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Abstract- In s article @ have gencealized 13unns indea aond the Davies Bouldin index for ¢haster valisdation
using graph seuctores, such as GO, KNG and MST. Uilike Dunn's indes and the Davies—Douldin indes. the
proposed wdices ane non sensitive oo goisy points and are applicable to by persphenical wod gtmetural clusters as
well. The retarionships beteecn varinns indices have alw been established The effectiveness of the generalized
indices and suncriority nwer sume exising cluster validily indices are established aving cight data scr.
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L. INTRODUOCTION

Ctustering s 2 part of dats analysiy which is reguired in
mny felds reluted to patecn recognition, biological
acienecs, social srieoocs, paychology, ele, Tually, based
on a similarily or dissimiladty measure, clostering
divides o given daty sel iole g number of clagses so thay
daia in a class have more similatty between them whilc
duta rom differem clugses ure dissimilar.

There are many methods for clustering ban these
methesds wre nol universgl, No meded s good for all
typres of data, nor arc alf methods cqually appiicable to all
problems. Feen the ideas behind ditferen clustering
mctheds are not (he same, The type of data neomally
determines the methodology 10 be affective.

Belore we padition ihe data s, we must know
whether there iz any cluseer structure in the data. Obtain-
ing an amswer to lhe guesiion'Ts the daws sel custer-
able? is known as assessment of clustering fendency. |f
(the putcome nl the tendency assessmenl st s silive
then only we should tov to cluster the data. Most cluster-
ing algorthims need o Koo the number of classes by
look for This 15 an unsupervised methed and in most
cases, uscrs will not have any priec knowledge about the
numibrer OF lesters present in the duia ser It may be so
that the number of classes we arc scparating the data set
into i3 larger or sialler than the acmal number of classes.
It is Jarger then oive or migre good compact clustens may
be broken. I it is smaller then more than one scparate
clusters may be merged. Thus, finding the right number
of clusters is an impoctant problem, Even when we know
the might number of clustcrs, because of inappropriate
choice of algunthnoiv parameters or wrong cheice of the
clusieninyg algorithm itsclf, the goncrated partitions may
not reflect the desired clustering of the data. The problem

* Awrthor o whom comespondence should he addeeused.
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ul chowesing Lhe right nummber of clusiers (e, and given o,
seleedng the best pastidon ure known as the cluster
validity problem.

Tre this paper we proposc seme new indives {or cluster
validation. We have peneralized Dunn’s index and the
Dvies—Boulin index. using the Minimal Spanneng Tree
(X571, Relative Neighborbood Grraph (KNG and Cab
nel Oraph (GO We use the proposed mdices Jer sclect-
ing the appropriate numbet of clusters, but they can also
b wses] for choosing the Test puriition, given o fxed
value of ¢

The mest ol the paper is ergundced s [ollows, In
Scotion 2 we  briefly  describe the  Hard  c-means
(HCI} abgoritton a5 m all our simulibon work we higve
used HOM az the clustering alaorithm. Section 3 de-
semibes some existing vlwster validity indives while Szc-
tiom 4 introduces the news indices. The usefulness of 1he
proposed indices s estublished in Svetion 3 wund the paper
iz concluded in Section 6.

L ILARTY - MEAKE ALCOBRITHM (iLCR

[ yll pur experments we wsed ihe HCM algorthm as
the clustering alporithim. For completeness, we now
prrovidke 8 bricl desenption of HCB,

Lad X = Jx.v,.0c Zab o B beoa sac of unlabel led
foamre vectars in g-space. Clusecing these veclors inte o

classes (X Xz . X, 1 mexms partitioning X in o sub-
seels &) XS, K such that
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(here 17 oceurs in the dh place) is lhe orisp label veclor
Lor laws 4, B = [wa], . where ay is the degree to which
the data point z; belongs to class & thal iz the raember
ship o g i class /. Heee s & {00TF Fome = 1 and
Lye: — kth column ot the pantition mateiy, £

The weclor Uy- — e, Indicates that the associated data
point oy compleiely bebengs to class @bl s, dall
membership 1o class § god o membership o other
classes). Hence such labe] vecrons ae olten called
“eosp lubel” vevlors and Ay, as the hard c-partition
gpace for X, In the sequel, any clustenng glyonthm A,
that can gencrate a hard partition £ My of X, will
be relemed 10 as a “cnsp” o Phad” clostering
algotithni.

The HCM alperihm generates 4 cTisp partidon
Chen Z My of X The HUM model is 1he cotsbained
aplimization problem;
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where I e M0 ¥ = Dvovg, v B the sel of clusier
CEnmcrs (prowbypes). ¥ ¢ B for 1 < <eand || ], 39
any inner preducl nuom, Opima] parkdions 07 ane tahen
fosr pairs (67, ¥ that arc ocal minimizers of . An
apprazioate seluiion to this oplimization problem cun e
found by the 11EM algorithm, which is based on the first-
order novessary vondilions for loval valrems of J) staed
as the TICM thearem.

