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INDEX TO PRINCIPAL NOTATION

The following notation will be used throughout this work.

N . HNumber of units in the populatien
n . Number of units in the somple
K : (M=n)/[n(N-1}]
SRSWR :  Simple rondom sampling with replacement
SRSWOR ": Simple random sompling without replocement
FPSWR . Probcbility proportional teo size with replacement
MSE i1 Mean square error
iff | + Lif ond only if

For variates y ond x, in the population :

B : {y‘r?z# " -:‘J"N}

N
Y = Ei Yy * Populction total for the choracter vy
i=1
¥ : Populotion meoan for the character ¥y
2 N 2 e 2
g : Population varionece = T {yiﬁY] /N = {N-T)S /N
Y 1=1 Y

Cr = (urfT) : Coefficient of verlotion for the varlote vy

ur{y} . N centrcl moment of the charocter y
2,3
By + uafky

PR

My ¢ U: .+ Populatien variance

X : Population total for the character x

th

%. : Population mean for the L° auxiliary charocter x;
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v ih

Xi : Populotion Hormonle meam for the i aguxiliary chorocter 4

p : Coefficient of correlotion between the varigiss

For variotes y ond x {n the somple

"
y= I vifﬁ : Sample meon of the voriote ¥y
1=A
sﬁ = gi(yi-}}EK(n—I} : Somple variaonce of the variate vy
i=
., = s?f; : Coefficient of varicticn
- n
x = z:ifn : Somple meon for the character - x

1=
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CHAPTPR I

IMTRODUCEION

1.1 Generol

The practice of keseping records on soclc~economic -
aspects etc, in terms of the dotoc from real or cctucl populations
by the S5totes etc. 1s age c¢ld., There are evidences of such proctice
in Indioc even ot obout 500 B8.C. where the King Courts/Tribz Heods/
Groemini {(village Heo2s)} used to keep the records on military force,
buman population, cattle copulction, land use ste. The records wera
in the form of dato on both the quantitotive end quolitctive chaorzcter-
istles. It is well known thot the Greot Moghul Empire, in ladic,
clso used to keep the records In form of data on the charocteristics
relotad to soclo-economic, military offairs and land ownership ete.
No doubt such o proctice was in forece not only in India, but in mony
cther countries, especiclly the Europasn Counmtries, As early as in
1662, Grount published his work on soeciol-statistics, based on the
dotc.geollected in en arbitrary or hophazard manner, However swch
practice wﬂshnat well-orgonised and it 1s known very little about
the methods used for sonducting such enquiries ond they were of
dimited volue. With the development of agriculture, trade,
commerce and lndustry, especlally after the industrial rendissonce
in Europe, the necessity Teor such enquiries in depth ond brecdth
alsc increased and the collection of doto in the form of complete
enumeration [census) on various social, economic, demographic and

bidlogicol chorocteristics ceme into proctice in the 19th century
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through orgonised bodies in < number of cruntries. Such o proetice
came imto exdistence in Indio too, where the British Government
started the cperotion of census oround 1881 ond which is continuing
with ¢ perlodicity of every *ten vecrs, so ¥ar clmoast vninterrupted.
Conducting of census has srovided the countries - where such practice
has been in force - g trecsure of varled type of dato ond helped the

Governments in formulating the strategy of development etc.

The expoanding demond of time further made LIt necessary to
consider the collection of dota for o part of the notural population
in cose of those characteristics ond in thdse spheres {oreas) where
complete enumerotion was not foasible or the date were required
within short spon of time for moking certolp decisions. This
necessitcted the use of some kind of a sample survey cppreach (ccoliee-
tion of deta for o small perdion of the whole notural populotion
about whicr some conclusions were to be drown), which started in
some countries In the last quarter of 17th €entury. It is possibly
cbout hundred yeors age from toucy thaot the proctice of gonducting
'somple surreys‘ came into being in many countries of the world
espacfally in Europe. Thus use of < somple {r port) for moking
certuin decisions =r cdrowing conclusions obout the realfactucl/
natural populations {The whole from which somple was taken) is
relatively ¢ modern development. However these enquiries can not be
rightly termed as scientific enquiries as they were not conducted in
o strictly scientific monner, in the sense, os we understond todey,

anc no one discussed how the samples were token and what was the
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accuracy of the results etc. These methods of enguiries {based on

sample} could earn ifttle trust until the turn of the last Century.

The ropid growth of interest in 'Sempling methods' and the

conclusions made depending on the sample dote, nossibly starged
after Kicer (1895} intreduced the concept of 'rondom sompling’
to study the socio-economic problems (choracteristics), te replace
the usuol cpprooch of complete enumerction, and emphosized the velue
of o representative somple which he defined as o "pheotogroph which
reproducas the detcils of tha.nriginﬂl in 1ts true relntive propor-
tions". The discusaiaon by Kiger {17953) on whot is ¢ representotive

somple ete. i3 quite interesting.

Tha discussicn by Bowley, A.L. {1704) abeut the use of ’rondom
sample' for moking inferences obout seme octuval/noturcl/finite
poprlations chorocteristics, such as meon ete., 1s quite interestiing.
Further interesting discussion concerning some surveys conducted

in Garmany during 19th Century is found in Schott. S. (1923}, [Quoted
by Godembe, V.P, {1974)7,

The use of artificinl devices for drawing o random sample
scems to come in proctice only in the esorly 20th Century. These
were used in Sweden in 1912 to study the housing cenditions rDolenius,
7,(1957}3,

It moy be noted that ifnitially the units in the somple, the
information on which wos vsed for moklng infaerences (mostly of
estimotion type) obout some clidroacteristics of the getuol pepula-

tions (finitae), were used to bs selected purposively, in a hophazcid
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ond arbitrary manner. And later they used te be selected using
ortificial, but crude metheds of raondomizotion. The foundotion of

modern sompling theory was vet to be laid dewn.

The works of Bowley, A.L. (1924) and Neyman, J. (1934) mocy be
said to hove laid the foundotions of modern sampling theory. Both
the cuthors dealt with strotified random sampling and while the
proportional allocation appears to have been discussed by Bowley,
Neyman discussed acbout now well-known 'Neyman clleccotion' and put
forward theoretical criticism of purposive selection. These works
gave an impetus ond it is after this periocd especially during forties
of this\century, that different sompling procedures (methods of
drowing random samples from finite populations) which are under
common use Yodny, viz. cluster sampling, multistage sampling,
systematic sompling, pps sempling, double sompling, sampling on
successive occasions etc., and different estimation procedures,
including well-known ratioc and regression methods of estimation were
developed and their use come £nﬁbrcctice. At the same time the
Survey Statisticions became much more conscious about the quality of
doto and the accurocy of the results obtecined by using‘different
selection ond estimation prgcédures developed. The works on non-

e
sompling errors also storted during(forties. Indic witnessed the
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advent- of lorgs scale .sample svrveps under- the guidonce of L&}
Professor P.C. Moholonobis, the founder of the Indicn Etctistiéqi
Institute, Thexe develcpments deaepened
broodenad ond made firm the foundaticns of Thaory and proctice of
somple surveys, The plllors of foundotinns ﬁLring this peried, moy
he attributed to be loid down by the conttibutiens of J. Neyman,
P.C. Mohalanabis, P.Y¥. Sukhatme, W.G. Cochron, R.J. Jessen, M,H.
Hansen, W.N. Hurwitz, F., Yaotes, W.G. MWadow, W.E. Ceming =+ail, The
significont works done during the cbove period.related to sompling
procedures and estimation preocedures,ore ceontoined in most of the
booke on sompling theory, e.g., &nfCochran (1943, 1977)7, Sukhatme
ond Sukhotme (197C), Ra) {17&M), Murthy (1947},

During 1950's, new nvenues of resedrch were unfolded by the
works of Horvitz ond Thompson (1952), fGodambe (1955),(194C)T, fKeep
(1957).01963) Jond Bosu (1958) etc., whose contributions made firm
the philosophical and theoreticel foundations of sompling from
finite popurlotions and estimotion of some populoticn parogmeters.

This resulted fn te the developmant of 50 called "Unified Theory of

-Sgmpling" [Review by Godombe,{i7465)],
The works ofter 1750 are further deeper and diversified ond

they have broodened the sphere of sampling ond estimgtion methods.

The use of auxillory infermation in devising suvitoble sompling
precedures ond estimotion procedures was recognized well during the

"thiriies ond especially forties itself ond led to Ffurther sigrmdllicon
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contribytions by T. Dalenius, H.O. Hortlay, H.D. Paottersen, H. Midzuno,
1. Olkin, Des Ra), J.N.X. Ras, W.M, Murthy, A.R. Sen, B.D. Tikkiwal,
and D. Singh etc., during 1950’s and 1740's [Reviews by Sukhatme
{1959,44), Delenius (1962), Murthy (19430)].

Almost all the works mentionaed obove deolt with the problems
of obtaining suitcble sompling procedures and estimoticon precedures,
under voriocus situotions for estimeting the finlte ponulatior meon,
total, proportion, or rotlo. The role of the use eof gpriori or
auxiliory informotion in devising suitoble sampling stroteples hos

been of immense importonce.

1.2 FPrelimincries

A collection
U= {Uy, Uy ..., U} (1.1.1)

of N {given) well defined, identifioble und observoble objacts

under conslderction cbout which certain volid inferences ore to be
mode is colled ¢ finlte nopulotion, N is called the population size,
objects U, oare called sompling units ond the list of cll sompling
units, with identificaticon numbers. 1,2,...,N 13 known as the

- sampling fraome.

Let o varlote (choracter)! y be o recl volued function definec
on U and let y; = y{U,), (1 = 1,2,...,N} be the volue of the

th unit of the populction.

charcctar of y associated ﬁith the |
Let 8 dencte the set of aqll N y-values, l.e.,

B-_'{y‘;er--lprN} (I.l-z:i
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ond let 0 = {8} dencte the spcece, described by o, which mny be
the N-dimensional EBuclidecn spoce cor subspoce of ft; 0 = {9} may

be referred to ¢s porometric space of v,

A porometer {or porometric function) ¢ly) of o chorocter y
is o real volued function of 8. Generally, the pcroametars of
specicl interest are

N
£
i=1 °
{11} Y = Y/N : population mean of ¥

H o

{1y ¥ ¥y population total of the chorocter vy

{i18) P : the propertion of copulation units falling

in some specdified subzet of the population U,

{iv) R = Y/X : the population ratin; the roatioc of
population merns (or totels) of two choaracters

y and x

N

(v) nz = iE1fri‘Y)sz : pepulation verfionce of ¥
=

¥y
(vi} Cy = uyf? : the population coefficient of

. variatior of vy.

Obviously, if 8 is kmown completely ond accurotely (which
is possible only if complete enumeration {census) of all populatior
units is done without any non-sompling errors), the required infer-

ences ghout the population parometers can be mode with certointy.
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We sholl confine our discussion to point estimotion of o

specified parometer b{y), in which case an estimoter for &(y)

may be dafinad to be o real volued function of the rondom sample
(considering the idantity of the units szelected, the y-values for
selectod units ond the order in which the vnits orepgppecring ete.).
the vim 13 to reoch ¢{y) os close os possible with the halp of

the informatlion contolned in the somple.

& megsure of closeness (or diséersicn} of an estimator d
to o parametar ¢f{y) may be defined by M{d) = Ep.(d~¢{y}}z, the
overoge yolue (expectation being token with respect to the sampling
procedure or the sompling design rcecording to which the sompké is
generated) of sgquorsd o=ror loss ond which is caolled meon squore
error {MSE} of an estimator « 1in estimoting ¢(y). The M{d)
moy olse be demoted by M{t) and called the MS5E ~f the sampling
stretegy Tz (F*,d) where F" 1s the sampling design or the

sampling procedure on which the astimator Jd° is based.

The genercl criterion of optimality may bo described to be

minimizing the mean sguore error (moximizing the efficiency of
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astimotor} for o given {Ffixed) budget and time ar mimimizing the

eest and time for ochisving o glven level of efficiency.

However, wa shall toke M3E as the szole criterion of prefaerance
{ossuming the cost and time invelved o Le of the some ordar) ond
define & strotegy T = [Ef,dli {er on estimator dl} to he heotter

thon another strotegy v, = {P;,dz} {or estimotor dz)

i M(dy) < M(dy,) ¥ 0 en
the inequolity holding true fFor ¢t leost one 8 = (Y17, -7yl
For ¢ specified sompling precedure P*, our offort would ke

to choose éar whbbmetor d ¢ ¥ from o class of estimators D such

that
M{d) < M{<d') ¥YVoep and VW d'{(f &) P

with inequality holding true for of least one 6. The estimntsr ¢,
then, would be called gs the best estimatnr in P for the specified
P,

1.3 Clossescof Linear Estimators

During the decode 194Q-1950, o lorge number of sampling
technlques {sampling procedures or wmethads of selecting the
sopulation units inte o sample) correspanding to different situotiors
vere evolved and the problems of estimoting nopulatien totol, mean,
sroportion or rotic were considared. The estimoiors considered
were mostly the linenr astimators {linsar combinotlion of y-values

+far the units in the somple]. The concept of linear estimators was
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broadened laoter by Horvitz and Thompson (1952), Godaombe {1733), and
Keop (1957), (1P43) 1. Theseavthors mode an effort to provide o nenercl
treatmant of problem of peoint estimotion in cose of fimlte peopulo-
tions ond a3 o result there emerged the sc colled unified theory of
. sompling.

Koep {1943) described that far any sampling scheme, the three
fectures inherent in the sample formation, which moy he stoted os

axioms, are

{1} the units oppear in order
(11} o given unit is cither presert or chbsent in the somple
(111} the sample itself is one of the possible sumples which

covld be drown from the populotion,

A lineor estimotor for the population fotol Y{or meon Y) is
“a linedr combination of the volues of the chorocter y observecd for
" the somple onrd the coefficients in the linenr comblnation moy be
determiped using the axloms {1}, (11) and {111} in vorious combino~
tions, therehy hoving different types of linear estimotors., Apply-
ing the axioms (i)}, {ii) and (111}5 the mest frequently
used three types of lineor estimotors far Y are obtained os

follows :
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n
Ty = & ﬂftyi=yi}' where gr{rt1,2,ii.,n} is the
T3 r
welght to -c cssccioted with the y-volue for
the vnit cppeoring in the somple ot the rth

drow.

Tz = E 51}01’ wharﬂ- E’i {i=l;2;-aa;ﬂj ;’ tha

15!
coefficient attoched to the y-value for the
ith populoticon unit, solscted in the sample.

and Ty = 12! Yg Yy where y_ is the coefficient
attachad to sach of the y-volues in the
somple s whenever the somple s is
sélected, _
15 denoting the sym over oll distinct units in the somple s.
"L
The chove three closses were presented by Horvitiz ond Thompson

- {1%52) who discussed the class Tz in detall.

Likewise, the linedr estimctor

Tg = 1i! e(s, 8) v,
wheréjweighta gls,1) depend on identity of the units and the sample
ot hond, discussed by Godombe (1955) 1s enec of the seven closses of
estimators which con be gemnarated using axdioms (1) to (i1i1). He
(1955) proved thot there doss net exist o unifermly mindmum vcriance
eabiosed estimotor {UMVUE) in the closs of cll unbiosed estimctors
in T, with respect to ony sempling design. Exception te the aobeve
resylt was later shown by Hapurav {1764) in cose of vnicluster

designs.

A \ P YPE B il o .h,!%
\ggkﬁhy,ﬂum ; f//
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It Is shown by Koon {1757, 1543} ond Ajoconkar (1947} thot
there does not exlst UMVU estimaotor in the unbicsed subclass of Ty
for all samplino designs. However, iIf the somoling procedure i3
that of simple rondom sompling without replacement (SRSWOR), the
somple mean y 1s UMVUE for ¥ fn the untiosed scbelass of T

The question noturclly crises : Is there ony estimotor in the whcle

closs T, which is better (in the sense of having smoller WSE) thon
y.? In Chopter 11, we have answered the guestion and find thot there

are o lorge number of biased astimctors in Ty better than y. The

gtudy has been further extended i{rn Chepter I1I, to non-homcgenecus

linear T1 clas: and non-linecr estimators.

1t wos shown by Horvitz and Thompsen [1752) that the estimatcr

L
Yop = I yi/1; (the so called Horvitz-Thempson estimoter) is UMWY
' ies

gstimctor for Y 4in the unbiased subclass of T?‘ whotevar be the

sampling design odeopted. A naturcl guestion crises, Is there any

-

estimotor in the whole class T, which is hetter thon Y. -.7 In

Chopter Iﬁt_ya have undertcken tc resglve the question and shown

thot for o number of sempling desians, o larse number of bilasec

estimotors from T, cen be found such thot they ore better thon

e
vH‘T r

—

1.4 Use of Supplementory Informaticon ond Brief Review of the
Ralated Works

The use of supplementary (cuxiliory} ~ information in

‘astimeting the populotion total or meon was recognlzed during the
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decade 1940-1950 itself. It is now well recognized that if vsed
intelligibly, the cuxiliary informction increcses the efficiency

of the estimotors.

Broadly speaking, the cuxiliory information may be used in

three basic ways [Tripathi, (19270),(1976)]

(i) At pre-selection stage or designing stogé : for
example in straotifying the population or constructing

the clusters on the hbasis of o related character.

(11) At selection stoge : for example in selecting the
units with varying probabilities, based on an cuxiliary

character, with or without replocement.-

(111) At estimotion stage : for exomple in constructing
ratio, regression, difference or product-type

estimotors.

The informotion may olso be used in mixed woys, at any two
stoges and then at oll the three stages, thereby generating seven
ways of using ouxiliary information. For excmple, information on
a charocter z moy be used in definino the set of inclusion
.probabilities and that on cnother character x mcy be used in
constructing regression~type estimctcr for }he population tgicl

Y of the moin character y tTripcthi;(1967),(1973)]z

In thisvgorkL we hcve cenfined curselves tc the use of cuxiliayy

information ot estimation stage cr/and selecticn stage fer presenting

thé estimators €6r Y, Y oand 03-
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Further the tuxlig:y imFormotion may be avallohle in the

fﬂllowlng moin forms

(1) ALl the values XqeXgease ey of wuxiliory chorocter (s)
x ore known or the frequency distributicn of x moy be
known, where x moy be ¢ scalzr or o vector

X = {31,5&2;.4.,3;}},

{11} Some porometer (s} of x ocre krown, For example,
population megns, totols, variences, coefflciants of
variotion, coeffileclents of kurtosis or skewness for
soma or oll chorgeters in x = {x1,x2,...,np] moy be

known.,

{§14) Valuves of % are known only for seme unfits of the

population.

{iv] Porometers of x, smy $(x) are not known excctly, but

some gpriori value ¢c{x} is known or it is known thot

'br{x) < vix} < 9, (x) where 4, and y, are known
quantities,

{¢¥ An opriori value, soy ¢Q{y}, of the porometer under

estimotion &{y)} is known cr the hounds
¢1{¥} < oly) < ¢2fy} dare known.
{vi) Some y-volues, say Yur¥ae e ¥y for k& out of N

units in the population cre known apriori (before the

sample is selected) or goertericri, {in oddition %o

y-values for somple ofter the scmple has been selected).
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(vil) An oprieri volue *o{1}{f7 of a porometer wiir},
i=1,2,...,p, other thon the parometer 4(y) under
estimotion, 1s kmown or it is known theot wliy) lies
betwaen quontitics millfr] and ¢£2){y}.

The problem of estimcoting the population mesn Y or total ¥
of o character y wusing the informotien on o single auxiliory
ghoracter x  in stratifying the populatlion or in selectimg the units
.with'worying prebabilities with or without replacement or in cons-
tryeting rotioc, fegression, difference ond product-type estimotors

has been considered in detoll cfter 1940 and the work is now
contolned in most of the books on sampling theory. Honsen ond
Hurwitz (1743) were the first to consider vorying probobility
selection; Cochran (1¥40,1542) was first to discuss rotic, regress-
ion estimotors, Honsen, Hurwliz ond Madow {(1953) ware the first to
discuss the difference-type ostimateor and Murthy (1943h)was the
first to discuss product estimotor using the knowledge on the mean

X of on ouxiliary charocter «x.

The use of informatlon on several auxiliary choracters for
estimoting Y{or Y) has been considered umong others by Olkin
(1950}, Ro) (1985}, Singh (1967), Khan ond Tripathi (1967}, Tripathi
FO1970), (1974(0) ), {1978) ], Srivastovo{1765), Rao and Mudholkar {1947),
and Das ond Tripeths [(1779({c)), (1979(b)1. The form of 1nfarmﬂtin; vsed
vwos the knowledge on the populotion means of the ouxiliary eharceters ihics

"evollaoble readily or through the first phose sample, The vse of
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vnivaricte or multivariate cuxiliory informaotion for estimating the
population ratic R = V/X of two mecns (or totols) hes been
considered, omong others, by Rao ond Pereira (1968), Singh (1969),and
Tripathi [(1970),(198C)].The use of multivaricte quxilicry information
for estimating Y (or Y) on successive occasions has been considered,
omong others, by Tikkiwal (1967), Sen, A.R. (1971), Tripathi (1970),
Tripothi ond Srivastave (197%), Dhiresh Acdhvaryu (1978). The use of
multivariaote information for estimoting the population rotio R on
two occasions has been considered, among others, by Tripothi and
Sinha (1974b) Das (17320). Further the use of multiple informotion

in estimating the populct;Sn proportion P has been coésidered by
Das (1982p) .

To the cuthor's best knowledge, Das ond Tripothi (1980) were
the first to advocate the use of Cx (coefficient of voriation of
x) or 0: (voriance of x) in estimcting Y, under certain situations
especially when x oaond y are uncorrélated or very paorly
correlated. Also the above two authors [Das and Tripathi,(1972a),(1978b]
wvere the first who considered the problem of estimating 03 ond
C, in case (e) X 1is known, (b) o, is known and (c) C  is
known.

Though @ lot of work hes been done on the use of multivaricte
auxiliary information at the estimotion stoge, not mu.’ work has
Been done on the use of informotion on severol ouxilia;y chcrqcﬁers
in strotifying the pcpulctiop or in formaotion of clusters. Similaorly,
the problem of using the informction on severol characters in select-

ing the units with varying probabilities has not cttracted much

ottention.
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Te the outhor's besi krawledoe, Mclil and Tripothi (1774)
were the first to censider the zreblem of estimotlng population
total Y with the help of ¢ sompling strotegy based on varying
probabiiity selection with replacement (VPSWR) where the set of
-probabilities {p],pz,.i.,pﬂ}, pj = zjf g1zj (» 9) cre hcsed on
'z = ¢(x1,x2], c real valuved fyncilon of twe aexilicry characcters
xy and x,. Some of the results cbtoined by them ore merntioned in

Section 7.3 of Chapter VYII.

Recently, Arrowsl ond Simgh (19E8Q) have considored the
problem of wsing myltivoriate <Information in selecting the units
‘gecording to VPSXR. ond developed p set of probabilities for select-
ing the unlts | Hewever the set of probabllitles proposed by
them depends on the exact knowledge of some populotion parameters
involving the character y itself. Thus the general oroblem

remains yet unresclved and which may be described as follows.

Ts cbtain @ suitable measure 2z = ¢{x‘,x2,...,1p} ds o recl
valued function of {x.l,xz,“.,xp} olone such that the sampling
- strategy 1 for ¥, bosed on the probobilitles proportionol te =z
is better then each of the stroteales 1 bosed om preobebilities
propartional to  x, {1 = 1,2,...,p) and is clsc better thon the
‘strategies bosed on simple romdom sempling ond somple mean or roatio-

type estimaiors etc. 1n Chapter V1I, we hove considered the abeve

spoblem for p = 2 conflring ocurselves to WPSYR,
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The cbove works are related to p-vorlote (p > 2) populotions.
Hewever, the use of ancillory Information hcs zlso been considered
in cose of univariate peocpulaticons too with an effort to improve the
ysunl estimotors for the porometer under estimotion ${y) especially
in the case where knowledpe on onother parometer ¢{y) f2 avollable

or some cpriorl value of ¢(y) is ovailoble,

In case crﬁ is known, a closs of estimotoers for Y defined

by

-
1

- 2_2
. ﬁ" 4 t1{=_£ uf) {Uiju]

L]

if
e
>

(52t (s2-02))"
in cose of SRSWOR hes been discussed by Das and Tripothi(1932(n)}.
where t1 and t, ore suitably chosen sigtistics and o is @

sultoble chosen can:tant.@'ﬂ 15 found for large somples and SRSWR

thot for o = 3, the best choice of ty is siven by

Bt = ugly) / Lot{e(pr8sh
and then vthe resvlting MSE 1s given by

\ By (y)
M{Y) = {1fn] gi (M- 31 4

-3
B‘z{?}ﬁ:__J_
‘where n 1s the somple size.

It is obvious that in case of symmetric distributions, e.0.,
normal distribution, none of tho estimgtors frem the above class
would be better thon sample mean y. Hewever, in other situcticns,

one may genercte estimotors better thom the somple mean vy

®Hﬂwe\rar, their method does not yield optimum values because they did not
chtain the values of Etl, th and o by solving the set of eaquations:

™ -::* :': . .
aM[ﬁ'”jfaEtl = 0, #M(Y)/3Et, = 0 and #M(Y)/3n = U, simultanedusiy,
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In cose of mormal distritwiion, the estimotor for ¥

gonsiderad by Wehta and Srintvazon (1971) definad by

T =701 - o expl=nby®/ol}]
is Fourd to be better thon ¥y 1n mamy situctions. However, such
estinotors are not of much proacticol use os ni may net be known
axoctly in most of the proctical situvations. Morecover, computation
of MSE ete., are gquite cumbersome.
In case c§ is known, Searls (1964) defined an estimator

for ¥ given by

M _ ""_ 1

Ts = n?ffﬂ*Cr}
which 12 found {2 he uniformly better thae y

A class of estimotors depending on the knewledge of Ei
discussed by Das and Tripothi (1980B)is defined by

- 2 2
- S t](ﬁf‘c?.} 2.0
TDT - {C?'t {':T_CT‘:}}C( (cy}
¥ 27y 7y

2 2,2
where ¢, = syfy

They have discussed o numbet of estimoters from the above
eloss ond have shown many of them to be bstter thaon ¥ under
some conditions, Some cf the estimators are olso shown to be better
thon Seorls' estimotor., It 1z found that in vase of symmetrical
distributions, the abeve class of estimotors with %, = 0 and
t, = X, o constant alwoys provides the astimators better than ¥

if o ond L ore chosen such thot
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a(1-2) = - 2ck/rackepy(v) - 223

“and the MSE of such optimum estimators is given by

2 2
o] 4 C

- - Y
Mo(TDT) - 7% R

].
2 n-3
4 Co+y(y) - oy

However, the results are restricted to large samples;u>o&flh

Further the proposed estimators are not

olways better thon Searli's estimotor.

In case C: is not known exactly, but o goed-guessed valve

C: of C: is knewn, Hirano (1972) modified the Searl¢'s estimator

Ty = ny/(nec2)
° 2
C
which will not be better than y wunless C:/[2+7§] < C:.
Thomoson (19468) considered the estimators
T. = n-/(n+c2)
S y y
e - = 2
TS(a) = ny/(n+acy)
and Pandey and Singh (1978) considered the estimators
Tps = 7 = (1/n) s2/3
= o 2,-
Tps(a) = ¥ * (a/n) si/y
in case no apriori information about Cﬁ is availoblc and which are

found to be rrefercble over y in some sitvations. especially

when /F/Cy is small.
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Des and Tripothft (190Calend Oas (1582} Ziscussed obout

Z

d = w
4

Y Fowy s
and found it to be better than ; under some conditicns on the
weights "y and o depending on prior information chout Cy and

- goefficlents of skewness omdd kurtosis.
Further, Mehta and Srinivason (1971) discussed

T = y[1-a exp{*nbfﬂi}]
a8 an estimotor for the mean of & normal populmtien. However, the
estimator Is not of much interest from proeticel point of view,
becaovse it Invelves compl ?coted computotions and mey not he better
than y 1in many situvations. Morenver, the estimator is confined

only to normal distributfion,

It is noted from the chove dizcussion that exact or good-
guessed values of cme or more porcmeters dre necasscry te obtain
the estfmotors better than y. In most of the proctical situations,
- it i3 not very difficult t- have the knowledge on some of the

; 2 2 - I 2 {2]
quantities v{l}: Y{E]’ G{!)! U{?]r C{!‘j' \-{z}r B;E }.r E§ } ﬂ%

»

which ore svch thaot

0 < B%”_ﬂﬁliﬁ;' i By % Béﬂ

ond such a knowledge con he eosily vtilized in obtoining the estimo-

tcrs better than ; os evicdenced by cur discussion inm Chaptors I1

ong II1 and to scme extent Chopter 1V.
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In Chopter II, we have identified ¢ large rumber of linecr

slosed e=stimetors beiter snen & depending v ¢;y  on the knowiedge
e

of C{” and shown thot in the poavoulations whers C}, is large,

the goln by using those estimotors would be quitse apprecicble,

In Chopter 113, we have obtalned o lorge number of estimcters

for V¥, better than somple menn vy, TH" TFS ete., depending on the
knowledpe of cne or more of the chove mentioned apriori volves.
Further, o laorge number of estimoicrs better than Seark:.'s
estimator ore also obtained, The estimoinrs discussed are linear

ond alss non-linear ones.

In Chopter IV also, we hove found, depanding on the knowledge

of E“}, some blased estimotors under the struclure of genercol
sampling designs from TE--mlnss of linear estlmators, whizh ore
hetter thon Horvitz-Thomyson~type estimatore for ¥, in cose »f a

family of sempling deslans.

The problem of estimating populatinn variance gi of o
character y hos heen considerad, omong cthers, by Yakimoto[ (1270).
{1971} 7, Silngh_.r Poncdey ond Hirone {19713}, Liv (Y974}, Pandey ond
Singh (1977}, anc Das ond Tripethi[ (1977} . (19730} and the estima-

tars dve to them hove beern discusserd in the Section 5.1.

In cose of bl-varicte populations, Dos ond Tripothi (1978a)
hove considered some estimatorz based con SRSWR from the eloass d

discussed by Daos (i%282) imp case of SREWOR, where
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2 _ -~
e L L

T

-~
- ¢ being on estimater of @ known porometer Y. The estimoc-

tors discussed by them depend on the knowledge of either of X,

2
Oy ond Cx.

Further, Srivastava and Jhaj) (f980), following Das and

Tripaothi (l?78&)considered the estimaticn of 03 in case both

X and oﬁ are known.

It is found, in case of symmetricol distributions, that none

~

of the estimators from d with ¢ =YV, $.= y would be better than

A

the usual unbiased estimoter 53, while for y= Cg, w,= 53/;2 in.

A

d, one may clways find o large number of estimators better than 55

provided coefficient of kurtosis is knownh at leost approximotely.

Using the exact or approximate knowledge of the cocefficient
of kurtosis, Pondey, Singh ond Hirano (1973) discussed the -

estimators

V] = (ﬂ/A’) 5)2,

2 ~
Tol = (n/4) sy i T,

wvhere A = By + {(n2~2n+3)/(n—l} and A* is ¢ good-guessed value

of A.

Further using the-cpriori Enowledge 02 fer 03, Pandey ond

Singh(1977) discussed the estimator

Ggs = w 53 + (l-w)og, C<wc<l.
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While Tol is aolways better than 53, the Tol ond ogs would be

so only under some conditions depending upon the kncwledge cof By

and thot of B, and °o/°y respectively. It may be shown that in case
n/a* < 2(n/a) -~ 1 or > 1, T°l would be worse than 55 and same

is true about ogs in case

2, 2
co/cy < 0.5 or > 1.5,

Further, Das and Tripothi (1980g). ond Das (1982) have consider-
ed the estimators
T = v 53 + W, Y, Wy + o, £1

for az and found that, in case of symmetric or negatively skewed

14

distributions, it would be better than wlss (hence than 53 olso

vith proper cheoice of w,) if
2 - 2

The estimctors for 03 due to the other cuthors mentioned above
are discussed in Section 5.1 and core not discussed here to avoid

repition.

