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An unbiased estimator ¢ of a population characteriatio 0is said to be & minimum
varianco {or officient) estimator (m.v.0.) of 4 if in tho class of all unbiassed estimators
of @ tho varianco of ¢ is uniformly tho lowest for all 8. In this note wo construct a
simplo examplo to show that minimum varianco cstimators do not exist in many
situations,

Let z=(x%3....z,) be a random samplo from a population with probability
density

pluydu=const =0ty - m
—o<ucn —w0<d<n
The joint probability density of the sample is

Plz|0)dz = const ¢ =*1° iz

—z.l‘uozlli-wileu.o! a0

]
= const ¢ dr

so that Iz, Zz, and Iz;? are shared sufficicnt statisties for 0. This, thereforo, is not
a situation (Rao 1052) whero wo may expect the existenco of a m.v.o. for all estimablo
functions 7(0). As a matter of fact we now give an indirect proof of the non-existence
of & muve. for

10)=Ez3=034-3p,0 - (2
whoro jig ia the central socond moment of z,,

o - Prolzlo) 1
Lot = 4nP(z[8)e-0 aze
clearly E0=0P+43u,0.

Since at the point 0=0 tho catimator ¢° has zero covariance with all statistics z such
that

E(2]0)=0and V(z]|0) <o forall o (8)

it follows from Rao {1052) that £ has minimum variance at 0=0. Hence if there exist
a m.v.e for (2) then that must bo the same {oxcepting possibly for a sct of Lebesguo
measure zero) a8 0 (Rao 1952).

Now, since 0 i a location parameter here, it can be easily scen that if
K2),2y,...2,) bo & m.v.0. for 7(0) then ((x,+A,...2,+A) is a m.v.0, for #{0+2) for all
real A,
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Also it in casily proved thatif Iy, fy,...5 8o m.v.0.'s for 7,, 7,....7, respectivoly
then any linear function of tho 's is the m.v.0. for. tho corresponding. function of
the r's.

Thus if ¢ be tho m.v.0. for (7437 thon (~tm l!J(t,—l)' is the m.v.e, for
(0—1P4310—1) bnd fim ém;,“v is the m.v.0. for (0411 +3d0+41)
i=:,,(l-l—2t'+l‘) is the m.v.e. for 0.

Vo now show that £ is not tho m.v.e. for 0 and thus prove that there cannot
cxist an m.v.o, for (2).
Consider tho statistic

1
t= g ISR En 2]

Now Ex3=0'4p, and Exd=034-3,0
1
- E4)0)= Taa=Tyr, [A(n—IXP+3p30) = n(n—~1)0(0*+,)]
=0
Let us compute tho variance of ¢ at 0=0

reio= 0)=1| 41t '{”'+7%l+n—l # ‘—2"'1"}

Now V(z;0)= (-l:
. the variance of { at =0 will bo emallor than that of 2if
I’o+_¢‘+”_l =2t <t w9
T(344)
Now T'_(ll) =33 S K= l'(l[-l)=l/‘
T(14
o= l%l[lr)) = 3fd.py

.~ the inequality (4) will hold if
1
oo =) <313
1
or if o1 <88
which is so if n>2.
Thus P({)< V(2) at =0 for all n>>2 and thus our proposition is proved.
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