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Ahstract—For finding the shape of a planar sct, Kdclshrunmer, Kirkpatrick aned Scidel introduced the coneept of
re-faelle ws i natursl grenemabization of conves hulls. While e o-holl 5 eleramt und efTcient o compae, it sall
sullers Moo 4 mdger diawkack Le, the single parameter. namely o, must pevertheless be tuned, This paper deals
with finding a way tn nvercome this drawhack, e we proposcd here i sclectinn coterinm of e for o-hnlls
comesponding tn a peint set in B2, The selection eriledon of s based on the concepl of minimum spanming
trees and cercain existing resulis, The effectivensss of the proposcd selection criterion is dewonsteated on
some artificially gengrated dats sets. The convergence (with sample sizch af the o-hull, based oo the
propused selecovn coledon Doe o, 1o the origindl patteen ~1=<2 has also been verified wsing syomneloic
differenes. the Hawsdorff mceric, snd & simmlarity meteic. :

Shape csrimarion Convex hull a-hull

1. INTRODUCTION

An impoctant problem in pattemn recogniton is deter-
toimny [he shape nf a pattermn class from its sampled
points. Once the shape is computed, some salicnt Eeaturcs
of the class can then be extracted which are usefal in
making decisions ahoul a course of yclion (e, idsol-
fication, classification and pattcm descrpdon) to be
taken tarer This will also redoce the storage requirement
of the complete pattern class,

It may be noted that in most of the real life pattern
recugnilicn problems, the comple descriplion of 3
pattem class is not known. Instead. a few sampled poings
(raining samplesy ars usnally availahle which are as-
sumed to represent the class, Henmer, determiining the
palten class wnad s shape From sampled poines (e, o set
of maining samples) is cxtremely vscful,

There are varions approaches described in the litera-
wre for Jetermoining the shape of 4 palem ¢lass rom
sampled points."*~* Many of these approaches are con-
cernedf wilh (he etficient consteuction of consvey hulls tor
4 sct of pointz in the plnc Tarvis'" proseals soverld
algorithmes based on nearest neighbors that corapute the
shape ot a finie point sef. Akl and Toussaine™? proprosed
a4 wiy of constrecting a conves hull by ideatifyving and
ardering the extreme prints of a point set, and the convex
hull serves to charactenze (in o wugh way) the shape of
such a met. Fairfield™ has put forward a notion of the
shape of 3 plupar set based on the elosest point veronos
dingrim ol the sel,

A very clegant definition of the shape of a planar sct
was introduced in 1983 by Edelsbrunner o &f "™ ‘They
proposed a nataral penerslization of convex hulls which

* Aathor W whom cotrespondence shuuid be wddressed.

hdintmum spanning troe Ciondnouy of tit

arc referred to as a-fwfls, The o-hull of 4 point set s
haserd on the notion of generalized dises in the plans. The
family of a-hulls inclodes the smallest eoclosing circle,
the set itself, and an essentially continoous sec of en-
closing regiens in belween Lhese fwy extremes,

Edelsbrunper ef of™' alse define a combinatorial
variant of the re-lufl, called the re-shepe of a planar
sel. which can be viewed a5 the boundary of the o-hull
with curved edges replaced by straight edges. Unlike the
Tamnily ol ce-bwlls, The Lanily of distiool c-shapes hus
orly finitely many members. These provide a spectrum
of progressively mote detailed desenptioms ol the shiape
of & piven puint sct. While the a-shape (hull) 1y elegant
and efficient to compute, it s61F suffers from a meygjor
drawback, 1.c. the siogle parsmeter, namcly o must
nevertheless he maed. In this connecticn, we aomld like
e mention here that Woming and Smeulders' ™ inro-
duced the concept of the ex-graph to find the shape of a
poanl sel, Rul they did ool pruvide any cibedon (o decide
the value of o,

‘This paper deals with finding 2 way to overcome Lthe
uferesanl drawhack, In other words, we poopose bere s
simple way to tunc the parameter o of c-hulls (e
selecting awtomatically the dght value of o Bor o poinl
sct in [, The proposed sclection criterion of « is based
on the concept af Minimum Spanting Trees fMST}”"m
und eertain cxisting results. Experimental results are
shown o demonscrate the effectivensss of (he seleciion
criterion. The converpence {With sample sieep of the -
bull, hazead o the propesed seleclion colenion for o, o
the wmignal pattern class his also been verificd nsing
symoncimic difference, the Hansdorff metric, and 2 sini-
larity metic.

