A RAPID METHOD OF ESTIMATING BASAL AREA IN TIMBER
SURVEY—AN APPLICATION OF INTEGRAL GEOMETRY
TO AREAL SAMPLING PROBLEMS*

By MOTOSABURO MASUYAMA
Department of Anthropology, Tokyo University

1. ‘Tho Bitterlich’s method (Bitterlich, 1048) or the variablo plot radius
method (Grosenbaugh, 1052)—ita literal translation is the angular count sampling
method—of estimating tree basal area per acre is a very ingenious one. Itis true that
his method does not require the measurement of plot radius or tree diameter at breast

height, but it is d that the cr tion of each is & circle and the tree itself is
transparent. Otherwise, his method might give a biased estimate,
In our new rapid hod—the di count pling method—these two

assumptions aro removed and only the convexity of the cross scction is assumed instead.
In his method, only the estimate of the total of areas of cross sections is given, where-
a8 in our method, the total number of trees, the total of perimeters and the total of arcas
are given simultancously. A method of removing the bias due to the boundary effcct
is also given in this article.

2, In our method, to estimate basal area ¢ for & stand, the cruiser simply
visits 8 set of points sampled at random, and counts at each point every tree whose
distance appears to bo less than assigned value r, when viewed through tho range-finder,
(1=1,2,..., N»3). If the ground at a visited point slopes, tho r, is multiplied by the
secant of the angle of the slope in the direction of viewed trec, i.e., its horizontal distanco
should be always less than r,. For every i, assumethat n, points are visited and k, trees
are counted, crediting overlaps, then the averago k)/n,=p, is an almost unbiased esti-
mate of

= (p+nAtvar)T we {1
whoro A and v are the sum of the length of boundary of each cross scction at breast
height and the total number of trees on the land in question, the area of which is T
The unknown parameters ¢, A and v are estimable as the solutions of the lincar
simultancous equations (1). If the parameter v, viz. the total number of trees in
tho land, is known, tho fundamental equation is put in the following form:

pT—vmrd=g+Ar, (i=1,2,..,N>2). (2
® Read at the Autumnnl Mceting, dMuthemntionl Sacicty of Jupan, November, 1952,
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3. Tho proof is simple, if we consider the arca F(r,) of & parallel oval at the
distanco r, for the a-th oval, whose area is F,(0) with the boundary of length L.(0).
Then there exists tho Steiner’s relation {Blaschke, 1916, 1933, 1937) viz.

Fulr) = FO)+rLi0)4nr2,  (x=1,2..,7), e (3)
from which wo deduco the fundamental rolation

Erw=nr

=S FA0)+r, }.'I‘L.(O)+mr,‘ - )
1] ]

=@+rA4wmrs,

To count a tree is equivalent to plot an observational point in its parallcl arca. This
is our basio ides,®

In actual survey, it would be
glvenry, - )

but the precision of estimates p, should Le o high that tho small ¢ might not bo *co-
vered up” by the too large var?,

4. If wo take into consideration the boundary effect on the estimates, and use
the samo notation for point sct and its measure, the correction is given by

R(r)=F(r)—Fr)nT e (8)

Then the estimate p, T = A, is an unbiased estimate of the total of Fu(ryn7. To
remove this bina, wo should only sclect at random n, points within an enlarged arca
which contains a parallel curve of tho land boundary at the distance r. In this case
tho boundary curve of the original land nced not bo an oval. However, this enlargement
may increase the varianco of catimato p,. Fortunately this bias would bo negligiblely
amall, if the actual land is sufiiciently largo and not too slender. The sampling method
is needed just for such a land.