As mentioned some where else in this Section itself, knowledge
of some of the QUQﬂtitieS Y(]), Y(Z)' C(]), C(z), 0(‘), 0(2),
Bg‘), Bgz)‘etc., may be easily vtilized to improve upon the usucl

estimators for o parometer ¢(y) under estimation.

In Chapter V, we have discussed o class’ of estimctors, for

~

03, to which many interesting estimcters in addition te Tol' Tol’
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qgs and T' and some From d cefined cbove beieng. A lorje humber
of estimotors better than sf and alsc the Secrls'~type costimator
tn? can be generoted put of the above closs by merely vsing the

knewledge of ome or more of the quantities ?(1), ?{2}; C(]}, C(g)r

2 2 1 {2 2z
U{]}r ﬂ'{z}r EE Jr E’] :'r Eg ]

In many situvgtions, 1% is net stromge &0 get axcet or approxi-
“mote informotion about some population units which have not gppeorec
in the somple, durine or ofter the collection of doto for sompled
vnits., While convossing the schaedule or through sonme other sources,
the infurmaticn moy be avellshle (or moy he mode aveoilable threoogh
some extre effort) for scme population units, in oddiilon to those
vhich have zlreody cppeored in the somple. Such on informction mcy

be cclled agoposteriari information, Similarly, in mcny proctical

sltuotions, one moy hove gprinrl Enformetion on some pepuloticn

waits before the somple is selqacted or one meoy decide to enumarate
oll thu;e units for which y-valves cre sunposed to be quite high
andfor low ond te select @ somple from the rest of the population

vrits. Such on Informoticon moy Le called as gpricri iaformaticn.

It won't be advisoble to throw off either of the abeve
mentioned types of infarmotion -yhether ¢ Posteriori or apriori,
for some population units In odedition to those in the sample. Thisz
motivates us inte the detcilesd investigetion of how te use such on
gdeitioncl infermation tocether with that contained in the somple,
for providing improved estimater {s} for populction totcl ¥ (or

mecn Y,
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“In Chepter YI, we hove undertaken the problem of estimating

the populotion total Y or meen Y in case y-values for

a=population units, in addition to those in the sample, are known

(a} gpostericri or (b) eprieri.

1.5 gContepts cof the Chopters in Brief

In Chapter II, we have revisited the T1“CIass of lineor

n
estimators, T, = E! Gy ¥ypr N search of the estimgtors better
r=1

thon sample meon y 1n case of simple random sampling without
replocement. We find thot the Secrle estimatar Tg = 7/[1+K ﬁi]
with K = (N-n)/n{N-1} 1s uniformly minimum mecn squere errcr
{UMMSE) estimctor in the closs T,. ¥e find necessary and suffi-
clent conditionstc be sotisfied by the welohts GeQgrenns, 57
thot the rasulting binsed estimators cre hetter thon the somnle
mecan y  However, the estimator ?5 and the necesscry and
sufficient conditions depend on the knowlecdge of G: As an

alternotive to this, we haove feund cll those bigsed estimotors im

TI to be better thon y for wkich

IN-1) (2-1Y2/0 < cfj} (1.5.1)
where, § = g a , § = g mz ond O = Ez + (E - 1) -8 »C
d p=] ¥ Dy r S 3 Y e
ls sotisfied. rurtkor, the madificd Zecrlé'T estimctor
2 = 2 2
T% = 1y, []—KC(1}]f[]+KC{I)} < <] {1.5.2)

is olways found to bte Letter then v,
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A procedure for choosing the weights cr’s satisfyine {(1.5.71)
has also been indicoted. We hove clsc found sufficient conditions
for some estimctors from T], with different weiohts satisfying

T

{1.5.1) to be better than Some numerical 1llustrotions haove.

[}
5'
‘besn provided te justify our points.

"
We have studied the relative performence of TS over y for

different valves of K ond C}" ond find ithat the relative effici-
ancy of ?5 cﬁ.rer y 1ncreases with C? for o given K cnd with
K for ¢ given Cy. We find thet the ¢ztimotors from T% or from
T, satisfying {1.5.1) should ba used only in case K > 0.0l cnd

E?;_g].

In Chepter I11, we extend the study, made in Chopter II, for

searching estimators better thun scmple megn, further to a more
general closs

d =y y + Ayt {1.5.3}
bosed on SRSWR, where 4 is a syitably chosen stotistic, which in
particular, may be a constont, soy ?g*“" apriori value of the
populut&lan meern Y and L's ore sultably chosen welights which need

net add to unity.

We find thot the estimators from the non-homoneneous T,-cless,

d* =17 + J"Evc: would alwoys be hetter thom the sample meon y a3

well as the modified Seorlésty estimator ] = n;!fnwgi with

EE z C’i-, provided 7"2 lies Letween

¢  ond Z[f:,szn-l-CE}] T{”f'l'ﬂ (1.5.4)
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The ceneral properties of the proposzed closs of estinctors in
(1.5.3) ore studied and the necesscry ond sufficlent condition for
d to be Hetter then X y, for a riven hyr is fount to be that Ap
lies between

G oand 2[(1-xy) ¥ E(t) = %, Cov(y,t)1/ E¥*  (1.5.5)

The cenercl techrigue of shrinkine 'nreference-intervol "hos

heen discusses ond the necesscry cond sufficient conditions and the
sufficient conditions vnder which the non-lirecr estimotors

_ Z .- . Th Z,~2 . -
d; = T‘i + ;\25},, di = T} + 12{5?!;@ ¥, d5 = T; + PLWY

48 o TP+ 3,50 one 85 = T3 4 }._Efsiﬁ}}
ore better than ‘1' os well as ¥y  and =lso the Searl-'svestimotor
?5, in cose C: is known, have been derived. These sufficient
conditions depend merely on ths knowledne of quontitiles ?’“], ?{2),
Cayr Szy &) e 5"

Further, a subicloss

i d' = y + gt {1.5.4)

of d hos got special attention in ocur discussion and o set of
recessory ond sufficisnt cond‘itionsj under
which the estimaters from d' are better than y ure cbhtained, foer

some choices of the stotistic t in d'.

The relotive performonce of the estimateors proposed by vs ond
these given by Seorl™'s {(¥¥44), Hirano (1272}, Pondey and Singh (1979
" hos heen discussed. Further an empiricol study hoes heen mode consi-

dering the actural populotiens and percent relative efficlency of
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d' =y + Azt over y and thot of d* 3'?5 + hzt over Ts hos
2 -2 2 -

been obtained for ¢t = sy, y©, sy y etc.

We find that for population II, in which cose, the coefficient

of variation Cy is laorge, the percent relctive efficiency of some

estimators in d* over T, is os hizh as 290%.

In Chaopter IV, the Tz-class of lineor estimators, TZ:iﬁsBiyi
for populction total Y is revisited in search of the estimators
(biosed) better than the well-known Horvitz-Thompson estimater
;H-T = iﬁs yi/ni, whatever be the sampling desicn and find that
there does not exist UMMSE estimctor for Y in T2’

We find that for some populatiorns and for a fomily of sompling

A

designs, the estimator T, =AY, ; is better thon Yy.7- Ye cive
G numerical illustrotion showin- that for some choices cf A, the
percent relative efficiency of Té over YH—T’ vunder o specified

design, may be hicher thon even 400% for some populations.

Further, we carry the study of relative performance of the

estimotors T, and T3 = )" g y /p , P: = X / 5 x (> o) over
2 2 ie i i i
under on apriori distribution choracterised by the usual

Yy-1
super-population model (Godambe, 1955),

E(yglx%;) = a x;
Wy [x;) = oox | (1.5.7)
cnd COV(71'¥3'X1'xj) = 0

and the followino results have been noted :
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(1) If o%/o? = ¢Z(y[x}, be known exactly, then PR R
th . 7 N 2 .
Ae ¥ ﬁ{ln+C'{y[x] izl ﬁiri]f(ﬂ+c {yix}]
.él-hatter thon *H*T in the T2~c1a55 if
M
My £ 1/2 gnéd t » [(1-2 wipi) {1.5.8)
- - i=} '

ore, t = V(xy 1) Te(Xy_ 117
{18} If szyia} is not known =xcctly, byt it is knowp that

C%]}{FIM} i-ﬂz{ylx} £ C%E)(y|x},
@ sufficient condition for T3 to be a;-hetter than $““1- has
en found.
{£i1) In cose Cz{y|x} is knawn excctly, then the estimotcr

from Ti with optimum cheice of X, i.e.,
T;E = [(1+C (?!x) )

sy (1402 ¢y x) ﬁ ol/n )y Vo -
1___1 rﬂl 1 131' i i h"T

P

hos been found te ke y-better thon Y, .. Howover, In cose
szyix} is not known excctly, similar types of results os in (1i)

have been -adhtained.

Further on empiricol study has been mode ond the percent

H-T

i3 interesting to note thet in scmz caoser serccrt rzlative efficiency

relotive efficiency of T; ond T3 over are chteimed. It

is evan more tham SCO0%,

The results sbtained in Chopter IV obviously opply (with

obvious modificatiorns) to the problem =»f estimotion of populaticon
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mean Y, teo, in cose of cencrcl samzling desicns, the estimoters

eino Tz*type of lnaear cleoss of estimoters for V.

In Chapter V, we discuss the problem of estimation of the

pepulotion variance ci in cgse of SREWR, We find that on estimo-

tor
_ 2

would be better than si
1'F 2{1’1.".’_‘.,(-”} =1 < :&'I L4 1; ﬂ{"] > R

or |Af hfﬂ(ij < .11 < |

2
n_-Zn+d) A
= <

where n < &1y = Egi} +

Further, we study the reneral preoperties of the closs of

wstimotors

d = Xy si + Aqt
and find thet fer o specified iy, estimators from d would be
better than T, = lisg

iff Ao

lies between 0 aond 2[{?-11}G:Et'AICQV{Si,t}]{EtZ.
We cbtaln the necessory and sufficlent conditions under which
the estimcters d* = T? + 12t, for t = cg, on opriori wvalve of ci
t = ;, t = sﬁf; ete-., ore better *han si and the modifier
estimotor TT = {nfﬂ'}si with A" < ond also thon Tmit{nfﬁ}si
in case By 43 known. %o alse find the sufficlent condiiions which

ore dependent merely on the knowledge of the lewer or upper bYounds

of the porometers inveolved.
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Ye cdiscurzs the relative rerformonce of the estimotors sreoosed
by us ond those by Fondey, Simrk and Hircone (1¥73), Fondey ond Sinab

(1977) and Das ond Tripothi (1¥74c).

Further, we undertoke on empiricol study bosed on o meturcl

peovlation doto end obtain the percent relotive efficiency of the

55 + lzt over si ond thet of o* = Tn1+ hz‘

estimotors o'
over T 5 = {n/p) 53 for some choices »f t. In some cases, the

percent relotive efficioncy is found to ke ever maore then 200%.

Finally, we find thot in cese of mormal ponulgtions, the

estimotors
di" = TDI + [2/(n+1)} 6%1}
gt = Ty + 2 ?“){f‘f(ﬂ+1}][(:€1]f{“+c%1)}ﬁ
at = Top + Llnechyrterect 106k 7 (10057
2 2 2
Al{n-1)Y/{n+1)1C5.. Y ,
CUL- A DR L) {nf L (0007
) 10(n-1)C7yy+nlntl)

n
would be better tham eoch of 5:, 5': = E {yi*?}ifn, the maximum
1=

-likelihood estimater ond the Secrls' type estimator Tai'

In Chapter VI, we consider the vtilizotion of the set of

information {y1;r2,...,yk}; the y-values fer k units In the

- population, in additicn to these in the sample, for improving the
. vsual estimotors for populotior total Y(or Y). We consider the
twe situctions, the first being thot this set of information is

ovaileble, after the somple s has been already drawn from
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the entlre populction occording to some sompling procedure
(oposterior use of information] end the second heinp the situction
that the chove set of Informoticon is avceileoble In additionm to the
infermotion for uvrits in the somple drown frem remcinine N-k  onits

af the population {(cpriori use of informetion).

We consider the gposterior vse of ifnformaotion uncer the
structure of general sampling desinms and provide an umbiased
¢loss of estimaters

d=w ¥y o+ (1-w) ¢

with d* = .lig:s y; t iEs yi’fﬁis [(Ref. £.2)
%

for the pepulation total ¥, hased om the informotion contained in
ithe somple s as well os the odditional set of informetion

L fi,rii, 1=14,2,...,k from U~s. We find o nocesscry ond
sufficient conditicn under which the estimators from the proposed
class afe better than Heorvitz-Thompson estimoter :EH-—T’ bosed on

the somple = olone.

He find that in cose 5 = szd*]szﬁH_T} ¢ 10, the estimotor
d bosed on the optimum cholce of w = o/[1+q] ore glways better
than $H-T’ the relotive officlency of ¢ heing 11 times more thon
that of ?H-T for p = 0,1, Further, we consider some specicl
coses deolinn with different sompling desions through which the set

5, ¢an appear, clven the scmole w8,
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Then we discuss about the sampling strategies for Y, based
on the apriori information (i,yi), i=1,2,...,k in aoddition to
the information contained in the sample s, from the remaining
N-k wunits in the population ond the schemes of SRSWOR, VPSWR, and
VPSWOR. In every case, we identify some estimaters which are
better, under very moderate conditions, fhon the usual estimators

bosed on the sample s alone from the entire population.

At the end, we give numerical illustration regarding the
opriori vse of information and find that the additional information

increases the efficiency of the estimators considercbly.

In Chapter VII, we consicer the problem of using information

on two ouxiliary characters X1 and X, in defining the probability
N
» *® -
distribution {pJ,pz,...,pﬁ}, pS = ¢(xlj'x23)/521¢(klj'x2j) > C,
on the perulation U = {1,2,...,N}, where ¢{x‘,x2) = 2 is a real
valued function of X1 and - Xo.. We find the necessary and

sufficient conditions under which the strategy

il

(1/n) g (y-/p;)

t = (PPZWR, Y}, ¥
=1

is better than the stratecies

~

(PPXWR, Yy},

- >

in

T4

n
i = (l/n)xi z (yj/xij)' 1=112
ancd the strategy '

3=1

A

{SRSWR, Y_}, Y_= Ny.

1]

To

Further, we find that if

I RS B
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with lj sucik thot

3

where
2

2 —
T . ; = XX
9(]) < n;n yJ < m;x ¥y £ D(Z} K min lf i
and K D“.}IDH] |
then the strategy Tt will olwovs be better then T and Ty

We olso give a set of necessary and sufficient
conditions for the strateoy 1 to be n, better then Ty Ty and

o vnder a super-population model n,

E{Fjlzj} =g + P xi

F(yj1zj} = ¢fzj}
and E””(er‘fj'|z=.,f1w3 ='Q

*hEIE‘, Ij = ¢(x1j’x2j}‘ j= 1321--*r

4N cOse, w{zj} = T.z? gne o s U, we find that the strategy
>

1 and > 0 {1=1,2) is nz-bettef

r with ;j ij - ljxlj ‘“ij

than beth of T and Tor

IF (xpymK)/xyy € 0g € Oxpymt)/xyy for 0 cgcl

~——

ond If (xzj-K”g}!n“ < '}'j < (xzj-l}fxu fer g > 1|

where, K = min {Ri.f.‘{i} > 1.
T<i<2
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Further, In case C% = U{yjixtj,x?j}f[ﬂ?j|x2j;:t!j}]" = Cz,

tonstont or g = 2 in the n_-model with o= 0, we find ¢ to
olways better thon Ty Tp and Tot in other coses, o set of

ficient conditions are found for 1 to be better thon 1, T,

T, The strategy 1t is olso cnmpared with the strategies
ed on SRSWR snd two-voriote rotic-estimotors duve to Olkin (1938)
Tripathd (1872},

We glve emplricol evidences in suponrt of seme of the resvlits.
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THAPTEF I

SOWE RESULTS ON T CLASS OF LIMEsR ZSTIMATORS

1

2.} Introducticn ond Summary

Let U= {1,2,...,N} be g finite populotion of N ([given) units
"labelled througch 1 te N and y be o veriote {reol) which tokes value
i1

’yi for the ith unit of the population {i = 1,2,...,4). Let ¥ = E]yifivi,
1=
2.

N
ﬁl" = Elfyi-?}zﬂ\! ard CY = Uy!? be the population mean, wvaricrice
1=1

and coefficicnt of voriation of y respectively. 1t is desired to
estimgte the mecan Y on the bosis of o somple of n units drawn

according to simple rondom sompling without replacemunt (SRSWOR) .,

The Ty-class of ilinear estimators for Y bosed on o sample of

size n may be defined by

a. ¥, (2.1.1})

=i 3

r=1

where ur(r = 1,2,...,n} is the weight (constant) assccioted with the
yevalue of the unit appearing at the rth draw,[Horvitz and Thompzor,
{1752}, Kr_:np (1957), (1943)7,

When o = \/m, for all r = 1,2,...,n, then the estimator in
{2.1.1) reduces to

-

T =y {2.1.2}

and the opiimum value of A which minimiscs mean sguare error,

Y
WTE) of '*F*f in {2.1.2) is found to be
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, 2 ‘e
A, = /14K Cy} 12.1.3)

t case of simple rondom sompling witheout roplacement, whers

x S‘-ﬁ%{—r . The resulting estimotor '}‘o; was discussed by Scarls
1964) ond is defined by

Ts
iith its bics ond MSE as

= oo 2
= y/E1+K Cy]

" _ 2 . )
E{TS} = -k Cv F/I14K Cy} (z.1.4)
a 2, 2
and  WM{T.) = K FiCf/[1+k =77 .
- S Y y

-
gbviously, TS" a member of Trcluss, 15 better thaon the somple

sean ; (better in the sense of having smaller mean squore error)

-~ hRQE'J
ind the relotive efficiency of Searls estimater TS over yA is

"found to bz n.E., = [1 + Kf‘yz],’

It is wzll known thot in case of general sampling designs,

there doas not exist best linear unbiosed estimator in =« unbicoscd

subrcloss of the class of lincar sstimaters TI [Koop,{!?ﬁ?},{l?ﬁﬁ};
« Aypacnkar (1989 )], However in coase of SRSYWOR, somnle moon y is
found tn ke the best in the unbiased sub-class of the class T, in

{2.1.71}. The question orises: Does there exist the best lincar

{onifermly minimum mean sguare error, UMHSE) estimaotor inm the ontire

i "
tirecr =loss T]? Further, are there some blosed cstimotors in T‘1

i .

« better than y ?

It may he mentioned here that in the reprcssion analysis Hoerl and Kenmard
[1970(a), 1970(bH)} suggested the "ridpe” estimator for the regression co-
efficienrs vhich for the one repressor case reduces to the exnression similar
w Searle’s estin@oer vYor Y, vhe population mean,
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In this chapier, we onswar the guestions conflning ourselves to SRSWCR.

We find that the strateqy t, = (SRSWCR, T) is the U:MSE-strotegy in
the class of stroteglos 7, = {SRIWOR,, ?-l} and identify o subelass of 1,
which contains the strotegies better thon the strotegy T, = {SRSWOR, +).
We find that o large number of biased estimaters in ?] better thon y
con be génerc!tt:d dependira merely upon the knowledge of ¢ quaniity :(1}
which is sucn that E%” < ct. The relative effiecfency of ;5 nver y is

¥
studiad for different volues of fl)‘_r ond some numerical illustrotions hove

 also been glven.

2.2 Bgisterce of the MMSE-estimator in ?]

Theorem 2.2.1 If C}.r is known exactly,—then—the samling strotecy
{ SREWOR, ?é} is the best in the class of strategies (SRSWOR, ?i} for Y.

.
Proof. The meon square error {MSE} of the estimator 'T] defined in

(21]:'} is Fm tﬂ be

~ g} n n
M(T) =N oE £ aRD) - o o)) + V(s a -1 (2.2.)
r=1 T Y1 T =1 F

It poy be shown that ”ﬁ:l} would be minimum for
a_ = 1;tn{1+mc§)] (2.2.2)

For these chcices of a 's, ?T clearly reduces to ?5 end hence the -resuii.

Remarks

(i} It moy be shown that 11 in (2.1.2) would be better thon ¥ undor

simple random sompling without replacement,
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ﬂf,i{;i--

iFEq - ?{Cijfl'l + xcij <n<d (2.2.3)

and hence o sufficient condition for "; in {2.1.2) tc be betier than

wuuld be
[ - }]f[I-HCCz”] << - (2.2.4)

which moy be modificd to "1/[1 + iccf”] <a<l,

M
Let us call T] in (2.1.2} with ) satisfying (2.2.4), o modified

P
Searl ' estimctcr Té, i.e.,

TL =A% aeL(1-keh WOed ), 3) o acll/(1kch ), 1) (2.2.5)

(4i) To fird @ 2 in modified Searlik estimator, ome needs only apriori
information C{1) about Cy' Though it is mot impossible, but moy be very very
difficult to find weights differirg from cach other ot leost for some r  such
that l?l is better thon both of y and ?é amd the gain in efficloncy of ?]
aver .?é 1s oppreciable (we are going to study this in the Scctiion 2.4}, in foot
one may sofely use a, = afr for ell r where A is such thot ?é is better
thon y ond bigs O0-1) ¥ in Ts is not appreciable. It may be noted that on t}
average ?; is zlways an underestimate of Y> 0 ond B{?é} < G, 1% is alwoys
prefercble to use X rneor 1, but not very 4;1;;3; to 1 vs qoin by using ?é

L] . -
wailld not be opbreciaobls over the use of y.

(i11) The percent relotive efficiency R.E, = [?{;]/M(?s]]x1ﬂﬂ of ?S over
¥ ond the shsolute relotive blas, R.B, = |B(?S)f?f of ?S is given in the
Teble 2.2.1 for vorisus volues of CY and K. It is found thot the efficlency
of T¢ cver y is olmost negligible in cose beth K < 0.01 ond C? < 1.

Thous, the Secorls' estimator should be wsed only in the other situctions.
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Table 2.2.1: Percent Relative Zfficlency of the Zegarlek estimator
aver sample mesn Tor ¥ o= 0,005, 0.01, 0.09% (0.08),
G.4 and Cllr = 0.1,0.50.5%), 3.0.

£
K _ ¥y
0,1 L 7.0 1.5 2.5 7.5 3.0
1 (2) (37 ) ) [ (%) (B)

R.E. 100008 100.125 100,500 101,125  102.000 102,126 164,500

005
R.B. 0.0C005 (.00120 0.00560  0.01110  0.01960  0.03030 0.CH3T0
R.E. 160,010 100,250 101,000 102.250 104,000 106.250 10G9.000

§.01
%.B. 0,00005  3,00250 0.00990 0.02200 0.03850  0.065880  ©.08260
R.E. 100,050 101.250 105,000 111.250  120.000  131.280 145,200

.08
R.B. 0.09%50  0.01230 C.OM7AT  0.10%10 0. 18€7¢  0.223810 0, 31030
H.E. 100.100 102,500 110,000 122,500  140.000 162.500  190.010

.10
R.B. 2.00100 0 0,02840 0.09090 0,1837 0.28570 0.3BLED OLBETRI0
R.E. 160,350 103,750 115.0C0 133.750 160,030 193,750 235,000

0.15
A.B. 0,00150 0,538 C.13040 0.25230  0.37500  0.48390 0.57«50
R.E. 100,200 105,000 120,000 145,000 180,000  225.000 Z80.000

0.20
5.B, O.00200 9, 0476R0 16670 D,31030 0. 44448 0,.55580 0. 54290
100,250 P0G, 250 125.083 186,250 200,000  256.250 325.00D

0.25
R.B. 0.00250 0,058R0 2.20000 0.36000 0.50000 Q.60980 . &3230
R.E. 100,300 187,500 130,030 187,500 220,000 2%87.800  370.040

0.30
E.B. o 0.00301  0,06G80 B.23080 CLH0300 0 0.54550 0.65220 0.72970
R.E. 103,500 108,750 135,000 17B.750 240,000 18,780 415,000

g.38
F.3. 0.00356  0.080sC C. 28930  C.44060  £.58330  0.68630 0. 75901
7 E. 105,000 110,00 140,000 190.000 260,000  350.000 460,00

Mo

R.E. 0L OtHT L A0S0 G 0. 47370 O. 61540 0. 71430 o THZEC
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o

2.3 Eztimators in Ti better then the samplie meap

In this section we =zsorc! for biogsed astinmcters in fT],
based on S$8S5w0R, better than ¥. .

n n
2,3.1 Let 2 = I a 4 = I % ang o= 15 % (% - 1% = K 2,

Mext, we prave the fellowinma

Thecrem 2.3.1. Leat (qi,az,...,an} e chesen such that

@ > 0. Then g neccssary ond sufficient condition for the sampling
strategy (SRS¥OR, T)) to be better than the strateoy {SRSYOR, 7)

is given by

(N-1) {z-1) P70 g_ci.

Proof. From (2.2.1), the mean square error (MSE) of the

estimotor $I dafinaed in (2.1.1) is found to bo

] (g 0 ) cf

“{?1} = F2rent s {gﬁl} 3 (z 3.1}

and Viy) = 7l C: {2.3.2)
»Ohvicusly,

AT ¢ VIT)

11t Lt + (-1 -kt 0
(¥-1) v
f.e.,1fFf C:[H anﬁa2—§+1] + (=1 (21)2 < G
oo, 48 (8=1) -1% - 2 2 o0, (2.3.2)

Y
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Now toking @ > 0 in {2.3.3), the result of the Theorem folloews.

Remarks

(1) Obvicusly, the ineguality (2.3.3) con never be

]

sotisfied if Q < @ whotever be the cholece of a s,

{1i) It may be shown thot in cass Q. = T/n{ 14K Ci}, Q>0

and (N-1} fﬁ"}z < f?CE. clways holds true.
{iii) Fm‘rﬂj*f inequality in (2.3%.3) to he
satisfied, exact knowledge of C2 is 2
Y . ifF C(t] be o quontity

not always required,

such that C%!} i.cif then o sufficient condition for ?l defined
in (2.1.1) better thoan y would be given by {2.3.3) |

with .Cﬁ, | raploced hy C%1}. Thus merely the approximate
knowledge of Q: will enable us to'find ot leost one set of values
{“1'“2*""ﬂn} such that the scmpling strotegy (SRSWOR, ?3} would be

better than the strategy (SRSWOR, y).

(}v} In the Tabde 2.3.1, the percent relutive efficiencies,

e

R.E, of TS and TI over the somple meon y oand cbsolute relaotive
bioses, R.B., ore alvern for the different populations, where coeffi-

cient of variations are greater thon or equcl to 1. We fix the

= 5., The weights a_'s

populction size N 3 25 and somple size r

r=1 F

n

N 5

in T1 are tcken arbitrarily with L = £ a_ = 0.8 and such thot
Q>3 and (2.3.4) is sotisfied with c(!} = 1.0.
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This Table (2.3.1} shows that orne moy generate cstimators
- -
from T‘, with orbitrory weicghts, beiter than y even when Cyis net

ﬁmmr’ exactly the cose in which Searls' estimcter TS can not

be used.

Table 2.3.1 Percent relative efficiency of Ty over y for arbitrary
weiohts, MN=25, n=5, Cyi}_i; e= 0.8

o, = 0.1, G, = 0.2, Gy = 0.2, a = 0.1, Qg = 5.2

R.E C

‘8 Y

R.B. 1.0 1.5 2.0 2.5 3.0 3.5 4.0

1) (2} {3} {4) {5} {6} {73 _{8;
]

{viﬂmws}] 116.66 137.48 16€.564 204.12 249,94 304.08 366,56
x 100

-~ .

15@5;«/’?;'— 0.1431 0.2731 0.4004 0.5107 0. 56005 0.6717 0.7277
- Ay

Vi mr,)] 104,29 121,22 129,51 132,20 134,29 135.58 136.44
_x 100

]

lBl{T}_}H] a,20 0.20 0.20 0.20 0.20 0. 20 0.20

2.3.2 A Procsdure o Choose ar'sﬁ

Mow in what follows, we give q procedure for mcoking choices of nr‘s in

)

Ty such that the results stoted in Theorem 1.3.1 mey be implemented in proctice.

We also provide some rumerical tllustrotions.

h -
From Theorem 2.3.1, T, defined In (2.1.1) would be better than y 1If

(V1) (-7 ¢ oy, (2.3.4)
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Let a, = /X, {2.3.5)

where r{l<r<n} is o positive integer amd X is any real number
satisfying Q > 0. Then from (2.3.4), we have the folleowing
inequolity
Z 2 2 .N
(N~T)["-22+1] < Clylatee - 1 -N33

- which, cfter cbserving thot & =Z#/3% = ni{n+t1}/2 and

2, = nintt) on+1)f&A2, can be written os

{N—?}[ﬂztn+;}2 - nlntl) 4 4y ﬁﬂ%ljfnz n+1}? + Moy L Nna4T) (2041,

4), n 63 *
{2.3.4)

The inequality (2.3.4) ccn agsin bhe expressed equivalently by

43 A

q{n) < 0 (2.3.7)
where 7
g{x} = ax® + & + y
i Ny ~E
. i‘.‘t“'{?‘g 1} ':!"K \-{1}}
g = ~(N-1) nin+l} ,
y N{2n+i1C
and Y = l‘—*l‘lii)-[n rH-l (H-‘—C%}}) + - T {1}]

{(2.3.4)

Let D be the discriminant of g(x) =0 and let f = E, be

the sompling fraction. Then 0 1is found to be
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]|

o

11

14

it

i

Y-

z 2 n+l} 1
(N-11 2t (e Ees(n-1) 21 - \5“}3["! "n+?) (1- gll A"*':_*' {2nt }G(Ji

x pay]

1-f)c? 2
(=12 e ? - g4 - _g'ﬁ?r;'rj‘l ﬂ;ﬂﬂl - ;;11‘_:‘}

2
N F{Nf+l}(ﬁNF+]}C
{1},

* o TTRN=T)
2

2
C Cs. . 7
(N=1)Y2[ {NF (HE+T)3 2 ﬁ;}l + {(T-F}C‘%”[l . wﬂz,gumm)g )
4 (1-f)c?
+ {3 . er NFINPT) (2NF4+1) 2 ‘) {_m_n_g._l - U

1-f)C
(N-1) LN (NF41)) 2 ﬂiTl + E—Tgl7§}l}

{1-F) C
- {4=~sz+mf+i){2wf+l} *“} { - i 1y fs(n-1))

nZc? FNf+T) .
(H-1) 2 (1 ((new1) - ZLNEHD),

t=f)
4{1}{ Y OF{MF+Y) [F{NF+1) - §L§§iili}3

F{N 1}

2.2
MECy T {NF+T) (

- L - (rrereny - 20N,
(1~ f) C -f
(=13 NPCT (T L(NFRY) (1 - {]} e "i;%;'TF}

{z.3.9)
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and hence, it moy be shown that ¢ sufflcient condition for a()r} = 0

~to admit twe recl roots is given by

INF+DUIN-1DF = (1-£)(3£-2)CF 3] - 2uFLR(N-1C] ) - cdy1 > 0

{2.3.10)
ebvliously, for Cz
£ < mingd, —L (2.3.11)

the condition {2.3.10) is satisfied.

Let X1 and Ay be two roats of q(i) = 0; we note that

2 ; 2
(2.3.12)
and  w < 0 ff Clyy/(N-T4CTy) < F
obviously, if {2.3.11) is sotisfied, then for 3 < Ay or x> 1!,[2.3.?}
will alwoys be sctisfiled as a would be negative. Further in cose
¢ > 0, one moy genercote the values of f  with C%I)f(N—i+C%I}]{ f <1,
such thol (2.3.10) is sotisfied,

Let RUA' RIA’ R21 and Rﬁl denotes tha ronges for ) for
which @ » 0, 1]< e ho» Az,and Ay< o< 12respect1vely. Then

obviously, from Theorem 2.3.1, the estimaters

n
I ry {2.3.13)

will he better thon vy
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i e R P Ry er A oe R YR, (2.3.14)

Bsrovided n < n,

and % e R, f} Ry in case n > ng (2.3.15)

— 2 o
vhere n = N CFy)/(N=14CE) ).

(1) As o gengrol procedurse to generate the woights a.'s
5o that ?1 is better than y we proceed aos follows : For given
N,n ond C(I} we find o L such thot q(3) < 0 im (2.3.7) is
satisfied. Then for a, = r/fa, (r=1,2,...,n} in ?], the resuliing

estimator will be better than y.