In Becrion 2, soime basic comeepls are provided which
are uxeal Tater 1o justify lhe selection procedune. These
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inchude the definicion of a pattern class, a description of
cr-hull ymid MST. Secion 3 deals with the progeosed
scloction procedure of o dor o-bolls alonyg with s
justification. Experimental resulos along with verification
ul the vonvergenee property are provided in Section 4.
Scotion 3 deals with the conclusions,

L SO BARIC CXNCEIM TR

This paper dedls wilh Onding the “mght value™ of o
using M1 for determining «-hulls. We shall be dealing
unly with the sels in B Thus il becumes necessary 1o
define tormally the collection of subsets of B {pattern
clisses) under consideralion in the presen investigalio,
It iz also necessary to mention here the basic concepts of
te-lulls as well as the MST. These are fornished hae.

2. 1. Patrern clasyes

Generally, we-lmlls need o be constructed for finite
point sets which are subsets of B, The a-hulls of finitc
pnl sels mve mise Lo meeions in B2 These rEgions are
called pattern ¢lasses here. A formal definition of pattcm
clisses in 6 is given helow,

gfinition 1. A set & B2 s said o e a patern
class™ if
{1 = is path connected compact.
{11} cNInWo) —f @] means gfosore, Int means
Ineerioe].
1) I 1% pach connected and
{iv) A§a1=0 where b= ™ 1} und A is the
l_ebesgue measure on o
The relevance of the properties ()-0v) of Delimition |
iz provided in reference (B). Let B—{.+#: of satisfics
Definition 1}, Fis the colleclion ol ull classes in 92, Any
F B is referred to as the partern class i 1%,

22 we-hully

Conceprually, ar-hul 5™

hulls of 4 plunar sel &

are a peretalization of convex

Peftnition T [et o be a sofficiently small buc other-
wise arbilrary positive teal, The c-hull of %9 is the
inceraection of abl clored discs with radius Blec that
contain 4ll the points ol &7

Definition 3, Tor arbitrary negative reak rx, the r-hall is
defined as the intersection of all closcd complements of
discs fwhere these discs have radii —1/40) that contain all
the poiots of &, i,

o=l of 2F — ez w30 00,

where Dixr)y 1s an vpen dise o madivs roand center ac x,
and r——( 1k

The w-hualls with positive real o Cax defined o Tehni-
tion 23 arc referred to as the positive a-hulls, Oo the (dher
hanod, the oc-holls with aeeaave real o (w5 delimed in
Definition 33 are referred 1o as the negative e-tulls, Mo
that the (1-hull iz the wsval convex hull of the poinis. To
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bring the positive «-hulls. negative o-bulls and 0-hull
under a single definition, Edelshrunner et ol ™ intro-
ducesd Gy Turmshed below) the notien ol generalized
discs.

Definition 4. For arhilmury meal valoe of o, 3 seneml-
ized disc of radius 1/ s defined as follows:
(W al o =i 3 g Cstenderd) disc ol oadivs L
(iiy if o < (it is the complement of a disc of radius
—Live, ymlt
(it} if ¢ — (0, it is 2 half plane.

Definiion 5. The x-hdl of a planar set ¥ is defined as
the imlerseciion of ull closed generalieed dises of mdios
1/ that contain all the points of 27,

Thus. we have o laonily of ee-hulls for o rmging [man
—ux to oo, This family includes the sooallest enclosing
cirgle ol 2 | when rr— 1fracdins( 7], the convex hall ot 2
(for a—0), and the set 57 iself (for o sufficiently small}
While: (he selection ol The single pacungter v is vty
impontant for the procedure. the authors did not provide
any crlerion for the selection of e

A combinatorial variant of the a-hull, called the o-
shape of a planar set, was also defined by Hdelsbrunner
et 2l and it can be vicwed as the boundary of the a-hull
with curved edzes replaced by straight edges. Ablthough
the oe-shape 15 elegan! aod eMcient o compule, the
problem of selocting the value of o sl persists,

Mate. QObserve that if o < oo theo o-hull of L
rro-bll of ¥, gy ek Mote also that O-hull of 9, s
nething but the conves hull of &, Thus

ev-hull of &, = Convex(S5,) = 0-hmll of %, e >0,

In order W eslimake nen-convey sels, negative o-hulls
provide a better alternative than the positive o-hull, since

ee-diull of 22, O Convex(%,], Y (0

Wt arc concentrating on negative a-hulls inohis paper
hrecanse these give non-convex sets and these arc subscts
of the vonve i hall, Thus, hereatier, in this papse "' re-boll™
refers to “negative a-hull” of a set of points in [