2.5 HOM Theorem
LYY E Mo @ B omay minimize J) only i

Lol owlgs I vl

My — FoT o, T 0
01, otherwise,
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¥; 1% Lhe mean vector of the points cuerently in the cluster
i. p;1s the number of points in the fh lesier of X Ties in
equation {13 may he rosolved arbioarily. The HCB
algorithm is an eralive process which jerates through
the neccssary comditions o egquation (17 chat aemigpls wo
minimize Jp. U produces erisp pacitions of ¥ Iy assign-
ing all the membership of cuch %, 10 class § when
proly e ¥, 1% nearsst to it

Algorithon HUM (X ¢ o, Ty 4 ¥

T LT) e A S P |
Chatgrat: ¥
Hepe, X — daa to ke clustered, £ — terminating croor,

Towm — iLeration limil, A — square mateix for the inner

prudugt ogrm
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Begin Alpnrithin
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Cadewlate L with Vi and cquation (1)
Caleolate 17, writh £ and equalion {1}
EF [V, V|, %

Slop
Clse
Mext 1.

End Algorithm

A SOME CLESTER ¥ALITY METHUDS

In section 1, we informally Jiscussed the concept ol
cluster validity, Here, before describing some existing
cluster validation methuds, we forimally imtroduce {he
netion ol clester validity,

As defined ol let X — {o 0 ) L B hea
sel ol rofustury veclons in g-space, Crisp clustering
algorithms  are formally  represented  wx fanclions,
R e M

Lot £— [L[t & Mpeu. 1255 5 N be the sct of N
diflerent purtitioos af the Txed i =t X with un
algoritho £ at various valucs of its parameters. Le
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Heve |p, b oate 1he &, pardmeters of algorithon {5 For
crample.  the parameters for HCM are {0, T.¢,
[- Nl 1 |- ¥al. ‘Uhus, vsing M alporithms we can
[zasibly ponenle muny panitions, The number ol vlasses,
£, 1% 2 commen parameter of every ¢ and it exers the
gl importanl ellect on clustenng. Thos, the st
cffective strategy for clustering is o first deeide what
SECIOs 10r ber the ruse pegsonable estmate ol the correct
number of classes by choosine a O and fidng all ws
paraiieters EXcel o

Lot P— L% e Dol — 0 e, oooopa il o —
L3 v b he the set of partitions for different o
lor ulgsnifhom 7,

Our problem bene is 1o Hmd e bes) walue Tor e There
have becn several attempts 1o solve the eluster validily
problema’ 1 Kext, we brietly describe thres of ther
which will by wsed luter Jor comparisen.

A F Mefifeed (Tafrent’s Stodisie

The Modified Hubert's Statisiic (MHSTS usseeses
the it hetween a data s and the cluster sleaciure
impused by . Huobert's T statistic is the poinl seiosd
comelation coellicient betwesn any te0 matrices, When
the twor maimices ure symmeinc, 1 cun De written i ics
raw form as

[ "
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Blere # — ipy| i7 an A = proximily matns, gy being (he
cbserved proximity between the objects £ and § {e.o.
e — 1% x| in any nerm). Q=017 is the unigue
adjacency matrix of the equivalence melation nduced
on X by (£ =gy is defined in torms of any hard o-
purlitim £ of X as

o= U‘
|'_jl_.-| i l!

Hore w1 the membership of o in cliss £
[o its normalized {oma, T' bewemes the sample commela-
Lion coefticien! hetwean the entries of £ and O

Mp — My, — 1 Hor snng k.
olhereise.

Z AT 8T ey = el - i)
i, NI — [EREELLE NI R _.:_I. .| F' By :l'_l
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where M—nfn-- 12 1% the tocal number of entrics ander
Lhis dewahales surrmaation,

1 Wl I n L 1\
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=L = |
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o noeonaliees] imdexs | = J_ < 1L I F amd { are ool
svimmetic then all summations arc cxtended over all
entrics and M=’ T measures the degreg of linear
cormesporilenee hetween the enioes of A ound O A
positive value of T close oo L indicates ihar & aml )
ares (e or Tesss ) linearly comelated,

Use: of T or I for cluster validity requires knowledge ul
thedr distribution. which cun be loend by computing T or
I tor all #* parmutations. T avoid such o compttion-
ally expentive process, the MHS has been proposed
und vsed for cluster validite. MHS s Jlobert™s raw or
normalized seatistic compuig? on 2 oand Q480 The
imchices arc

Vi (o) — DEP QLR 1
— Hubhent's modified raw siatiscic.

Vi Leh — DOP, Q085000

= Hubert's modificd nommalived slaisig.

whete (. —F [L'r.:'_:ffr.l.:]=[ |1".|'|:£_I T ‘I-r-",'ll ;l: L=k it ak
vhject is m kth cluster. | v, 3|, s the Buclideun dis
tance beoween 1he cluster cenlrerds, These indices are not
defined for v—1 or e—p It has book seen that these
indices tend ho ipcresse with an incrcase of o For this,
thie value ol Fagry or Voo p s not ased oo select o rather
the: chanye in the vulue gx a function of ¢ is examines], For
will separated clusters a sharp koee is capeuted at the
partilicn C5e ) which contains (he nomber of clusters that
provide the best fit o the daa as measured by this
statistic.