5. If obscrvationa aro performed at 3 lovels of 7, tho eatimates are given be

A$ = Anirlry—r)t-dyrnin—n)+ 4snindry—n), (7).
A:\ = A,(ryl =1t At —n )+ Ayl i), e (8)
e = Aylrs—ry)+ Adr—r) Adlry—r), e (0)

* The fixeed ovaly, Le., tho cross sections, and the movable oval, Le., the clecle of mdius 7y ate the
open und bouaded point acte.
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whoro wo put

A = (ry—ry){ry—ry)rz—ry). e (10}
If we put further

n=d, =24 nd r,=3, . (1)
then the following simplo formula are obtained:

¢ = d4,=3(4,—4,), e (19)

A

A = (84,—54,—34,)/(2), . (18)
and

v = (d+4,—24,)/(2nd?). e (14)

Note th.; is independent of 4. Although thia result is simplo, but this design may
not be ‘“‘optimal” to estimnte ¢, To defino the optimal design, we must tako
into consideration various circumstances which we might meet in nctusl survey.
However, wo shall confino oursclves to discuss only the variance of estimate.

6. The sampling error is catimated as a random fluctuation of counts per
visited point (sce Appendix B). We shall denoto the standard deviation in popu-
lation by & with variate in bracket. Then wo can put

rn=1,r=14X (X>0), and r, = 14+X+Y (}Y>0) e (16)
and

a(4,) = (14+8)a(4,), ol4,) = (1+n)0(4,), . (18)

without loss of generality, because ¢ is a function of the ratio 7,:ryir,. Then, if the esli-
mates p's aro mutually uncorrelated—generally speaking, it need not bo s0—tho

ratio a‘(;)/a’(A,) is given by

(14X I+A+Y POLOIEXE TR (L X
/(x,y)_(- )( PO R 57 o U R an

As X and Y are positive the equations

XP—(+E14+X+Y) = (X=I{Y—1)—2—E14+X+T), . (18)
and

Y(X4-Y)—(142)1+X) = 1+ X+ YT -1)—y(1+X) e {19)
suggent that if both § and 7 are non-negative and finite®, X and Y should bo greater

than 1 to minimizo f(X, Y¥). (X, Y) is always greator than 1 andia equal to 1, when
both X and ¥ tend to infinity. Thus the greater both X and 'Y are, tho better, In

* We muumie bere thot gand ¥ aro finfic. Dut In genemt gaml v are an Jwcrowing function
of X anid of {X+¥) roxpertively. Mence f(X, ¥) mny or may not have an cxtremum. We owe this
remark to Dr. D. J. Finncy.
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actual survey tho magnitudo of r; may bo limited by the accuracy of range-finder and
the number of countable trees.
If r, and r, aro fixed simultancously, thero oxists in goneral an optimal solu-
tion for ry. Let 7y, ry and ry be 1, z and b respectively and ansume the variances of 4,
are all the samo, then the variance ratio a’(s)/v’(A,) is equal to
1A
R A— e (20]
1= G e e, o
whero 1<z <d,
Tho solution of dffdz = 0 will bo that of

g(x) = bxr{z=bP+U{ 1 =) 2r—b--1)42{x—1)* = 0. e {20)
As

g(1) = —glb) = 2{1—bP <0, e (22)
there should Le at least ono y between 1 and b for which

gly) = 0. . (23)

For example, if r, = 1 and r; = 6, then y = 3.90. We may put ry =4, because
there is no remarkable chango of f(x) near z=y.

7. As an illustration, wo shall show an experimental result obtained by Miss
Y. Kuroiwa. The parameters used are givenin the Tables 1 and 2.

Table 1.
g T A 17+ 1o
Truo 7,300 1,344 18 400

Estiated 5,600 1,568 12.5 448
Corrected 5,800 1,536 15.5 380

Shosclected at random N'=100 points with coordinates (z}, ). (j=1,2,...,100).
These 200 figures were selected at random from a rectangular population. The
figures in tho 3nd row of the Tablo 1 are the catimates corrected by (6). Tho total arca
T is 56,000. She uscd the samo point for three levels of r.