(11} Though the expression for qf{i) in (2.3.7) loocks some
" what complicated, but once N, C%j} ond n arc known, the coeffl-
clants o, f, ond * vy car easily be computed and hence the roots

Xyr kg oF & such thot g{x) = 0 moy be obtcined without ony
difficulty.
{1i11) In estimoting the meon square errors of the estimators,
. .

. we require that n > 2. Then for e > 2, one must have

2 N=Y)S{N~2) E.C%I] < C§ otherwise, we con not wse (2.3.11) and

(2.5,14), However, in case of using (2.2.14}, no restriction on

5%1] is needed.
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(1v) The choices X" of A for which Ty is better than
y would be infinite; Hoting thot Lics due to Ti 1.9,
EfTi} = [n{n+1}/2) - 1]Y, we should toke that At which is

closer to nin+t1}/2, so thot bigs is also contrelled to some extent.

Numericcel Illustrations

For the application of our procedures discussed in 2.3.2, we

pive the following twc numerical exomples.

{a) Let vs consider o population with N=51, Cy » 4, Let
us take C%]) = 10. To satisfy {(2.3.11}, we must have
n o< min{lgé, %}J. Let us take n = 5. This gives

G = 9.2 - {25807 % .

Obviously, for all X > V7 eor A < -17, we sholl have @ > 0. Now

the roots of gq(xr) = 0 are given by

A = -54.45 end A, = 14.95.

A

Therefore, from (2.3.14}, for any
Ao> max(17,14.%5) or 3 < min(-17,-54.45)

the estimotor in T{ in {2.3.13) will be better thon sample mean

y. Further toking = 20, we have

1B(T{}/Y) = 0.25

%
v
A

anc the relotive efficiency of Ty over
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[V(F)/M(TINY = 1+ [1azc§ - 125}f{25ac§+125}.

Obviously, {?(;}fH{Ti]] is 2n Incregsing functien in Cﬁ. Thus

larger the coefficient of variction, higher would be the relative
i‘ .

efficlency of Ty over vy.

{h) Let there be another population with N = 20 and CF > 1.
Let Cfl} = 1., Then to hzve n > N s We must have, from {2.3.15},
f 0,5, We find thot for f = 0.2, the relotion {2.3.10) is

satisfied. Sco, let f = €.Z, 1.e., n = 4, This gives

Q = 4 - (500/2%).

Obviously for A > 11.2 and g -11.2, we shcll have Q> 0. It
is found thot the roots of cei{x) = 0 are

A = 12.04 ond Ay = 13.2%.

Hence from {2.3.15), For ony 1e¢ {12.1, 13.2), the estimator T{
Biwould be better than ¥ Further toking » = 12.5, we hove

13(?5]!‘?\-: G.20

VZIAMITI = 1+ [znci . 193f£au¢§ . 197,
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8.4 Comparison of Choosing Different Weights in ¥,

Agoints the Une .afrEﬁuEifﬁfeigﬁts

Theorem 2.3.1 assures the superiority of an estimator

n

‘ .
TI = I o over y, the somple mean, but it does nnt gudarantee

r's
re]l P 'S
whather T will be better than modifled Searlsls estimator Tg.

Morecver, we note that cptimum cheice of nr's does noi depend on

r« This indicates that one maoy takae O, = hyr @ constant for all

r=1,2,,..,n ond study the performonce of choosing different
.Y
walghts ur‘s in T, compared to the same weight L F Ay for oll

]
r=1,%,...,n which will reduce in Tl to

T;"ﬁlt y =)y, (2.4.1)
. : 5 C2
Qbviously, we should chose ) such thot [}-KCy]I[1+K-¥} <x <1,
- .
ps for other cholees of 2, y will always be better than Ti
The optimum choice of A would be 3 = T!EI+KC§] and for which

-~ oy

7] would reduce to T defined in (2.1.4).

5

L]

In this sectlen, we sholl observe thot there alwoys exdsts
at least cone set of cholces {q},cz,...,cﬂ} with cll a_ # a(# 19}
such that the strategy (SRSWOR, ?1} is better than the stirotegy
{SRSWOR, ?é} and hence the strategy (SRSWOR, y).
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Let £ and L, be the same as in Theorem 2.3.] and let

[2!(1+KC%I]}]- A< b o< A . (2.4.2)
then we have the following

Theorem 2.4.1 A sufficient condition that the strategy

(SASWOR; T}) is better thon the strategy (SRSWOR, T ) ond hence
the strotegy (SRSWOR, y) would be
2, 1.2 _ 2
Ei/n <2y < AT - {2(a=2)/(14KCE ) (2.4.3)

Proof. We hove, from {(2.2.1),

M(T)) = PR “ﬂ“*"* (2-1)%y
and M{?g} = T2[12KE§ + {1-1]1}.
It s found that u{?i} < M{?g),

c-h L .
T ci g, + 221 - ) < 12{1-nc§} - 2(a-2)  (2.4.4)

Since, 2y 3_22!ﬁ o sufficient condition for (2.4.4) 1o be true is
ebfalned through répln;ing Ez by N where it i{s assumed thaot

i oy -
€ < (N-1). Thus M(T)) < w(TY)

2, < (/M2 - 20-2)/ (14xc2)) (2.4.5)
and hence
1 g, <« (/m0® - 200-2)/(iwkedy )y (2.4.4)

provided ) > %,
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Remarks

(i} “e can not toke & = %, becouse In that case {(2.4.5)

would yileld Ry < Ezfn which is never true.

(£1) Cheice of A should be guided by (2.2.4), Further
since & > Ezfn we must choose & sveh thot R.H.S5. of (2.4.5) is

greater thon 22/n. Thus 2 should be chosen to satisfy (2.4.2).

Mumerical Illustroticon

Let CY > 0.5, N=25 and n = 35, Let C(i) = 0.5 and A
n

and L = 5 o, are such that they sotisfy (2.2.4) ond (2.4.2)
r=1

respectively, ket 3 and § be fixed et 3 = 0.98 and g = 0.%7.

Then frem {(2.4.3), we must have

0.18810 L, < 0.18824
let us toks EQ = 0.7T8825 and let
ay = a6.1719, ay = D.1919, oy = 81918, a, = 0.1%18, ag = 0.2024.

*

Fercent Relative ' cz o
Efficiency y :
TUYS T T.00 775 7,00
{1) {Z71 (&3] (4) {3
[V(7)/M(T ) 1x100 104.16 115,46 137.49  166.84
[V(F)/M(T,) ]x100 103,86  107.97 110.34 110.47

LV{¥ ) /M(T$)1x100 163.09  103.86 104.01 104.05
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CHAPTER 111

USE OF PRIOR INFORHATION OM SOME PARAMETERS
IH
ESTIMATING POPULATICH MEAM

3.1 lntroducticn and Summery

It is well-known that thc usc of suoplementery Infarmetion in o©
suitable monner ot the desioning or rre-salection stope and at the
stoge of saomple selecticn ond/or estimation stage cenerally results
into improved estimotors of the ponuvlotlon poremeters. The wswvol
techniques in this respect assume thot the volues of cne or more
supplementory {ouxilicry) voriables related to the charnocteristiec of
interest are known or may be mode to be known withaut much difficulty
for each unit of the population. in many ccsés, rowever, suveh detociled
epriori information may not be covailable or moy be quite costly tco
collect. Orn the other hond, somc summery informction, for instance,
orn apriori valuve of the pgrameter 8, under considercgtion, quite close
to its trve value, may be known to the experimenter. 5Such on informa-
tion moy be ovailaoble from census, surveys, or even from expert guesses
by the specialists in the concermed ficld. It may also hoppen thot thc
'Upper and lower limits of 8 may be known (Dalenius, 1785) in which
case @ simple or modified averoge (depending on the.expected skewness
of the distribution of the voriote under consideration or the apriori

distribution of 8) may provide o good approximation to 4.
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Many times some upriori informotion may be cveilable obout some
ether porametera as well in ~dditior t» thot about g, the porameter
wnder estimation. We have alreody discussed in Section 1.4 the
warlous forms in which bpriori informction may be available. It scems
yorthwhile to develop estimators viilizing this information about 8
pr some other parometers, so that their meon squore errer is conslider-
gbly smaller than the varionce of the usual unbigsed estimctor of 6.

In this chopter we prepose such o ¢lass of estimotors at first for cny

f Iin case of generol sompliro design and then in particuvlor for

populotion mean Y in case of simple rondom sampling and discuss

abovt the procticol applicability of such estimotors.

Searls {19464) discussed about on estimotor Is = n;fin+ci) for
¥ defined in {2.1.4) and gove the bics cnd mean square error, in

.ease, coefficlent of voriation CY af y i3 known exactly.

Hirano {1972) considercsd an estimator for Y, vtilising the
knowledge of o good-guessed volue of Ci, say Cg His proposed

estimator i3

Ty = ny/(mtcl) (3.1.1)

Thompsen {1948) comsidered some 'shrinkoge technigues' in an

effort to improve the uniformly minimum varionce unbiosed estimotor

(UMYUE) for o through permitting some amount of bilaos in estimction.

In case on agpriorl volu= eo of g is ovciloble, 1t may be
Pl
reasonable to toke the usucgl estimator o (which moy be UMYUE cr the

maximum likelihood estimator cr some other estimator for 68) and move
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it closer to 80. Thus Thompson groposed to use the shrunken

estimctor

A

6g = [(e—eo)zl{(e-ec)2 + var(e)}3i(e-e,) + o, (3.1.2)
as an estimator for 0.

In particular, he has examined the problem of estimating the
means of univariate normal, binomial, Poisson and Gamma distributions.
The various procedures employed shrink the usual (MVULE's) towards
s an apriori volue of the mean u. It is observed by him that the
-shrunken estimator

)2

u = [(-u )2 7-u )2 + ss/n}](;-uo) * (3.1.3)

where 53 is the scmple voriance, Yelds increased efficiency near
(u'uo)/o; = 0 ot the expense of pcorer performance for moderate
values of |(u'u0)/c;|. For IQU'UO)/Qil lorge, the chove shrunken

estimotor gives MSE values only infinitesimally greater than those of

Y.
in case of normal distributions, he considered the estimators
; . = 2
g = ny/(n+cy)
~ _ 9 (3.1.4)
Tg(a) = ny/(n+a CY)
2 _ 2,72 . .. 2
for Y, where ey = sy/y , is an estimate of Cy and a is o

constant, and studied their performonce compared to that of y.
Similar types of estimators were proposed ond discussed by him in
case of binomial and Poisson populations, as special cases of general

shrunken estimator in (3.1.3).
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The problem of shrinking the maximum likellhocd estimator {MLE) u
¢f the mean 1y  of various populsilcons townrds o naturcl origin
n, wos olsc studied by Mehto ond Srinivasan {(1971)., Their

proposed estimotcrs cre of the general form :
-0 - . 2, 2
T =y =~ alu=u, ) exp{-5{u*p) fUﬂ} {3.1.5)}

where o ond b ore positive constants to be chosen suitobly and
ﬂli denotes the veriance of u# They frund thelr estimotors to kg

better in onnintervol arcund U,

Further Mehto ond Srinivason {1971} studied the performonce of

gn estimator
T=30 - a Exp{*nb!ﬂi}] T 13.1.8)

for ¥ 1in cdse of normal populations cnd found that MSE(T)/MSE(y)
is ¢ symmetric bounded funeticn of & = J:??;: and thct it conver~
ges to 1 as § +tw,  They olsc compared the performance of T
with thot of ¥y and the ostimotors due to Thompson in (3.1.4).
The discussion about some estimators of the form T 1in (3.1.4)

wos also mode by themin cose of biromicl, Polsson ond Gammg

pepulations.
Finally, Pandey gnd Singh (1%78)}* considered the estimotors
Toe » ¥ - (1/n) s2/y
ps T ¥ y
- 2,- (3.1.7)
and Tpsfu] =y + (a/n} $Yf?

for Y ond also discussed gbout Tng} in {3.1.4).


http://www.cvisiontech.com

-5G~

Dos and Tripathi (1980a) and Das (1982) have considered the genercl problem
of estimation of a population parameter using information on several statistics
based on the some (or different) sample and clso discussed the estimotion of Y,
in particulor. They found thot the estimators wyR, wyP wyd and wy rg “MEFe
better than the usual ratio, product, difference and regression estimators YR" ;p’

;d and 'y respectively depending on the knowledge of X, the population mean

rg
of on auxiliary character x, provided opriori information cbout the location of
p,C and C x is avoilable. They hlso studied the properties of the estimators

14
d=wy+ wz(x-x)
which in fact are particular members of the very wide class of estimotcrs discussed
by us in this chapter.

In Chapter 1I, we have already identifie” o large number of biased estimotors
for Y better thon y in case cf SRSWOR, provided o quantity C%]) _<_C§ is known.
These estimators belong to Trclcss of homogeneous linear estimotors. The dtudy
mode in this chopter may in fact be regarded as an extension of our study made in
Chapter II. In this chopter, we have identified o large number of €stimotors(biased)
for Y better than ;;, including non-homogeneous lineér estimators as well os
non-lineaf estimators.

The estimators due to Searls (1964), Hirano (1972), Pandey and Singh (1978)
mentioned above, in addition to mony other estimotors, are identified as porticulor
members of the class discussed by us. We have also discussed the relctive perfor-
mance of various estimators including those mentioned cbove.

We require the knowledge in an effort to generote est:lmators better thon vy,

' Ts etc., of one or more of the quontitius Y“),Y(z),cm,c(z),ag ),B( ) which

are such that

<,<Bm<B <e‘2’ oy < o2,
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I Searls Estimator for Genercl $Sempling Design

e

Let & be on unbiosed estimator for the parameter &. The

“Byeneral Secrls-type cstimator for ¢ moy be defined by

T, = * & (3.2.1)

where Ay is ¢ sultably chosenconstent. The nrotural question

grises : for what choice of Ays the estimctor T1 is better than
L
8 ond whct is the best cholece of 1]?
We have,
. T T 2.~ .
W(Ty) = o [a7(1+C%(8)) - 2y + 1. (3.2.2)
Clearly, the cptimum choice lgf which minimises (3.2.2) is frund
© to be
2,4 _
Ao = W1 (a)] (3.2.3)
gnd then the resulting estimator and its optimum mean sguore error

vould be given by

i

To = a/0(1+c?(e))

R (3.2.4)
e £
K (Tor= o2 c2(a) /14 (9) ]
and Relative Efficiency = [1 + CE(E}}.
Obvicusly, the reduction in MSE ix then
Yy - (3.2.5)
A= 8)/T1 + ] -
C™(a)

iy

where, CZ{HI is the coefficiant of variotion of & and aA' is o

[ F.5 .
monotone function of €(68), increasing from © teo V{(e) as Cis)
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ncreases from € to « and )y decreases from | to zero. Lorge

\ A M .
peductions occur when C(g) is icrge. C(@) 15 usuvally an inverse

function of sample size, and + 0 as n + = while 3y + 1.

Ay
In general, C{s} (cond therefore At) is o Function of @, so
ES
iia 1t nct ¢ stotistic vsable fer estimation. Thus, e.a., EF &

]

is the population mean V and & is the somple mean vy, CI(G] = Ci!n.

Thus our next endeavour is to find n Aqe independent of the
e -
sxoet valuve of sz&}, but depending on somc ranges of szs}, s0 thot

]

the estimator T, in {3.2.1) would be batter tharn ».

Comparing H(?I} in (3.2.2) with ?{3), it moy be shown that T,
A
voyld be better than o for all )y sotisfying
1 2,% 2.% .
1 - CH(e)1/11+ €% (a)] < ay < 1 (3.2.%)

&

end hence o sufficient condition for T] tec be better than 6§ would
be
S ] 2N
(1 - c“}{ﬁ}]f[' + C“}{ﬁ}] < ?L-I < 1 (3.2.7)

vhich moy be reduvced to

I+ C%”{g)] <1 ¢ 1. (3.2.8}

ﬂ"shull ¢all the estimctor T‘ im {3.2.%) with Ai sotisfying ©
~
{3.2.8) medifiled Seorls' estimotor Té. The Seorls' estimoter in cose

of SRS5WOR hus alreody been discussed in detoll in Chapter IT.
In cose of SRSWR, the estimotor (3.2.4) redvces to

Te = n;f(n+c§} (3.2.9)
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We note thot we con clwoys generctc estimatnars, whotever e
]
the sempling procedure, better than ¢ hy merely having the knowledge

of some volue C(1}[B] lass thon C{p); cleser this value to c(%],
F.Y

higher would be the efficiency, Further TS should he uzed in case

of populotions for which C(8) is large.

3.3 AClcss of Estimators for o Porcmeter 0, Better thcn on Unbicsed

o

eitimator o ond Searls-type Estimotor.

In Section 3.2, we have observed that any unbiosed estimoctor

L]

My
8 vor £ con be improved by medified Searls-type estimater Té,

provided the required Iinformation is avallcble. In this secticn, we
)

T5 enc

.
Tg, by vsing the informction contalned in on odditional stotistic.

Y
conslder the problem of generoting estimators bettef than 2,

We consider o class of weighted estimators, for o, defined by

ch_\,{e} = [¢:id = 2'v} (3.3.1)
where ' = (@, t) and 3' = IA1,AI), 8 heing aon unbiosed estimcteor for

§ ond t, being a sultobly chesen stotistic such that af exists ond

11,12 being suitobly chosen constonts.

We study the properties of this claoss ond identify on optimum
subclass dg which ¢ontoins the estimatcrs having the smaoller meon s
square error thon those which cre in the cless <, but not in dﬁ.

The estimators in the nroposed closs Cl v ©OFe in general
!

bics=ed and thelr bios and mean squore crrers are given by
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9{d} = 2’y - ¢
) {3.3.2)
anit H{d)} = 3'Gx ~200"9 + B
respectively, where
E(e?)  ={et)
G = - o=
E{ct) E(tzl : E{t)

It may be shown thot the aptimem cholce X, of 3% which

minimises M{d}, is o sclution of
Gh = 0 (3.3.3)
Following Cas and Tripathi {1980n). it may be shown that the
equetion (3.3.3) is consistent i.e., it olways yields @ soluticen for
1 and thet

#ld) = M{d) + (A ) Gl lnﬁ Z “td)l=1
. o

A= A,

where lg i=s o selution of (3_3a3],1 Wo then have

Thecrem 3.3.1. The weight vector A{l]+i2#1] whiech minimises

M(d) in (3.2.2) is given by

. A =80T ¢ (3.2.4)

L]

and then the resulting MSE ancd bias would be given by

1

W () = af01 - (@ ¥ (3.3.5)

i

B_(d) = - 1 _(d)/o {3.3.6)

o

where & 1s o e-lnverse of the motrix G,
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It moy be ncted thot the matrix G, in genercl, is o non-negotive
fefinite motrix ond weuld be nen-singulor, excluding the triviol case
=0 o.s. and t = by where b 4is o constont. In case G is o
pesitive defindte matrix, AG = tlel' lmz}' end Ma{d] would be given
by

It

A CLE(S). E(t?) - E(1).E(t8)7/0(8,t)

el
- -~ ~ ~ {3'3'?}
Moz = OLE(t). E(e?) - E(8).E(01)1/D(0,t)
and M (d) = o*[1 - {N(g,t)/D(0,1)}] (3.3.8)
vhare,
Dz, 1) = £(3%) e(t?) - (E(51))?
= aZ(E(t P (1-p2 t}cztii:?} c(e) + ¢¥(g) + c*(r)
GJ‘ .
. - z.ﬂ‘a.’(:(ﬂ)c(t]]
A 2 2..2,% T PR
M{o,t} = o"{E(t)}}71C%(s) - 2pa . Cla) C{t) # Co(t)7 (3.3.9)
0.
C{t) = Coeffileclient of vortotion of ¢
iﬂnd e : = Ceorrelation cocfficient between E and t.
, .

I+ mcy Lbe noted from (3.3.8) thnot for ony fixed p, the Hefd}
is cn increcsing function of C{t)}. Thua if &' ond t" are two
choices of t, both having the some correlation with vy, then the
use of t' dinm d would be prefercble over thaot of " 1ff
C{t'} < C{t").

-

in proctice, 19 would noet be known, os it depends upon ©

pumber of parameters. The followinn technique would help, in thot
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A ‘ .
case, toc generate estimatcrs from Jd better than 0, T] in (3.2.1)

ond ?S‘ in (3.2.4).
‘From (3.3.2), we may write
M(d) = M(T)) + 22 B2~ 2,00 ET - 2y E(58)) (3.3.10)
wvhere, M(T]) has been defined in (3.2.2).

Thus for ¢ specified A], the estimator d = T‘ + xzt would
be better than T,,

iff Ay lies between 0 oand 2 A;Z (3.3.11)

where . .
Aoz = [(1-2y) o E(t) - AI.Cov(e,t)]/E(tz)

is the optimum choice of Agy for a fixed A in d; obviously the
resulting MSE of d, in this case, would be

Mo(d) = M(Ty) - a22 E(+2). (3.3.12)

A subcloss of d which may be quite interesting in some

A
situations for generating estimators better than 8, is

A

d' = g + Aét (3.3.13)

with M(d*)

n

v(e) + 2y Cov(s,t) + a3? Ex2, (3.3.14)

Obviously, the estimators from d' would be unbiased fer 6, in cose,
t is such that Et =0 - or )' = 0. The optimum choice x;z of lé

2 .
~and the resulting MSE would be given by

Agy = - Cov(o,t)/E(t2) | (3.3.15)

and  M(d') = V(8) - [Cov(d,+)12/E(t?) (3.3.16)
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It fellowse from {3.3.11) thot estimotors in A'  would be

-~

‘better than ¢ Iff

either 0 < 22 < Z 2! in case pa < O
2 o 0.t
d (2.3.17)

or 21;2 <lé < 0 in case pa . > O,
¥

In gbsence of the exact knowledoe of éz, the condition {(3.3.17}

moy be used to generate estimators hetter than 5.

Frem (3.3.11), we note that even if we have only opproximate
geod=guessed values for 1;2, we moy generote estimotsrs from d
better than g. ?é and even ?5. Similorly estimotors better thon
E may be genercted from the subclass d' throuoh the gpproximate
knowledge of 1), only. In the next sections, we shcll use ¢
technique ¢f shrinking the intervcls (ﬂ:l;2} and (G,kgz}, ot o lass
of some efficiency of ceourse, requiring lesser restrictive conditicnms
for generating estimators of the type & for populeticn mecn ond for

specific-choltités &F ‘the sthtistic t. The above genercl treatment

would be wtilized in the porticular situctions of rext sections.

Remarks

(1) 4if Ao T {Aﬁ]; lmz}i be known exactly, then the coptimum
- A
. estimator dn = A ® + Aot would olweys be better thon TS in

(3.2.4) and hence Té ond & uwlsco.

{i1) It is found from (3.3.14) or otherwise, that in the

P
subeloss ¢', we should never choose t to be uncorreloted with &
A

as for suech choices of t, ¢ would be uniformly better than the

corresponding estimators from dJY.
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(11i) It moy be noted from (3.3.10) or otherwise, that none
of the estimators in d would be better thon Tl =Xy 0 with
\p =6 E(t)/E(ot) whatever be t.

(iv) It is found with the help of (3.3.2), that in -edess
(G) p30,11>],1220, (b) D‘S_OIA]>‘I)\2_$OI
(¢) P20, Ay < -1, Ag <0, and (d) p < O, Ay < -1, Ao 2 0, none of

the members in the class d would he better than & and hence TS

also, whatever be the choice of. t.

(v) Incase t =g, is a constont in d = X 8'+ Ay t, then
it may be shown that Aot = 9, Aoz = 6/a and Mo(d) = 0. For example
t moy be some opriori value, baosed on post experience or through
other sources of knowledge, of o. However, in practice, it would

not be possible to obtain Ao2e

d.4 A Class of Estimators Better thon Sample Mecn ond Searls'

Estimctor

In the previous section, we hcve discussed general properties
of the estimotor d for any pcroheter ¢ ond found that whatever be
the choicess6f the auxiliary stotistic t, we con always (except
possibly in few situctions) genercte estimators better thon 8, an

A

unbicgsed onec for 6 ond Searls' estimater TS’ provided gpproximate

good-éuessed values of the paorameters involved are aveilable.

In this section cond onwards, we shall confine ourselves to the

estimation of populotion mean Y of o character y ond find some
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pstimotors better thcn somple meon y, modified Seorls' cnd Secrls'

estimgter in cosc of simple rordom sompling without replocement where

finite populaticon correction foctor (Fop.c.) is to be ignored.

The estimctor defined im (3.3.1) in this cose reduces to

Cl,v{?j = {d : d=23"v} (3.4.1)

where, v' = (y, t}, A" = fllrlz}ﬁ Obvicusly the estimators defined
in (2,1,2), (2.1.4}, (3.1.1) ond (3.1.7) moy be identified os members

¢f the closs, ¢' = y + lét which itself is o subclass cof the class

defined {n [3.4.1). Our moin effort is to prescnt estimators better

(In the sense of having smcller MSE) than those in Ty = 11; {ond

hence better than ¥, Te = n;f(n+C$) and T, im {3.1.1}), in cose of

smzle rondom sampling {(where f.n.c. 1s lgrered).

“het My dencte the r"l"h cantral moment of the character vy

(4] g el

2, 2 "' 2 2
B] = Uai"i-lgr 52 = Uafl’z: Ha = ﬁ},t {2.4.2)

Depending upcn the situction, we sholl sometimes aossume the

knowledoe of some of the guantities ?(1‘):?'{2):5“}, C{Z)' B%”r B;‘g‘?]

»
which are such that

o< Bl <8 <pl2), & < p{2) (3.4.3)
1 1 1T ¢ 2 y.
The estimators in the propesed closs CI V(V} in (3.4.1} cre

!
in neneral bicased. Usinn the gernercl results of the previocus section,
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we have

B{d} = x'y - ¥
(3.4.4)

and M(d) = A'Gr - 2Ta'y + V7
raspectively, where
(%) ¥
E(y*™) E(yt) \ Y
G = | | ; Gy o=
E(yt)  E(t?) E(t)
The gptimum cheoice Xo of X which minimises M{d) is o sclution

of
Gh= Yy (3.4.5)

Further, we have

Theorem 3.4,1., The weight vector 1{1]+1I#1} which minimises

M{cd) in {3.4:4) is given by

A, ® Y&y (3.4.8)

ond the roesulting biasg ond MSE of d are given by
Bmfd} = = Mg[d}/v {2.4.7)
% (6} = P - 4 T g3 (3.4.2)

where © 4is a g-inverse of the motrix G. It moy oclso be noted

L
alternctively that
- wi '
W o(d) = ¥ by - S TA
In cose G is o positive dafinite motrix, it is found that

- - i T - ooy
hot SIYEG) EGH) - BC)ETNIDG)
Aoz = TIE() EGP) - E(3).E(£7)1/0(7,¢)
and i (d) = v - ﬂiELilj (3.4.10)

Diy.t)
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. here
D(7,t) = YREMNI (12 e (7rcd(e)+ct(7)+c?(t)
Vel -
-26_ C{y)C(t)]
?;t
N7, 8) = THE()AC2(3)-20_ C{TIC(t)+ C5(4)]
¥t
C{y) = Coefficient of voriation of vy
o_ = Correlaticn coefficient botween y ond &,
Yot

From {3.3.10), it may be noted thet for 8 =Y, ond 0 = ¥,

(d) = W(T, )M aEe -2, T E({(1-ag)-ay o CFIC(H)}  (3.4.10)
t

’

It is found thot M{d) 1s an increcsing or decreasing functien of

p.  agcerding os Ay and Ay cre of different or same sign. It
mz;tbe noted thot for ony fixed o , the Mc(d] is an increasing
function of C{t}., Thus, if t' and: %" are twe chalees c¢f £, beth
hoving the scme correlation with ¥, then the uvse of t' in & would

be preferable = cver ihan thet of ¥, iff C{t'} <« C(t").

In practice Ay would not be knewn, os it cdepends upon ¢
-
number of parcmeters., The following technique would help, in that

case, to generate estimotors from d  better thaon Y, Tl one Tsi

From (2.3.11} or (3.4.11), for o specified )y, the estimotor

-—

d = TI + 12% would be better thon T1 =Xy

1€f 2, Llies between O and ™y, (3.4.12Y

where
Aty = [(1-a)Y Bt} = 2 Cov(§, 1) 1/E(tD)
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s the optimum cholce of A,, for fixed Ay, in d. OQbviously, the

esulting MSE of o in this ccsc would ke
: - _ 2 2 _
M () = (T4} - a2, E{t7) (3.4.13)
Let g = Y/E{t) > ¢. From {3.4.12) we find that in both the
¢, 0 <Ay <1 ond (B)p> 0, 3y <0, 3 sat of sufficient

toses {a} p <

[

genditlons For & to be hetter thon T.| would ke
) 2 '
g « }.,2 < Zq(I} (I“A1]![l+C{2)(t}} (3;4.14}

0 < 12<-2l1q“] C{]}i;} C“)(t?p'![Hsz){t}]{3.4.15)

vhere a1y C{])(tJ ete., arz: . known quantities suvch that
0 < qryy < g, 0 < Cylt) < Clt) < Cpylt), 0 < c(lji;} < Cly)
an p* = p{r} or P(-2) sych that € < p{l} < pi.p < p{_z} < 0,

Thus by using x,t ir oddition to Ty = ) y In the farm of
¢=Ty + Aot, we con always genercte {except when ml=?E{t)fEi§t)}
the estimotors from d hetter than TI even when excct volues of the
porameters invelved in A, ore not knowrn ond only oppropricte bounds
ate known.

A subeloss %: 7, which we get speecial attentilon in our
discussion, is ‘

d' = y +-1ét {3.4.1¢)

with
W'Y = ¥(F) + 2 Coviy,t) + a3% E(tD). {3:4.17)
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Obviously the estimotors frem o' would be unbiosed for Y
in case t  is such thet E{i) = 0 or l% = 0. The opiimum cheice

152 of 1é and the resulting WMSE would ke given by

A, = - Cov(¥,t) E(+H) (3.4.18)
and M_(d') = V(7) - [Cov(7.t)1%/E(¢?) (3.4.19)
It fellows from (3.4.32) or ctharwise, thot thoe estimators in

d' would be better than y iff

either Q0 <« x4 <-%4', in case p < O
Z ol v 1
Y (3.4.20)

ar 21;2 “ A‘z < 0 in ecnase p >
; 1

o

L

"In absence of the excct kmowledge Xl,, the conditions (3.4.20)
ar (3.4.12) with Ay = V. meoy be vsed to generate estimaters from d

better thon vy.
Remarck s
(i) It may te shown that a set of sufficient cenditions fer

TI tc be better than y wouid be

. (n - C%”];’[n-kc%”‘_\ <y <l (3.4.21)
which may be written os

nf[n+C%1}] 2 x <
The eholice cf Ay in d  sueh thot {3.4,12), (3.4.14) and (2.4.15)
should be gulded by this remork, ond fcr some choilces of Aye the
class o  would generate estimators better than y even if p_ =0,
Further if Ay = n!{n+€§}:the class d wunder (3.4.12}, {3.4.?&? and

{3.4.15) would genarate estimotcrs better tham the Searls' estimator

Te.
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($4) From remark (ii) of Section 3.3 or otherwise, it is found

that the subclass d' = xit of ¢, we should never choose t to be

vncorreloted with y as for such choices of t, the sample mean vy

would be uniformly better than the corresponding estimators from d'.
(i1i) Remark (iv) of Section 3.3 is also true in this case.

(iv) Using the expression Mo(?s) in (3.2.4) for the Searls'
estimator ond from (3.4.10),

M_(F) - M () = Y2 (C(7)- o C(4N/ (142 (7))2(7, 1)
Yot (3.4.22)
and since V(y) = Y2C§, we have, then

V()M () = TI2 () T(C(7)p tc<t))2+c2(t)c2<;)<1-p?. RECUAY
Y Y,
(3.4.23)

Thus from (3.4.22), we observe that if t is such thot

o_ = C(y)/C(t), then Tg ond aptimum ¢ will be equally efficient
y,t .
oand hence in such o case there would nrt be any gein by using the

component Azt in d.