H1%

A2 Puvies -Bowldin index

The NDavies—Kouldin Index (DB i bascd on Lhe
ideq that for 2 annd partition inter cluster scparation as
wedl @ o cluster homogeneiy and  compacinass
should be high, According v Davies and Bouldin,!" «
real-valued fanction & of &, s, and d, [where v, 5
arc somc nwasure of dispersion for class £ und fo respe-
lively amb of; i5 1he distance Terween the prodolypes
of clusters § and b can be taken as o vloster simi
Lurily measure i1l satisfies the following Nve comditiong

neors

LTH A2

ol H_.J._R.:,,

s Rl —th umel 0,

g if iy and oy o dy then B = K,
e 00—y vl g = s then By = Ry

e nolutonal simplicity we wsed &; {or By, 5:,48, 0

Conditions ¢y e imply that the fonction ® is
normegalive and symommetric. The simdlanly between
clusters 13 7ero only if their dispersion funcrions vanish.
I ihe distance botween clusters increascs while their
dispersion remaigs the same, then their simndarily
clecreases, I e dispersion of clustors inercases while
distance reriaing conszng, then their similarity nercases.
Mo referenee (Fp dhe dispersion s, of ith cluster and
the scparation o, becween fth and jth clasters ars defined
as

uol

- the Minkowsky g-novm for g — & 41

bor o given £ % i ahe contreid of ith class, ¢.f = 1, 4 is
an intcect and 4.7 can he selected independent of cach
othet,

The TYBI indes iy then defined as

Ry
i .-". ] 3 ':1 k)
TH el €] *'.Z.(m’al{ﬁl"‘ 137
s

where

Ry =t S

H (i}
da_r'.r

SGince the goul 1s te achicve miniameen willin-closier
dispersion and maximunl belween-clusler scpagarion,
the number of clusters « ihat minimizes Vpp g B taken
a¢ the optimal value of ¢, Mol Lhat X, in cquatinn (f)
satisfies r—o,.
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13 Bunn’s indices

Dunn'™ defincd the separation ingex tor £, a hard o
pattition of X, us

dist’X;. X,

—_— ?
M {dismiX, )} {J

¥nlel — min
A

=y

wiers
diam(X7] — may {«x, vh) aml
v eEx- :

dist(X; X} — min}_ [dfix, 227,

[ AT

Dunn proved that X can he clustered into o compact ang
well separated (CWS) c-purtition with rospeut to &
1] A TRT A '= 'I-"'r_'.I:_t.‘l:I]' e [

Intuitively, large vulucs uf ¥V comespond to peod
cloarers, a0 the number of choaters « that maximizes
Vo can be taken as Lhe oplina] vidue of e Mote that
diarnrX ) and Gis0AL XD may be severely allected by ong
o two noisy peints. Conscguently, Yniel may not pet-
Eorny satistuctorily a5 & ¢loseer validity index. This issue
his heen addressed in reforeace (6). In relercnce (6], the
authogrs bave alson peovided some genepliragons ol
Dunn's mndices (DI which drc ot a8 scnsilive as [
o naisy potnts for hvperspherical type clusters. Lo this
papel we proposc some olher peneribizstions of Vo
which are expacted to perform well tor both hypersphe.-
ual aod stoueiwrad (ke circles, shells, ele) clusiers.

Dun®™ also defined a sacond index for CWS clusters
ith

dist X, vonv (X, 0}

L In_lka?{-{diam[ﬂ:'i’ o

e

Vhicl — Ir|_'|_|r_|
i

where conv(y) is the eonvex hull of & Dunn preved thit
X can b padifiond CWS clusters af
mang -y, 1 Viiel b 1 Sinee convl§) 15 compulation-
Wlly capensive, s nol psed penerily.

il

4, PROPOSED GHATH THEOHY BARED INDICES

Drifferent eypes of poomedrie siruglutes or graphs can
be used to jmpose 2 strocture on & mullidimensional dajy
sel. The tusdes of the graph are the data peints and {he
edges reproscnl the relation between the nodes

Here fhree types of araph stroctures have becn
waed % These wre be Minimal Spanning  Trec

M. K. FAl and 1 BISWAS

{MS51), Relarive MNeighborheod Graph (RNG) and Gab-
riel Graph [045), These graphs have been successfutly
usct for clustering.” ™ We use them for duster validily,
We impuse these graph structures on the partitioned data
st to obrain information abow the gualivy of the pyrlition
ot glusters, Wi have intesboced two new indices, one of
which i3 based on DL, while he other s delimed wsing the
concept of IRI Retore desenbing the proposed method,
wi firsl intmoduce the relevant graph types.

A praph r— (V. s ou par where Vo= (v,
Uiy ooa bl 15 8 sk of vertices and £ — Jeqen, .o P
is asaeof distiner edges. Each edge e, = {1, ¢} connects
i pair of verices. A& graph 0, = (5. E, ) 15 2 subgraph of
G—(V,E if ¥2VF, FOF o wher words,
Fy — e, — feg e, e & xed 2, e85 A graph
where every wo vertices are coonecied iy called a
compleie grapth, A pathe, ey, -0 0 joining iwo vertiors
1, and ¥ 15 a4 zoquence of edpes such that any fwo
slieeessive wolzes wre wljacent. any vertex of Lthe path
is adjacent to teeo of its edges at most, x; is adjacent to the
st eclge only and v is sdjavent to the last edge only,

Minlmal Spoenning Free (NMSTY A spanning tree in a
wrapt £ 1y o endnioual subgraph connsciing all the vertices
of €. I 5 is aoweighted graph (Le. there i3 a real number
associaled with eacl edpe of £7), then the weight of the
spanming e T ol & is delined vy the sum of the weighls
ol all the braoches in ¥ In peneral, different spanning
Trees of G owilll have differcnt weights. A spanning Lme
with the smiliast weizght in a weighted graph is called a
Mimmal Spaanmiog Tree (MESTY Figure 1000 depicrs an
MST of the graph in Fig. 1(4).