Tablo 2.
estimated
7 n I 8D. | GV,
10 | 0471 0.45 | 0.0500 (1N}
20 | 1014 0.04 | 0.0347 5.82
30 | 1.808 1.57 | 0.0756 4,82

8. If the cross section of treo be circular, we have from (4) tho following
formula:

2T = ﬂ.l:’.‘(a.+r,)’, we {20

204



RAPID METHOD OF ESTIMATING BASAL AREA IN TIMBER SURVEY

where a, is the radius of tho a-th cross section. In the Bitterlich’s method, r, is so0
sclected that the ratio (a,+r,)/a, is constant for all trees,

In this case tho formula (24) can be put in another useful form. Let m,,
o,% and G(a) be the population mean, the population varianeo and the distribution
function of radius a_ for the land (the population). Then by definition wo have

$mn Eatmn | aGla) = valo,t+m,1) . (25)
o) -
and
A=2rn 2".‘ a, =21 J’.ada(a) = 2vmn,, o (20)
o la
and accordingly

T = vnlo S +m 2 2mr+rY)
monle A, =1,2), - (2D)

After somo reduction we have for r,3tr,

T
e (r,+r,)} ' e (28)

T
ot = {(ptpd =t mitontmy) L 29)

These two equations show that m, and ¢, aro estimablo, if 5,7 and v, or p, and v/T
are estimable,

9. We shall show another experimental result obtained by Miss Y. Kuroiwn,
where the total number of trees fa known. In the arca of size 7T'=58,000 in which there
aro 23 trecs of various size and shapo, sho selected at random N==100 points and
counted the number of trees in prescribed manner. Tho true values and their esti-
mates are given in Tablo 3.

Table 3
_ g | A
True 9,813 1,848
Estimated | 13,331 1,472
Table 4
cstimated |
) Py H S.D. C.V.
10 | 0.6333 | 0.63 | 0.0569 | 0,03
20 | 1.3500 | 1.28 | 0.0045 | 5.04

In this caso tho parameters woro estimated by the following formulas:

= (’lﬂ"‘—-_:"'li’)T+rnrlr, e (30)
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and
,:_e:) T — valry+ra). e (31)
Let the truo error of §, be ¢, viz. p;=p;+€), then wo have
¢A" L it —'lﬁ 3
B ( ) e (32)
and
4\ A_€6—6
r,—r,(A) - G

These formulas may be useful to determine thoe size of sample, if we can get the crude
cstimates of ¢’s. They show us also that the positive corrclation of two estimates

A
#: and g, is favourable to reduco tho relative errors ofa and A,
10. If we define & parameter C called *‘the shapo factor” by

Fu0)=CLY0)4¢,, % eam0 o (39)
ol

then the variance of perimetors L,(0) is given by

114 At .

ed=g (;J _ (.‘) . (39)

C is less than or equal to 1/4r by the isoperimetric inequality, The variance of arons
F(0) will be given by the following approximate formula

et [ = ) R R

if vai /A is not so large.

11. In our rapid method, if thero is a tree, which should be counted, bohind
another treo, the usual method of topographical survey is applicable. It is a very
casy operation to determine whether the treo in question lics in or contacts with the
cirelo of radius r,, tho visited point Leing the center. We assumo here the simple
random sampling method, However, the p, is estimablo by other sampling methods,
say, by tho systematio sampling method with random start.

Tho same idea may bo applied to other ficld surveys. Fo examuple, to estimate
the acreages of different crops simultancously without measuring tho actual sizo of
each area. Tho enumerator simply counts tho number of areas on which such and such
crop grows, within the circlo of rndms r, the pomt. sclected at random being tho
centre. In the h tological tock to the ct teristics of tho
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Drice-John's curvo, tho technician should only count tho number of erythrooytes in
tho view of microscope. Ilo nced not measuro the diameter ol‘ each cell. Thero
may bo further the cry or the hiatological appli

Wo uso tho movablo circle as a movable oval. But there may bo other
convex closed curves, say square, trianglo eto., (Hadwiger, 1048, Nobeling, 1049)
provided that the fundamental formula is not so simplo aa ours,

Dr. D. J. Finney has kindly read tho first manuseript and pointed out our
inaccuracy of statement about the Uehavior of f(X, ¥') at infinity. The author
wishes to express his gratitudo to him.