3.5 Some Specific Estimators Better thcn Somple Mean and Searls'

Estimator

In the previous section, we have discussed general properties
of the estimotor d and found that whatever be the choice of the

cuxiliary statistic t, we can always {except possibly in few situa-
tions) génerote estimators better than the sample mean y ond

~
Searls' estimotor Ts provided some cpproximate good-guessed values
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f the porameters involved ore avaoiloble, In this section, we shall
- ” _
dentify the estimators from o, better ithan y ond TS' for some

peclific choices of the statistic t.

For o specific cholice of the statistic + oand specified Ay, we
hall find, s in (3.4.12), thot, the estimcteor ¢ would be better thon
y or ?S iff Xq lies betwean (¢ and 21;, say. Obviously, l;
wuld be o functien of saome unknewn peopulotion parameters, soy ¢ ond
the vestor ¢ <on be decompesed into component vectors say, $yr0y,0y
such thot ilgt is men-decreasing in cach compenent of ¢, and non-
incregsing in eoch enmponent of P If ¢;,¢i,¢i ore known guantities
swch thet ¢y 2 97, ¢, <63, 63 = ¢§ hold and moreover Sgn[;é[@]] is
known, then u=* = 59n[13(¢}]|1;(¢*]| 1s ¢ known quantity and then it is
obvious thot, for o given iy, we shaoll have Mid)< viy) or
M) < M(TS)  for all u such that ellher O ¢ 4 < 2u* or 2u* < p < O
holds, '

In this section, we bhove used the obove technique of shrinking the
‘effective interval (G,215] ¢r (21;,&], 1o obtgin seme estimators from

d, for some specific cheices of the statistie +t, which cre better thon

- L]
¥y cond Ts.

¥

The Toble 3.5.1 gives the expressions fer E{t), E(tz} ond
Coviy,t), upto crder n'l, in cose of simple rondom sampling with

replacement, feor some cholees of t.

Let 1? = nf{n+C3], where E < C§ s¢ thoet the estimator

Tf = Ai y is better thon the sample mecn ¥y (we refer to Remark (i)

of Seection 3.4 inm this context).
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Table 3.5.1, Expressions for E(L], E{t2] and Cov(y,t) Tor different choivesn of +.

Cheices of ¢ E{t} B(t%) Covly,t)
TS | g) ) | (3 . ' (0
a _
o o o] :
y ¥ T el 1/ 7 ¢y
¥ T o+ ?] g CF n
L2 w2 .2 o8 Lh 3
5, ¥ CY ¥ h? &/ o Cya JE;fn
2 - i = -
s;;? c;[mac;-amﬁcyyn C [m, -Eaf’c +57] /n L*{a J'mzc Y
P 2 3 . 2 " )
s ¥ ¢, Tlhea Jf:fﬁy]m [cf Ha fg;’,]ufg]fn Y c '{a v"L1+E‘ }/n
~2 2 2 =li =3
7 T° (202 )/0 T (607 279
¥ ¥ ¥
2= 7 2rnetlon JSrc 3 77 ety A 78y /F - )m
syfF Y CyEn+Cy a JT}#Yifn ¥ Cyl:_.(?ﬁ'r ba J%;Cy+4}fn ?{ KT} Y}fr
1% {n+C2}fn? [n+3G2]fn?2 - ©%/n
¥ ¥ ¥
g ; _ ?HCIII - ¥ 2
1;55 A/ 0T Gi f3a4 - 2n]/n v amff1fﬂgqg

The notatiena "% and %a? have been defined in {3.5.2)
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dr = T? *oagt (3.5.1)

Throughout we sholl consider thot Y > 0. 7The results in case

‘¢ 0 may be obtcined likewise.
We shall make frequent use of the motation (3.4.3) ond

B = g, *+ in2~2n+3}fih"1) (3.5.2)

&{2] = B%EJ + [n2-2n+3'.|f{n-'l}

" 41 for pesitively skewed distributions
a = ‘0 for symmetriccl distributicons
=1 for negotively skewed distribytions

vsing {2.4.11), {(3.4.12) ond the expressions in Table 3.5.1, it may be

shewn that
(3) a7 =T + 3,4
(12) dy = T] + 1255
(111) a3 = 75+, (<270 (3.5.3)
{iv) dp o= TY O+ 125§§
{v) ¢3=T7+2, y
(vi) dy = T + 2, (s277)

wyould be better thon T; {and hence ; tno) LFF 12 lies between
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0 ane 2¥Ci/(n + 2¥)q
2 ;o2 2
0 ond Zn(C*'niﬁaCY]ftn+E,}£;?CY

zY[n{CE+;C§}_+ ac2c? —_mzﬁjgxtgfch}l

Z Zy
<, «)

0 Aand

ﬁ'(n*ﬁ

2[n(ci-c2) + o/R|C, (Ci-n)]
(n+Cy) Y c}'

0 ond z[cftn+c§1 - zncij[?(n+cf](n+ac§)3“

G Gnd {305;"1‘}

ﬂl

2in(cZec?) + cled - o/FyC (Clen)]
: £ y

dnd O and i
{n+Cy) Cy A

respectively, where g is ¢ econstant and say, in porticular, be on
gpprgximﬂia value aof ?’ ard ﬂl= A+ Ci + 4@@: Cy,
2 ‘ s :
"z op o+ 3CE - e . * = a4 4 I0CY - Ba/pC. .
=8+ 3C /B1Cyr B a y /<y

We now generote o set of sufficiemt conditions, corresponding

to the above ones, for ﬁ? A d; to be better thaon ] and ;ﬁ

The estimater f would be better thon Ti {cnd ¥}

1f 0 <« xy < 2?{1)C3f(n+cgﬁm, in casa  a = C {3.5.5)

.

of 1f 2?{1}C3f{n*ﬂg}u <A, <0 Inecse < C.

In case of symmetricol distributions, the estimators

43, o

5 and d% would be better than T (and v) Lf
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" Ty 2
{a) ¢ <« Ag < 2rnC o /T (n+2Y) ?{E}Cfij IIE"{z}]

2

(b)Y 0 < Ag < ;
2

_ a2 -1
{C} ¢ f lz < EEH(C."C{Z))]{fn+C*)T(2] {2}{5(2]+c(2))]

_ 2 2
in cose C, > c(?} (3.5.8)
-1

L |

o

"2y D LnCDT ) Cla) (8 5)+Cg))17 < 2g < 0

in casae CE < Cf!]

20n = (€ + ¢f1) + cf,ycd

ond {¢) 0« hy <
2 2 a2

respectively. The sufficient conditions in cose of positively ond
negstively skewed distributions mry be cbtained likewise by vsing

the ocppropriate heounds of involverd porometers.

1

Further, the estimctor d2 veould ke better thon L4 {ond y)

LLE

if & <hg < 2——
?(2}{n+£.}{n+6ciz)]

(3.5.7)
2 _¢or? o2
i D Wi CF AP

?{2}[n+CE)(n+5C%E)}

(8] 3 -

according os CE > Znﬂfzif(n+ﬂf2)) or CE < EHE%I]ﬂh+C%1}}

respectively,
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It moy be noted that for C, = 5, the estimctors 7T ond av

- —

with 12 replceed by lé wiuld he reduced to y and o' =y + lit
respectively and hence the necessory and¢ sufflcient conditions for

the estimators

a =g
SRR IHENS
R (2.5,8)
-2
| R
65 =y + 12 ¥
and d; =y + AE(SHfF]

to be better than y moy be derived from these in (3.5.4) for

corresponding wheice of t in d%, by substituting (. = &,

Thus the necesszary and suffleient conditisn for dé to ke

better than =+ 4iff 1% lies between

0 ond - 4C:!Y(n+6ﬂ§3 (1.5.9)

ane hence o sofficient condition for df to be better thaon vy
would be
- 2 ) § 1 2 L {}

For symmetrical distributions, the estimators dé, di  ond  d)

would be better than y iff Ay lies betwaen

L ]
0 ond  &¥1a

6 ond -2/7%s (3.5.11)

£ and 2/pM
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g herce the sufficient conditions for the estimatears ﬁ%,d& anc

to be better thon vy moy oo vound Qs

$
C < xjy < 4?(1)I[ﬂ{2! + lﬂﬁleJ
- ZJ’Y%Z)[;@;{Z}*?—C?E}] <Al < (3.5.12)
upectival??d Yordg < 2£[ﬂ{2:+3C§2}T

t is ncted here ord may be observed otherwise olso thot we con oet
¢ estimator from di better than ¥ 1in cose of symmetriccl cistri-
butions,

The sufficient conditions for the estimaters dé,da end d%
ic be better than y for positively one pegcotively skeowed distri-
butions may be obtained likewise by using the sppropricte bounds for

Hovolved poromcters.
M

Further we note that in cose Cy is known exactly, we moy vse
gltin place of €, in d*. The necesscry and sufficient conditions
“for the estimotors d% = ?5 + lzt tc be batter than Seorls' estimotor
??sinnd hence ¥ tac) mey e obtoined likewise from those in (3.5.4)
tc{3.5.7) ,For ccrresponding choice ¢f t i 2%, by substituting Ci

in plece C,, C{1} ond C(E}'

1]

. 2 .
In ense t = 1Sy ord ¢ IIEF' ve mavy ogoin nenercke esti-

4

. mators from d% =y + lify, dé y + léfsi hetter thon ¥ anrd from
-+

d3 = TT + lzf; and g » T7 lzfsi better then TJ (and hence vy

toe). However, it moy be showr thot the optimum estimntors in d%

and d; would be deominated by the cptimum estimoters in
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4 = ;(I+Aé) i.e., by Searls' estimator. Similarly, the optimum esti-

mctors in dé and dé weuld be dominated by the optimum estimators in

r - |2 - 2 :
d2 =y + AZ sy qnd di = T; f Ay sy raspectively aond hence the use of

t=1/y and t = 1/53 could be ruled out in favour of ¢t = y and

s2 respectively.

t
14

3.6 Some Concluding Discussicn

A
As menticned earlier, the Searls' estimator TS is the best in
~

the class T] to which the sample mean y oalso belonés. Further TS
is better than Ty. From (3.4.12) to (3.4.15) ond the discussion in
Sectioﬁ 3.5 we note that all the estimotors in T‘, including v, ?S’
“ond TH’ moy further te improved merely 'y having some approximate
opriori knowledge about the parometers involved in ;2 and xéz for
various choices of t in d = A‘; + A t.

It may oe shown that, (for a speéified.stotistic t) the estima-

‘tors from d' = y + xit would be better thar dé =y + t

-

iff xi lies between 1 and Zxé, -1 (3.5.1)

&

vhere Aé2= - Cov(;,t)/(Etz).. In perticulor, TPS(a)- would be better

}hcn TPs

iff o lies hetween -1 and ”(ZAéZ/n) + 1
vhere Aéz = (Cy - 6/63)/CY A", for lcrge samples.

A set of sufficient conditions for TPS(a) to be better than
Tpg would be :
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- 3 ' U N
1 <o< 1 in cose koz > 0

-1 <og< & incase -nf2 <A/, <O
21252)
—=— + 1 <o <~-1 incasc A,y < -n
~2) (-2)

( 1o . -
vhere koZ is a known guantity such thcot AGZ < AOZ < -n.

Thus for lorne samples, in cose of symmetric or nepctively skewed

-

distributicns, TPS(a) with -1 < a <1 will be better than TPS'

In cenercl, it moy be shown, for o fixed Xg anc for a specifiec
statistic t, thcot the estimctors from <& = k]; + xzt would be better

thon those in d' = y + At
1ff A, lies between [(n-C?) - sz(n/YZ)E(;t)]/(n+C§) and 1.
In particular dQ= xl; + (a/n) s§/§ would be better thon TPS(Q)
iff 2y lies between [n-(l+2a)C5]/[n+C§] ond 1.

A set of sufficient conditions for d‘ to Le better thar TPS(a)

would be that Aq lies between
[n - (i+2a)C%‘)}/[n+C%1)] and 1

which is nossiktle if o # -1.

The estimctors I% , T , and T should rot be used in case
S(a)
/FVCY is larce (i.e., if saomples are larce and/or CY is small) cs
y would be better than them in such ccoses. However, as shown by
Thompson (1948), use of TS and TS(a) may he rreferred over y if
VFVCY is smcll or metercte. Further, as shown by Mechta and Srinivasan

o~

(1971), T would be nreferable over y as well as. TS and %S(a)
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in case /F/Cy is small or modercte. Further it hos been observed

A
by Thompson (1748) thct in case of normal distribution T, fares better
than Ts and TS(a) (except for some choizes of a) even when /F/Cy

is smoll or moderate.

We hove olready discussed in Section 3.5 that we may obtain ¢
lorge number of estimators better than not only the sample mean but
clso thon the modified Searls' estimator Té and the Secrls' estimater

A

T which are themselves better then the sample meon.

However it mcoy be noted that none of the estimators in
d' =y + Azss would be better thon y in cose of the symmetriccl
distributions. Further none ofthe estimotors in d* = Ty + 129 or
dg = ?s‘+ x2§ would be better than ?S and same is the case about

g and dg = TS + xzsf; in cose of the symmetriccl distributions.

‘The discussion in Section 2.5, obviously, nelps in cenerating
numerous estimctors (biased) hetter thar the uniformly minimum variance
unbiased estimators and moximum likelihood estimotors for the population

mean in case of vorious distributions, including the normal populations.

3.7 Empiricol Study

In this section the rerformance of varicus estimctors under
consideration hcave been studied on the bosis of data for two

notural poouleotion .

Population I

Datc under considerction has been taoken from 1941 census, West

Bengal, District Census Hond Book, Midnapcre, (Census of Indig, 1961).
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The population consists of 353 villares under Panskuro Folice

V'Station.

The cheracter y denotes the villace ponulotion. For this

population of 353 villcges, we ohtoined

V= 670.076, oF = 412,424.88¢, C: - 5.918
ugly) > ¢, g =7.789, g, = 14.541.

We pick up the cpriori vclues of the cbove porometers, as follows :

Y

650, Yy = 700, cfl) a.35, c%z) 1.5

(1) 2)

A =20, D 230, @1 2v0,  d2 <
and o somple of size n = 30 hos heen considered.

The Table 3.7.1 gives the relative bics and percentage relative
efficiencies of the estimators from the class d* =y +‘xit over
y ond relative bics, percentage relotive efficiencies of the estima-
tors from the class 4* = ?S + A%t over ?S are given in Table 3.7.2.
xéz in the Taoble 3.7.1 denctes the optimum choice of A) (for a
specified t) and Agz denoteskthe locoted value of Aéz using the
above mentioned apriori vclues of the involved porométers. Similarly,

;;2 and Agi in the Taoble 3,7.2 denote the optimum choice of AE

(for a specified t) and the located value of *52 respectively.
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Table 3.7.3 Relative bias and percent relative efficiency of d'

over y for various choices of t and some values

of kz .
t | Aé Relative Percent relative eff;cigney
bias of d' over y
[V(¥)/M(d* )] x 100
Aé z Aoz Xé = xgz [B(d")/Y| Aé =z Aéz A;2= 152
(1) (2) (3) () (5) ~ (6)
-2.0550 C.085 102.8272
-0, 04GT 5.040 102.4£71
R -0.030¢ 0.730 103.0427
y -0.0297 : 0.0297 103.0432
. -G.C100 £.0100 161.671%
~C . 00?0 23,0090 151.5512
-0.6050 R LY 100.3168
-G.000130 £,0801 119.3344
- -0.00012¢ ¢.0738 120.659¢C
4 -(:.00010C 5.0614 121. 7448
22 -0. 000099 : 0.0410 121.7455
g ! -0.009080 £.0492 120.7248
-(. 000040 C.0349 117.4764
~0. 000050 (3.0308 115.5127
— =0.D000C0T5F5 C.0712 134.183%
2- . -0, 0000001580 L0710 134.1435
say -0.000000157C 0.0705 134.144¢
' . -0.0000001545 0.0703 134, 1401
-0, GC000C154C 0.0701 : 134,15%2
=0, 0000001555 C.0APR . 134.1584
0. 0005001547 £.0714 __134,3508
-0.000138 ¢.0952 104.4551
~-0.00G130 0,.0098 1C4.1902
-2 -0, 060110 0.075% 1£9.5405
y°  -0.000078 ' 0.553% 111.6033
-0.000070 - 0.0483 | 111.5444
- =0,00G040 % VO ‘ 116.9892

-0.000650 0.3452 110.0224
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Teple %.7.2. Velobive Fies and —oroeet roleotive officieoncy of  O°
”
sver T.  for vorjows chodoes of 8 on zome voiues
e
of 30,
N 2% felative Percent relative efficiency
= blas of 4% over Tg
~
[M(T . }/M{d*}] » 100
% - 3% % 5 yite LAV I LT 1R oy EE
MoE e 37 A8 B A5 = A% A= AGE
1y & 3 (&) (%) (&)
u:?g 0.034 L0075 103.0624
=600 7,032 .o 103.0570
-0 000G6R 0,.0703 108,577
=0, 0000865 0.0697 108.0815
s -0.0a00AN 0.0651 108.0832
55 ~0.000063 0.0585 108.GEEY
-0, 000060 T L0666 1080601
-0,0C00%0 00605 107.6933
0L D0RDUG 0L 053 106.5032
-0 00000 52 0.0304 112.8415
-0, 03A00014ZE OLDE0F 113.4253
=L ON0o0GT3E .0302 115, 1425
5 =0.00nae0122 7.0302 114.599%
sy =0.000060110 0.0301 114, 7825
Y =0, 2C0030100 0.0301 114, 6378
«0. COC00C030 0.03071 _ 14,2097
-0, 0GO0T0 0.0780 100.4328
5 ~0.000050 GLOBN2 182.1227
¥ ~0.C00080 0.05T3 102 . 4287
=0, ODO03T 0.C552 102, 448y
=L 000G T 0,0414 101.729%
~0 L 05T 100.3758

LONG003
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The somple of 1%1 males in Tharw aroun, which clong with mony

tother oroups, wes collected by Mchalonobis, Roo ond dajumder for

¢

?wﬂhrapametric survey in U.F., 1?dl&(50nkhy5, Yelume ¢, Parts Z ond

‘1) hos been considered as the szcond ropulation in this section for

our study.,

Nifferent porometers reloting ta the

are a2 fFollows

We pieck us the apriori velues of the

follows

The Takle 3. 7.2

Sty =8 Cp
SAUE A

13

il

4; v”'f?f”

characteristic stoture

= 3,12

sbove povameters os

aives the relotive bias and percentose

=]

relctive efficiercies of the estimators from the closs o' = vy + Ait

over  y
astimators from tho eloss
Table 3.7.4,

Ay (for a spocified

crd relative hbias, percentoge relotive efficiencies of the

Loy

I:I:ﬁ'

=

in the Table 3.7.3%

t) end 1;2

Eat

Y

L)
aver TG ore given in the

cenctos the optimum choice of

denoctes the loected value of 1&2

vsing the above mentioned epriori velucs of the involved norometers.

Similarly,

cheice of

respectively.

L34 {for ¢ specified

Agz c©nd A5 in the Tohle 3.7.4 <denote the optimum

t) and the located valuc of 153
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Table 3.7.3. Relative blas and pereent relative efficiency of &' over

y For various shoices of t and some values of A

i ! Aelative Percent relative efficlency

e plas of 4' over ¥

[¥(FI/M08") ] x 100

- : L . i 1y o] - 1 T - 3T
xy =2l AL = B )Y My or AL, Ay = A0,
N {2) 137 ' (%) (5 (6}
-0, 24 0. 2400 133. 680
=0.25 M. 2500 133.780
¥ -0.2533 0,2533 133,920
-0.26 0. 2600 132 . 880
~0.27 0. 2700 132,720
» 0.G0Ga008Y 0.0013 100,001
s 0,00000083 30013 1000901
¥ 0. Q00Ga082 0.0013 105,061
G.OGO0COTE 0,0013 100.001
0. 000000 TE 0.0013 100.001%
52},—2 2. 4488 5,.3073 144 058
Y 2.49 £.3013 144 033
5 0. 000000896 fr, 2438 132.051
57 -0, 000070600 5.1625 127. 541
i -0.001E <. 3499 177.864
¥2 . -0.0015 a2, 3286 180. 591
0. 0013687 0.2993 181,751
-0.0012 0. 2624 179.503
~3. 0010 0.2187 171,471
2 - - _ . 13a1 116. 301
. 5
syf? 0.0160 £-cio ¢.2178 119,536
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Table 3.7.4, Relative bias and percent relative efficiency of d¥

aver TS for various cholees of t and scme values

; ¥
of lg.
)
4
* Relative Percent relative efficlency
1‘2 bias by
of 4% over TS
[H(TS)EM{G*)] x 100
A% = AR, A% = A28 |B{any ! LR A% =A%
{1} (2) {3 (4} {5} {6}
0.47486 0.2117 108. 2566
_ 0.3012 0.0418 132. 6884
ut‘:u 0.2374 0.0207 133.6144
2160 0,2350 0.0230 133.1619
0,2210 0.0367 132.9672
0.00025 g.1621 133.34%25
5 0. 00020 6.0791 126.4012
aﬁr 0.0001455 0.0115 132.0829
0.00010 g.0871 128.0618
0.00005 0.1702 116.0412
¥.68 0.2317 181, 2787
5.2 4,00 ©.2488 . 229.9994
sY/r 3. 61 : 0.2038 252.3884
2.00 0.0022 2251607
1.00 0.1277 152.5872
=2 =0, 00081 £.3867 101. 2898
¥ -0.00033 0.3255 103,7792
oy 0.043 0.3320 192.8655
“%1,/1-* 0.042085 0.3792 290.,2652
0.032 0. 1824 201.1012
0.011 0.3035 172.8149
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CHAPTER IV

SOME TZ-CLASS OF ESTIMATORS
BETTER
THAN HORVITZ~THOMPSON ESTIMATOR

4.1 Introduction and Summary

let U = {1,2,...,N}] be a finite population of N {given)
ynits and vy be o voricte under study which tokes volue Y for
the ith unit of the population. The Tz-cluss of linecr estimotors
[Harv;tz ond Thompson, {(1952) ;¥Xcop, (1963)) for pepulation total
Y= igl Yy = MY based on any sompling design is defined by

Tp= L 8 vy | (4.1.1)
1gS

where sum is over the distinct units in dhecsmmble, s ond
&4 (£ = 1,2, ..,N) is the weicrt cttoched with o specified unit 1 .

of the populetion.
It is well-known [Horvitz and Thompsen, 19527 that the

Horvitz-Thompson estimaotor

YH_T = Z Yi;“i {4;]-2]
. igﬁ
‘with
v{TH.qj = & Yi(l‘ﬂi]fni + : (4.1.3)
=1 i#j=1 "i"3

{2 the best in the vmblosed subgloss of Tz-:lﬂss of lineor esti-

motors, whctever be the sampling design. Further ?H—T iz also
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rdnissible. in the wnbinsed svhcloss ~Ff Godorie's class of lirerr estimators

?5= £ B{i,s) y; as proved by Gednmbe (1940} and Roy and

IEE F
Chakrevorty (1780). However the Horvitz-Thompson estimotor, ?H*T
is the only unblosed estimator in TZ' while there are a lorge

runber of bilased gstimotars in TZ'

The question orises : Does there exist o best (UMMSE) estimotor

in the entire .T2+clnss? Further are thelir some blosed estimotors

-

in T2 which ore better thon ?H-T whatever be the sompling design?

In this chapter, we hove cottempted to find answers to these
questicns. We find thot there does not exist UMMSE-estimator in Tz,
shotever te the sampling design, not even In the case of SRSWOR,
“eontrary to the result chout T‘*clcss of estimators, discussed in
the Chapter I1, where the Secarls' estimator was fournd to be UMMST in
Ty in cose of SRSWOR. We olso find that for a fomily of sompling

designs, o large number of hicgsed estimators cf the type

T = :'L‘%H'-T {4.1.4)

?

_ S .1 _ , 2 2
from T2 are better thon ?H—T' provided o quantity C{]] < CY
is known. Further, we identify the situvations, under the yryel

super-population medel 5y (Godembe, 1955), im which the estimctors

M
T, and T§ = 1° 1£5 vi/Pse By =HinI£1 x, e being an ouxiliory

cheracter, are 61-better thon YH-T' Mumericcl exomples are given
to illustrate our polnts and it is found thot the relative efficiancy

of Té over YH-T vnder SRSWOR and g-7.8%. scheme, is on increas-

ing fumction of the comditional coefficient of wvariotinm of y given
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vnder the model {1.5.7). We hove also discussed agbout the non-

egutivity of the unbicsed estimetors of M(T)) and M(T3).

2 MHon-existence of UMMSE-astimator in Tz-clqss

The MSE due to T2 defined in (4.1.1} is given by
M(T,) = Yi[g'Ap - 2p'd + 1] (4.2.1)
here

= 1 - - 2
E‘ = (E]i‘ E‘zr*"fBN} r A - {'aiJ]HHNr E‘ij - {yi)"jlf‘r }TTiJ

.
|

= (d].r dzr-‘**fd”)l: di = {Yif‘r]'ﬂi: i,5=1,2,...,4

and LEY for j = i 1s interpreted as Ty
The optimumchoice By of R which minimises H(TI) is a

solution of

Aﬁu = d v4.2.21
and optimum {the resulting) WSE is found to be
M_(T,) = YP1 ~ aaiay, (4.2.3)
the cbsoclute bios being found as
]E(T2]| = Y| p'd - 1}. ‘ - {4.2.4)
It iz found that
1Al = 1 (Y, /Y)"x
k=1 "~
where,
™ iz o0 TN
13 Mo rve Ta:
A= 21 2z 2l (4.2.5)
[ ™1 N2 N
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It may be shawn thot A_] would exist provided y; > U
for ol i = },2,...,H and & o> D

Let

byg be the reduced determincnt obtained by
elimincting ith row and ith colump from A

and ﬂij be the anetzbtuined by elimineting ith
row and j column from A.
Let
Ay = (-1yi*3 By Eii = hyg/t
end Eij = nijfa.

Next we stole and prove the following

Theorem 4.2.1. Far any sompling design satisfying (4.2.5),

l.e., & » 0, there Joes not sxist the UMMS5E-estimator for Y  in
T

2
Proef. From (4.2.2), it follows that
a = 4714 (4.2.6)
where,
-1 _ _ 2 | _ o
A = (Cij], Ci; (Tfyi} beyfa and Cij—(ffri}(ffyj}uij!ﬂ
and thus

Bog = (YW/ygdidgy my + agamy +ooad fygmy +oood Dy wy

i

{nyi). F{vi, “ij)‘ {(4.2.7)
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Obvicusly, the optimum cholec R ; in {4.1.1} reduces T, to
T, =Y ¥ flw,,m::) (4.2.8}
2 ies £ris
We observe from (4.2.7) that there do not exist best choices

of Eis {ndependent of y-values in the population.
Remazrk

Let wi{s) be the number of distinct units in o sample =
{effective somple size) end = Eyils) = 3§ is} P{s} be the
SES )
overoge effective somple size. Then it maoy be shown from (4.2.7)

or otherwise that o porticulor soluticn of A = d is

Foi — {v/ V?i}'; i=27,2,...,H

and in poarticular, in case of SRSWOR, cptimum cholce Boi of g

would ha
2

and the optimum estimotor will be roduced to the parometer ¥ itself.

oi = Yoyl

4.3 A Closs of Biosed Estimoicrs Better thorm M-T Estimation

Since, in genercl, the bost estimator (UWMMSEE) in T2 class,
does neot exist ot cll, we locck for some cother estimoters which may be

better than Yy_p-

Getting motivotion from remark above, let ths weights By
in T2 be chesen sueh thot g, = lfwi, where 3 is a constant,
Then T2 reduces to

TE= 3% 5 vy, /.  t4.3.1)
2 ies i 73
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Let

N M
2
Bo= 4.3.1%
iil jEI (?iyjf? }{“ijf“i“j} {4.3.2)
al = min {1/1,1]
Voogien R
anr! ml = min [n, . fusm,}.
2 TeldjeM 1377173
Noting that,
' . = - ] . 1 N i
“ijfﬂiﬂj imln(ﬂi;ﬁjl!ﬂi?j“ “E’; or 'T"G 'FQI' ﬂll 1;_]
we have thgot
Gi < ai.
Further, i* may ke noted thot,
D = [V{¥, ;)/Y] > 1. (4.3.3)

Let E(]] be any quentity such thot D('] < D, Such o
D{I} may be determined ky obscrving thot
7 P

2
yy + e LI oy, v .1/Y
1 2 i#jzll 1 j

[E e -4

D >[a

i=]

H

[{c]-03N(o24¥?) + o ¥21/¥7

cj + {ai«ﬁi){i+€%1}}!ﬂ (4.3.4)
with

¢y > Neoj-ap) ™! (1-ap)-1
where C%E] is ony known quantity such thot ﬂ%lji Ci. it may

be shown that D(1} » 1,
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Maxt we prove the follewing

Theorem 4.3.1. The estimatcrs in Ti with » satisfying

-

.HD{1} -1 < Xx <« 1 will always be better thon VH-T for all
sempling designs in which LS ¢ and for oll populetions sgtisfying
(4.3.2)} or (4.3.3).

Proof. Frem (4.1.2) cnd (4.2.1), it moy be shown thot

M(T,) < V(Y g)

iff
N N | i .o 1
;Ei jil(yifv}{rjfv) myy(ByBy- ;IEI} <2 151{inY]{Ei- ﬁz}ni
\ (4.3.5)
"Hence from (4.2.1) ond (4.2.1),
M(T3) ¢ V(Y )
if¢ 2% - 2 - (B-2)3< O (4.3.6)
ie., Iff (Y=2)[2 - ()02 < 0 {4.3.7)

Moting thot D > 1, {(4.3.7} con never be satisfied for

» # 1. Further observing that
['j}D‘{i} - I,.
g sufficient conditlion theot (4.3.7) is satisfied would be

il
1

EZID{]} - l} il < T. {4.3.E1
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Raemorks

(i} From (4.3.4), it is noted that Té will be better thoan
A
Yooy Lff & lies between 2/D-1 and 1, the best choice of A
baing kg = 1/D, In that cose relaotive dfficiency of Té over

Yyop would be

VYT = 22 (r, /D 2R, )+ (1))
= -1/ -+ 1)
= [,

» Thus wpper bound for the relotive officiency of the modified H-T

estimator T, over H-T estimator Y, . would be D,

Further none of the estimators in Té would be betier thon

L

Sy AF D= R

{fi} The optimum choice Ay = 1/B indicates that we should
choose ) in Ti such that Q < 3 < ). It mcy he neted that Té

with O < 3 <1 will clwcys be hetter than YH—T for all pepulo-

tions ond designs for which D > 2.

(iii) It moay be shown thot in case of SRS5WOR, the best choice
s _ ? \ N 2
of A, in T5 would ke Ay = if{l+KCy]. Thus in this cose if Cy
is known exoctly, the estimctor due te Searls {(1764) would be the
best in Ti — < result similor to that, we fcund in Chapter II,

while discussing obout the ?1-c1ass.
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Nymericol Jllustroction.

Let us consider the following 7-P-5 design coenstructed by

?.Rumcchundran {unpublished Ph.D. Thesis, 1978; pp 147}.

$ P,
(1,3} 1/172
(2,43 254/17%

£1,2,4) 177178
2,3,4) 17/172

Now considering the feollowing hypotheticol populotion of

4 unfits

Yy = 4, Yy = 2, y4=3 and Yq = 1
we have D in {(4.3.2) os

D = 4.1142

thus R |
VY )M(TS) = (B-1)/15%D-2 +1]

The following Table 4.3.1 gives the percent relotive efficiency

~ Fol
R.E. = [V{YH_T}IH{Té)] x 100 of Té over YH—T cnd absclute relative
bios R.B. = [B(T;)/¥] for some values of 1.

Table 4.3.1, Percent relotive efficiency of T, over
Yy.y ond absclute relative biaos.

felative A
Effiatency(%)
.

"~

- P L - L
Relative Blas ol 0.2 aly 0.4 0.5 G.6 T 0.8 -‘d.9

R.E. 370.23 8#07.32 WoA.29 XH2.8% 302.78 2u3.13 192.72 153.18 122.96

R.B. 0.9 4.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
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4 Relotive Performance of Scme Bigsed Estimators from Tz-clisi cempared

tc H-T estimotar under a super~nopulotion model

Let x be on auxiliory choracter {which moy be some

itably defined reol voluved functiorm of some othar voriate, soy z),

esely relcted to y, the chorocter under study.