Relierive Mefphfrorhond Graeh (RN, e o, & he
twir data peints. They arc connected in the RNG if

adiz,gl = manddin, Gl g, ¥E k1 kAL

whare dix; x)) is the Buclidean distance herween x; and x,.
In wiher wonds o, x ame coomecled i BMNG 0 oo other
peinit falls in LUNE[x;, 50, where LUNE(x, &) 15 the
inkcrseetion of the wao disky ol radivs e, 1 und haviag
centers at x; and x; This is the egion ol inlleenge of
RN, Figare 2(a) illustrates EUNE x40 and Fig, 2(b)
repressnls the BMO of Tz 1{a).

Ciabricl Graph (GG, The points T, x; are conmegied
in £¥E3 I

Pl gl Pl Fdilnunl Y R FLE S,

A

[

I 1. (a) Crraph G 4b) Ao MBT of praph (0
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(eh k)
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Fig. 2. 1z LUNE x,, 2. (ht KMNQT of graph 0,

(i) [1=)]

Fig. 1. ia) DISK o, x,.

i.e 1, and x; are connected in GG if no ether poinls lic in
DISK (% x;). whete DISK([x,50 iy e disk with dia-
meter o (2,40 wolered at the mid point of x and x,.
Figure ) shows DISKic, ) [ur & puir (o) and
Fig. Aih) displays the GG ol Fig. Li).

Suppose we have o daa st X © &7 which has been
clustered intor ¢ classes, X, X, , X, In order o delioe
cluser validily imdices, we need to define divmetler ol o
¢lags and scparation herween clasies. We propose to
defing these in lerns of edges of the three special Lvpes
of graphs just discussed. In the lollowing we define
different indices in tenms of GG, but the indices can
Be wrilten using BMET and RWG, as well, in a similar
MLALICT.

Let 7% —{e85 1= f <k whene £ is |Es | <ise)
bu the sct of edges of the GG computed on X,

We defene the Bameter 477 of the closter X; as

J;‘“‘J‘—m?x{ef“‘,j_ L2 by, [
The maximgum of all diameters gives the maximuwm
prwsible spread £ of all cluslers in the partiton; ie.

O - man i, L < el

Mo that for a good pedition. £ will have a lower valuc
as compared W 4 bad partition. [ two separated clusters
are merged Inoa partition, then 5 will be higher for
thar partilion. The diameter of 4 wel as defined by Dunn
is heavily influsnced by |he prescnce of aoisy poiges,
whilc the effect of noisy points on equation (9, is not
much.

We define the scparation ey — (ist{X;, X;) between
ook Clusters X; snd X, by the distance hetwean the clusier

T

b Gl of gmaph o

centers of class &anad J, e

dy = v - %, i Lh
We can now define an index of clusier validity
” i of;
lr'h'(" [ch — nun ¢ nim 2 = {1
P | Pz | maw {7

For good clusteting of X, the oumeritor will he large gl
the denominuior will be smaller, sesulting in a higher

valoe of 'Ir’ﬂ“-'}']. Thus, 4 cbiain the optimal o, we
maximize VEY with respeer to .
Similarly. we can define two other indices VEYC and
B
L"'“ as
: , iy
VI el — min i 12
# =i Ay {dk _r}
il
e " : ey
VT min ¢ min 2 N A

i

I'“El-‘ {ff:ﬁT}
Ll

Mote that VRS, V25T and VANY aie. in 4 sense, aeneral-
izativn ol DI,

Iext, we define another family of chree indices using
the paradigm of Duvies and Bouldin " Apsin we shall
imtroduce the new measure using GG, bul the definicon
codld be wrllen analogously lor the other owe types ol
graphs wlsg,

AAFY | 1he maximum Cubried edge length of cluss £, te.
Uhe eliameter of class i, can ulso be viewed ax o measure of
dispersion x; ol the ith class, ie 59 _ .
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Thus, we deting o cluster similanly mensure For tu
lusters ¢ and |, s

£
. .

A £
i 5ol ;
a o

{14}

Rn— sulistics comlimions cp-c, 82 showen below.
“Hlere RES =0 g d¥ =), rJ"-‘L' A0 el o, w0,
iEnonng thc p.ithuinglml cane of d —in

HE e &0 im0 Sl —and @™ =0

If f!:::“i — a0 amd dy = dg. then
4 1 ”:m - i e R P
rJI,,: 4 dﬂ. . o= e

s K%Y can be used as a cluster similarity measure.
Henee: she cluster validity ndux VIR cim be delined
as

(13

d(i(] + d‘?’r{‘.)

| o i
= E A e
i e i
e :
2t L] v - = SR Jer%T
Kimilarly, we can detine Vg and V5

AN Jul{NL-
i __me( )\ (L}
ST _ ST
A z mat( Y- ) ) (17

I order to cet the righe choice for the oumber ol clusters
¢, we mimimize Vigls — GO RNG MST ) with respect
Lk v
I s hoown that,”™!
SMAT = RNG - TG (18
where ¢* is the sct of edges in & — HI5T or RING or G,
From cquation (18] we can infer tha,

min {e, £ ¢} < min {e, WP min {e, & p S0
(1o

und

oa% fe; & P T Pop o WFNEL inax e, £ ™51
(2

We now churscterdse the proposed indices throogh the
following results,

Femma 1. Given a parntition with o elusters,
d:ﬁu = df\m = rI}"mT i = 1,2 .. 0

ST (21

a.T.ld. I‘:Ij(,'r - L'H'\fi _.-
FProaf. Dimneter of the class £ iy alefioed as

d = Tnan{ffj}.. S0k = E T
=01

where F—G0 ur RNG o MST.