23 Minfram ipaRRripg e

Before eoing to the delindlion of minimum spanning
tree, ™ some terms of graph theory are reviewsd. A
praph consists of 4 sel of redey amd 2 sel of nods paics
called wfges. A peetdr between twno prescribed nodes is an
allernating sequence of nodes and edaes with the pre-
scribed nudes ax sl and Last elements, all other oodes
distinct, and ¢ach edpe linking the (wa nodes adjacen o
ic it the sequence, A cormected graph has a path between
any two distinet nodes. A cvele is a path beginning amd
ending with the same node. A Spansing free §5 a con-
nected graph covening all the points and having ne cycle.
Masles [zl there i5 2 unique path between every two nodes
in o Rpanniog fres. Al edpe weiphied spanniig free is a
spanning tree with a real number {weight} assigned o
earh edge.



Selectivn of alpla [or apba-holl in B

Definfrion & A minimum spanning es i3 3 spanmning
iree lor which the sum of edge weights is minimom.

METs have the following two important propertics that
make them appropriate for applications;

(i} they connect all of e & nodes with o -1 edaes and

(1) the nede pairs deliming the edges represeeal poines

that tend to ba close together fsmabl distance or
hsxirmilatioy

The first property [elloss the Tacl that MET 35 o
apanning tree and the second from the requirement that
the sum of the edge weighls be A manicrmrm.

n the present work, the sct of nodes consists of the
samtple points in o given set %, The weight of an edge is
comsidercd here as the Fuclidean distanve betwesn the
correajwmling Aodes. The sum of the edge weights of
MET will be relerred to ax length ol BIST umal iy will be
ncilized {as will be seen in Section 3) in our proposed
method for obtaining the value ol .

. S10 . HOTIOM O«

Weo shall desenbe in this sccion (he provedure lor
selecting the value of v for o-lnlls with the belp of o fow
theotems vl Crenander'’"? We huve visualized the prc-
blem as finding the consistent cstimuate of o sel &5

The re-hull of a planar set 2" provides its shape and it.
by defimition. is an uneountable sel, I ool only contains
the set 3 but atsn many other points in B The a-hall of
a [t sel results Inoan ancountable sel and consegquently
it prowides the shape of 27

Wi huee basicully visualized the problem ol abiaining
the shape of 7 as a set estimation problem. In the prescot
work, an unknown sel @ C s o he @stimated on the
hasis of tinieely many points X;.%5,... .. &, & &, The
delinition ol pacern class (1efinition 13 has been utilized
in this way, We shall also assumme Gt X, Xs, -0 X 15y
random sample from o following a contineous prob-
abiity e vver 8F, e 3 1w the suppor ol =

In the sbove forpmlation, ¥, = {¥, X, ... &} s u
plamar set and it should be vsed in estimating the un-
known sl .o & I Note lhat as minenesses, %7, will be
covering many parts of a¢ and thus the value of ¢ for 5,
sheult depend on the sample siee (7], 1.6, o shoald be o
function of a.

O b other baodd, the walue of o cannot be solely
dependent on the number of points » oof 5, —
(X X &K ] We shall give the reasons helow,

Lot o =010 [0, 10°]. #=[0,0] % [0.1]. Lut Ty be
a et of 1000 points dresn unifonuly from 7. Lec £ qa0
bee i st ol [CKH] poinls drieen unifonmly fmmome 3§ Then
ol that Lhe poinks dre sparsely disimbuled i g and
densely (relative to 1qppb distributed in £Fgo. It s casy
1o reulie that [he same valug ol o cunol provide good
Tesulls [or estimeling both s and %, 17 one putlicolar e
(-0 cetimaves & very closcly wsing Loy theo it 1s
likely to provvide many isolated poines for T pgq since the
infet-punin. disuances for Ty are genecally mone than
il ol £ e, Thiws, i1 1osy be uppoopoale W cionsider o Lo
b a function of oo only the nember of points (e b also
the inter-poine distances of 5, . We have considered here

el

(e Tength of MST (L) as a fuanction of incer-paint dis-
tances. Note tha § e Fo7 £ gno 33 Dess than e for 7.
The propesed scleviion prosedure Lor e rellects the
sloremenliooed iolwilice, The necessary roacthematical
results of sct catimation arc given below,