Let N
To = x* I yifpi, Py = xiKX, X= & x4 {4.4.1)
les i=t

We sholl study the performaonce of T2 in {4.4.1) ond of Ti
i (4,3.1}, for fixed somple size cdasigns, comparad to $H—T under
m cloas of prior distributions 75 dve to Godambe (1955). Let
[t¥greees ¥y be a random sample from am infinite super-population,

pecified by

Ealtyiixi} Gxy

Fal,y£|x1] = cz xg (4.4,

and Cﬂualh{yi,yj4xi,xj} = 0

were o ond gz ore the two porameters of the distribevtion 3g-

%w ratio oi/at = ¢?

, say, con be thought of ous the squore of
wonditional coefficient of voriction of y given x. In practice,

;;fﬂz may not be known exactly, but it may be known to lie in some

2)

intervagl, Let C2 be svch thot it lies imn the intervaol (C%1}'ﬂfzjl‘

fence, we shall sometimes use In this section the quantities Cf‘} and

:?2) such thot

Z %=

2

<

3)
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F .3
Ltet t = V{KH_T}fXZ, ?(XH_T} beirng given by (4.,1.3) with

yis baing repluced by x;'s.

Definition 4.4.1 Let 581 M(d) dencte the expected MSE of d

vith respect to y- An estimotor di is said to be al—hetter thon
%

if Eaf M(dy) 5,531 M(d,)} for all 8 = {yy,yps-++2¥y}

with strict inequeolity for at least one 4.

Lemma 4.4.1 For designs of fixed somple size, we have

A N
. - N TR JLL N SO
{a) B V(¥ ) = a®XTtHC 1£‘pi[1 ng )y (4.4.4)
N N , N
) £, M(Ty) = o®xZryd(1stec? 5 plsp y-miee? 3 ph)e1ac? 1 p2)y
5y 2 g} 10H g=p i gzt 4
(4.4.5)
ho= (e 5 plystenic? 3
o 12 pi} { ' 12. Py “1}
| | | (4.4.6)
Ey. Mo(T3) = axPr0ec?zel) - (ectepl) 2 (retrctinlin 11

3

N
z pf)

M
{e) E M{Ti} 2 azxz[l*aﬁ[n+C2]~21'(n+C2 T nipi]+(l+Cz 2
1=1 i=1 Y {447y

ay

1; = %f{n-{-{_‘z ﬂipi}f{n*cz}} < 1 {4.4.8)

I =1 2X

i=1

N
£, Mo(T3) = oBX2r(14c? 1 pd) - ((nictzn p )2/ (nPenc?y))
] 1=l (4.4.9)

vhere lu and 1; are the coptimum values of X and 1" which

" minimise the expected meon square errors of Ti and TE respectively,
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Procf. (o) From (4,.1.3), it may be shown thot

N N
(az+n2}1513§3wi a2

i

Eay ViThor)

N o, N ,
iEIxifwi+§¥§=‘xix3{ﬂij!ninj}-X_}

fr

2 g 2 2
o xE{(1=m, )/ m, +0"[
Syationgdimg

M A
ﬂzlitxfil—ﬂilfni + a®V(X,_;)

M
a?x? [t + c? 3 p2(1-n, ) /my]
i=

H

(b) Observing that,
IR AP 132 2
M(TZ} = w(YH-T} + (-11° ¥,

ve have,
]
_ . d 2,2 20 244_ 1y 2 z
£, M(Ty) = aZalx?tec iEIp1(1 w ) 1+ (1) B ¥
N N N
= oI 2(1ac? 1 pZ/mprt) - (14€2 5 pye(14c? £ pD)
=1 1=1 i=1
Obviously, the value of % which minimises Ea H{Ti), is
1
N N -
x, = (14t z o)/ (1+tac? 2 plre,)
i= i=1

(c¢) From (4.2.1) with By = At/py An (4.1.1}, or
stherwise, it maoy be shown that,

M(T2) = 22 ? (y21p2in, + sz { / ) ]
2 = AT E Urydeging 2 a1 Y17y PaPy) Ta

, N } N o Ton) N o, N
~2at I 4 T iy, /o ), I ¥. + I X y.¥
S L AT DA AR M Set LS R Pl RR A
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iow,

E. W{T2) = 2% ? {xzfpzin {a2+a2} + ot ENE (x. % . fp,peimyy]
-l g (x24p)n (cz+a21 + of ENE {x,x,./p.Jn,] (4.4.10)
M
+ G2 L xi + azxz
i=
N N
Observing that I =n, = n and I L gy T n{n=-1)} in (4.4.10},
i=1 1#£3=1
"for fixed slze design, we cbtoin
L 22042 2 2 N 2 ¥
E. w{T) = a*%X°[a** a{n¥C) - % (n+C* L m,p, ) + (14" £ p))}
B] 2 i=T iti 1::1 Je
{4.4.11)
_Obvioysly, the value of 3* which minimises Ea} H(Ti) would be
« = (n+cly }n(nc?)
Ay = In iil TPy Hnin -
oad the resulting expected MSE would be
E. M_(T%) = azng.:mf';’ 2y _ f{mc? y 12/ {n2enctyy
N N N
Further, vsing Couchy Schwartinequality Elnipi < E‘ni}( E]pi),
i= i=1 i=

wae have

2 2 2
g'n + naet _ {(14C7) 1.

0 <Ay <q TR 7
{c“ + no®) {n+C*)

Q

Now with the help of the Lemma 4.4.1, we hove the followiag

Thegrems :

Theorem 4.4.1. In case c? iz known exoctly,a- al*aptimcl

estimator in TE may be defined os
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= -
T =2 yifpi

n
w

z
51:

]
where At is defined in (4.4.8). A syfficicnt condition for T;2

to be a}wbetter (in the sense of heoving smaller expected MSE

vnder 34) thon Yy-1 would be
M o
Ty £ 1/2 and t » (1-2 Elwipi} (4.4.12)
1-

Proof. From (4.4.4) and (4.4.9), it may be shown that

. M
. 2 N 2
Ea‘ MQ(TE}-Eal ?{YH“T) c X [I+C Li]pi {{n+C Eﬁ pii /(n +nC* )}
2 H
N N ¥ N
= nc? ¢ pf+zn2c2 ¥ p§+nC2-C4{ T n pi}2-2nC‘j‘ E T
i=1 i=1 i=1 i=t
2 2 a N 2N 9, 2 2
- n"t - ntC*® - nC" T pi!ﬁi - n“CT I pifwﬁ]f{n +n" ")
1=1 1= *
. (4.4.13)
This £, M,(T3) < £, V(Y g)
N
i, 2 g ola s L( 5 )= ¥ + 2
’ I p+ + - 4 - T.py )7 . TLP
1=1 4 &2 cZ noyay 14 gy 1L T2
N
2
nt . Mo 2, Eiitpifﬂi
+ + I piin,; + =
TR M 2
N N N
1 2,2 (t-1) nt n 2;1 -
t.e. 1fF, =( & m,p,) { £ = p.}+——~—7l'l—£+- (l+—5} L opylx- -2) > &
! '"‘1=111+?;==1"* ct ¢ c-izi’”i

o
i.e.,iff —{ zlnipi} +_I(t I+2 E w pi}+—z+(f+—§] E pit L -2) >
(4.4.14)
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Hence from (4.4.14), the sufficient condition follows,

Thaecrem 4.4.2. For ony design of fixed sample size,

ty~eptimal astimotor in Ti , viz.,

Tr. = [i4c2 ? 2 9y _s{1erec? g-% ]
02 (0P e ioy Ty

LY

!s glwdys 3dj-better thon Yot

Proaof. From {4.4.5) ond {4.4.8), it may be shown that
EOM(TIY = B WY, L[ {1+CE 3 2}f{l+t+czg ZR%
ay Va2 ay VU H=T g d RTRESE!

< Eal V(YH_T}

ond hence is the resclt.

It is to be noted thot either of the estimotors 1;2 and Téz
con never be defined, unless the exact knowledre C2 is avoilable. We

get rid of this limitotion im the follewing

Theorem 4.4.3. For the clcss of pepulotions ond sampling

designs specified respectively by (4.4.2) and (4.4.12}), the estimotor

E

n
T3 =2 Elﬂ{pi will be a,-better than Y,y ; I{f A 1s chosen such

i=
thaot
Iy v
1;2 - —u——i%l—— < A* « l;l + uf—s—%ll— {4.4.15)
X n(n+C{2)} nfn+C(2)}
where :

A « ¢t (z yienfeenc?, | (1-142 g )
{1) DL ST B PERE A

N !
Y21 .2 7
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%;P 1;2 dre two known quontities sotisfying
* i E
Aol £ A5 225y
and A; is the some as defined in (4.4.8).

Proof. From (4.4.4) and {4.4.7), it moy be shown thot

. ol 2,2 . 42 2 eing2 D
Eal H(72} - Eal V(YH_T} = a“X A" n{n+l") -~ 2x*{n+C 151“1pi}
N

2
L p
1=1 1

+{1+C2 }'t-Cziglpifl'ni)fwi]
(4.4.18)

The right hand aide of {4.4.18) is o quodrotic equation in 3 * and

hence will be negative for all valuves 3% sctisfying.

1?‘] < a® < 1?2}, 1; and 15 being the two roots of the quadratice

squotion in 2", provided they exist,.i.e., discriminont is nen-

‘nepotive. Now discriminont

D* = o%.A,
' where
N
A= C*rnp ]2+n2t+ncz(t-1+2 T m,p, enzpl (- -2)c?(nic?)
i1 {=1 i i My

"ond diseriminant will be positive under the condition (4.4.12). Then
the twg roots will be

A = A= /Db ond a, = an+ B

where b = ﬁzn{n+C2].
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Thus for all vclues of X sotisfying Ay <A < Ay, the
mwipression {4.4.18) will alwoys be negative. Obviously Ay and 2,
fepend on the knowledge of c?. This problem con be overcome by
phrinking the intervol of choices of X 1in the following manner.
he interval of preference 1; - B < x < 1; + /B*/b moy be

whrunken through

Aoz " /fﬁ]}fn{nw?z}} <A <Al t /‘ﬂ-:{‘]}f“{""‘:fz}}
: 2 2 2
vhere C“} < C° « C{E‘}'

Thus Ti with A" sotisfying (4.4.15), will be better than

-
an' provided the interval in {4.4.15) is consistoent.

Fellowing the same line as in the Theorem 4.4.3, o number of

estimators from Ti =% T yifﬁi con be generoted merely depending

=
o1 the knowledge on the bounds of Cz.

Remarks

(i) 1In case of simple random sompling, the a]-optimul

estimotor T2, in T3 moy be found to be

TS2

vhers f = (n/N) ond expected meon squore error, from {4.4.9) becomes

‘ n
= ;‘;[in+FC2}f{n+cz)j I oyyle, (4.4.17)
¢ i

N
B, oMTr) = afx¥p(14¢? 1 o) - ((me? )2/ (ntincd) 1. (4.4.18)
31 a? i=1 i

Similarly, under y-P-§ scheme (wi=npi}, the estimator T:, becomes
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N
E o2/ (nic?)] £ yy/p (4.4.19)

2 = [(H'C
i=1 i=1

0

with expected MSE, i.e., -

) = o2 2 - 2 2 2
) M(TS,) = a®xP(14c 1z‘pi) {n(1+C iE‘pi) /(n+C%)}7.

(4.4.20)

(i1) The 3;-optimal estimator, T;z in case of simple random
sompling turns out to be

N
T, = N[|+C22p§]y/[|+t+C2121p1/n1] (4.4.21)
ond the expected MSE is found as

N N N
2
gy M(Tog) = o™[(14c? 1 pD)-((14c? 1 o1/ (1etale? 1 oMY

(4.4.22)

Similarly, under n-P-S scheme, the estimator Téz becomes

N A
= [1+ c? E pf] Y T/[1+C2/n]

ond the expected MSE becomes

E. M(T',) = a?x? [<1+c2 z p2) - {n(14c? Y p2)2/(n+c?)}y. (4.4.23)
B 02 g=1 1 j=1 &

Thus from (4.4.20) and (4.4.23), it is observed that under

1-P=S scheme, botn T'z and T°2 are equally efficient.

(41i) Furthar, it is interesting to note that olthough under

A

1-P-S_scheme, Y-y is Qy-optimcl in ymbiased T,-aoboxoss of

estimotors (H-nrov, T.V., 1934, Sonkhya), it remains no longer
3‘-eptimal evcn n T’-subcldss, if the condition of unbiassedness

gets relaxed.
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4.5 Empiricgol Study

The following Table 4.5.1 gives the number of inhabltaonts

of 44 large cities in United Stotes {(Cochran, 1977,
th

XyeXge oo Xpgp

- pp-F2), X5 being the population of 1~ city.

Tahls 4.5,1. Number of inhabitants

x : populotion

T97 314 172 121

173 298 172 120
TU8 296 163 119
T34 258 162 118
588 258 1861 118
577 243 159 116
507 238 153 113
BQT 237 144 113
457 235 138 110
338 235 138 110
§15 216 138 108
301 208 138 106
387 201 136 108
381 192 132 1014
sak 180 - 130 116

315 179 126 100

Lei the obove &4 cities be regorded as o randem somple from
a 1urgé super pcpulation which may be the populotion eof all the
cities in U.5.A, Let yy,¥p/re-ur¥yy be the number of inhobitonts
ot some cther period such thot the model (4.4.2) 1sx sotisfied. Let

n= é.

o ]

E L

For thi~ populotion we hove t = —= = 083814, ond
i n

ne =

-ﬁ% =.023482.
1=1
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The fellowing Table 4.5,2 cives ths percent relotive efficiency

.ﬁ..

of Té! and T, over YH»T fFer some volues of CF = GZ;QE

Table 4.%5.2 PFPercent prelative efficiency of TSE and TEE over
-~

. 2
YH*T for some values of C7,

Indeir a-P=3 Scheme nder SRESWOR

e . T - R r
o2 Ea v{YH-T} Ea v”H-T} Ea v{YEuT} Ea v{?ﬁ-f}
[yt 1100 [ 1%160 [ Ix100 [ T3 100
T M(T* ) - EMiTr ) E_M(T¥_ 3 COME,OM(T',) ¢
31 QE e o2 dy 02 ?1 o
{1 {2) B (3} _ (4} (5)
6,0t 100. 1398 160. 1358 5h24 1681 108. 6066
(.05 100. 7147 103, 7147 1206,2458 109.5122
0.10 101, 4281 101. 4281 679.8831 110, 6401
0.50 107.0760 107. 0760 266.0087 119,5432
1.00 113.9884 113.988% 223.0989 130.4225
2.00 127.3723 127.3623 215.732" 151.4387
5. 00 164, 0558 164.0558 252,2047 209. 1682
0,00 215.9568 215.9558 ©321.0068 290.7414

»  The Table 4.5.% reveals that in some situctions, the goln by using 1o, over
nhf may be wvery vary high.

4,4 Estimction f Mecon Squore Erros

In this section, we consider the problem of estimoting mean

. square arrors of Té and Ti and look for the conditions under which

the estimaters of mecn squore error will be non-neoative.

Frem {4.2.1), it moy be shown that
N N

H{Tz} = ¢ I
i=1 3=1
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#n unbigsed estimator of M(Tzl is given by

Q{Tl= I y.y. (B Bm, 1 - 28 u. )/
20 es ges MIIT 3737 (4.6.2)

wd hence unbicsed estimates for M(T&) and M{Ti] con be obtolned

from (4.4.2) by —eplacing Bg by A/m; and A"/p; respectively.

Let ¥y oo ¢ foer 1 =1,2,...,M. A set of syfficlent conditions

for non-negativiiy aof {(4.4.2) would te
Eiﬁj + {7'253“31’“13 >0 for i,5=1,2,...,M {(4.6.3)

In foct, the condition {4.4.3) shovld hold only for b # 3,
because For 1 = }, the conddAtion (4.8.3) reduces to
2 ]
Ei_zﬂj_"‘ﬂ .:iﬂ

tecp (6-N2+ ((-r ) wgd 2 0,

-

which alwoys hélds trye.
Thus from {4.4.3), it is found that ﬁ(ri} will be non-negéative

if for all 1 # *°,
lsziwj + {1-21)fwij >0 (4.4.4)

the condition (& 4.3) will alwagys be true, irrespective of the sampling
design, in case X < 1/2. Thus for oll those hopulotions with

CEIYH_T] > 1, H(fi] will he non-pecative in case the optimum estimator

T;Z {Ti with L = lﬂ} is used. Further in case C%])(?H_T} > 1,
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In 75 is sush thot {tf{1+c%1}(?H_T)J} <Ao< 172, R(T3) will he

En-negotive.

Further, the condition (4.&.4) may be expressed gs

1L
T D - 21 gy /a3 2 0
or (1) 4 (1) (o mmyn Mg s 6 (4.4.5)

l.e., the zame condition ﬂijjﬂiﬁj > 1, for 1 # J, uvnder which
n A _
WY .7} is non-rzxgative [Horvitz ond Thompsen,(1952}], will make

ﬁ?é ) ols¢ non-negotive.

Similorly, from (4.4.3), ﬁ{?i} will be non-negative

- 2 *T{
if {l.‘afpipj } + {(1 - ‘%’j_i)wij} _?, 0 for i ¥ 5‘ t4-6.6)
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CHAPTER V

A CLASS OF ESTIMATORS FOR POPULATION VARIANCE USING SOME
APRIORI INFORMATION

5.1 Intraduction and Summory

The problem of estimating populotion meon Y {or equivalently
total Y = NY) of a chorocter y has been considered extensively in
the survey literature. There are availoble o lorge number of estima-
tora for Y including the usval rotio, regression, difference and
product estimators using the knowledge on.population mean X of an
ovoilable ouxiliary choracter x. Further Das aond Tripathi [{177%a),
(1979b), (1780a), (1980b)] have discussed extensively the problem of
estimating Y in cose {a)} ¥ 1s known, (b) gi 1= known ond
(e) Ci is known, (d)} ony twc of the ogbove threz quontities are
known. In the previous chopters, we haove also discussed, how the
vsvol unbicsed estimotor for VY  can be improv.d throvgh o number of

biosed estimators vsing some apriori informotion on some parometers

of the charaster y under study,

In many situvations, the problem of estimoting the variance g§
of o chzraocter y assumes Importonce. But the problem of estimating

a: has notgitracted Much attention, especlally in case of Finite
popvlaticns. The problem hos however been considered omong others
by [Wokimoto (1970}, (1971}], [Singh, Pandey and Hirono (1973)),

Liv (1974), Pandey and Stingh (1977} ond [Dos and Tripathi (1977},
(1978q) 7.
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n _ .
bt si = zl{yi-yjzf(n—1}, n belng the sample size ond ¥
the samrle meon. In cose of finite populaticns, an unblased

estimator of a: bosed on SRSWOR is given by

o2 = (N-1)sI/N. (5.1.1)
The excct expression for its varionce is given by
V(;il = K[A g,~B) g: {5.1,2)
rhere,
A= (N-1/N3E A%, B = ((M-1)/N3E BY, K = (N-n)/n(N-1)
wth

A® = {n/{n-1)12 - {2n{N-2n)/(n-1)2(N-2}}

+ ((NEN-gNn#8n ) 7 (n=1) 2 (N-2) (N-3)}
B* = {ANZ/(n-1){N-T}{N-2}}-{3N{N-n~1}/{n=1}{N=2) (N-3)}

[Sukhat=m=(1944);Das (1982)].
In cose of infinite populotions {or finite populoations with
somrlirg Froction ignored)}, it is well known thot 55, based on a

simcle condom somple, is unbiased for gg and exoct expression for

its varfcnce is glven by

V(sD) = (a/n)[8, = {(n=3)/(n=1)3] (5.1.3)

which is ¢Yvigusly obtoincble from {5.1.2) by ignoring the sampling

frocticn n/MN, in which cose A =1, B = {n-3}/{n~1) ond K = 1/n.

Wakimoto (1970,0%7V)]considered the problem of estimctinag g':

in cose population is strotified ond abitcined en unbiased estimater
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of 03‘ Let the populction haos the distribution function F(y) and
densi;y function f(y) with finite meon Y ond variqncé 03. Let
this population be divided into L sub-populotions, known as L
straotc, each having the distribution functions Fl(y),Fz(y),...,F (y)
ond the density functions fl(y), fz(y),...,fL(y) with finite mecns
YI'YZ”""YL and variances o%, °§r°°°rUE respectively. For this

strotified population, Wokimoto (1970) obtained an unbigsed estimctor

ui of 05 defined by
o2 = 3 wlng(n-D)} 1 (yyoye,)?
s 5 Ly ta/ng(ngm B gy
ng (5.1.4)
‘ - 2
+1§j {"1wj/"1nj} kﬁl £=|(yik ng)

base” on random somples of sizes ny drawn from strotum i

(1=1,2,...,L) where w, th stratum, depending

on th: relotive frequency.

is o weight for the i

In porticular, in case of proportional allocatien, ng = nw,
an urtiaosed estimator of 03 is found to be
L Ri .MM
2 2 . 2 2
3 =[ & L (y,o=yy )+ & I I (y,=¥,:,)°3/n". (5.1.5)
S/P g1 kkep k71 1<) k=1 g=1 1k 73
He found thot

V(Uf) > V("i,p) (5.1.6)

where .
| uz = Z(xifyj)z/n(n-l)
Liv (1974), in case of general scmpling designs, constructed

an ad~issible general unbiosed quadrotic estimator for the population
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varicrce 0: in sompling from o finite populotion. His proposed

estimcior s found to be

(s,y) = £ b(s,i,3) y,y (5.1.7)
Vpis.y 1, 5es Selrd) Yy
with ‘ : :
I b(s,i,3) P(S) = (1 - 7)
Sy Dlsetd N N
Qi 1
I . b(s,i,}) P(s) = — for all 1,j5=1,...,N.
a 9i,) N
(i#3)

He olzo constructed an admissible general unbiosed estimator for the

varia~ce of any unbiased quadratic estimator of the type ub(s,y).

Das and Tripathi (1977) have considered the general problem of
estimating quadratic forms Q = g'Tp, the problem of estimating 05
being o pcrticﬁlor one, in ccse of finite populations, where
g' = iy],yz,...,yN) and T = (tij)’ (i,3=1,2,...,N) is o motrix of
speciiied elements. They have ciso cbserved that the class of
quadratic estimators proposed by Liu (1974) is nothing but a particulor

member of their closs. They proved that

> 0 (5.1.8)

. = 2
dolsiy) =z yytyy/mt 5y VY3 tig/miye iy
R ’

ies j S

is th: uniformly minimum vorionce unbiased quadratic estimator for Q

in tk- class

D* = {d* : d* = & A(i,3) yiyj} ‘ (5.1.9)
i,jes
ond is unbiased and admissible fer Q in the unbiased sub-class of

D = {d(s,y) : d(s,y) = z A(s,i,3) Yin} (5.1.10)
(ilj)Es
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In case of varying probability sompling with replaocement (VPSWR),
Das aond Tripathi (1977) obtained an unbicsed estimator for q: os

2 ., 02 n
UDT = {iﬁ‘(yilpi) - 1§J£'(yiyj/pipj),(ﬂ")N}/Nﬂ (5110")

Pondey, Singh ond Hirano (1973), following Searls (1944) defined

on estimator for 05 as

Ty = Ay 8} (5.1.12)

with its mean squore error, MSE and bics os

M(T]) = a:[k%(A/ﬂ) - ZA‘ + 13
and B(Ty) = (x-1) a: (5.1.13)
where A = By + [(n2-2n+3)/(n-1)]
The optimum choice Ao of A which minimises M(Ti) is found to be
Ao = (n/a)

and in case By is known exactly, the resulting estimator Tol and

its mean square error, bics cnd relotive efficlency (RE) over sz

are found to be
Toy = (n/a)s? (5.1.14)
M(T 1) = oy(a=n)/a (5.1.15)
B(T ) = [("-A),A]°3 (5.1.1¢)
ond R.E. = (p/n) (5.1.17)

In case, By is not known exactly, they defined the modified
estimator, using the opproximate valve, B, =¢;32(g > 0), instead
of By in Tol' as

?0‘ = (n/A")ss (5.1.18)
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wvhere A** is A with B2 replaced by Bo’

Further, in cose of o prior value Gg of 03 is available,
Pandey and Singh (1977), following Singh (1949), proposed a class
of estimators for variance af” as

ops = wsl+ (1-wo2, 0< ws 1. (5.1.19)

The optimum value wy of w 'which minimises M(Ugs) and the
resulting MSE are |

"o = (1= oo/0 ) 1= o Y M (B-n)/n}]  (5.1.20)
M.,/,(ogs)- = ":m"o(}'")/" (5.1.21)

Further they modified the above estimator by

ogs = w s: + (1-w) og | (5.1.22)
wvhere :I is obtained ’f-ﬁo{h wc by replacing 33 by 33 and ‘.32 by a

consistent estimator of it.

It was also observed that the propesed estimator in (5.1.19) is
better than usuai unbiased estimator 53, if n is small ond

2, 2
0.5 < aoluy < 1.5,
Das and Tripothi (19808) discussed an estimator
d=w, s2+w, 5 | (5.1.23)
1 %y 2
2' where the weights " and v, need not add to unity such

g
4
that d > 0. They found that. d is better than Yo' in case

0 < wy < Z(I‘W]) ‘ (5.1.24)

for
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with w; = (n/pA) in case of the population in which Y > 1 and
Cs > n/(n-l).

Further, according to the situction in which X of variance

03 or coefficient of variation C, of on auxiliary character x

is known, Das and Tripothi (1980c), discussed a number of estimators

for 02 based on simple random sampling, including the following

Yy
ones @
1| = 53 - ay(%-X) (5.1.25)
Ty = s§~- qz(si-ci) | (5.1.26)
and T} = 53 - azle3-c?) (5.1.27)
n
where 33 = 1£‘(xi-x)2/("-’)' gi = si/;z and a's being the

suitably chosen constants.

In this chapter, we have considered o class of estimators for

05 based on SRSWOR, ignoring sampling fractior, defined by

C,y={d:d=2'v) | (5.1.28)

where v' = (sg,t), A' = (A],Az) cxy ondiuize being tsultablysehosen

its variaonce of exists.

céhétoﬁ{=we£ght§ and t belngce su{toblysebosen statistic such that
t _
The estimators due to Pandey and Singh (1977), Pandey, Singh

ond Hirano (1973), ond Das and Tripathi (1980a) may be identified as
particular members of the class defined by (5.1.28).

Some porticular members from this class, for some specific

choices of t, have been picked up for detailed study ond it has
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been shown that under moderote conditions, these estim-tors ore better thon the
vaual unblosed estimator 35 and thosa proposed by Pandey ond Singh {1977},
Pondey, Simgh and Hirame (1973) ond Dos ond Tripathi (1978a). These conditions
“dapend efther on exact values of some porometers or depend werely on the knowledge

o some of the quantities ?kll;?(z},Ctl,,C{Z),a£1} ard 8{?) which ore such that

0 .c?“} 5757{2}; 0« C“} .‘E.cy S.E{Z}

Bl1) <8 <8(2) , B <gf?) (5.1.29)
\ 1 1 1 2 2
where B" = u%fﬂi-
5.2 Propertles of the Proposed Closs of Estimators
Using the general results in {3.3.2), we get
B(d) = x'y - o (5.2.1)
ond  M{d) = ‘G - 202 'y * o, (5.2.2)
whare .
d 2z 4 2 2
.. V(sy} + o, E{sy t) . o,
E{s§ t) ge?) /° E(t)

Further, following the resvlts in Theorem 3.3.), we have
Theorem 5.2.1. The volue of X which minimises the meon sguare srror of

d ond the resulting MSE ond bios would be given by

e ! ia el :: 22
a o 2 i
and M (d) = [1 - 4'(8)'v)c), (5.2.5)

vhere G i3 o g-inverse of the matrix G.
Further using the results in (3.3.7) and (3.3.8), in cuse G is o positive
definite motrix, we get,
Aoy = allo? E(t?) ~ E(t).E(s28)1/0(=2, ¢)
°! S T 22 Y (5.2.6)
Aoz = oyl E(s))" E(t) - E(a ).E(s.4)1/D(s . ¢)

(AY = T - 2 2 ,


http://www.cvisiontech.com

-119~

shers Dfsi;t} ond N(si,t} are defined by D{p,t) ond N(g,t)

2

o~
respectively in (3.3.9) with ¢ replceced by sy

In particular L; = (hol* 1&2} would not be known, os it
depends vpon o number of porometers. In thot cose by observing

frem (5.1.13) and {5.2.2),

2

M(d) = M(T,) + a2 Ee? - 2;2[53 E(t) - A, E(:ﬁ t)]3 (5.2.8)

we shall be oble to geonerote estimators from o better than si,
- 2
Thus for a specified Ay, the estimator d = T‘ + Azt would
be better thon Tl
iff Ay liea beatween O and 21;2 {5.2.%)

whore,

is tha coptimum cholce af Xq minimising M{d) for o given Ay-
_ e 7
If we use Ap = 1ﬁ2, then
; - _ 2 2
Thus in absence of the excct knowledge of 1;2, the conditions
{5.2.9) moy be used to generote estimaters better than si, T1 and
TO‘ fram d,

A subclass af d which would drow special attention may be

defined os )
¥ = . . | JF
e Iy + lzt
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and 1ts mean square error would be given from (5.2.2) with Ay = 1
ond X, being replcced by "Ag-

Further, it moy be shown that the estimoters in d' would he

better than 5:

iff 0 « Li < 225 in cosze g . < 0

Syrt {5.2.10)
sr 2., <l < 0 in case o g >0

5 ,t

Y
- where o5 o is the correlotion coeffleclent Letween s: and t ond
s .t ‘
4 I, = = Ccv(sz t]fE{tzl
al yf

is the optimum cholce of Ag dn d'.

It maoy be noted that one should never use s=uch o t in '
vhich is uncorreloted with si. Howevar such o t is permissible

in d.

5.3 ldentification of Some Specific Estimators Better thon Usual

Unbicsed ond Some QOther Known E.timators

In this section, we shall find thot for suitohble choices of o

statistic t such thot ci axiats, we can always genercte estimotors
better than si, T? and Tnl'

Frem {5.1.3)} ond {5.1,13), it may be shown thaot L would be

2

better thon ’y

iffF 2{n/fa) -~ 1 < xy < 1. (5.3.1)
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Ubvicusly, a sufficient conditicon feor TI to be better than si
would be
2("{&{1)] = I il] < 1 (5-3¢21

vhere &{‘] i2 o known gquantity such thot n < ﬂ(i] < 4.

From (3.2.8), another sufficient conditicon for T] to be

hetter thon si would be
nfﬂn{]_) £ li < 1, {5.3.3)

2

Let d = xl 32 o

Y
moy be o good-guvessed volue of gi- Then from (5.2.1) and (5.2.2},

+ Xy gi be an estimotor for g:, where o

wve get 2 ?
B(d) = (aq-1)o? + 1, o
(5.3.4)
ond  M(d) = af V(s)) + 10yl + 1, oBf
Thus M(d} < V(s2),
16 Fuvsheog-n? oinde + npcllg-n so (5.3.5)

vhich indicates that whatever be X,  for Ay ¢ {-=, -17 ond
11 £ fl,mﬂ; d would he worse than ii.
It may be shown thot for a glven Ay o {-1,1), d would be

better thon s$ for oll Ay sotisfying
- 2, 2
0 « Ag 2 2{1-31) g?fdn. {5.3.8)

Let o,, the guessed value be 5(2) Z Syr then a suffleient cendition
z

fer d to be better thaon s? would be
0 < ay < 2(1-2y) U%f}’“?z}* (5.3.7)
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whare O(1) £ 9y £ I(z)- Thus 1f we have d{1] <0, £ I(g)r then

1%2] may be used o2 a guessed value of o ae in d ond I(1)

ton be vsed to shrink the intervel of preference.