From equation {247 we see liat,
e RN
ML

Since  FF —anwdd, 7 1030 ch
cguation (201 we find duat G599 5 ppEe

firi W e
at™ S e i — 12

agaim  frovm
S PN

Chur et result shovs the welationship between diffir-
ent cluster validity indhees infruducst earlicr,

Therem 1.
1_.-("r|." llr" REG

lew a given partitiom ol the duly s X
L:\{\T

Frogf. Sinec the numerators of cquations (117 (13) are
the same and Ty Lemma 1, UG & NG o pMET g,
cosult Eollows.

Theorem 2. For a piven pantition of the data act X,
[FLL IR .L_ﬂa_u_i - VP-TS'J'
Z Vo = e

Hesof. Since the denomaniators of equations €15) (17 are
the swme uod by Teomow 1, DFH o DRNG = phET
regult follmss.

i RESLLTH

W hve weel seven data sets X, XL, LA

X — 8™ is a four-dimensional n:.r:—4-J dutw set. It
conlgins 130 data podols. As these duta ace oblaimed I
alservatioos over three different physical classes of
[Tipweems, thae dafa set s supyaesed o contaio three clisses,
But in their numerics] representation. Lwo of the olasses
have @ large overlap while the third js well separated frenn
the wther twa, Thus, fer IRES data the number of Classes
can be taben as 3 as well as 2.

X: — CRUD-OIL " 35 a lve-dianensivnal 1p=5) dat
sel which conwins 56 points. This data ser is also
supparsed W buve thee classes. Scacterplats of every pair
ot featuras indicated significant overlaps bolween {wo
chasses. Conseguently, a clustering algorithim may fail to
exmact the clusters and the besl guess frome 2 cluseer
vulidily algoriibm may be =21

‘The remaining data sels ure synlbetically genecyled.

¥y - ABOXES s 2 oeo-dimensional (p=2) daty scl
centaining Al poins. 10 consists of three well soparated
squarcs in the Orsl guadrant.

Xy — MORMALZ™ is o funr-dimensional §p—4) data
sl with 003 peaints. It has boen gencrated by drewang 100
points cach [rom Boor mubtivyriate nornal distibutions
with population mean gy = Y and covaraoce ¥, — [y,
P-1.2.5 4

¥e  NORMALZ, X, = NORMALL anl X5 —
KORMALNS™ are penerated by the same proccdure
as thal Tor X, with the same covarance matriz bt
differemt mean  veclors, mumely, jo — 2 for Xz,
i — 8y Tor Xg,and gy = 0.5 Jor Xs.

Thas in X, conceptually we heave Tomr well-separeced
balls along the Four axcs, In X the balls gre choger and
pewssilly the cluster strocture can still be fouml. For X,
and X, the closeer soucture will be lost for all practicad

THITPURE.
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For each of these data sels we tan the HUM algosittn
with the same parameters but different values of ¢ We
took ¢ — (LIKNAL, || - <[, as the Cuclideun norn, || - |, qs
the l-noom on RV — ¢ randomly chosen distinet
pecnits: ine X

Fuor each data sel, wilh the same ¢, the initial controids
are taken to be the same while compuating ditfersnt
indives, In other words, for 4 given data sct amd 1 given
<, all indices arc computed on the sosme patition. The
results with ditfersnc inifalisatons huve been invest-
gated and are found to be similar. Following referance ()
for all daca sets we reporn resols for o—2 w e—10,
Howewer, we tin the HCM alporithm op to o—15.
Changing the maxtmein nwrber ol uslers IToom 10 1o
5 does not alter the decision axcept for one or two cases
which witl be reported in the appreopoate place, Mote that,
[or MES. the detcotion of the knce is a difficalr task. We
have reported our best goess aho the posilion of the

Table 1. Yalues ol ilferenr chster validite indices for RIS

ke, annd tor some dala sets we [ailed o Locate any koes,
[n each table, the optimal value of each index is writcen in
bold {awe, The value of MAS at the knce is also in bold
face.

I Table |, tesulls oblained [rom IRIS data ane shown.
All the indiees cxeept DI and MHS show «—2 while 131
indicaes =3 and MHS shows =4, This esult i
satisfactory becaunse in 1RIS w0 of the thiee cliswss
have a larpe oveclap

Rizulls of CRUD-OIL duta are depicted in Table 2. 0
iz seen that excepd TIT and MHES ull other imdices sare
showing c—2. The O zhows c—=H while %74
supperts =< We menlion here thad for Xa, DI s foond
tr B vory sensitive oo the inigalizaion vl the HCM
algomithim, This could be for two rcasons: sensicivity of
D on nodsy pointa and atrong dependence of the HCM
partirions on inilidization becausc of the overlappesd
SIMICIUTE i X,