Definition 7. Lel o & [und (be confinuews probabil-
ity measere on ~F be represented by 2P (e 27 ia the
support ol o 1 T X 3 X, e independend and
identically distributed random wooters taking valucs in
Ll o he an oestimated sel oo the hasis ol
KX o0 X, Then of, 18 sald fe be a consistent esli-
mate of w«f if

Fop|Aefy HAoef) Alas e oo, {13

whaore A is the Lebesgue measure in B, £ represents
the expecatiom under the poobabiliy measors, P, und
& oreprosenmts the symmetnic diffoenee e
- R L I LA T

Remarks, The symmetne dillerense §5) belween (o
fets represents those portions which are coverad exactly
Ty one gl them ol el Both, 10 &, 15 teally o goisft
cetimasoy of .o, then the arca of the symimetic differcoce
|ie Afef Oued 1] should tend tovwards zero as o o, Nobe
thel &7 1%, 10 4 seose, o mdoro set sanoe ot dilferent
X X X o, is different. Hence the average of
Mof A e F DA, S w0 By considered im De-
finition 7 for 4 consiatent cytimatot

Thesrem 1. Lot of = B and 7, be the aniform dis
irbutiom o = lel g, 0 amd na';': »oxe 1l
Ky X X be independent and identically disoibuted
tandem vecors @mking vahies in . Ler

N b PO A 3

Then .+, is a consistent eatimate of '
FProof. It ¢an be found in refercnes o 10

Remprky, The above (eorem has been stalsd [or uni-
form distibution only, MNote that the principles for se-
Tecting <5 abive ure stated o the theorem bul ool he
cxact choice of =, It is immitively clear that for the above
staled o, =, shuauld ool oweards sero as motends oo oo,
The reatriction us — o makes o, proceed fowands zero
al a slower speed than as m—oao0 This 5 becuuse, 1
£q — Pl w higher spred, then &, iy tond towards just
the collaction of points X7 Xz, . K.l )

For practical  problemns, 1 s Fxwd  apd  thus
= (X X0 X s w fixed sol &, should be chosen
suitably for thao specific s, MNow. a3 mentionad in the
Freginning of the section, & should nel only be a lunelion
ol # tul alse the inler-peinl  distanees  belween
KKy .. K, That moans thit =, noeds wo be a random
variahle. The choice of the 8 has been soael bedow in
the foan ol a theseem.

Phenre 2 Let o CHoand X, Xa, o X, ... be
independent aml identically disinbuled mdomn vecton,
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wilh contituous suppor 2y Tt [ represent the sorm of
the cdge weights of MST of %, = {X1.X,... K}
where the edge weight is taken to be the Buclidean
distance. Lel

fin = F"r:. i

Then
(1} f,—0 in probabalily and
(30) m‘t% — fe o in peobahility.

Fronf. [t can be found in references (5,12).

Kewarks. by,s in the above theotem provide the neces-
sary seguence [or obluiming 3 consislent estimalor of 4 sel
& Note that &, > (} in probability and #f2 . 2o in
probability, Thus Theorem 1 hus to be proved with thas
medification. Mote also that # . in Thaorem 1 15 uni-
form. In practice. &, need nol be yniform. Heoos, (s
medification has been incorporated by the following
(heerem,

Theerem 3. let o CBoand X)Xz, ... X, be inde-

pendent and identcally distobuted rundom veators with
continuous support .. Let

Ay xR e X S} 4

Then ., is a consisent estimate of oF .
Hrsaf It can be found m oreference (8).

Theorem 4, Lot of £ B and 2, be the unifonm dis-
tribution on . 1et for every 2 C B,

Aoty — Mo i AR 3]

where £¥ () denotes an open disc with radius @ and
ceneral y Let A, — 3, (5,0, where p, » ase 2 oo
‘Then for any positive <, we can find a g, such tha

A, S = 1 - for sufficientdy largc n.