Let us consider the some populotion I as in the empiricol

study of the Chapter ITI. (Sectfon 3.7) where a:=41z,az4,aa and A = 43.611051,
let n = 30. 7
Let dge the goeod-guessed volue of ay .. 7 7 be taken
2

0 oy = 420000 ond T = {n/n) si, A being the some as for the
pepulotion I of Chapter III ond n alsoc being the socme as considered
there,

The following Teble 5.3.1 gives fhe#pﬁfcéhi relative efflciency
of d= Tnl + g gg over Tal for the values of

U{'}f(!{z} = 3.1“).]} 0.9.

Tohie 5.3.1., Percent relative ef%iciency of ¢ over T

for some val .es of 5{1};Gf£] =ﬂ.l(0.|]ﬁ.9?]

The volues

”{1}"’{2) *2 Range for ), of A, token 100kEM{T ;}/M({d}]

) L (3} (4)

0.1 0 < xp< 0.0042 0.004 0,003 “100.9F 100,47
0.2 0 ¢ x,< 0.0249 0.024 0.0124 103,47 101,87
0.3 0 < %y ¢ 0,0562 0.056 C.o21 108,32 F04.22
0,4 0 < xy< €.0998 0.0%9 0.4499 114,34 122.11
0.5 0 < xy< 0.1561 0.154 0.0701  121.32 . t1.48
0.4 0 < xy< 0.2247 0.224 6.1124  127.36 115,10
0.7 0 <« xp< 0.3058 0. 305 5.152%  130.14  12D.98
0.8 0 < xy< 0.3995 0.399 0a1997 126,48 1B5.54
0.9 0 < xp < 0.5056 0.505 72,2528 115.54 E®.95
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Let Ti = lf s: where Af is any porticulaor value of Ay
lying in the ronges defined by (58.3.2) or (5.3.3).

In perticular, L$' moy be taken os A} = n/a",

nea® 2480y 24 We note that the estimetor T _; belongs to T3

for ﬁl = ond thot 71 1z better thon sf.

“*a now consider the following classes of estimators.

(1) df = T} + x, 3§
(£1) d§ = T + 2, y
(411) df = T3 + 2, 7°
(1v) d3 = T§ + 1, =§§

(v) d5 =719+, 5:;;?
{vi) d% = T1 + 2, (x-X)

ond

(i) di = 53 + 15 si
(1£) dy = 53 +24 7
(111} 4} = 53 + 34 72
(iv) dé = s: + Ai =§§

(v} df = si + 25 sifiz
(vi) dy = 57 ¥ ap(x-K)

Obviously, d} (1 <1 ¢ 8) 1s a subcless of df for Ay = 1, i.e.,

n = A%,
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From now, we sholl vse the followling notation

Biay 3{22} + [(n®-2043}/{n=1)1 > &

+ 1 for pesitively skewed distributicons

a = 0 for symmetricaol distribotions

-1 for negatively skewed distributions

and u%}’{y,x} < uz1fy,x} < uif}fy,x}, whcre uzzﬁy,x}

product moment of second end first order of y and x

From the condition {(5.2.9), we get the following

1s the

respectively.

Theorem 5.3.1. A set of necessary and sufficient conditions

for the estimotors df to dg to be better thon i
corresponding ha lies between

0 ond 2a{a*=a)/a*a

¢ ond Efnfﬁ'}ﬂi Y[ﬂ*‘ﬂ“ﬂ#?ﬁﬂrjf{n+cgl

0 ond Zﬂi[{ﬂ*-n)(n+C§]—Znafﬁﬁcr]fﬁ'(n+écgl

i= that the

{5.3.8)
(5.3.9)

(5.3.10)

0 and 2[n{s" “ﬂ}“'ﬂf’ﬁﬂ.’,{ﬁ'*in}]fﬂ'?{Ci-bdw’EiCy-ﬁ-ﬂ,} (5.3.11)

8 and

2 )
272" (n+3c§}—zaa* .f‘s}cr-n{ac}g}m.nufy‘cy]

» 2 _
& (tncy Bﬂ,/EiCy + 4)

0 and -2{n/a*) uz1prx)fa§

{5.3.12}

(5.3.13)
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respectively, We now generate a set of sufficient conditicns,
corresponding to the abeove ones, for df to d; to be better

L

than Tf, the estimotor f would be better thon T]

if zﬂ{ﬂ*"&(z]}f&{z}ﬂ* x 12 < 0, (5-3.!4]‘

In case, the populction is symmetrical or negotively skewed,

t suffieclent condition for di to be better thaon T? would be

' * z ", 2 .
0 « 12 < 2{n/4") C“} T(I)(&, n}}'(n+{:{|)} (5.3.15)
and for pesitively skewed distributions, it would be glven by

9 < ag £ 200/aM)chy) T(yLtat-m /P Ie )1 ()
(5.3.18)

=¥ § zfﬁ!ﬁtlcf-') ?(I][{ﬂ'"f‘d-l{ﬁiz) C{z}]f{n-l'cfnii .:'12 « 0

“agecording a5 (A"~n) » JE%ZJ C;zl cr (A"-n) < /Egz} c{?)'

Further £{n cose of symmetrical distributions, a set of suffi-

cient conditions for d3, di and d; ta be better thon Ti would

be glven respectively by
0 <2y 2 2{5‘-H}C%]j(n+€f|}}/a'{n+6C%I)} (5.3.17)
2n{a*=-a)/a" Y{Z} {sz}"‘ﬁ('z)} < }'\2 < O {5.3.18)

ond EQ?\Z 2 2?%1}‘[3‘:%?]{&"11}"'“{&*"&)]!ﬁ'(‘ﬁc%z}‘hﬁlz}} (5.3.19)
provided 3C(1y(s*-n) > n(a-4%). Further dj would be better thon
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0 € ay < ~2(n/a*) o73ytx) uid (v, ) (5.3.20)

or  ~2(n/a%) o3y ) ul Pty <2y <0

wcording as  ygy{y,x) g_ugf}(rrxl <0 or Q< ugljivfxl < upyly.xd.

Necessary cnd sufficient condlticns as well as the correspend-

ing sufficient conditions for ﬁi to dé to be bettar thon si

ttn be obtoined from (5.3.8) te (5.3.20) by substituting a* = n
ond replacing Ag by 1i therein, and present the sufficient
fmmiticns for i to dé to Le better than si‘

The estimater di would be better thon si

1f 2(n-agyy Mgy £ 27 < 0. (5.3.21)

In cose of positively skewed cistribution, the cstimctoer di

would be better thon si
1f -2C3. .y Yoy JBCEI 2 (nied, ) < AL < O (5.3.22)
(¥} "{1) 1 (1)’ = ~2 : T

It 1= to be noted thot neo estimator from di can be found to

be better than si in cose of symm-otricol distributions. Similerly

one can nat hove an estimator of the type dﬁ to be better than

si for symmetrical distributfons. However, in cose of gymmetricol

distributions, o set of sufficient conditions for d; and dg,

better thon s§ would be given by
Etn—aif?{z}thz) *hggy) 2y < 0 {5.3.23)

and 2{n-a) T%]}E[Iﬂcle+g{2}] < 15 < 0 (5.3.24)
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ghrthar, for caymmetrical distributions, the estimator d; woyld

be better than si

if 0 <y -Eafgjfx} uﬁ}(rﬁ-} 5.3.28)

or *ZUEgifx} u%:}{v,X} < lé < 0

according as  way{y,x} < u£$}(y,x} <Q or 0« u%}}(¥.xihj uaplyexl.
Cbvicusly for bivariote symmetricol distributicon, e.g., bivariate

ncrmal peopulation, no estimoter from dz would be batter than si

Remorks,

{1) From {5.3.8), it is to be ncted that none of the estimo-
tors from df would be batter than TaT' because in thot cose
4* = 4 and thereby having no 1, sctisfying (5.2.8). The
necessary and sufficient cenditions one the corresponding sufficient
condition: for d3, dj to df to be better then T, moy be cbtoln-

ed from cbove conditions through replacing A" by A.

{(1i} The sufficient conditions feor dﬁ, d; ond d; te be

better then Tf in ccse of positively skewed ond negaotively skewed

distributions moy be obtained likewise.

(i1i) It is to be noted that we can generate a number of

estimators usino (5.3.8) to (5.3.12) better thon MLE (maximum likeli-

hood estimator) of az in case of normal populations. In cose of

Y
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the bivoricte distributions, in which pzi{y,u} = 0, e.9., bivoriote
nexmal populations, no estimotor from ﬁz is better than Ti cnd |
hence to imprave 52, there 1is no necessity of moking use of the

‘knowledge X; however si can be improved through Tj.

{iv) From (5.2.7), we find thot if the stotistic t in d 1is

sweh that Et = 0, then M(d) would be an increosing functien of gs.

Thus 1T ¢ ond are suth thoat Et, = Et, = ¢ oand qz < qz :
)] 2 ] 2 t‘ tg

one should use ty and not the ty- Further, we should never vuse

such a t which has zerc mean and is uncorrelated with 53 r 0% the

resulting d would be werse than T] in that cose.

{v} The estimator dj wos discussed by Deos (1962)  ond the

conditions (5.3.%) and {5.3.15) wes obtoined by him,

5.4 Some Discussion. on_the Relotive Performance of the Estimators.

We have clready discussed in the cbove section that the estimo-
tor 52 and the Searls-type estimotors Ty ond Tal may be
" improved by hoving seme prior informotion merely, which i3 not wvery
difficult to hove, about some paorameters. Fellowing similar steps,
the estimotor ?u‘ in (5.1.18) may aolsc be improved through the
closs d** = ?01 + lzt or throuvgh d* = Ti + lzts It may olso be

noted that Tcl with n/A** < 2{n/fa)=1 would be worse thon 52

2

vhile Ti is olwoys better than Sy
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It is known (Dos and Tripathi, 1980b} thot in the case cortes-

ponding optimum weights are vsed in the estimators

d =2y ty + i, % with 31s + 3, # 1
1 *M 2 *2 ] 2 (5.4.1)

ond d'= Ay by 4 15 t, with g + 15 = 1

then d would be better than d°'. Thus

- 2 Z
da - 1QT ’y + haz I

would be bettar than

2 2

_ _ 2
Opg = W, s_’!r + {1 wq) O

where L has been defined in {5.1.20}.

However, in practice, it is not possible to vse either of
dc and ugs. In general, it may be shown thot d = 1‘35 + Azai

would be better thaon UES’
iff Lifﬁfn—il + (l‘+1zs§fu§~l}2 < wz(hfn~1) + {I-w)zfaifﬂ§-1)2.

In porticulor, let Ay = W, then it moy be shown that d would be
better than ol
iff  x, 1lles between (Y~w} and (7-w) ZGifai -1,

The estimotor ugs in (5.1.22) moy likewise be improved through

T . 2 -2

]
o G‘sy + A

In general, it moy bhe shown thot for a given Ay and t,
_ — z2 , :
the estimator d = lisy + th would be better thon d' = si +'i;

1fF  ay lies between Z{nfﬁ}(l~lzﬁs§tfuj) and 1.


http://www.cvisiontech.com

-130-

In particular, the estimotor dé = 1‘s$ - a1{;-2} would be better
than Ti in (5.1.25), defined by Dos ond Tripothi (1978a),

iff Xy lies between 2(1/7) [n+&lu21(y,x]faj] and 1.

The estimators T, and Té in {5.1.26) ond (5.1.27) may alsoc be,

likewise, improved at least in some sitvations.

It may be noted that in case of normal populations,

ol = E (ri*f) f{ﬂ+1}j which would be better thon 5$ ond as
i=
well as tha MLE syﬁ = E {yi y} /n.

T

It may be shown, with the help of conditions (5.3.14) teo
(5.3.19) that the estimators

A = Ty + (2 () oy,
a3t = Toy + 29 e/ (e arel (et 01 5

e . 2 2 2 -
d4 = T ) + f{n+C{1})ffn+6C{1}}][Cftiffn+|}? ?2
2
s {mn-1
o [{n-1)/{n+1}] C(1) T{I c,
é ol

[IG{n-!}E(l] + ni{n+1}]

would be better thon 55, 5;2 and as well as Tﬁ1 in cuse of

normal distributions.
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5.5 Empiricol Study

In this section the performonces of various sstimators under
considerotions have been studied on the bosis of data for the naturol
population I of the Choptar III in Section 3.7. In this cose aolso
the some sumple size n = 30 and some set of opriori values as iIn
Chapter 111 have been taoken.

The Table 5.5.1 gives the percentage relative efficiencias

of the astimotors from the claoss d' = sz + iit ovar :5 and the

percentcge relotive efficlencies of the :stimnters from the class
d* = ¥el + 1§t over TQ‘ 2 (nfp) :: are given in Table 5.5.2.
1;2 in the Table 5.5.1 denctes the optimum choice of 1i(f¢r a
specified t) ond 1;2 denotes the located values of 132 using
the aprioril values of the involved paorometers in Chopter 1II.
Similorly A5y @nd Agz in the Toble 5.5.2 denote the optimum
choice of li (for o specifled t) and the locoted value of 1;2

rospectively.

Table 5.5.1. Percentage relotive efficiency of d' over sz
for vartfous cheices of t and some valves of ;.

Fercentoge relative Absclute relatlive blias
3! efficiency of d'
Z 2
over s

[v(s?)/M{d")Ix100

A3¥ho2  A2%hg, 23%hgp  Ap®Agp ApThgy  ApTAds

LS ENLY ) (3] €3] 53 L)) 7}
y =~53,246 -64.00 101.728 101,443 0.0856 0.1029
¥t -.158 -.07 110.721  105.463 0.1771  0.0785
s -.312  -.310 145.370 145,365 0.312  0.310
;i; -.0005 -.0002 215.848 182,655 0.3418 0.1347

— g —— i ——
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Table 5.5.2. Fercentage relative efficiency of d#® over Tu1 for

various cholces of t and some values of 15.

&
3 Parcentage relative Absolute relative blas
lé efficiency of d%
over T01
[M(T ,)/M(d¥) 1x100
é - ] # = yER ¥ - 1 ¥ - .4 #* = 1 ¥ LIRS | ]
R BT Sl Ap T AT AR EARE AT An A3 AR
{1} {2) (3) (4) (5} (6} {7)
¥ 149.708 128.6 171.018 159.816 G.5552 (. 5209
IrE . 155 .06 140, 239 114.991 0.4859 0.3794
2=

%g =, O0003 - (000539 04,037 101,037 0.2502 0.2836
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CHAPTER VI

ESTIMATION OF POPULATION TOTAL USING APOSTERIORI
AND APRIORI INFORMATION

6.1 Introduction and Summcry

In mony practical situations, the “desired informotion for some
vnits of the population in addition to those folling in the sample
may be readily availcble or moy be procured. This information may be

availoble (o) even before the sample has been drawn or (b) after

the sample has been selected and surveyed, pogtially or. wholly. We

shall call the first type of informotion as opriori informotion and

the second as ggpstegiori one. The situation (a) may also be thought
to include the cose where a part of the populatién ts enumeroted

completely and o somple is drawn from the remaining port.

The “"ype of situvation st-ted in (b) abo' 2 may arise in meny
field work. For example, ofter the samble has been drawri, the
information on the desired items moy be avoiloble cbeout some non-sampled
vnits, along with the required information.on sampled units. This
information may be ovailable through the sompled units or otherwise.
Such a sfituation arises in many socio-economic surveys in rural areas,
specially in India. In most of the rural areas in India, people of a
particular community are usually clustered closely in a neighbourhood
~within a villoge and are very much close to each other with respect to
émony socio~economic choracteristics. So, during the collection of
“information on the sompled hou;éholds, the respondents often supply,

in addition to the informotion for themselves, the informatioprion

required items for some of the neighbours who are not included in the
sample.
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Thus for exomple, 1f scmecne wants to study the costs and
benefits of rural electrification, in = pﬂrti¢uluf reglon, he mﬁy
get Information regordinc the use of electricity ete., obout some
neighbouring or other households not included in the somple on the
basis of informoation obtalned from the sompled househeolds. In foct
such o situvatiom moy prevall in case of almost all the surveys to
study the effect of village/orec development projects bzing carried
on in India. Similorly, in o hespital sur#ey, mony times 1t is found
that some of the sompled hoapitals olso keep the recorded information
about some of the neighbouring or other hospitols with the view of
ctomporing their own medical focilities etc., with the othefs. Thus
some of the saompled hospitals moy furnish valid informotion, in
additlon te the required information for themselwves, obout some other

hospitals which are not included in the sample.

Mos: of the villages ir India are well-%nitted vnits where
some or many of the households keep varicus types of Information (e.g.
no. of cattles owned, lond possessed, na. of orchords owned, the
nature of scelol, economic ond political activity ete.), about other
households., Thus if such informative households fall in the sample,
most of the times the required valid informotion may also be obtained
agbout the non-sampled households through the sampled ones. Thus, in

this case too, the situation cited in (b) cbove i3 realized.

Further, in practiece, it may hoppen thot ofter a somple has
been drownm cccoerdinmn to o specified sompling procedure and o port or

the whole of the field work is over, the survey-stotisticlan, becouse
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of one reason or the other, may decide to select some units from
the remacining part of the populotion. He moy select these units either
purposively or using a conditionol sompling design (conditibned) upon.
the sompling design used for the original sample). For example, some
of the sampled households moy provide only o partial, but interesting
informotion about some non-sampled households and the statistician
may deglde to choose these non-sampled households purposively,‘os the
complete information for these households may be quite important from
the point of view of the survey being conducted. This is another
example where the aposteriori information is available.

As far as the availability of apriori information, as cited
in (a) above, is concerned, it moy be available or procured in many
situotions of practical interest, nomely (i) the statistician may
have an idec about some extreme volues (very high or very low ones)
associated with some of the population units. Ye may utilize this
apriori information in designing the somple or estiﬁating the paro-
meters, (ii) the stotistician may initiclly decide to make the complete
enumeration and collect data for some of the populotion units. But
lotter, begouse of the lihitotion of budget, time, technical manpower,
etc., he may chonge his decision of complete enumeration and decide to
take o sample from remaining units to collect rclevant information
and theréby having data for some non-sampled units, os well as for
sompled ones.

Thus, in many situations of practical interest, the informotion

may be available or may be made to be ovailoble on some population
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anits fn odditlon to those which have been drawn into the sample.
! This information moy be either aposteriori or opriori. Naturally,

the quastion arises : whether we should throw awcy this Iinformetion

~of use it in o suitable monner se os to improve vsual estimators.

Qur view 1s that instead of throwlng away this more cor less eqslly
available additional informotion, the stotistician should try to find

ways and means of using Lt, %o os to obtain better results.

In this chapter, the methods of using the additional information.
set, say, {yl,yz,...,yk} on k-units, I{n addition to these in the
sample, hove been discussed to improve the usuval estimator for popula-
ticn totol Y. We consider both the sitvuations, namely, where
aposteriori ar opriori informotion is available. Some estimciors in
both the coses for estimoting finlte population total Y of o chorocter
y are proposed which cre better, always or under some modercie condi=-
tions, thon the vsuvol unbiased estimators for Y, based on the informa=

ticn on the scomple alone,

The cose of using oposteriori informotion has been deolt under
the structure of general sompling design considering o weighted
estimotor, based on the informotion contoined in the somple ond the
information obtalned apostericri s well., HNoting that the oposteriori
information may be availaoble to the statisticion in various ways, we
hove dealt some particuler caoses depending uvpon the nature of condi-
tional (condlitioned by the ariginol somple) scmpling design according
to which the set 8., out of the non-sompled cnes in the population,

is realized. We ldentify situotions, depending on the original os
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‘well os conditicnol sampling design under which the astimotor, based
-on aposteriori informotion ax well as the information from the somple,
fu better than the vsval unbiased Horvitz-Thompson estimator for Y,

_bosad on the information contolned in the somple alone.

The problem of utilising apriorl informotion has baen consider-
ed separately for the coses of SRSWOR, probabilities proporticnal
te 1ize with replacement {(PPSWR) ond vorying probaobility salection
without replocement (YPSWOR). The three estimators TI, Tz and T
have been considered whera Ty 1 based an gpriori informotion as
well os o sample of size n owt of the [N-k) units, Tz is based
on vpriori informotion and an o somple of size {n-k) out of (N-k)
vnits and T 1is bosed only on the somple of size n out of N units
In entire populotion. We find thot in cose of SRSWOR ond PPSWR, T'
is better thon both of T2 and T and further T, 1is better than
T under some moderote conditions and some is true in cose of VPSWOR
vith g-P=8~scheme under o super~population model. On the bosis of
the findings, in case of SRSWOR, one may advecote, complete enumera-
tion of those units which hove extreme~high and extreme low values
and the sompling from remoining units. In case of PPXWR, one may
edvocote the complete enumerotion of those units which are expected
~ to have extreme-low y-values, but have extreme-high x-volues and
the sompling from rematining units, At the end, on empiricol study
has bean mode to high light our results ond the relaotive efficiencies
of the proposed estimotors over the usual unbiused estimotor have

been obteined.
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§.2 A General Result en the Use of Aposteriori Information

Llet U = {1,2%,...,N1 be a population of N(qiwenl.unlts
labelled 1 to N ond § = {s}, he the cellecticn of oll pessible
wrordered samples =, MLat P(4,5,P) be o sampling design wherse
P is the probablility measure defined on s, i.e., P(s} > O,

I P(s) =1. Let y be o voriote (o recl-volued function defined
ies ‘
s U} toking volue Yy for the ith vnit of the population and let
N _
zvft E
i=}
L £V*, 2%, ..., k{s)}, k{(s) = 1,2,...,Ng(s) be the set of cgdditignal

¥y = NY be the tota)l for ¥y in the populotion. Lat

'k units of the populatlon which ers known after the somple se$ hos
been drawn, cccording to @ specified sompling design P{U,s5,P). Let
W* = N - Uz} ond 5* = {sk|s}, k =1,2,3,...,N* be the collecticn
of ¢ll possible sets which could be matericlized from U-s, the
populotion of the remoining N* units after 3  hos been drown. Let
D*{U=s, S*, P*) be o sompling design (cenditional eon ithe somple s

realized) defined on 5%, with P'{skls) >0 ond sQQS'Ptséls} = 1.

Basing on both of s and 8y s let the estimator d for

populotion total Y be defined eas

d=w § ?1;“1 + {1-~w) o {6.2.1)
igs
vhere

d* = T y, + I vy, lu ..
fes i iesk i""1s

I and I  denoting sums over distinct units in s and S
fes 1esk

respectively.
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Tis = 5 P*(s,|s), denotes the conditioncl inclusion
5.2 i :
probability for a specified unit iglU-s_ to be
included in Sk given that o particulcr somple

s ¢ S has been drawn.

P'(skls) is the probability of the sample s (given that
sample s ¢ S has clready been drown), providing
additional information on 'k wunites from U-S.

| sk% g denotes the sum over all possible St (of sizes

k=1,2,...,N*),contoining o specified unit i from
u-§.

and w is a suitable chosen constant (weight) independent of
s' ’

We assume that LI >0 foroall 1 =1,2,...,N%.
It may be noted that

E L2 (yy/nydis1= £ £ lyy/n; )P (s |s)
L s e et s (6.2.2)

= I (y/mg ) 2 Po(s |s)=Y-F ¥
ey + 1375 kl*) les &

Thus d* would be conditionally (conditioned on a given s)
unbicsed for Y and hence would be unbiased unconditionally too.

It moy be observed that the result (6.2.2) will not held if Sy

A -
is purposively chosen. Further YH-T = 3 71/"1 being unbiased

ies
for Y, the weighted d would be unbiased fo. Y.

Further,

V(d) = wAV(¥,_)+(1-w) 2V (d*)+2w(1-w) Cov(¥}_;,d*)
' (6.2.3)
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Now,
Cov{¥, g ") = chz{;H_T,d‘} + € (E, ?H_T, £, d*) = 0

where E, and CZ dencte conditional (given the somple s)
- expectation ond conditiaonal covorionce and E; and Cl the
wnconditionol ones

V(d®) = vy Ez{d‘} + Ey Vz{d‘} = Ey Vz{d']

vhere vz ond ?I danote conditiencl and unconditicnal vorionces.

Let :
T P*(s, |s) = n . for {1,3) £ U-s.

_ i¥3

Then

Vzid')

2, 2 \ '
B, L yifns. * €, 23 Ay, /o, iy Jn. )
21Esk 1" "1s 2f1r11€3k i""is ¥V is
1#)

?
¥y Ey

r{z y)t+2 g
Les ies

_ 2 . 2, 12 "
= Ly +v LE yiv.t L £ (yy/as. ) P*(s | s}
ies L {i,5)es= 173 skes*'iesk 1""is k
1#£3
E

I yif“is - Y
iesk :

: 2
b (y, /v, ) P*(g,ls) + 2 y (Y-Ey,) - 7Y
scS* {i;S}E’k YT RITD 0 Ties b g8t

i#}

2z 2;
s ¥ L y,~( I yi+ I yv.v* L yvi/%
les i ies . {1;%‘% les i"7is
i

2
+ {ifjﬁgs(yifﬂislﬁyjfsz} - ¥ (&.2.4)
i1#5
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Let denote tha sum over all those scmpies

{siﬁf (5331, )
sle se f;j .}

s from 5 which do not contoln @ spacified vndt 1 ¢ U ond o

poir (1,9), 4 # 3 of units from U respectively.

Then
e . | N N 9 N _
v(‘d ) = E] vz{d } = 2¥ litfiﬂi - (iilriﬂi""li.‘E‘fi?JﬂiJ]
+ g r% b P(:]!ni + ENE yy% 7 E f(ﬂl f“l * }P(s}"Tz
i=1 s{eS)ﬁl T 1#3=1 1,(E51a%i'j) 3" "13" )
(6.2.5)
From {(4,2,.3), we moy write,
vie) = e vy, 1) + (1-m2 vi{a); (6.2.4)
where, V(¥ 1) is defined by (4.1.3).
The weight w which minimises V{d) would be
w, = V(d"}/IV(d") +V(83)p3T (6.2.7)
and the resulilng meamn squore error would be
V_(d) = V(¥ p) VI IV, o) + V(d*)) (6.2.8)

< Vi)
ond also,
v (d) < Vid®)

It is to be noted that wcgfﬂ,1], whatever be the population and
sompling design. The volues w_ =1 uond w, = 0 which would occur

dve to V(;H_T) = 0 and V{d*) = 0 respectively, would bhe the

extreme situaticns rarely to occur in practice. In these sitvotlons,
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vV (d}) = V{?HHT} = ¢ aond Vnid) = ¥{d*} = 0 respectively. In foet
one should choose w  in proctice such that 0 < w < 1. Thus in
case w_ g {0,1) is known exactly, dﬂ will be olwoys better than
Yﬁﬁ1; but proctically, it moy not be easy to krmow L exactly and
hence, it may not be possible to use dcgwﬂ §ﬁ&¥ + (Tﬁwm)d‘ in
practice.

Let €{t) dencte the cosfficient of varioticn of o atmtimiiﬁ
t. In case W, is not known exactly, but 1s expected to lie in
some interval, even then o number of estimators from d better

than Yy _y may be found by using the following

Theorem 4.2.1, A necessary ond sufflclent condition for d

in {4.2.1) to be better than ?HmT would be

rc¥ar) = (¥, )3/1c%(dn) + AT )T < w < ]

i.e. .
! Ewb -1« w <l

%

ond hence o sufficlent condition for ¢ to be better thon LIPS

would he
wéz) < w < 1

vhera

Wéz} tz}{dﬁ)ficgz)(d*) + C(})<YH T)]
C?i}{d‘} and ﬁ%!}($ﬂﬁf} being known quontities such that

cZ(av) £ CFpyd®) ane CFyy(Yy 1) < CH(Yp_q).
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Proof. From {6.2.48)}, it may be shown that

V(T 1) -¥(d)1 = O-e)v2rwie?(a0)4c? (Y, )1 -(C2(dn)-c2 (¥, 1.
. (6.2.9)
s V(d) < V(¥ )
1ff [C2(a*) - czﬁﬂ_,}-y c?(d) +{c2{?ﬁ_.r}} < w<
i.e., LFF Iua -1 < wel

Further sinca,
1y Myar) £ ) ond 1/¢}5y00%) < wetian)
= 1+ (e (Y, p7ed, (a1 < 1+ ek ) ct(@n)

S lfw£2} E-Ifwﬂ

== 'ﬂ'ﬁ = Fizj

Thus the sufficlent condition fellows.

Remorks

{1} The cbove Thewrem ocbviocusly identifies the situotions in
which the use of copostericri informotion inm d would provide us
with better rexults compared to the results when information only

on the originol somple s 13 used.

(1t} Let Czld‘} = u.Cz{;H_T}; then d will olwoys be better

[
than TH-T for all w satisfying

{a~1)/{atl} < w < 1.
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{Lit) Let a(32) be o quantity such thot o < gy Then using
the above remork, we find thot for all w with

F

hle - 1}{(a(2) +1) < w< 1, d would be better then Y, ,.

(iv) In case, Y{d"} < ?{;H_T} i.e., 021 (i.e., w2 1/72),
the proposed estimotor d will always be better thon ;H-I for all
we(0,1). In case v{(d*) > V(Vu_q), (4.0, 0> 1, wo> 1/2} and
2(32) { » a) is o good-guassed value of o, then fer W such that
“[2}/{I+“{2)} ¢ w<l1, d would be better than ;H*T‘

{v) It may be noted thot d would be better thon d* iff
T we 2w, In case, w_ < 1/2, one should choose w such that
0<w< 2w ond in cose, w, > 1/2, one should choose w such that

2wn‘| ¢ w<l, so that d would be simultoneously batter thon both
F.
of YH-T and d*.
{vi) The relotive efficicncy V{Yﬁ_r}f¥ﬂ(d} of d with w = w_
W
over Y, o 1s found te be 1/w = I + 1/a which is ebviocusly a
monotonically decrecsing function.

The following Table £€.2.1 gives the percent relative efficliency

of dﬂ (1.e., d with w =w_= af{1+a)) over ?H-T'

.
Table 6.2.1. Percent relative efficiency of d, over Yy-1-

& LA [?{YH_T}Kv{dn)jx1DG o Yo [?{IH_T)K?{db}Ix1Uﬂ
{1) {2) o £3y L4) (5) i (5) '
4.1 a,0908 1100 2.0 0.3333 150
.2 0.1666 600 3.0 0.7500 133
4.3 0,2307 433 .G G.Bood : 125
O.b D, 28%7 350 5.0 0.8333 120
¢.5 0.3333 300 6.0 0,857t 117
0.6 0.3750 266 7.0 0,8750 114
- 0.7 0. 8117 243 6.0 {7.8888 113
0.8 O, bl 225 g.0 0.9000 111
0.9 0.4736 211 10.0 0.9090 110
1.0 0. 5000 200 .
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6.3 Use cf Different Types of Aposterieri Information

After o somple s {consisting of distinet units) of fixed size
n has been selacted and convassed, the possibility of getting the
audditiennl set of units 5 1s that 5, may contoin either only
one or two or so on upto {N-n) units, However, in proctice, 1t is
very difficult, speciclly in cose of large populotions, to realize
ol the remaining (N-n) units into the additioncl set s, . Hence,
without loss of generclity, we cen ossume that k wmay be ony number
from 1 to N* which, in turn, of course, may be {N-n) itself.
However, for obtaining meon square error and estimates ete, [ k
mest be grecter or equal toc two, Thus, we acssume thot
2 <k < N* < (N=-n).

