is in fact drawn bromm the population Ly — 000, L)L LT of
siae T'W. The seleetion probabelity ol & s, sy,

pralhy = plstt ) = prisc),
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pr denoting the resnlting design. The inclusion probability for every (j — 1IN +1
obviovsly equals m forevery f =1, ... . T forafixedi({=1, ... . N The{a} identity of
{(j— 1N - i with i for every j=1, ..., T for each separate i {=1, ..., N} and (b}
Sndependence’ of s{j1 aver j= L..... T are the two crucial assumptions in Brewer's
(1979 approach. The tatal of ¥ based on Upis ¥ — ELI{ELI}:U— uyx-d=TY. I
t — tls), say, mased on {588 i imended to estimule ¥, then t{sy) based on
{553 7 2 530 should be a natural estimator of TY. Consequently, if far g,

i :
lim Epr (T f5y) — Y) =1, (2.1}
LS i )

written, in brief, as
limE,t — Y)=0,

then such a ¢ 15 ADU for ¥,

The above limiting operation is analagously defined for an estimator ¢ based on RR
and is convenienily applicabe making wse of Slutzky’s theorem, vide Crameér [1946) in
easily deriving several asymptotic results llustrated below.

Following Brewer (1979 again. the limiting design-hased mean square error (M8
af ¢ as an estimator lor ¥ will be taken as

| ;
imE{:—¥)* = lim Eyr [? (tisr} — mﬂJ :

It is worth noting that Y7 = F(T ¥/ + T 10 = 1Y Further, we follow Brower
(1979 to define

1
imE ELlr Y — lim EprEn L,u(sﬂ — Y-;]l—‘
=
and exicnd this Bkewise to the defimtion of
|
_'MER':' = ].j.ﬂ].EpEm.L'.:Rl:L': = F:Iz' = lim .L'.Illlr.L'.ImER |:? :.ﬁf.\']:l = ..l:-] :|1:|
I rr

Chaodhurt and Stenger (1992) discuss how, with Brewer's (1979 approach above, an
eslimator ¢ which is ADU for ¥ =lim E (1) also ‘converges in probability’ to
Terny L0y, This lucilitates application of Shutzky’s theorem concerning well-behaved
functions ol (s, ¥ i€ 8] and {5, r,|f = 5}

Essentially following Godambe and Jfoshi {1965) and Godambe and Thompson
{1977) e get, wssuming that E;. Ep, Ey commute and vsing (1.5) aod (1.10),

M{R)=1limE,E Ezlv — ¥)?
_limE,E Exle — Enleh + (Erlih — EnEpiel
~{F,Fylet E,Y) (¥ -E,TYIT®
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= lim £, £y Vgle) + lim E, Vi Epfe))
+ lim E, [ EnEgfe) - E, Y17 — V[¥).
Let ¢ — ¥ir/m) und b = ¢ — & 500 1hat
mE b — 0.
Then,
Hm &, Vle) = Um ELE, Vylé) + lim E, E,, V(A
lim £, V[ Eg(ehh = Tim E V(ER(21) + lim £,V {FL(h)).

Eqs. 12.4) und {2.5) follow Trom {i) and {ii} belaw.

m.
'II.

= EglimE, [h yh "L"J

By = £y . - = . = I’If :I_
[ m £, Crié bl = lim £, £, [ftl' {r— l

Fis
=

= Eyu

im £y im £, 0 O ‘_}J

applying Slutrky™s theorem
=11 by {23, and

(i) lim E,C [ Erlé), Exlh)] = lim EE,, {Hﬂ Y [ ¥ : i)

= K, limE, [1:3{!:] yo e r'[

=L, [ imE (Eqhilim L, 3 e — gl ‘

4=

by Slutzky's theorem

= L | ExlimE h)lim £, Y

=0, hy(23),

Ly — )
i

Sa,

MIR) 2 lim £, E, Vyle) + im E,VlEgd) V(¥

b
|I.I

K (V) : o g 3
B oI R (1 ! ) X [L 1) = MalR), say.
| ;