FPraod, Ti vcan be lound in reference (31

Nete. We wanted to take the yr, in Theorem 4 as b, in
Theorerns 2 and 3, bevause i, —0 95 r—ao0 in proh-
ability. Mote that 7,2} in Theorem 4 is nothing but the

Te-hull of

Propewsed criterion for the sefection of o, We consider
the value of e Tor re-hull ax

o= - l )
i
Ohserve that &, has been shown to give pood vesolis in
one method of sel esiimanon [Theorem 3
A solution to the problem of oblaining the contour of a
ser of points i 1" is given below:

(1) Gklain the value of e using equation () and
cormespondingly find the c-bull 0l %, — {x) 5. .. ]
@) Chrain the boondary ol the estimated see.
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I ehis secliom, we have [uroished a selection crikenon
of e [equation (6Y] for c-hulls comesponding to a point
set in P2, The selection criterion is tested with several
paumoples aml obtained wood results. The mesulls une
discussed in Sceton 4.

4. EXFERIMENTAI RERILTR AND CONYERGENCE

4.1 Evpertmenial peiales

To show the effectivencss of the proposed selection
procedure ul e for o-hulls, different possible patiem
classes were gencrated artificially and the w-hulls werc
delerimined for egch of the classes where the value ol s
were decided by the proposed selection procedore. The
obtained shapes were foend o be yuaile selisfaclory noall
the cases. Figure 1{a) and (b} show o typical pattern
vlusscs o the plance, Node that the pattem <lass shown in
Fig. 1(b} has two holes {one circular and one rectangu-
lar), whereas the other |Fig. 1(a)] does not have any hole.
Truning samples of st 200 [a3 shown in Fig, 1u) and
(b)] are chosen randondy from each of the two classes.

Ioitaally e adl thie cases, the MST of the lmamng sample
sets are obtained [Fig. 20a) and (b)] and comespondingly
the vilues ol o ure dedaded as —3.05827 and —2.738]
cortesponding to the raining point sets in Fig. 1{a) and
(), respectively, Accondingly, the c-hlls s datenmined
and ate shown in Fig. 3(g) and {b), are respectively. It is
1oy B osbserved here that the estunated classes (re-hualls)
are wodnd represcotations of their crpinad pattem classes,

4.2, Chrvergence with sample size

Convergence of the a-hulls of the training sample scts
terthe original pattern class is shown here expetimentally
as well as unalylically. Foe any shape detsomining ap-
proach based on samipled points, the acounrscy of the
eatimated shapes, o peneral, should improve with the
imcrease of the s1ze (oumber) of the sampted oo, I
will be shown in this section that with the o8 selected
from the trainimg scts by the proposed procedure, the o
hmlls alsee have this property.

An anifickdly senersted paltem elass (Cineulur Ang
shaped} with center at {2.2) (Fig. 4) has been considered
in this secpcm b demonstrate the said comvargence
property of the ce-hulls wsing the poopusesd selection ul
re. bour different scts of data arc chesen mndomly from it
with sizes 2000, K], 40M), and 500, The proposed proce-
dure imoally {inds the values of o comesponding 1o the
aforesaid four duty sers amd (hese are shown o Table |
The corresponding oe-hully are shown in Fig S0a)—{d).

N can be seen firom these resnlts that as the sample size
(r] incTesses, the eslimated classes (o-hmlls) graduaily
COTVCIEE t0 the original pabiern clavses,

‘In visualize the comvergenoe proporiy mMOCC prommi-
nently, we have found de symmetric differences of the
estimated classes or sets (o-hulls)y (Fig. Stapdy with
the oripinal pattern class (Fig. 4) and shown them in
Fig. afay—{d}. The areas under the symmetric differences
ure also caloulated (Table 1) and it is found that the area
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lable |, The moodmess of O Between e w-hulls, based oo the propesed scicetdon <ritevion of «, and the atiginal <lass in Fig, 4

Esrimated class Samqle Yuloe
[l yira I

Hig. Siul HKl 3.223%
Fig. Sih) KILY) 33043
Fig. Sl K] 38463
Fip. 5id) MK 40624

Similangy

Symmetnic Hausaler

dillerence LT melnc
1.1732 EYIL (1.5472
{0422 03264 (1.459]
07447 02511 (.3537
{16907 0.2158 (1. 2054

decrcascs with an imcresse In (e size 4l The sampsled
points.

The atorementionsd convergence propeny is also
verilied analyiically using two distance measures {ine-
i) One of ham s the [Tansdortt metric' ¥ and tha
ohier s called the amilanty melnie (Sim) thal s heen

defined recenly Iy Mandal & ab M has been shown
that e waliees o bolh the meines fund fowanl s as
K—00.