In this section, we consider the fellowing two types of

conditional probability, nomely,

{a) P*{skis} = Constont for all skg-S'
(6.3.1)

and (bt} P'(sk|s} # Constant for all 5 € g

6.3.1 Since in mony situctions, it may be very difficult to find
owt which of the additionol sets of siges 2,3,...,N* will be
preferabibée over the others, we assume thot after the somple 53 of
size n hos been drawn, cll of the sets of sizes ki{s) = 2,3,...,N"
(from remaining N-n populotion units) hove equal chance of being
realized as the additicnol set s  ond thot all sets of sizes 1,
{N*+F), (N*+2),...,(N~n) have zert chance of occurrence os Sy
Obviouszly, totcl number of sets of different sizes 2,3,...,N* from

the set of (N-n)} unlts would be


http://www.cvisiontech.com

~144~

N-n

= (MMM (00 = N en)- 2 (M)
r=N*+1
(4.3.2)
N0 7
where £ ("™ =0 4f N* = N-n.
r=N*+1 F

Now we cbtoin various probobilities under the obove situotion:

Hence the probaobility tc be ossoclioted with eoch of the possible

gots sk{knzf.a,ﬁ*}, glven thot the somple 5 hnos been drown, would

be
1/8 for k(s) = 2,3,...,N"
pw{skks)z fﬁ,j.?”
0 for kis) = 1, N*+1,...,N-n
wd hence, |
N N~n“1
for i ¢ U-s Myg = & P“(skls] = F | )J/B = L/B say,
' 5&31 k=2
’F ] — M N-n 2 PP B
or (1 j gl qujs = 1 ? (s fs) .= kgzc }/B = W/B  say
j
P(s)/ = (BAL) I ,P(s) = (B/L}(V-n ]} (4.3.4).
s(ﬁs)$1 is s(eS) 4
_ n i 2
ﬂijs/ﬂisﬂjs = B M/L
, 2 - 2
and  If 7 ) P{s} = (BM/L") by P{s)=(1-n,,)BM/L
SIELEURES sestpee, p 0
1#) (6.3.5)
vhere L = ?i {an_ ) ond M = gi(N*nﬂz).
Gy Uk ~ Sat ket

Substituting the obove values ond Tyr ﬂij bosed on the design
through which the original sample has been generoted, one con obtain

the expressions for V{d*), ¥(Jd) etc., from (4.2.5) to (4.2.8).
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Frem (6.2.5), (4.3.4) ond (4.3.3), it moy be shown that,
N N

N
2 2 2
vid*) = (1#B/L) £ (V=g Yy S+ VHBMALS) 5 £ (V=n, Yy ¥y +2Y £ y 7, =2Y
=t Ty 17321 EES AR T MR e LF
" N ) - (6.3.6)
= ?(YH-T) + 7 {{l“nil i1+ B/L) - E-}yi :
i=1 i
N N
+ 5 2 (omg J(4BMLT) 14, yyr, + Y I {2n,~Ny,
1#3=1 myny 3 = |
. N | 2
= V(Y 1)+ izl{ti-ﬁi){1+BIL) -t Ingt1) vy
- . 1 i

N
. _ s 2y o A -
* 3,5 (0 (saunt) ;1-%; TR AT

= v{?H_T} + & (soy).

A .
Let y,”>%0, then a set of sufficient conditions for V{d*) < V(Y _¢)

would be |
(1=n JOHB/L) - ==+ 22, -1¢ 0 for 1 - 1,2,...,N
i ' {6.3.7)
and (Ve YOBMAZ) - A b 2n - 1 <0 for 1,350,2,.. 0N
173 (1#})
which on further simplificoticn reduces to
LIS L/(8-L) for 4 =1,2,...,N (4.3.8)
2
{BM/L"}427,
and Ty 2 { 3 A for i,y=1,2,...,N (6.3.9)
. 1+(BM/L )+{lfﬂiwjl

Then from remork {1iv) of Section 4.2., d with all w € (0,1}

would be better than Y, . in case of the closs of designs 7
chorocterized by {S.3.B) and (4.3.9).
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The obove closs of designs 0 chorocterized by (4.3.8) ond

(6.3.9) would be non~empty

if L » B/Z.
In generol, in c¢ose of all those designs which result
Y
V(d*) < V{YH-T)' the use of aposteriori Informotion im d with
veg {0,3) will clways rasult inte increased precision. Further,
following remark (iv) of Section 4.2, one moy ogain choose w
suitably so that use of aposteriori informaotion in d results
‘into increased preclision even in cose of those designs which
result dnte V(Y _¢) < V(d*).
Let ¢* = min Ty p** = min » L It iz to be noted
l<izN 1<i, J<N
143
that, in addition tc other sitvoticns thot

c2(any = VY

N N
{1- 2 2y _
{1+B!L)1£}{| ) (y /Y) S+ (1+BM/L jiijil{iwwijlirlfT}(rjf?)

+ 2 z (v /Y)ny-2

1=

N N
< {1=-n*)(V4B/L) {rlfvjz+(l~g"}{l+BH?Lz} LI {y /)y, /Y)
1at thy=t ;

= (ene ) (ML e (1) (158/L) - (14D (1-0*%) £ 3
i=3¥
+ 2[FM"1)

91 + 2(my=1) + g, (HCIMN, (6.3.10)
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vhere T max  #.,

T<i<H
= (1-2**) (1+8w/L%)

s
I

ond g, = ETFr*}(14B/L) = (14BM/LE) (170 ®)

Let N N
D= 3z =< (y, 1Y) (y /Y

i=1 =1 Ty "3
be the some o5 defined in {4.3.2), and let D{I] be the same as

defined fn (4.3.4) with 1 ¢Dryy <D = 1+ ci(¥y ).

Let g = Cz{d‘]iCZ{?H“T}. Then using (4.3.10},

| X 2\ 5 e e
@ < [gy+2(m, -1} + g2{1+C?)fN]f[D(I} 13= o* soy,
{£6.3.11)
< M)
2 _ 2 , _
where a2y ;s a® with Cy = C{I) ‘in case g, < C or with
Cﬁ = C?I} in caose 94 > 0. Then from remork (1%1) of Section &32;

A

d iIn {6.2.1) would be better than Yy.y for all w satisfying

(agp) 1/ agy)+1) < w < 1. (6.3.12)

In case of SRIWOR,

Vid*) = N2k ol + Np(oZ+¥?) + Nar(N-1)Y? - o2
2 2 (6.3.13)
= NYT{C (NKtp=q)} + (N-1)q]
p = (1-f)(1+B/L) - } + 26 -1
q = (v - ﬁ%ﬁ;}}}(T+EHIL2} - E{ﬁ;}} + 2f - 1
and k = (N-n)/n{N-1)
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md V(¥ ) = Nk 72 cﬁ. Thus
a= [CAHNK+p - q) +p+ (N-1)q1/NKC?
= gj + {QEIC:}
= ®{z) £ %(2)
vhere,
gy = (NK +.p = q)/NK,
9; = [p + (N=1)q]/NK

2

with Cy

ai with C: reploced by Cfl} in case gi > @
and mz =
]

replaced by C%z} in cuse gi « 0

o ¥

L]

thus d would be better thon YH*T for all w soctisfying

{utzj*l}f(a(2}+li <w<l,

£:3.2  As in Section 6.3.1, we shall ossume thot the sets s,
for k.= 1, N* + 1, N*+2,....,N-n haove -zerc cnonce of being reclized.
After o sample of size n has been drawn from U occording to o
specified design, in many situctions, oll the sets of different sizes
k(2) = 2,3,...,N* consisting of the units 1 ¢ U-&.laut of the
remadining N-n units moy not be aquclly likely to be realized as an
gdditionol set Sy In such o situation, lat oll the sets of o given
sze kis) = k, be equally likely, but the sets of different sizes
k. = 2,3,...,N* are allowed to have diffarent probabilitiaes. Thus,

0

if denotes such o set from all possible (") sets of size k_,

3
ka
we assume that

Pos, Is, k=k ) = 17", k= 2,3,... 8.
,_ .
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Let ¢{kﬁ) = P*{k=k0|s) = P‘{i |s) be the probability of
(Nk ] zgts of sirea k eoch

getting the clcss S = {sk } of L

© o
( = 2,3,...,N"). Obviously, 0 < ¢{k ) ¢« 1 and 22 ¢{k, )=l ond
)

¢U<Iis 1ikely toc be o monotomleslly decreasing FunctiSn of k.-

Mow, it is on the port of the statisticion to assoclote a
porticular probobility say ¢(ku} hesod on the experience from the
field and survey-situotions etc. ., +tc the closs Sk of all sats

of size kn'

Since, all the sets of o given size k ore squally likaly,

o
wa hove
F'{k:kﬂ, aklsi - ¢{k¢JJ(M;:1 far a given kq,
Pr{s, |} = for s, ¢ S k = 2,3,...,N"
EOP ka kﬂ’ & ¢
0 far k* = ‘, N‘+I;.;o,"'ﬂ “‘3'14]
Pols, [s) = 3 (k) .k /{Nn)
= T *{s s} = E k. }.k _/{N-n
Tis 2 Wi ko] k;—z ¢ @ G
o
N'
and w,, = I P*(s, |s) =& ok ).k {k_ ~1)/{N=-n)(N=n-1)
i)s Sk§§(i,j] K, k=2 - R
i#3

Further, we hove, fellowing the steps os in Sectien 4.3.1,

s[g%Eﬁi P(s)ing, = e{l~n}

ond £ P(s) —il2 . b(1-m )
(eS) (4, :J""h ")s
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N* :
N N Ezkp(ko- Yolk,)
where, o = (N-—n)/k Ezk° ¢(k_) end b = _ﬁ: _2ﬂ,f -
° (2 kg ¢ (ky))
It moy élso be shown thot ko2

S N 2 1
V(d*) = V(Y o) + Iy (e Dong) - 4 1)

N
* 13351 Yy yj{(b-l)(hnu) - = gyt 2rg + 1)

Hgw proceeding o3 in 4.3.1, we can find the range for w in d
ss $hot d would be better than $H-T'

&4 Varlous Woys of Using Apriori Informotion
tak yrvolves for k(> 2) units of the population be known oprieri

tifore. the sdeple hos been salected and the observotions are made.
#iihout loss of generality, let these values be denoted by
Yyu¥grcooo¥ps In this section, we consider the use of these known

ﬁ?ﬁ@ln&a ih- case of SRSWOR, probobility proportional to size with
D {PPSWR), varying probability selection without replace-

We moy write
k N
Y=£y1+

S (6.4.1)

1=E+ly1

where the first sum Y = k?ﬁ is known and the second sum
Youi = (N-k) ¥,.-x 13 to be estimoted on the basis of o sample
from the unknown part U{N-k} of (N-k) units in the population.
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Let dy and d, dencte any unbiased estimators for Y __ i
‘bosed on ony somolinmg design and the somple »f sizes n  and
{n-k) respectively frem U{M-k}. Obviously, the estimators

Ty = Y + dy and T2 =Y, + d,

would be unbiased for Y. But it con not be claimed that
WTy) < V(T,) or the rovsrse foridil.sempling designs. However, 1f
definitions of d, ond d, are similor and V{dlj, V{dz} are
decreasing functions of semple size, then one would get V(T kV(T,}.
Further §f T 41z an unblosed estimator of Y based on a somple of
size n from antire popuvlation and defined similar to dl ond dz,
then it can not be claimed in general thot v{rl) < ¥(T) and/or
?{Tz} < V(T). However, the former moy hold true in many situations
while the lotter need not ha. To get ¢ cleor plcture of related

behaviours of the estimotors T;, T, ond T, we sholl consider the
coses of SRSWOR, PPSWR, YPSWOR.

§.4,) Use cf fprizri Information In ccse of SKRSWOR

. Let d) = (N-k)y, and d, = (N-k}y__, be unbiased estimators
of Yn-k bosed on simple rondom somples (withouvt replocement) of
sizes n ond {n~k)} respectively deawn from the (N-k) uynits of the

population for which y-voluss are not known. Ovbiously,

T]'—'?h'i‘dll ﬂﬁd Tz'—'Y + d

k z {6-4.2)

ore unblased estimateds of Y, Let T = N;“ be the vsuol unbiased

estimotor based on a simp’e roendom szample without replacement of size
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n from the entire populotion. The estimators TI and T2 would
be some os usual strotified vnblased estimators in case the whole
population is thought of divided into two strata, the first consist-
ing of these k-units {those for which y-values are known} ond

the second conslsting of remaining (N=k) units and the first strate
being enumercoted completely while SRSWOR of sizes n and (n-k}
respectively ore beling drown from the second. The esatimator T

being thaot where population is mot stratified.
Next we have the fellowing

Theorem &4.4.1

{i} v{T‘J < v{TE}

(£1) V(Ty) < ¥(T)
and

(831) ¥{T,) < V(Y)Y 4iff G*+[ g (y,-Y, )%/ g 0 N LS O S
2 -4 DR L AP R Tt S T
«[1 + i
g ’ ‘ k{H-k-]}]
kYD e (T, DD
vhere G® = - ~ ,
(N-k-1) S5,
2. 3 Y, )2/ (N-k-1
N-k 1=E+I f?i* H'k} f‘ ~k-1).
Proof. We hove,
V(Ty) = (N-k) (N-k=n) S_,/n (6.4.3)
V(T,) = (N=n){N-k) S%_ /(n-k) (6.4.4)
and  V(T) = N(N-n) Si/n. (6.4.5)
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Noting that,

(N-1)52 = (k1) SE+(N-k=1) 52+ (T, -T2 2+ (N-k) (T, -T2 (6.4.6)

It may be shown that,
V(T) = {N{N"nl!n(N“l1][(k—l)5§+(!+G'){H-k=l}sﬁ_k} (¢.4,7)
where s = ? {y.-Y lzf{k“1}
kT oYk :
From {(4.4.3) ond (4.4.4), 1t is obvious thot ?(TI] < ?(Tzls
Next from {4.4.3) and (6.4.7), we hove

_ {N-k) (N-k-n) g2
n N-

. 2'&; ! Si*ETH;%T[N(N*n}(H—k—I}-{N—I}(Nak}(u_k-"}
+ G*N{N-n}{N-k~1)]

L]

2
= NiN-n) (k1) g2, ”;H:%T Nk (N=k-2 ) +k 2+ak+G* {N-n)N{N-k=1
) — e [Nk ( ) a {N-n ) N( )]

» Q

since the definition of T, and S;—k requires that N > k+l,
i.e., N > k+2.

From (8.4.4) ond (4.4.7), it is found thot

VIT) » V(T,)

1ff aTE:TT[{k—I)SEfsﬁ_k + (146 ) (N-k-1)] » Bk

n

N )
Loe. 266 iy —ﬁ=5—lltt A AL IR WL TC R =

k N - = '
i.e.,iff G*+{151(?1‘YR)2f z Iy1¥YN_k)z} z T-E 'jNE')'{nzk]E"

1=k+1
{4.4.8)
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Now, under the assumption, (N-1)/N ~ 1, the R.H.5. of (4.4.8)
becomes

[k/{n=k)]J[1+{n/k{N~k=1}}]1 oand hence

v{Tz} x v(T)

k N :
iff G*+{iE1(yiﬂYk}Zfi E+1{yi—vﬂ_k)2} > [k/(n=k)}I{1+{n/k(N-k=1)}1.

Remarks
(1) We note that the use of apriori informotion Iin the form
of uvsinag T2 is preferable over T not alwoys, but only in some
sityations. From (4.4.4) and (&.4.5), ane notes thot in cosa k
is not very lorge ond voriotion within {yk*1,...,yH} is smoll

compored to over all variation in the population, than T2 wauld

be better than T.

(12)  Noting that ¥ =¥, , <= T = Yoo - Y= G* =0,
in cose Ypr¥gr-er oYy do not differ much from Vst Y270 YN
(l.6., in cuse the population 1s mere or less homogeneous in

y-varicbles), T is expected to be better thon TZ'

(111} 1f mean squore between stroto, viz.,
k{7k¥?}2 + {N-k) (?ﬁ_k~?}2 is appreciably large cempored to the
meon sguore Si_k with the second strata, similor to the wsucl
requirement need for opprecioble goilns due to strotificotion over
simple rogndom sampling, then T2 would fore well compared to T.

It 1s interesting to note that in such o situotion, large value for
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SE, perhaps controry t¢ the usual requirement thot stratc shovld
be more or less homogenecus within, would further increase the

precision of TZ over T,

{iv) From Thecrem 6.4.1, one finds that 1if k is mot very
lerge and variation within {YyeYqeeoosy, ) is lorger than that
within {yk+1’?t¢2""'yﬂ}' then T2 would be better than T.
Such o situation would be reclized when elther Yyr¥qer--s¥y Ore
quite lorge or yy,¥y,...,¥, ore relctively smoll compared to
Yt]r -+ e¥Ne but differing oppreciobly from soch other (so that
variation within them is lorge) while Yrl? Yiapre--e¥y ©¢o not

differ mwuch from each sther.

{v) If the known k-values ore exireme volues, preferobly
consisting of both the extreme-high as well as extreme-low volues
out of {yt,yz,..,,yﬂ}, then TZ may be very well expected tec be
better than T, even if the mecon square batwasen the two stroto is
quite small. Thus one may oadvocote to enumerote completely all
{;n;e populotion units which have extreme y-volues (the lorgest ond
smallest ones) ond to tocke o sample from the remaining populotion

wnits which ore more or less homogenoous.

§.4.2 Use of Apriori Informotion in Case cf PPSWR

) l n T I'l"k
Let dy = o 151 yifpi ond d, = - iEI yifpi, where
N

1 - ]
py = g MXhypr 17 k1 k2,0 N, ngk = 1£k+1 x; be unbiased
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estimates of ?N-k based on
and with replocement (PPSWR)
drawn From theose (N-k) units

ore not known. Obwviocusly,

T]=Yk+é}
are unbiosed estimotors of
n

T=l I
Y

usual unbiosed estimotor for

Let

n from the entire popuvlation.

Theorem &.4.2

(1) V(T)) < V{T,)

(12) V(T{) < V(T)

(111) V(IZ} < ¥(T), 1if

yi/Pys Py =

probebility proportienal to size {x)

of =izes n ond n-k respectively

of the populotion for which y-values

and T, =Y, + ds {(6.4.9)
_ _ M
/% 4= L2, N X = T xy be

Y based on o PPSWR=somple of size

Now, we have tha followlng

X /Xy > ki (n=k).

Proof. The resuli (i) foilows triviclly by observing thot
viT,) = [ g yf!pi - ?ﬁ“k]/n : {&.4.10)
i=k+1 |
N 2 2 . -
and ?{sz =[py fpi - YN_k]/{n-k} (6.4.11)
1=k$! '
(1i) we hove,
_ Ny 2.,
viT) = [z yi/pg = ¥51/n (6.4.12)
an<! thus .
N , N
. z 2 . 2 2
R[VIT)-V{T )1 = & yifp,-Y"- & yolfe! + Yo o -
PR 7 gm T e TR K
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Using the relaotion,

5 52 .y B (/) ),
E vyifey = E oy /py + B py 1 (X/X
T IR S TSP S BT S M N-k
we cbtoin
VAT V(1)) = 5 y2(%/x,) + § 2(x, . /x.) > X /x,)
n - = I y (X /x + L oy &, ./ x + L vy X
1 PR EE Bl A R T IR LS S e
2, y2
Ve i)™ * Yok
ke P N
= vp.{r} Ao Doypfxg v X By /xgc2¥ Y
1=t 1=k+1
X, . k X X N X
H=k 2 "k k 2 -k
= v ,(}f} +* b + I vy, —
P LS ELER PR SR L4 B
- 2Y, ¥
" 2
= Q + {{Yk Xyt X1 YN k] Xy Xy (4.4,13)
n &
k 2 2
where vp.{y} = tiEIyi X /2g-¥L3 > 0, wend
k X N X
2 "k 2 2 “N-k 2
Q= XX Eyp g MR B g S - V) > 0
{1i1) From (4.4.10) to (6.4.12), we have
N
- : - : 2 2
N X
n 2 "N-k 2
~w—c [ & ¥ - Yy-idd
={X/%, ) ; y2X, /x FYEYI+{ Tk k )¢ g —EEEJE-Y )
LT RS S TEOR LR N-k

2
- ¥ )
e Kok %e Ve T % Xk
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ond hence ¢ sufficlent condition for v{sz < V(T}) 1s
xk!xﬂ-k » k/{n~k}.

Remaorks

(4) From (6.4.13), we note that in case y, = x,; feor
i=1,2,...,N, the estimcetors T ond Ty would be equolly precise.
In octher sitvotionas, T1 is vlwoys prefarable over T wlth appreci-
able goins in case yl': deport considerably from the relaotion
¥y © x5, This {ndicotes thot if one snumerctes those k-units
completely for which y-volues ore guite further away from the
relation Y = xgs 1 = 1,2,...,k ond tokes o somple from the remain-
ing units, the goin by vsing f] would be quite considerchle over:
T.

(11) From (4.4.14), we note that in cose y; = xg, 'l'2 and T
vould be equally precise. In . ost of the othes situations, TZ

would be preferoble over the others.

(111) In many situations of proctical importonce k < nf2. 1In
such situatiaﬁa, xk-ﬁ Xp=te would gucrantee the superiority of T2
ovar T, In other situcgtions too, T2 would be preferoble over T
provided the k-units for which y=-volues are knoewn gre those which
hava high x-volues compared teo x~values for remoining populotion
units. It is also noted thot further the vaoluves {yl,yz;.i.,rk}
depart away from the relotion Yy & %o higher would be goin by ysing

T, over T. In general, it moy be prescribed that use of apriori
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information {yi,yz,.a.,yk} at estimation stage 1a the form of T2
should be used 1n cose these known y=-values are small while the

corresponding x-values are high.

(iv) One may safely odvocete to enumarate completely those
vnits which ore expacted to hove extreme-low y-values, byt extreme=-

high =x-values and to drow o PPSWR somple from the remoining umits.

$.4,3 Use of Apriori Informatien in Case of YFSWOR

Let
(¢} / 4 n-k /
dy = ¢ y. fyl ond = ¥ oy}
17,57 27,5 1T

be H~T type unbicszed estimctors of TN-k bosed on somples of sizes

n ond {n-k) respectively drown without replacement and with

varying probobilities from the unknown port of the populotion consist-
ing of {N-k) units, where wi amd n; (i=k+i,...,N) are correspoend-

ing inclusion probebilities.

Obviously,
Ty = Yk + dy ond TZ = Y, + dz {46.4.15)
g
vould be unbiased for y. Let T = E} Fif“i be the usval unbiased
i=

H=-T estimater for Y bosed on ¢ somple of n units drown without
replacement from the entire population, Ty being the carrespund;ég pe
inclusion probabilities for the pairs (L,3), 4 # }, corresponding to

7, dy ond d, will be denoted by My ﬂij anct “;j respectively.
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We have,
v(T) = (D-1)¥2 (4.4.18)
vity)= (p{11-1)y2 (4.4.17)
and  V(T,)= (0{#-1)¢? (6.4.18)
whera
N , N
D = iﬁlirif?) wy + iijiiiyif?](rjff)(wijiwinjl

and D{') is D with ™y raplaced by “i and D{Z} is D with
T replaced by ny ond the sum extending from (k+1) to N in

ploce of 1 to N in D oand being mcdified by the correspond-

L4
1)
ing second order inclusion probobilities. Obvicusly, 1t i3 very
difficult to soy whebher VtTI) < VITZ} ond V{TI} < Y1) in
generol, controry te the resylts obtoined in Thaorems £.4.1 and

5.4,2.

To fin: ovwt the relotive p rformance of ¢! 2 estimators TI, Tz
and T, we adept the super-population madel appreach. Let
{?I,ri,...,yﬂ} ke o realizaotion of rondom vector {Tt'$2""’?ﬂ}'
soy, the joint distribution of which is specified (need not be
completely) by the first two moments through the moedel n:

En‘yilxi} = Exir i =1,2,...,N
Vo rgdxgd = wlxy) (8.4.19)
angd En{vi-ﬂxi’(Yj-ij} =0, 1#3=1,2,...,N

where £ and V denote the expectuotion and varionce with respect

to the super-populotion model n.
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It may be shown thot,

N A
€, W(T) = Bz£1§]{{I“ﬂi}fwl}ﬁz{yiixi} + V(%) (6.4.20)
N
B V)= 6702 (ConD/n ety ) + Vs (x)3 (6.4.21)
N ~
ond  E_V(Tp)= g T (=13 /m23C2(y Ix,) + Vp(x)) (6.4.22)
ak+]

where,

Ay, Ixg) = vlx)/8%]

A N M
V{x) ££1x fl e FRYL PR iijf Xy X j(“ij LI j}fwinj

FY -~
and VT{X} is V{x} with mg ond gy being reploced by “i'
A
Wij and ?2{x} is ?(;) with ny and Ty being replaced by

n; and “;j’ the sum extending to 1. = k+l,...,N in ecch case.
Mow, w2 have the fellowing

Thegrem &6.4.3

(L) E ViT) < E viT,), if 5} > wjlisk+l,...,N) and V, (%) > Y t)
{41) E“ v(T,) ﬁ_fﬁ v{T),1if My > ﬂ£{i=k+l,..;,N} and ?(x}ay‘{xj
and N .
(433) € V(Ty) < B VITY,AF nf > rg(i=k+T,... N} and V(x)2V,(x)
Proof. From (8.4.20) and (4.4.21), we cbserve thet

M N
BT IRl B G - iy dxe  (0mm ) R i)

+ (V(x) - ¥ (x)}]


http://www.cvisiontech.com

-144-

and hance, the sufficient condition (i1) follows,
Similarly, from (£.4.20) ond (6.4.22), observing thot

E[VIT)-V(T,}1=R% y (- ey, Ix )+ v f(-n, 1w 32y 1x,)
n 2 peieat Tg om0 VAP TYTT T E BY Ty

E o
+ {v{x) - vz{nl}]r
the sufficient condition {(f11) fellows.

Finally, from (6.4.21) ond (&.4.22), the result (i) fellows.

Ramaorks

(1) In cose of 7-P-5 schemes, with Ty = npy, ﬁi = npi

ond gy = {n-k}pi where p, = xllx >0 {1 =1,2,...,N) and

P = XXy > 0 (3 = k+l,k+2,...,N}, it is found that each of
?{:], Vi(;} and szi) is zeroc and that the estimotor T 1is
n~better thon both of T2 and T withowt any condition. Further
T, would be n-better thon T 4f X /X, > ki/'({n-k}, o condition
similar to thaot required in cose of PPSWR and which would be
satisfied in c¢case the apriori informotion set {yi,yz,...,yk} is

for those k-units which hove extreme~high x-values {“I'xi""'xk}‘

(1i) In cose of oll the estimoters bosed on SRSWOR, where
mg =/, 4= 1,2, 0N, w1y = n/(N-k), W] = {n-k}/{N-k),
1 = k+1,K+2,... ,N; Ty = ni{n~1)/{N-k) (N-k-1},
niy = {n-k}{p~k=1}/{(N=k){(N-k-T) (L # 3 = k+],k+2,...,N}), we have

2
o= M) g2y L eeig? Dcken) 2

xl
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6.5 Empiricol Study

{a) Let us consider the following data of eye estimoted
number of households (x) aond the cctuol number of households (y)
in an arec contoining 20 blocks [Horvitz ond Thompson {1952})].
Units, ofter arronging in ascending order according to x are

given balow :

11 2 3 45 67 8 5 1011121314151617 1819 20
x 91212 13 14 15 17 18 19 19 20 21 22 25 25 27 27 35 37 47
y 912121212 14 14 18 18 19 17 24 25 21 26 23 27 24 40 30

Let the y-values for k = 4, the larger units, namely 17th,
18, 1%th and 20th be known opriori, Let n = 4 and the estimators

T, TI and T2 be the same as defined earlier in Section 6.4.1.

The following Toble &.i.1 gives the prasent relotive
efficiences of TI andg Tz over T oand that of T2 over T},

in cose a somple of size n 1s selected by SRSWOR.

Table 4.4.1. Present relotive efficlencles

100 x (V(TIV(T))T 100 x IV(TIV(T,)] 180 x [V(T)/V(T{)]

) — (2] )
484,34 115.32 419.99
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(6) Let us consider the following population of 12 units
with the corresponding income (x) and expenditure on food ftem

{y) respectively.

Uit s Income (x} Houvsehold size Expenditure on food

{in Rs.) item (y)

{(in Rs.)
(A {Z) _ (3] 14)
1 2500 3 350
2 2000 4 400
3 1500 2z 250
4 430 5 00
5 350 & 350
& 400 7 400
7 330 4 220
g 400 3 150
7 500 3 200
10 350 2 150
N 200 2 100
12 300 3 150

Let the y-values for lst and 2nd units be known apriori,
let o asample of size 5 be sdlected by PPSWR and let the
estimators T, T, and T2 be the same os defined in Section 4.4.2.

For this population, the conditien kaXM*K » k/l{n=k) i=
satisfied and the following Toble 4.4.2 gives percent relotive
effilclences of T1 and Tz over T and thet of Tl over Tﬁ.

Table 4.4.2. Perecent relotive efficiency

100 x [Y(TI/V{T,}] 100 x [V(TI/V(T,)] 10C % E'V(Tzlﬁf(h};].

(1] '_ & IR  § i

344,94 204,40 Y84, 64
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CHAFTER VII

USE OF INFORMATION ON TwO AUXILIARY VARIATES
| IN
SELECTING THE SANBLING UMNITS
7.1 Introduction and Summary

In the previous chapters, we have olready discussed how the
informution on certain porometers y(y), other than the paorometer
vnder estimotion (y), or on some values of the character vy
under study, in additlon to those in the sampla; may be used in
obtaining estimators which cre better, ot leost in seme situotions,
than those where nc such information is utilised. The information
raquired was some times in the form of knowledge of exoct valves or
the approximate good-guessed values of the parameters y(y)} or in
the form of some known quontitiles grecter or szmaller than the occtwol
volue of the parameters y(y) tnvolved. Though the most of the
estimotors under discussion, bdslﬁd on ocpriori informotion, were
bigsed, but better than the usval unblased e;timaturs for the
porameter under censiderotion, viz. populotion mean Y, total VY,

varlance ci undder some very moderate conditions. It 1s to be

noted thot the informotion was uvsed at the éstimatian stage only,
i.e., In defining the suitohble estimaotors aond that the porometers
P{y) for which the apriori information was required were bosed on

the charocter under study y itself.
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Here in this chapter, we hove consldered the use of informa-

tion on some cuxiliary charscters x, reloied to the study variote

y. at the selection stoge, i.e., in selecting the populotion units

into the somple with vorying probobilities.

The use of ocouiliary information in defining o probobility
déstribution on the population U = {1,2,...,N} ond selecting the
units with vorying probobilities, was first considered by Hansen
ond Hurwitz {1943). VUsing the informotion on an auxiliary chorocter
X3¢ an unbiased sompling strotegy for ¥, the populotion total of
¥, basad on probabilitiy proportionol to size and with replocement
{ppawr) sample of size n is given by

" “ n
g = {pexgwr; Yi}, Y, = (1/r) % (yifxij}xi (7.1.1)

¥=)

with vorionce

N
Viz)) = (1/m) ¥, ly)e V, () = jflfyifxij}xi -¥2 (7.1.2)

where X, =

i

N
z Xq 30 the population totol of the character JE

3=1

In cuse, the information on more thin one ocuxiliory cHommcter
is avallable, it moy be utilized in selecting the units with varying
probabilities. The general problem is to obtaln 0 suvitable measure
2 = ¢{x‘,x2,...,xp}, ag ¢ fenction of LIV YERRPL S clone such

that the sompling strotegy,

-y

_ ES _,1 n _
t ={ppzwr, Y}, = - iifyjfps (7.1.3)

n oy
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based on probabllities {pg},

pg = zj!Z, zy = ¢{x1j,xzj,.,.,xpj},j=l,2,...,N, =7 z,

ond with replacement selection of units, is better than éa:h af

13 (4 =1,2,...,p) ond the strotegy
_ A - - ,
to = (SRSWR, Y}, ¥_ = Ny (7.1.5)

based on o simple random sample {(with replacement) of size n and

o~
vsual unbiased estimotoer Y of Y. The prcocblem may be formulated

Q
éh the some lines in case of varying probobility selection without

replocemsnt.

To the best of our knowledge, Maiti and Tripcthi (1974}
were first to consider the problem of estimating Y with the help

of o sompling strotegy 1 in (7,1.3) for p = 2.