" i :l:l}f VL‘:\E 1;&-\1 I Vmc i B 1}'1:-'1' ixr!u;IET Visui 1y ¥paH1
! 25426 OATEITY  Z30RI6 MA3RAIE LFUS426 QLO2TB0S 0474368 005953 .;LH 14597
% L. 755868 OET2L9 2.0RH%] (L7200 295007 Q71120 T2A55Y  OUMMTAY ¢ ToR3
1 I ERZD5] L1sdols TS 029K TAROHSS 0405256 REMASHE  OODATRED (.5d%4924
S 0.7TSE7 1427397 (024208 1LDT4AER L7125 1.O5YE00 .57k (RS g OshI23
f .775074 L53120%  0.924208 1L26MATE {LMT] 284 L262377 D0y o273 DDERHS
= 0707338 1689257 R4257) 1344238 QU 8E3Y| | 359210 L2672 DUHRETS  (.0RR544
B 735874 1727070 (L0230 1.A244%: (1 u71284 FAISIZY 12z ad7id?  0adod)
u (b A2 LEB0G (0587145 1487421 0.017035 14735008 I 115245 BOOTE4T (A ey
161 {h52E5ES EOBROGS  (A2UHK TedkaaTd o6i472 1.534m1 TATERIT O00%4T (097K345
Optimal value of each iodes 1w d{:l‘l()ll.‘.ll n bild. ) )

Tahle 2. Valves of differeat cluster valulity indices for CRUD-OIL
. piEs yasi pRn Ve pha A M Ty Vi
= 2075088 DBMGARE  ZN14TID 0685026 AN3ASHZ  O44ETIY GTOHOSE  DONSYRD 06TERd
1 1440645 LUIITED 204480 DEZ92R3  ZI044H0 MEASLTE 0756840 DBOITSEE O B80T
4 (hH 180T 1.566213 1. 195034 1138755 |, 1550034 2356 09323577 (RONAKEF 0B854
S 520700 2248005 0.76ddE 163673 0.7k 1.0 L EOG LX70620 ARs0s) 08000
fr .70 LAOS2E  0LR2YUDEA 1495 (R2YYRG 145670 Ldaed2 008 090s2E:
7 1 3E5309 LAotaus Q933800 PAZSTH] O9ESHED 1 39000 LUV ODRSLIS 9291sa
" (1. TEH080 [A37406  DEIRICD L390225  Ns2snz2 I 376103 D9SN 08874 DOSTS4E
9 (,377030 | 272 ThEAFTE 3L L.32%245 ThedFrR Y 422903 JRUEEY 10 08045874 IR LR
mn 0481465 |.5eAR33 RRITIS L45a634  RAITIA L428H0  ALWWENs 0029725 ST
flptimal value ol each imles iv denaced i3 Tald. .

Tahle 3, Values of ifferenr cluster validite mulices Tir 5-RBONES
- L.-é‘lﬁ 1_?1_&] 1_:||§Nf'r VIE?M].I-G L.-i';ﬁ'l' i,'EET 1".I.'IHI l"'l:l':- 1'"h-]| 1 S
2 ZAOLESY  DSIES48  28NWST Q507463 2EANRET 0502440 (4344001 (.216328  {L744580
3 468410 BELYTD 5111313 02VIWE 5328638 0U2SDRM 020734 LAGT148  (.9775M%
i [.217450 {LGRERTR IRLE LW [Lea3155 I 257 [L6H2SWIE {15649 0.022H22 0.97068 |
3 ARG TAS0 L2714 TAHANISE D917 FAKIETT  DBERSDS OLUI6286  NO2¥22 () BEIES4
h ST B8 TAHEIRSD  B0NN A TARZETT  DTESGS 0751777 DO23E22  (9E4008
7 1.50057F7 0,821021 1.551977 11 B30ERI 18349470 L THREE] (1853029 21822 (WREREER
& L2407 1.129434 144500 (LHAE2TTR 171200 {LHZABES 075848107 LINEIR e LLY%6GTI
9 1182384  1hawn1sa 1218640 0411040 L4391 (LR DUTSTION 32315 DSETISg
HE 1136775 10644723 P 192255 004272 1412111 (AS16TT (AT21149 (4117381

95760

Opticnal valoe of cach mdes is denoted in hold.
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Tahle 4. Valocg of diffecem closter validity Dulices [or BORMLALS
c LT vEn i Vim bt ViR Vogr L ¥ramn
2 RS VI R cHr T 1.2 0 1.558409 1,280HF L.419858 Lealssl 000174 BINSE3S
k! 1.221244 1558233 1387543 1375863 L.35neTs | 305016 1302436 DORMGLEG 9479035
4 1305872 1.37664) 1851772 1176334 1355113 LIMI15SS  GMDSET D000V'a%  GeLT933
3 DT75E23 1 BQROES  (.74461 1.5HH5] (.7484977 1 400830 FALGBOY  QOGYIAG G2ES1D
L DGTOEE 2228000 0TON2AT LGA23EY 750635 16530330 1.4763TL noBs2es  OGTIEZE
= G12149 2432238 0759743 1564238 QUaTTENT 1.57 1043 Lalas2n 02615 0455790
& [n 65643 2417408 DA%T0I0 160506 072B9LS 1.593554 Le217d G532 0700720
4 [LETRRAS 2.5Ma51 RN [ T B I W e 1.700657 L3S NiME0e  OLawT4aT
10 LT1THH) 205003 0739247 1851735 (L7532 17513860 LAM K2 (K292 LL0TTRS
Optimal valie R cach index is dennted in bald.