APPENDICES
A. SINPLIMED OR DISTANCE COUNT LINE BAMPLING METHOD

1. In the distance count sampling method the cruiser visits several points
which are sclected at random. However, in actual timber survey, to visit the sclected
points is not so easy, If wo could assumo that the cross section of treo be circular,
we might simplify tho method of survoy as follows,

In the simplificd method the cruiser only walks along every line which is
selected at random and is parallel to a fixed direction .  He counts every treo whoso
distance appears to be less than r, (i=1,2,..,N > 2).

2. Let the area in question be T, and settle a base lino X.X at breast Leight
which is uscd 0s & referenco line. The cruiser should walk along a lino which makes a
constant anglo 0 with XX. To make sure, tho samo arca might bo scanned in two
ways, viz, 0=0° and 0=00° say.

The area T may be noither simply connccted nor convex. But, to reduco
Mmpllng error, it would bo better to divido T'into several sub-arcas, which are simple
'in shape and homogencous in respeet of number of trees per ncre.  Wo shall consider
in whnt follows one of theso sub-areas and namo it a now 7',

Consider on XX a segmont BB which should contain all projeations of the cross
sections at breast height parallol to the line L.
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To extimate the total number of trees in T, kny v, and the mean diameter 8/v

of these trees, wo uso the fundamental equationa

plh=84+2vr, (A1)
where b ia the length of segment B and an almost unbinxedl estimate of p, is the total
number of counted trees, crediting overlaps, divided by the number of parallel lines
along which the cruiser walked,

The band of width 27, the line I being ita central line, may be ealled the strip
of wilth 2r,. Tt is exsential to count the total number of trees within or being in contact
with this strip, so that wo may uso any other means instead of range-finder. As an
actnal line hna a non-zero width, to redtuce the bias due to this non-zero width we shonld
count ns one only tho tree which lies outside the strip but contacta with the right or
left boundary of a strip. Tho similar note ia valid for the movable circle.

The length of each strip dloea not contrilnte anything to p, directly, as is scen
in (A.1). However, it may contribute to the cost function of the survey and may or
mny not affect tho variance of the estimate p,.

The intersection points of central lines and the segment B should be selected
by using randem rampling numbera from a rectangular population. The method of
removing bios is just like the one introduced in the text.

If the cruiser counts the number of trees on ono side of the line I, the numerieal
cocflicient of the second term of (A.1) should be replaced by 1.

Aa is ensily scen, the cross section of the tree need not be circular. I not, & is
the sum of the projection of the cross section at breast height parallel to { on BB.

3. When N =2, tho cstimates aro given as follows:

.

8 = Yy —nibyliirs—ny) - (8.2)
and R

a

v = (52K pa— M )(ry-ry). w (A3)
The relative errors of these estimates are given by (32) and {33), in which ¢, A and 7'
should be replaced by &, 2v and b respectively.

To make tho relativo error of n;umnll, we have to make (b/3) amall and the cor-
relation between §, and p, positively Jarge. The similar minimizing conditions of the
relativo error v ia obvious from (33).

4. As an illustration, wo shall show a statistical model experiment dono by
Miss Y. Kuroiwa.,

Table A—1 Table A—2
'] v Sfv estimated
Truo 3350 | 280 | 12 n|ls_| 8 |SD. cCV.
Estimated | 3,643 | 201 14.0 0 | 13.96 | 15.18 | 0.436 32
h 25.63 | 26.06 | 0.614 24 ]

In her experiment §=240 and the number of sampled lines was 60.
‘The similar simplified method ia possiblo for the Bitterlich’s method.
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B. ON THE VARIANCE FUNCTION
1. Suppose the observed frequency of counted trees per point ink, (1=0,1,2,...,v),
viz. we count no treo &, times, ono tree &, times, two trees &, times ete. and let the
expectation of & be NP, Then we have the multinomial varintes (k,, ky, ..., &,)
and

£p=1, L= . (BY)
=0 =0

and
Sth=Np (=K, say). v (B.2)
=0

For tho sake of simplicity, we drop here the sufix i.