Recently, Agrawol and Singh (1980) hove considered the above
proeblem by taking o linear fonction 2* = w'x of the cuxiliary
vaoriotes x = {x],xz,...,xp} to determine the selection probobilities
.PS = z;fl', y=1,2,...,N, where the weight vector ¥ 1s to be
sclected under same criterion. In cose w is such that, mean squore

error of prediction E[y-w‘zfﬁ.is minimum, it would be given by

w =% ‘g {7.1.48)
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where z'} 1s the inverse of F, the varicnce covoarionce mairix of

the vector x ond o fis ¢ vecter of covariances of y with

xifi = 1,2,...,p). Obviously, the choice of selection variable

z* = w; x requires the knowledge ef not only £, but alse of g
which depen&s on c¢harocter under study y 1itself ond possibly moy
nover be known in proctice. This chservation led them to propose

an alternative cholce of selection varicbls 2% defined by

z* = g'x ‘ (7.1.7)
where the vector 5 1s to be chesen such that z* haz maximum

correlation with y ond is given by

where _
Q= {qi}' qi = {pﬂifﬂﬂp}('aifﬂp}’ L= 1,2,..0,p
Poi being the correlotion coefficient batween y and X end cf

is the voriance of Xy

It moy be noted thot the index z* In (7.1.7) depends on the
quontities (pﬁifpﬂp}; the parameters imvolving the character under
study ¥ ogoln. However, the requirement of the knowledge on
{pﬁifﬂﬂp} is less restrictive thon the reguirement of knowledge on
g in the index defined by (7.1.8). They considered the strotegy
t in (7.1.3) using the indax given by (7.1.7)} ond {7.1.8) fer
p* 2 and compared it with 1y and 1, in {7.1.1) under the

vsual swper-population madel,
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S I
with
Eley[2]) = 0, (e |z}) = 7139 {(7.1.9)
E{aj,a3|zg,zg'l = {
and showed that <t is better (vnder the model} than both of 1
ahd Ty fer g = 2. However, for 1 < g <2, thay foiled to arrive

at any conc¢lusion and marecver, they did not compare the performonce

of ¢ owver Tye

It moy be noted that the strotegy cnnsidafﬂd by Agrawal and
Singh (1980) raquires the axoct knowledge of p = ﬂoI;ﬂnz involv-
ing y ond which may not be ovoileble in many sitvations of
proctical importonce. Further, the correlotion Py, z*? 2" being
glven in (7.1.7) and (7.2.8) may be quite poor compared to
mpy,¢(xj' the ¢(x} being some sultu?le functions of xl,xz,...,xp,
in case of some populations, indlcoting thot the use of the set of
the probabilities based on obove z* won't reduce the variance of
the stroteqgy 1 considerobly. In fact, the notural requirement is
that the selection vorioble z* = ¢(xl,x2,...,xp} de not depend on
the porometers involving y=valvues ond thot the resulting strotegy
1 bosed on such o z 1: bstter thon Tys Ty and Tg simulton-

eoysly ot the same time, In this chopter, we moke an effort in this

direction confining ourselves to p = 2.

In this chapter, wa haove given o set of necessary ond syffi-

clent conditions undar which the strategy 1 4in (7.1.3) with general
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function z = ¢(xi,x2] is better than both of 1y ond 1, without
any model consideratien. Further, we have compored the proposed
strategy 1 with 1, {1 = 0,1,2) under the structure of o super-
population model n similor te that of Raj (1958) and found a set
of necessary ond sufficient condition fer 1 +to be p-better than
Ty (1=0,1,2) and find that for g = 2, < 1is always n-better thaen
whch of tu’thﬁﬂf'fz- We have also given a genercl procedére
depending on the knowledge of g 1in the medel n, for constructing
p; = zij{> Bly § = 1,2,...,N, zy = ¢{x|j,xzj),‘sa that + 1is
n-better than Tt and Ty- We have undertaken the empiriccl
studies to Lllustrate our points and at the end compared the
strategy T with two-voriaote rotio-estimators due to Olkin (1958)

and Tripathi {(1978) under the medel.

7.2 Sompling Strotegy ond its General Praperties_

Lat 2z = ¢(x1,12} denote o positive recl volued functicen of

the ouxiliary charogters XprXg and z4 = ¢(xij'x2j}’ j=1,2,...,

th

N be the volve of zx cssocloted with the ) vnit of the popula-

tion under consideration. We propose o sompling strotegy

A 1 N _ "
- ¥ = — * . 7.2.%
vz {ppzwr, ¥, - jEI ¥y/P§ (7.2.%)
bosed on o somple of size n, selected with replacement ond with
N
probabilities p; = zJ|Z >0, %= 21 2, = NI ossocloted with
j:

th

b unit of the population,
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Obvicusly, <1 is unbiased for Y with its vorlance given by

N

Vi) = 0/, V00 = 2 2 vy/z

w2
P
{7.2.2)

and an unblosed estimote of varionce is glven by

A ] -~ -, n A N
Vo) = (1/m) V300, V() =j£11yjfp3-v}‘/tnw|}

{7.2.3)
Next,we hove the fallowing

Thecrem 7.2.1. A necessary and sufficient condition for =

tc be better thaon 1y is
? {z.~7) yzfz > g {x, .~R )2 ?z/x {7.2.4)
j=1 b] M j=1 i1y "1 373 e

Proof. From (7.1.2) aond {7.2.2), 1t 1s obvicus that
V(t} < Vizy)
N

iff I f yifz

RNZI
p 3 < Xy X

) jiiyj iy i=1,2, (732.5)

which reduces to (7.2.4) ond hence the thecrem follows.

Noting thot ?(Tg} = ?(71) if Xgy = €5, @ constant, T
would be better than ¢, 4fFf the left hand side of (7.2.4) is
fosltive (Rcj, 1954). Thus if covariance between z oand yzkz
is positive ond is grecter than those hatween Xy and rzfxi,
i=1,2, the strotegy 1 will be simultonecusly better than
Tyt and To However, above criterion is neot voaluable from
opplication point of view. This compells us to study the relative

perfermance of the stroteglies under o model relating ¥y with
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characters XQeXy and oz, Before dolnp so, we at first identify

the situctions in which the use of the strategy 1 is not desirable

Theorem 7.2.2. Let 0[1}‘ and D(Z) be ony two knawn

quantities such that

D{1){ min ?? « mMoOX fili D(Z}r

T gIN T TlgdeN

then o sufficient conditiaon for t; te be better than 1 is

given by
(Z/3) D(1y/0(py 2 RyfXy, 1= 1,2, (7.2.6)
Proof. Observing that V(Tl} < Vi{r) 1Iff
N N .

14 N = 2z |

i jET y}fxij f z jEl yjfzj ond thot

y 4 i\ 2, 7D A (172,)
L oy 2, > (1 z /z _
o1 7Y (M 5 (7.2.7)

N . N
: 2 .
and gi jE‘ ijxij < Ri D{z) jEI{];xij,‘

the sufficient condition of the theorem follows,

Thus cne should not use that sat of 2y values which sctisfy
(7.2,4). Obviously, using {7.2.4), T, would be better thon T
if the left hand side of (7.2.4}) Ls greoter tham unity. Further
if D(]} = D{E} or D(TJID{E] is very close to cne (which would
be the cose If y-values dre more or less stoble, i.e., vorilchility
in y s very =mall), To would he better then 1 whatever be
{z],zz,...,zn), Alse +. would be better thon both of ty ond

®
Tg- In thia cose, one shmuld resort to simple random sampling.
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Theorem 7.2.3. A sufficlent condition for <t te be better

than both of ¢, and Ty is given by

vhere, K = min {gifii}-
T<ic2
' M
F | 4 2 =
N Proof. MNoting thutH 7E rj!zj < 7 D{z} le Iij and
21 jET yifxij > Ki D{l} j£1 Ifxij, the result fellows frem (7.2.5).

The above result will never hold true in case D[I}Kfn(ﬂ} < 1.
In cose D{i}KKD{z} > 1, we moy always generote zj's such that
{7.2.8) is satisfied., For exomple, without loss of generclity, let
us ossume thot zy 2 1, for each § = 1,2,...,N (in which cose
WZ < 1) and let

2o0= Xy T lj Xyye J=1,2,....,N {(7.2.9)

3
where 1; is to be chosen suvrh that. 1 < zy £ K D(i)fpﬂiﬁ’ i.e.,

lj 3 ore suvch that

[xzj—K{D(')!D{ZJ)]Ixij ht lj b3 {xzj'*}f“‘[}i J=1,2,....N |
{7.2.10)

where, xgy Ore assumed {without loss of generolity) to be positive
‘for each 3. From Theorem 7.2.3, it fellows thot use of
{21,22,...,1N] generoted from (7.2.9) in 1 mokes it better than
both of T and Tg "

The condition (7.2.8) merely guarantees the superiority of =«

over Ty ond Tg- The author hos foiled to find o sufficlant

condition for T to be better thon T g In cese it 13 known that
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elther of 3| and T, 1 better thon T, and K D{])ID{Z, » 1
one may clwoys moke «+ better then ecll of Tor Ty and Ty by
generaiing zj's with the help of (7.2.%) ond {(7.2.10). Even in
case neither of 1; and T, 1s better than T, one may sometimos
find +t- toc be better than gll of Tor Ty and Ty praovidad

K D(‘}!DIZ) > 1, by using (7.2.9) ond (7.2.10) os we find in the
empirical study below. We note thot closer ore the zj voluas te
u conatont, higher would he the chance of satisfying {(7.2.8). Such
& cholee of zj's may however be defective in the sense that it may
lead to a very small gein in efficiency (moy be even te ¢ leoss in
efflclency) of 1 over T, The obove resvlts do not thus help

much and it becomes necessary to study the relotive performance of

the strotegles To?! T1 and Ty under o model.

Empirical Study

The following dota for analysis have been token from the
Bistrict Census Hond Book (Malda District, Port X - A and B),
published by District Census of Qperation, West Bengal, 1%41.
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Table 7.2. Data relating to area of village (%,), total population
of village (xg} and total number of cultivatoraly).

Name of the village Area of village Total population of Total number of

{x) the village (xz} auitivators{y)

[§)) 2y ¢ )]
Khod Malsapoha 43. 62 363 ' 49
Kageaurs 185.63 210 49
Kutubpur hy. 59 154 b6
Mahinagar 115.24 215 b9
Dilslbatl 187.04 248 ug
Methrani br.44 237 48
Jalengepara 62.19 104 1]
Sanbandhe 157.67 186 ur
Radhanagar 81.13 168 T
Sonapur 89.34 186 46
K-Danga R8.T6 289 7T

Karan] 50 . 80 B3 L

For this populotion, we have :

73.5747, X, = 199.0833,

X, = 94,9583, X,

—

A3 A

X, = 172.3878, Y = 47.46, ol = 2191

I

K= min {Ki!;i}. 1.15435?3.
leice2 '

Let Dy = (46)2 = 2114 and b = (49)% = 2401. Hence

{2
K D{I}IDIE) = 1.01???5 - I-
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Mow, we toke the following set of valves of as defined

z
3
in {7.2.9) with lj satiafying (7.2.10).

T 1.01023, 1.03431, 1.02043, 1.02237, 1.01148, 1.01921.

zg © 1.01958, 1.01é83,  1.01795, 1.01617, 1.01339, 1.017%4

We get the following :

n V(1) =V (y) = 88310.¢8, n Vit,)} =V, {y) = 45430.¢
xf 2 Rz

nVir,) = 315.504 and V_(y) = 170.% = n V(7).
Thus 1t i3 ebserved that
vit) < v{r ) < V(t,} < vity).

We note that gains by using T over both 1; ond T, are
oppreciab 'y high and that ove- T, is also high, though by

chance in the later case.

7.3 Comparison of Various Sompling Strategies under a

Super~populotion medel

In this sectlon, we shall compare the straotegies 1, Tye Tg

and T under the super-population model similar to thot considered

o
by Raj (1958). Let the finite populotien U = {1,2,...,N} under
consideraticn, be a rondom. somple from g very large populotion

specified by the model
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?j = g + ij + Ej' i=1,2,...,N
with E{ej|wj} =0, jJ=1,2,...,N (7.3.1)

i

and E{ej ej.{w. *j|) 0, 3# 3 = 1,2,...,N

3

where w i3 oany suitobly chosen varicte and in particular may be

z = ¢{x|,x2} we shall refer to such a model as y -model.

Let

v {w) =2 ? wifz - w?
z =1 473 (7.3.2)
N
ond  Volw} = N g wj - W {7.3.3)
}=1
N
where W = ¢ ¥y = NY.

3=1

Definition. A sampling strotegy T 4is said to be n,~better

than o st.ategy - iff
E V{r) <EV(z*) for all ¢ = {yq,yp. .-syyl

with inequality holding for ot legst one @, where swpectotion

is token under the model Thye*
It may be shown that under the model 9§ ,
. i ~ N
RYRTIN = w2 - 2, — (¥
n E[V{e)=V(z )] = N°[(Z/2)~(R, /X, } 1a"+2¢ Bjﬁﬁﬁzfzi) (Xy /%y 311wy

M :
2 . _
+ B tvzcw}—vxitw}3+j§|{fzfzjl—{xifxiji}wtwj)
(7.3.4)
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wheze E ond ;1 are harmenic means of zj's and xlj'sflﬂl,Z;
}= f,!,...,N) respectively.
o M
Also nELV(T)-V(1.)] = N%a®[(Z/2)-11+2ap(Z B wy/2y-NW)
j:
N
+ Bi[vz{w}~vu{w]] + jz1{{;,zJ]'N}¢{wj}
{7.3.5)

Next, we prove the following

Theorem 7.3.1. A sufficlent condition, in cose o = 0,

for the strategy =t to be q -better thon 1y, Ty ond 1, 1s

- N
g% V_(w) + 2 j£1w{wj}/zj < BV(w) + K (7.3.4)

where,
Viw) = min{‘fx'{w}* ‘d’xzfﬂ), Vn{'ﬁ}]‘

M N N

Ancther sufficient condition that the strotegy 1 1s nwwbettar
than TeTy and T wyould be given by
2 N 2 N
R ¥ _(w) + M I giw,) < g°V{w) + m* L {(w,) {7.3.7}
* =1 3 =1 )

where, m* = min{m,N}, m = min(X]fx1j,Kzfxzj} and M = max{Z!zj)*
J J

Procf. For 5 = 0, ¢ would be nn“-batter than 1y ond To

N N
iff 32 Vz{w}+2j§1¢[wj}fzj < BI infw} + X, j£1¢[wj}fx1j
| (7.3.8)

N N
2 2
and @ vz{w}+zjii¢{wjlfzj < BV (w) +N jg'w(wj}


http://www.cvisiontech.com

-181-

respectively. The sufficient condition {7.3.8) follows immediately.
Further for o = 0, wa note thot
N
€V Vg)) < B TV30=Yy (T % (Hem) 2 ylg), 8= 1,2

N {7.3.7}
ond rE[V(1T)-V(r }] ¢ B[V, (w)-V (w)] + (W) £ v ()

and hence, the second sufficidnt condition follows.

It may be noted thot the cbove approach is quite generol in
natura. Frcm.{?.3.4j, (7.3.5), (7.3.8) ond {7.3.%), one may
generate criteric For praference of 1 over Ty, T ond T, for
specific cholces of w and ¢{wj] in the svper-populetion model
ny+ 1t moy olso be noted thaot under R, ~medel {1.e., when wj=zj),
one would have Vz{w} = 0 ond under nxi-madel in{w} = 0 = ¥{w),
Maiti and Tripothi {1978) obtcined the results (7.3.4) ond (7.3.5)

wndmodeq, ~model.
From (7.3.4), it is realized that if zy = @(x1j,xzj} in the

model n, be known, it moy be adviscble to uvse thot Zg in
consblbcting the set of selection probobilities,
_ M
. — =, =1,...,N).
P} zjfz ¢{xij,xzj}ijfl¢{xij.xzj} > 8 (3=1, N)
202

37
Ci = eg{rjfx1j,xzj}f{5{yj1x1j,xzj)}2 is the squore of co-efficient

In the nifmadal, let ¢ = 0 and ¢(1j) = Bzz , whare

of variotion of Yy for given 13 ond Xg3 in the super-popula-
tion model, Then from {(7.3.4) and (7.3.5), in case Cz =C, a

)

constant, 1.e., for stable populations, we hove
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n E [V(t)-¥(z,)] = - g?(1xch) Vy, (2

ond  n E [V(x)-V(t,)] = - girv (z)+ice?y.

Thus, for oll stcble populations, the propesed strotegy 1 based

on z, will clwoys be better than all of TyeTy and T,

In case, éi:is not constont, then the strotegy ¢ will be

baetter thon ) and 1
N

1§ *Bz?x {z) + E;t ? 2t2, - X, I 2¢2 7x ] <
t 3=1 J 3 j=1 373 131 2 0
Let C{I} < Cz < C{E}' i.e., for all those populations where square
of ccnditianal coefficient of variction of y glvan X1y and 24
is expected to lie betwean C%I} and C?z)r then T will be
better than 1 ond Ty

| N N .
a2 2 2, 2, .2
1f -V, (z]+C{2} 82 z zfz 370 B Ixy jilzjfxij A
N
ol 2ral _m2 L2y
and hence o sufficient condition for the strotegy 1t to be better

{ }f { ) ) - :

Thus for nen-stable populotions, the strotegy 1 would be better

than if the condition {7.3.10) is sotisfled.

AE ]
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7.4  Comparison of Girotegies under o Specific Form of

¢{Ij} in uz-modal

In this section, we take o specific form of ¢{zj}, in

nw-mndel in (7.3.1) with vy =z = ¢(“ij’25} as
plzg) = y2f, v 2 0, g2 O, (7.4.1)
We obtoin, from (7.3.4) and (7.3.5)},

~ ~ N
n & [V(t)=¥{<)] = Hzt{z_fz}-{iifxiJ]az+2&3351{(21'::'}-{&!3:'”)}:3

M
-t - g
B ?xl{z} + 7j£1{{2!1j} {lexij}}zj (7.4.2)
ond n E [V(r)-V{r )] = Na® KZ/2)-13- @V _(z)
h
. : _M1s9 _

+ TJEI{{ZfzJ} N]zj {7.4.3)
From {7.4.2) with g = 0, cbviocusly T would be nz—better than
Ty

& N
ifF Yy Z £

a2

g=1 < Ez\fxl.[z} +1-x'i

g -
| zy zjfxij, i=1,2

(7.4.4)

3 3=1

Now, we have the following

Thearem 7.4.}, Let zy = ¢(113,x2j} = x!j-ljxlj > 1, ond
X3y 2 0 {1=1,2} for all 3§ = 1,2,...,N and o = 9 in the
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modael (7.1.3) with ond (7.4.1). Let K = mln*{fifxi}?i.

WJ = Zj
1<i<2
Then the strotegy <+t would be n ~better then both of 1, and Ty

if {xzj*K]foj LAy s fxzj—1)!x1j for 0 < g < {7.4.5)
ond if {xzjax"gjfxlj <y < OoeeN/xyy for g1 (7.4.8)
for 3 =1,2,...,N.

Praef. Let ${zj} be of the same form os defined in (7.4.1}.

A sufficient condition from (7.4.4), for 1 to be n_~betier than

t; is given by
N
7 ¢ 29 & Ei
=19 "
Further, noting that,

N ‘
g { =

N N
= _ g
zy = olxgyexggd 20 = 8 Wxgg s B 2y
the condition
N -1
Z(xNy £ 297 <k (7.4.7)
)=1

will be sufficient for +t to be ng-better than both of 1, ond
Tg- The condition (7.4.5) moy be re-written | £~x2j-1jxlj=zj # K
which implies that
1 <7< K. (7.4.8)
Now observing that

2y 2 1 = zg >1 for 0 < g <1

=, Z§-1 < 1
13 Lett (7.4.9)
== R‘ j=1 j -— * *
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Now (7.4.8) and (7.4.9) imply (7.4.5}, and hence the First

port of the theorem (for 0 < g < 1) follows.

The condition (7.4.4), for g > 1, may be rewritten us

1
b < xgy " ay xqg = 2y < K1Y

which implies
o 77 -1 2l |
1 < ZT<kK’9 and z? <K% for g1 {7.4.10)

and which in turn, (for >V and g > 1) implies

*3
Z0/M) 1 2977 < kMo klemT) e L g

the condition {7.4.7) ond hence the resulis in the cbove theorem.

Ramaris

(1) For ¢ = 0, a sufficisnt condition from (7.4.7) or

octherwise for .t to be nz*better than both of T and To is

given by
Z/1 ¢ min (R,/X,} Af g =0 (7.4.11)
1<i<2
and Z < min {21;;1} if g=1 and z, > 1 for oll
1<i<2 J

j = Ifz_fiitpﬂi {?.4.11}
{(11) For ¢« = 0 and g = 2, it may be shown from (7.4.2} thot

the strategy 1 will clways he nz—batter thon n becavse in that

i
cCOse ) .
n E {¥(z) - ¥(x,)] = ~(§P4y) vxifz). (7.4.13)
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(£1i} Following Ray (1958), it moy be shown (also from 7.4.3),
in cose a¢ = 0, thot 1 would be nz—batter than To for g2 1
ond for 0 < g < 1, if

olz,v) > ~(EN) (o,/0,) (7.4.14)
where v = zg_ladd o, dencotes the standard deviotion of v, etec. .
Thus 7 1is nz—better than Tor Ty and Ty for g = 2.

{iv} 1t may be shown that under nxi—madel {1=1,2), the
condltion (7.3.4) with g = 0 reduces to

L p?:xijfp;-x:[]{vij‘(p;i?i} < —(52}'1} Vz(xi} (?_4115]
N
e _ g=1 o
where pg = zjfZ. ¥ij = xgj ond V, = E Vig It may be noted

J

|
thot {7.4.15) i3 never sotisfied for g=1 ond g = 2.

(v) It may be shown that under n:—mudel, the condition{7.3.4)

with o = 0 reduces to
N
2 :
3 + - =
B vﬂ(z} :-L:;xi j£1vj:jfxlj Zv] > 0, £ = 1,2,

v, =281 v X
where, vy zj , v jzlvj

(vi} Before using ¢ one may at first find out whether <,
is better thon T, If Ty is better, wa moy clways improve it
through +t wvsing Theorem 7.4.1. ctherwise directly we moy choose

Tt vusing Remork (111} cbove in cose it is better thon t..

(vii} Once we know g 1n p_-model, we may clwoys generate,
vsing Theorcem 7.4.1, the zj's (3=1,...,N) resulting intoc @ strategy
t which would be nz—better thon both Ty and T We ncte thot
such sets {zl,...,zN} moy be Infinite in number. The cuthor hos

foiled to 1dentify the best set.
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{(vii1) From (7.4.2) ond (7.4.3)  for o = 0 we note that a
set of sufficlent conditions for T %o be n:-batter than Ty

(1=1,2) and <t_ ore given by

o
N el % N g
z E] Ij = i jil ijxij
. N - N
and I zg ! < I zg
j=1 =1

respactivaly.

Empiriccl Study

For illustration, the fellowing population of 10 plots is
considered. The variablas XpeXy and y ore respectively the
average height of shoot (in meters), number of cones ond yield in
kg. per plet of the sugarcane.

Table 7.8. Data relgting to the helght of shoot (x1}, number of
canes (xE} and yield in kg. per plov of the sugereane.

o " "2 *
(i) ) (3 _ iy
1 1.10 &0 39.00
2 .91 T6 39.75
3 0.61 7O 38.80
NN 1.07 68 K7.00
5 1.15 &0 45.50
6 1.30 (73] 56,00
T 1.3y 70 38.25
8 1. 66 B2 51.00
g 1. 64 28 ET.80
10

1.36 T0 43.00
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Let this population be ¢ rondom realizotion From 0 super-
populotion specified by (7.3.1) with o = 0 and wj=¢{xij,xzj)=zj
and (7.4.1) therein ond 0 < g < 1.

For this population, we hove

" d
ond X, = 70.7, X, = 49.803106
X, X,
thys K= min {m , ==} = 1.012848%
X, X

_ ‘ _ e v | .
Now, from (7.4.5) with zy X33 lj“1j’ we get z,'s as

Plot

No. 1 2 3 4 5 6 7 8 8 10

[ ]

ZJ 1.0136 1.01%2° 1.01327 1.01293 1.01305 1,011 1.0132 1.01826 1.007 1.014 -

a

This yields Z = 1.012158, Z = 1.0W21505, %/7 = 1.0000074.

New from (7.4.2) and (7.4.3) with a=0 and vsing above
2’ voalues, we obtain n E [V{T}-¥{11}} ond n F [?{T}-v{Tﬁ)] for
g=0,0.5 gnd 1.

nE [V{z) - V(1) -[azvxiizj + 8.02¥3

g2 =0 nE V(1) - V(g,)] —{Bz'hfxz{z] + 1,28Y]

r € [V{t) - ¥(r )] = - Ez?ﬂfz) + 0.0007Y
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[ & (Vo) - Ve - -(EV, (=) + 2.08T)

s=0.5¢n¢ [V{x) - Y(1,)] = -{Ezvxzfz] + 1.307]

n £ [V{xr) ~ V(r_)] = - {82V _(z) + 0.003ay]

nE V(T - V] = LR, (2) + 99257

0=1 < nE V() - Vitg)] = '“*2"";2“} + 92.41%)
nE QV(t) - V(t )] = -[ 2V (2)]

-
¢

We find thot 1 is hetter thon each of Tar Ty and Tq For

b <g<cld.

7.5 Comparison of the Preposed Stretegy +t with those Bosed on
Multivoaricte Rotic Estima*.rcs,

In the earlier sections, we have discussed how toc choose a
suitoble function =z = ¢(x],xz] of twe ouxiliory varicbles aond
'ifentified the situotions, where the use of svch g cholce in construct-
ing the selection prebokilities ond thereby forming the vsucl vnbiosed
estimotor bused on PPZYR weuld lead to smaller varicnee thon the
estimotors bgsed cn-mR*1WR‘ PPxEHR and SRSWR., However, so far we do
not know whether cur proposed strategy will be better tham those bosed:
on the informotion on bLoth of x; and xy at estimation stoge olone.
In other words, the problem is to find out whether the use of multi-

auxiliory informotien ot selection stoge will clwoys be odvantageous
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over when 1t I35 used ot sstimoticen stoge. We moke on effort to

get an onswer to this, though anly-purfially. For this we compare
our strotegy 1 with those bosed on multi-varicte rotio estimators
due to Olkin (1758} amd Tripothi (1%78) uncder the nz*madel speci- |
fied by {7.3.1) and (7.4.1) with g = 2.

Using information on prauxiliory varlotes XyaXgre oo Xgi
Olkin's (1958) estimator for Y, the papulotion total, may be

dafinad gs
Y = vw'a (7.5.1)

p
where, w' = {w,;,%w,,...,w_) are weights such that £ w, =1 &ond

at = {u]:azp--*:ap]? oy = X ;;;1_

The meon square errar {MSE) of Y. to the terms of ﬂ{n-1}

would be
- M 2 '
H(Yr} = 1r w' 8 w {?.5.2)

in tose of simple roandem scmpling with replocement, where

B = {blk;'i' k= 1,...,p,
= 2 . LA = ' =
Tk T Cnv(xi,xk} cnd O standing for y ond 4 for «x,.

iy
Qbviously, for p = 2, H(Yr} iz found to be

MY ) = (n270) [“%?{T) + 2wy By 5y * By (5.5.3)


http://www.cvisiontech.com

-1791-

where
Byyy = R2 gyy -~ 2 By R + RZ ¢
(1) 1 “n - Py e Twe7 "2 Y22
-t o 2
B2) = %o = 2 Ry 0,5+ Ry gy
_ ) .2
and  Bey oy = Ry9.p = Ryoyy + Ry Ry 015 — Ry 0y

It is wall kpown thot the optimum cheolice of welghts in (7.5.1)
depends on porometers invelving y-also ond which are rorely expected
to be known in practice. 1In the face of such o situation Tripothi
{1978) proposed o modified multivariate rotio estimaotor using modi-
fied optimum weights. The estimotor ;; proposed by him may ogoin
be defined by {7.5.1} with

w' o e’D_Ife'Dv!a, D(dik}' dik * Oyp Ci Ek' L,k=1,...,p
where e = {1,1,...,1}" 1is p-dimensional unit column vector, Ci
is the coefficlent of voriotion of x; (L =1,2,...,p) and Pik is
the coefficient of correlotion between x, and x,.. It has been
shown by Tripathi that there will not be much losa in efficiency by
using the above weights compared to the use of cptimum weighis in

{7.5.1},

For p = 2, the MS5E of mudified rotioc estimator ?: due to
Tripathi is agoin given by (7.5.3) with

el "Ry 4L
wy = [(C3-p1y C1C,)/(CT#Co=201, C1Cp)1 = 1 = w, (7.5.4)

Let Pig ond o~ dencte coefficients of correlation between

xy, oand 2z, and xy anad 22 respectively, Cz = sz!, C.Y. of z

and let ¢*2 = ?fiz-
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Lemmo 7.5.1. Let wy = w, = /2 in (7.5.3). Then undar the

nz"mndel in (7.3.1) with (7.4.1) and g = 2, we have,
f1+C }

(1) E MY =L+ (g22%/m) 1e?01 - — (7.5.5)
«l ¥
c*2(1sc2)
where, L = (Bzzzfn}f(Cf+¢§+2p1zﬂ1cz}{i + T x y/4

L 2 .
- {g‘jz CI + 0q, CE}Cz + cz(1+c }

- e 2014€2) (o, &g + 0y ) C /NI

bnd , . (ehy o
(11) € v(1) = (8%2%/m) [C*30) - g 2}] (7.5.6)

Proof. {1) Observing that

£ v2 = g27%01 + (crectymg
£ ol = g?2hc? + ﬁ"ﬁ’—l cr2(1+ct); (7.5.7)
_ ‘ N
Y€ Rygy, = Bzzz[uizclcz + N C‘ij P3 (pij' é”
' N
vhere plf'“ijﬂx {i=1,2) and pj = zjfZ, Z= jglzjf 3= 1,2,...,N
We have,
- 2z
_ 2 w2 5 b 2, 2 . ‘ 2
EByy=¢" 2 “; T;H{'z}}{ci 2p1,C1Gy1Cy)
ci{14c) N
_ 292, 02,2 b 1) 2, _
E By = 8ZLC"Y X (1+C) - &N z Py (pzj H}J
2 2
+C; - 2p,, €, C, + C35) |
bind N (7.5.8)

+ o 1 c;w 05y
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Finally, we cobserve thot
wlye 5(

N
N C*EJE {{N P1j] + (ﬁ sz}}F = = W

(7.5.7)

where u = z2. Now the resuvlt (1) of Lemmc follows waing (7.5.8)

end {7.5.9) from (7.5.3) with Wy T Wy = 1/2.

Furthar observing thoat

N 2 N y ﬂ .
V{T} (I;n}[z JE YJ j - { E YJ + jik£1y§yk}]

the resvlt (ii) follows immediotely ofter toking expectotien wnder

specified nz—mndel.

Theorem 7.5.1. Under the conditions of Lemma 7.5.1, the

A -
strotegy ¢ is Ny~ better thon the strategy {(SRSWR, Tr} for

W‘ = Wz = 1/2
iff L s 0 {7.5.10)

Proof. The resvlt follows immedictely, from Lemma 7.5.1,
acting that
i
EMY) =L +E V().

Remark s

(L} The comparison in the aobove Theorem is vclid for large

samples, t¢ the terms ﬂ(ndl), cnly.

(18} (7.5.10) indicates that, we may have E V(z) < E HI;r} in
many situcations und the apﬁu:ita in many other. It appeocrs to be
quite difficult to identify the specific situations in which either
of <t oand (SRSWR, qr} is preferable.. over the other.
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(111} It is interesting to note thot if p,  aond 9122{1=!,23
i.8., correlotion coefficient betwean X and 2z and that between
Xy and z2 are zero or negotive, then L would be positive ond
hence the strotegy <t would be better than the strotegy (SRSWR, ¢r}
with wy = w, = 1/2.

(iv} In cose of the modified rotiec estimctor $; due to
Tripothi (1978), we note from (7.5.4) that Wy = Wy T %p@i C1 = Cz
(= C say) > 0 ond then using the Lemma 7.5.1 ond Thecrem 7.5.1,
a necessary and sufficlent condition for 1 to be nz-batter than

i
(SRSWR, T;} for Wy = W, % is givan by

2 I+ﬂ12 - (p|z+“2:}ci
ol }

—t

(14C*2) cf_ +1C

+ {1+C:}n2r*2 T4py, {p1u+p2u}CU
N {=—— - T

and o sufficient condition for the some 1s given by

} >0 {7.5.11)

Prg 2 20" - (7.5.12)

where

+ C + c
p* = max {(plzcglz} z , i?lu ?Zui_g}

ond which always holds true, if

01, 0 by, 20  (L=1,2). (7.5.13)
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