Prefinition 8 {Kueatowski' ' ™. Let . and & be owo
finite sets i 17 Then the Tlawsdorfl distance {reaesLric b
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b

I 3 fap amed gh): se-holls comesponding o petter classes in Fig L) aod (b

Fig. 4, A cicenlar ring-shaped pateom class.

hetween .« and #, dencted by Disti o A#), is defined
as

Dhist o, 3] = ma.x{mnx Az, &) max &y, ,w"J}, 7
) ) " y=a

whete

S, H) = 131.1&1'; dix ¥], by, &) — 1]'11‘:3 el w)

and &0r¥) 1s the Eoclideun thslumnee belween x und g
This distamce measure Dislof ) s waed here (o check
the convergence property smalyically, where of 15 con-
sidered s the boundary of the cstimaled sel or elass {1-
Lwll) and A 1s eonsidered 85 the bowadary of the orginal

class. This distance measute s applied on the four
cylimaled s or elawses (o-hulks) (g a3 with
the original sat (Fig. 4) in the following wayv.

The bovndury of the ring {Fig. 4) is approximated by
1246 cquully spaced poants, This sen of 1246 poiats 15
considered here as the set & Similarly, the boundary of
vach of the estimated Classes is apprordimated by a few
equally spaccd points to represent the sct 2, Thos, e
valnes of the Disc measare between each of the estimated
classes (Fig, Sa{dy snd the voginal classes (g, 4)
are found and shown in Table 1. These resalts confirm
the comvereenee properly ul the o-holls basel on the
proposed selection cricerion of e

Note thad the HawsdorlD metmic reflects the overdl]
similarity berween two closed sets. In order to incorpo-
rale the similwrily of each of Lhe glemenls of the sers,
Manda! er al”*'™ rccontly proposcd a mew metme,
named e similargty metric.

Definition 9, Let & and & be two [inile scls with £,
and 15 elements, respectively. Then a similaricy measurc
between & und S, denaled by Simi=f, 5, s defined
as

1 o L
Sim{of, #1 = — 3 iz, @)+ — 3 v, .o
bet fom 5

By =&

— Dist{af, 31, {#

"Lhis Sim metric has alse boen applicd in the same way
as the previous case between each of the four catimated
sels |Fig. S{a)-d)] and the original set (Fig. 4). The
values of the Sim measure ace shown in Table 1 where
(he convergance Propetty is seen to be verified.

Henge, the convergence propenty of the o-halls using
[he proposed selecticon proceduns for ex is established both
eapentnenially and analytically.
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Fig, 5, (a}-(d): Estimated wersians ia-hnllsh af the class in Fig. 4 hased e 200, 300, 4051, and 300 zanples.
respectively.

5 COMCLUSIONS AND DISCEISION

A decuds buys pussed since Tdelshruomer ef af !
propesad the useful concept of the o-bull to find the
Aluape (enternut] ol a planar sel. Butinthe literaiuns, there
valsts oo wurk which deals the eotenom for the proper
selectinn of (he value of . This paper finds the said
chierion hised on the concept of the minimum spanesing
free, The intuliion behiod the proposed crtenon s jus-
tified with the existing mathermatical results, Expecrimen-
tal results {alongwith the cotvergence property] o some
artilicialiy generated pagern classes are also provided to
demunsirate the wsefulness of the propased procedure in
selpeting the value of

Simlar to the e-hulls in the plane, Ldelsbromner g
Mucke""™ recently propused a-hulls for higher dimen-
sions, Probubly, u similar sclection of o (as proposed
here)y wonld be valil 1o higher ditpensions,

We have cunsderod an MST-based crtenon for
choosing the vatoe of . 'Therc may exist edber functions
bused on inler-pednt distances which muy provide good
Tesulls,

COme of the inherent observations about the «-hubls is
thar the houndary of the class is resoricted by ihe sampled
poingg. The resulting boundary mgy gl CeTIAID Megions
ul the patlern ¢lass which sre oot venfined im il by
the ssmple poinls, So, il may be noceessary to catend
the bowundaries to some exient to handle the possible
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Fig, 4. 13) 1 dk Ssouneric difforence bomwecn the estimated classes {r-hatls) in Fip. 50a) (d) and the
oriringl ¢lass in Fiyg. 4

uncovered portions of the puliem cluss by the sampled
points. Thus there s the scope of incorporating this
concepl in re-holls to detine the multivalued shape of a
peitern class. For this purpose, the theoty of fozzy sets™ !
mity bo uselul, It may be noted chat sume lieTsure
already exduts'*'™ fur determining Lhe molivalucd
shape of a pattern class.
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