As is easily proved, the moment genernting function of a Jinear from

w= X Ik, {k, = constant), . (B.3)
t=0
is
I N
= % Pend
y(o)_(lz.‘7 Pend) . (B)

Henco the mean and the variance of the estimate 3 in population aro

m{p} = E';P.l (= {,any) . (B.5)
and
() = £ Pu—IpI¥ . (B)

respectively. From (B.6) wo have an inequality
ot(p} < vH(4N). . (B.7}

2. As to uso tho same point for different lovels of ry is economical from the
viewpoint of the journey cost, wo shall consider two different values of the suflix 1,
sny 1 and 2 at the same point and assume that ry<r,. Then Py(r;) wil bo represented
ag follows:

Pyr) = P+ Lyt + Py o (BR)
and
Pry) = Pyt Pyt 4Py - (B.0)

whero I’ means the expectation of &, /N and k, means tho number of points, at which
wo count ¢ trees for r=r, and & trees for r=ry,
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If we define
Py=0 forall (>3 o (B.10)
and
k=0 forall (> e (BAD)
[
202N
oz
T

thon (B.8) and (B.9) will be put in the following compact forms:

Pir)=7% P, — (B12)
-y
and
P(r)= £ P, - (B13)
-4
Then we have by definition
v
K(r,) = N, -‘.E. tE. ke o (B4)
and
Kir)=Npy=5 s T k. - (B
m0 =8
As the variates (&) Is distributed multinomially, the formula (B.4) gives ue

the mean and the variance of K(r,) in the population which nced not bo written down.

The covariance function between K(r,) and K({r,) is proved to bo
coviK(n), Kir} = ¥ £ Sis(P,—~ % £ PP, v (B10)
1=0 2 18 18
which shows that the covarianco is positive whon v=1 but it ia not nccessarily positive

whon v>1.
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C. ON MAMALANOBIN' EMPIRICAL FURMULA
If wo uso 8 square of size a3 (i=1,2,..., N > 3) instcad of & circlo of aradiua r, ag
s movable oval, wo shall hiave the following fundamental formula:

T = ¢+2;Aal+val'. e (CD)

According to Prof. I. C. Mahalanobia' private ication, ho found a
senii-logical, semi-empirical formula during his survey of acreage in Bengal:

p=2444VA . (C2)

whero A{=a,* in our notation) i a geographical arca of tho samplo unit of square shape
in acres. Acconling to his study this formula holds well for A =2~100 acrea,
According to his rough catimation in his case

T = 75,000 8q. mi. = 48 x10* acres
and v = 12 X107 plots,

Thus
v/T = 2.5 acro~},

which is approximately equal to 2, tho fiest cocflicient of his formula.
¢/T=1 is practically negligibly small in his case, if 4 is large, say A 4.

Wo have no means of deducing numerical coefficient 4 in his empirical formula,
but if wo assume his figure, we can obtain the mean length of tho boundary of a plot,
viz,, Alv.

From
22 1 _
B3 x75,000“/m— h
wo have
A=12x10* miles
and

A 12x100 1
3 =iExior mi. = ;o mi =10 x10m,

Tho last figure is a plausiblo ono, because if wo assume roughly that tho shapo of cach
plot is a square, then the erca of a square, the perimeter of which is 100 m, is 16 x10'm?,
On tho other hand, the mean area is estimated a8 T'fr which is 0.4 acres or 16 X10tm®
which should bo greater than or equal to the former estimato 18 X10*m%, The more
preciso experimental comparison will be given clsewhere.®

Our ption of * ity" can bo , il necessary.  In such a caso
wo should only use tho kinematio principal formula (W, Blaschko and L. A, Santald).

* In the Seminar in the Trining Coume, Indinn Statistical Institute on 31 Janusry 1053,
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