BT

(1.2

(2.4

(24

[ ]
n
—

[2.th}
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By an analogous analysis, for £ subject to (1.3} it is easy 1o nole the corollary to (2.4)
cancerning ¢ that
My =lmE,E,. (i — ¥)*
. " k Wi
=Y om0 [—— ])Tzzfr,-_r-(¢— ])
W 3 /
— M0, suy. i)
Referring to Scclion |, we have
-Em-EREEDR} = EHI{Y}! {2?:'

(X —T'Rox) x.g} W

Vo E
E, 'rl- Ql’

(X —% Rix;my) P ; s
W-’HQ.} Bk (2.5]

lim E,Ey Fultign) = Elim E, ¥y [Z' JER:- |

=X"'Ei K, +

lim £, Vol Epeqge) — lim B, Voltgn)

v - (}a sl RL_-E_:”‘_’E) xiQiJz ot
s s

1 X TR
+2XY |:H,- = (,__l—x) -\'iQi:|

= ER,‘X{E{ i i

Lt B = |fm moege with O (=00 arbitracy as belore. Such ar agp will be denoled by
¢ Then, neing (2.2 and (2.7—(2.9) 11 follows that

lim £, EnErleg — Y1° = Mu(R} (2.1
Thus, for any ¢ satisfying (1.10), including enp subject to (L9,
lim £, £, Egle — ¥§ 2 lim £, E, Epleg — FY.

S0, whalever design p may be cmployed. an ‘asymplotically optimal’ prediclor or
estimator for T under the model M i3 e which is eqe with K, = 175, and (3, as any
positive constants, The corresponding ige, to be written i 5, 1s called by Sirndal (1930)
the geperalized repression (Greg) predictor and its BRI version & may also be so
lubelled. 1L may be noted thal T £, = 1m0, L 1s called Hajek's (197 predictor
and foe O, =01 — a0/(m x), e 18 called Brewer's [1979) predictor. The latier is alse
identical with top with B — L O = {1 — &)/ (mx) As a corollury to (2104, it follows
with an analogous analysis that

lim F E ity — Y )7 — My, b}
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['hen, combaning (ad and (1), for any @ wheh s ADLU Tor ¥ oonder 3

I

M —limEEdt YY =Y af fl I ﬁ+ T ( :T: sl J

—lmE,E,lts - Y1

a result not yet recorded in the literature,

3. ¥ariance estimakion

£

(113

Iora Gireg prediclor £y, wn approsimale varanee formaula usimg  Uaylor's espaasion

was piven by Sdrndul [1982) s

S
K

Ty m Y X 20 A,

Y4,

V- .
7 i =i

Here B, — v wRy By —
calimuators [or 1L us

L A, " T
e g u;—'—La.—J . k=12
& P = FHT L 3 i & o J
heve o =3 wifl o= a2e=1 (X Y ndmdh [N TN
proximutely cqual to Eftg Y17 Motivated by 1hese we may wrile
Crax ) o
flglry — alrl = fiale),
e ¢
| A elrd e [r%?
424 R U g o L 2
tit =, T8 ( L ) R
Let us note that
) ; - O b+ O o0
Entert — eleyfrh — e — Wiy — | Simp = = gy

- Foosaw

hence d;; — Lifi — jand &; — 0if I £ 7. We shall write Fy,
the latter throughout by ¥, f:’j.

Theu, B Enlee YV - Edte YF I E, [“j"; Ifl|
LTS
.'H--'-'\':|
vl (e)

|
.E'R-L,;-kf.lj—.!m+21 3 nu

z““.. z r"ﬂk-‘ - ':-'_.'
(" ) .F,g;' -+ [ J) Jr” zi'ftl'a:c_i o
) T

Al

-, for F: s an replacing T,

in

r He alue pave two

I s ap-

I in
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brom these we prapose two estimatars, for £,Egie; YR, a proposed measure of
error of & ws an cgtimalor of ¥)oas

e ] “ .|Iz'1£- ; {,f_l- 2 -~ 0L, zﬂ.
o= —3 10y 2| () 2o (2] 5
- iy “E LY

F. T
—lﬂuﬂur;;:|+2'(a2:) Vi k=1LE (3.4)

¢ ILy i

If v, i € 5 are available, then v {r) reduces 1o v, on substituting y; tor r, | £ 5, and ne
new formula is required. This facilitates computer-based caleulations.
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