Tabie 5. Walues of ditforeot cluster validity inshees For HORRALZ
¢ ¥ Hr ” ;%i FEN“ ¥ f%m'? L l"ri? AT "|h;|;‘ L Flm Fia Vharn-
3 0 TS 1871567 110G féare 1.7 [R5 11307 LLAHISR 1.REISOU CARHEA K 327745
3 0rG200 2235044 (L80r70E: 1. T 14155449 150477 1.543743 1LENEIRGI (1426344
4 Li2vl1s L7118 L3200TE 1423210 12837 138714 12MEE AR D4R4216
5 DEToms  22l656E DESIEET 1.774511 (LEMITSS 1.635441 TA13HEE ARNIZOHE 0512003
A LTINS 2150616 DESTH 716833 %3322 [P FET TABRINE  ILIKIZRST  DS2E4d
1 500565 2403976 D924%16 1.702478 OUEHIED 1.773%)5 TABRTIT  dRLXI29H (1. 556307
H (LAA2516 2557078 (LEEODER LBEMTE  ILE0TED [ Th53A7E 13RI 04KI2412 RET131T
¥ IRAA2A 2504nT DERLMS LB54167  NEGIIAG (WATE 1.542550  SLIKIRI2Y DualEead
10 {IE ET T L) 2A0sTLS 1hE81774 LEEIe42 1.620202 LRITLTEN

0396840 L9803

eleaTy

Ciptimal vahie for cach index is denued 10 bolll.

Table 3 displavs the results ohiained for the 3-BOXES
dali. We see (hat a1l indices indicate o=3 to be the best
chodce. This 1s v be espected as 1his data ser contains
thres well separated clusters.

From Tables 4 amd 5w find that tor KORMALZ and
MORMALL all indices excep Vi indivate the aght value
of ¢, Le o—4, Alhowgh jo KORMALS and HOBMALZL,
lpe four clusters are measurably scpanied, T fids to
pick up the vorrear value of . Hor X3— NOBEMALS,
indicates c—{ while for ¥;=NDRMALZ il supgests =3,
V- un the wiher hand, can pick up the cormect value @f
o For Xy but fails for X5 Asx an illestoulion, Fig. 4000
shows the plet ol Ve for Xy

avs—-

Tal

For X;,—NDEMALL Table ¢ reveuls (hae V.“_;"(" atd
VENG oulik il the correct value of c—4 while Vi,
VF;ET. Vi, indicae o —2 and VEE“ Fawerrs o—3. (30 the
other haned, ¥MEU and Vo support e—6 and e—= 10, re-
spectively. W Have  aleeady  mentioned  that  for
Xo=MNORMALGLS, the ¢lusler siuckure is Jest. This is
alsg incdieaied by the results coporeed in Table 7, Exgept
for VS“. all indices poing oul lhe ieorrect, numnber of
clusiers. Tar Xe, X and X5, MHS failed to show cleyr
knee in the wespeotive plois of V- Figuee Hb) showey
the ploc ol ¥,,n; for K [Els almost impessible to detect
any knee for Fig, 4il). The praphs of ¥, i for X5 and X,
wara snnilar. For MORMAT and NORMALLLS, the

0E

orRp
T 05|
| o
fu #: -.-'-_J—F -
WM s
&
04 /f -
L |’
1H} ;,.f
d
Pri i Spe e meme e eemercoae ol g
iy 4 -] o 10 1z 14 1E
b PR,

Iz 4, (a1 Plot of MHI" for XORMALS. (b Moy of MHL" for NORMALILL
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Tahlg 6. Walues of different cluster validity wdices for NORMALL

validation

: vge VIR oy ume e gy v Vaaar
z 0419355 3102376 0972340 LA4SRIE D970 LE4TOL4 1LeHAZ2l dhDO20EY O02THR
3 (A2RTA ZHEADND  RMEIIGT LETOO% 0972806 1838714 L7T6356 Q003G 0.3dR1R3
a WTIRDER  23sETe LdO23SE LE26IS0 102243 L 753936 1.550412  Q4K146HT  RAT0E2N
5 OAT414 2330560 0894005 LTWGR3 0104T L7300 1459412 QUNETAE A2
fi Qa9sd4ad  ZISRTRY 0997535 LeSle0e  LOUB21T  LeSNIST  1.A%a43  QUKI2REY NAFTESD
7 668663 2055577 DS203ER  L7YRTOE  0OTBR224 LHOGN2L TAYZILG AKESS 0ASTEAD
R OEIEZIE ZI52080  DE4EFNT L 741154 0825492 1.3505dE TABIT?G QU222 0458742
4 QL5607 Z4G1G5R DTASILY REITONY QRILB04 JATE O TSMENLD D001734 dTERSS
1 0841747 Zaadie DUTRS]SS LEO03Z1 DRIETIG 1706664 433801 Q4483 049529)
Cxptimal valoe (ot each indes is demded in boll
Table 7. Values ol dilferent clusier valulily indices for MORMALDS
R A A
) ASHIGE  2LRTHI50  BARTE4G  LOG03ER  DGe03E2 LAEITXT 2031290 QUHILARD IR2TTHA]
3 0.7323574 245159 Th R L.B25374 1174267 LB L | I3 (AR5 lh. 342025
4 0703009 2352504 [R5 ) 18311 11743345 | A9RRAT 16055 3 [AKITERE 1L ISZAAN
5 (L7367 L2H4tH LASSA  TA3ARDG 1255538 TA4MBT2 1a4K0s0 QUOUENT  0ITEIISE
fi (.75824 2212553 ([T Pl 176154 1145176 1533243 TAYAIRAS (07 (49 (3. 30200
7 [ HEg 230624 I 360 1711041 1055647 157425 1470050 (AHT65T [asIu?
L (LA5354 P L 0] IhM29E 3 171673 1046422 I .KZAT12 1.3655 16 OAKITEST [hdia5437
9 (41 f324 TaREgES ILH 35756 1739144 931332 1. 2330 1435390 (.01933 (510732
10 0.fukd 15 2 539846 1370203 1. 76H6 1.028333 1135107 1AZ24IK2E LHIST TG 514674
Optimal value for such index s denoted in bold.
Table # Summarny
Data Walue of solocted o Mo, of vunasul sivies
sel:
Index r's X X X X, X, X,
yee =T 3 4 4 4 F] C3
Vol rl 2 3 a 4 13 6 5
iR rl 2 3 a 4 4 5 t
[ 2 2 3 4 4 i 5 b
T 2 rl a a a 4 fu 3
LMt 2 ) a 4 4 I 5 s
Vo 2 1 a 4 4 |5 L3 5
¥, K E: a f 1 Lz Lo 2
Vzr 4 1 3 d * = ik i}
Chpritnad value foo each mmdes 14 dl:nn.tr;d mh:czill T
*, no knoe detected om graph of ¥ -,
Table 9. Values nf different cluser validite indices for AT
Partacian ¢ Vao vor Sria vt e Vo' ¥iae L
F. 2 1301510 021271 L.aolEls 1421271 1.5 RAS P21 AW6333Z LIMISE 26
F; A LAZ0E3 O.8608EE3  L420004  O86RANG 1420230 dRGHBGEL 5270424 IHEET)
F. 4 FAMGHS  OSHTE FIGEEE O DE4ONTE MRS AS4%WTE TES0345 LHEAZI
P 4 | BYS0; LAK5771 L. EMS0Y |.CHES 7T 1890552 HHE e 2001085 1LINH 28
F, ] (LHS293Y  (LSERATO LEEI2IS 15YET4d RHEEEA LSTSTIT 4146023 INHMEIL
P; k3 ZAASNS 0R3401T 06102 [La3k1s INTGIET O (RAZ]A) LA4549% 1N S5t

Opringgal value [ each andex is denoted in hald.

aprimal value changes for a fow indices if we consider the
it aumiber of closters to be 15 instead of 100 Thiy
behgvior may be adteibuled s the highly ovetlapped
structure of the two dala sets. We emphasize here that
when adaca set has an pyertlapped sttucture, if oy, 5 far

iy [rom the sctusl nomber of clusers, mest cluser
validity indices will behave ercatically when che parti-
tions are generaled by r-mcany type algorithins.

Tale ¥ connprares the overail performance ol the nine
clusier validity indiccs. Table ¥ reveuls that all general-
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and £,

igalions ol the 131 perform much heter than the original
Yo vg“ L found In ke the best of the pronp which tinds
the most desired class For all data sets. On the other baod
Vg 1#ils miserably. It selects the right number of
clesters onby for the o well-separated dala sels. Foe
thres of the data sets i s Jillicult even o tocate any knee
on the graph of ¥ p- These cases are indicated by
asterisk in Tahle B, Table H alzo refleets that the pertor-
mance of the penerlizations of Vpg) 15 comparable 1o the
original index. This raises a question, how much die we
achieve through the generalizalion of the Davics—Boul-
din index. To answer this, we use anoter daa sct
X=ARCS conwining four cireular arcy in 1wo dimcn
sions with 50 poiats on each arc [Fig, 5ta)]. Thus there
are four chain-typs «luslers which can be casily extracred
by a linkage algerlhm. Mote that any c-meuns Lype
algarithm which secks hyperspherical cluslers will fail
here. Suppose by some chustering algonthm we have

particioned the data setinto 2, 3, 4 and 5 classes as shown
in Fig. 3ih). We designale these partitions foee — 2,704
amd 5 ax Py, Py Pyoand Ps, ospectively, OF these [our
patticions, a cluster validity index should be able to pick
up the ogha parlilion £ with e—3.

Table 9 depicts the values of varows indices [or X, T
15 erestimg o see that Vope and Vi, tail to pick up the
best partiion, To [urther illwsizals Lhis we have wlso
compueed the indices for the partitions I¥) and I7
[Fig, Sici] with o=4 and ¢—=5 nvormest clusters, respec-
tively. Our peneralized indices can easily select the
correel partition Fp The Tulere of ¥omoand ¥ de o
necessariky mean that they are bad indices but that they
arc suitable for sphenical clusters and are sensilive e
uei sy poinga. On the other hand, the proposcd indices arc
cquilly spplivable [ur bolbe struciural (chain type) and
spherical ciusters, and are leas scnsitive to nolsc,

6 DOMNULLRTONS

We addressed the problem of cluser validity, With a
briet review of some caising cluster valadily indices, we
senerulizesd two ol them: the 131 and 281 Thesc indices,
althoogh pood for hypersphenioul eluslers. ame very mnch
mure sensilive oo the presence of a few noisy points.
Moreover, they are nul capested 1o wiock for stucmral
clusiers, such as lines, ares, ete. Cur generalizations of
LB and DM used vonepts 'rom graph tenmy T be more
precise, we have used information from GG, BNG and
MST defined wsing ier slata poine Hoclidean distances.
Serme propertizs of the indices were ulso proved. The new
indives were et on eight data sets and were found 1o
cratpeerfonrm the cxisting indives.
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