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Abstract

Let Xp,...,&, be a random sample of size n from a DFR disteilution and let Xj. ., denote its ith order statistic, T is
shown that for @ = f, Xj, o B8 foee dispersed than A7,..,. Alse, i X'y are independenl DFR mundom varisbles, but not
necessarily identical. then X, i less dispersed than X, for j= 1
Kevwordys: Hazand rate ordenng; Likelibood ratio onlenny; &-out-of-p system: DEER distnibution

1. Iniroduction

f-oul-of-n sysiems play an important role in eeliability theory and these have been discussed extensively in
the literature, The system consisting of » components works as long as at least & components are working.
The parallel and series systems are l-out-of-n and r-out-ol-w sysiems, respectively. The survival function of
a k-out-of-p svstemn is the same as that of the (v — & -+ | )th order statistic A, ¢ 1.0 of a set of 7 random
vartables. Thus, the study of &-out-ol-n systems is equivalent o the study of order statistics. Needless to say,
it is important and also of interest to compare the stochastic properties of order statistics. In the literature,
many inerestng results have been obtained jo this arca. The recent book by Shaked and Shanthikymar (1994
is a pood reference for the various kinds of stochastic orders and their inter relationships.

In this paper, we shall he ussuming that all the random varizbles under consideration are nonnagative and
with their underlving diswribution functions sirictly mereasing on their supports. We shall use “increasing™
{“decreasing™) to mean “nondecreasing”™ (“nonincreasing” ).

White designing systems from components, engineers are very much concerned aboul the wariability in
the lifetimes of their products. There are many criteria for comparing the vadahility or dispersion in two
probability distributions. One of them is the partial ordering known as dispersive ordering. Let X and ¥ be
two random variables with distribution functions Fy and Fy, respectively. Let F_{-' and £y ' he their right

i
continuous inverses (quantile functions). We say that X is less dispersed than ¥ ( X <j‘ ¥y if Fylepy -
f"-;’[xjé-’._f'?liﬂ} - !":TI{-I}, for all 0ga<f=1 B reguires the differenee of any two guantiles of X 10 be
i dis
smaller than the difference of the comesponding quantles of ¥ ofor X =‘§F ¥. An equivalent definition of ¥ :{P ¥
is to reguire that F; LFy(x)—x to be increasing in x. Let #y and 7y denote the hazard {failure) rates of X and
dis
¥, respeetively. Then it can be seem that X '—"{p ¥ = rﬂF}'{u}]}rF(Fr_]{u]} for all 0=w= 1. A consequence
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disp disp ) ) )
aof X = F is that var(X Ysvar(Y ) Also X = ¥ implies E[ X — Gi]<E] ¥ — 5], where X XY, ¥ ) are
two independent copies of X{¥).
o the next scction, we show that if X,,.. ., Xy 15 a random sumiple from a decreasing failure raie (DFR)

W
distribution, then for ¢ < f, Xy = X poa. In Section 3, we consider the case of nonidentical independent

DFR random variables and show that in this case a scries system of # components is less dispersed than any
other k-out-of-n system of such components.

2. The case of iid DFR random variables

It is easy to prove that if X),.... X, i5 a random sample from any arbiteary disteibution, then for @ = f
Xii-m 15 smaller than ;.. accordimg to likelihood ratio ordening sense. It is a very strong tvpe of ordening
and it implics tha the hazard rate of X ;.. is uniformly smalier than thal of X,

Boland et al. (1993) proved the following result on dispersive ordering between order staristics from an
cxponential distobution.

Lemma 2.0, fet X, ... X, he o randonr sameple from an expouentiol diveribution. Then for § < |,

diap
A e
XIJ:I?':I -""\“, -1|-|:_,-:|r:|-

We shall need the following result {see Bartoszewicz, 19877 1o extend Lemma 2.1 from exponential distri-
butions to DFR distributions.

lLemma 2.2, fed o Bo — By be w fimetion such ihar of0) = 0 and @(x) —x iy increasing. Then for ecery
convex and strictly increasing function v B_ — Ry the function g~ x) — v s fncreasing,

Mow we prove the main result of this paper.

Theorem 2.1. Ler Xy, .. X, be o random sample from o DFR disteibution. Then for §=

disp
‘Xll:ﬂ':l % H-i_,l'il.']'

Proof. Let /7 denote the distribution function of the identically distributed X 's, Then the distribution function
Of X 18 Fyponlx) = 8y 0 F(x) for every x, where By, s the distribution function of the beta distribution
with parameters {f,n — 7+ [,

Let G denote the distribution function of a unit mean expeunential random variable. Then H ., 04 =
By i.syG(x) is the distribution function of the fth-order statistic in a random sample of size » from g unit mean
exponential distribution. We can express [, 4, as

Fiondx) _Er_f:nJGG_IF{-‘-'] (2.1
= H, .G~ Flx). (2.2)
To prove our result, we have to show that for 7 <,

F'; -'-IurFf-'i-'"r*'rJ X 1% LRereasing in x

¢¢,}:'—‘(_:'H[ ".H[“,,]G' "F{_r] XI5 ingreasing in x. (Z3)

j:.llj
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By Lemma 2.1, H(J,;',ﬁmr-;,,](x]—r is increasing in x. Also the function w(x) = F~'G{x) is strictly increasing

and convex i F is DFR. The reguired resull now follows from Lemma 220 1)

The DFR assumption is very crucial for the above result to hold. Boland et al. {1993} have shown that in
the case of a random sample of size 2 from uniform disteibution over [0, 1], which is not DFR, X} .2 is not
less dispersed than Xz

3. The case of independent but non identically distributed DFR random variables

Mow we consider the problem of comparing order statistics when the parent observations are independent
bul nol necessarily identically distributed.
Boland et al. {1924 have shown that it X7....,&, are independent random variables, then for 7 < 7, X0

kr
has smaller hazard (failure) rate than X, We denote this relaton by Xj,.., = X ;. q, Mote that a random

variable with smatler hazard rate survives longer stochastically than one with larger hazard rate. Bapat and
Kochar (1994} strengthened the above rcsult trom hazard rate ordering to fikefihood ravie ovdering provided
the parent random variables are themselves likelihood ratio ordered.

To prove our main result on dispersive ordering between two order statistics from a hetorogeneous sample,
we shall use the following leiuna of Bagal and Kochar {1986).

Lemma 3.1. Ler X and ¥ be rwo nonnegative random variables.

w disp
If X=Y and X or Y is DFR, then X < Y.

Using the above result of Boland et al. (1994) together with Lemma 3.1, we get the following theorem.

Theorem 3.1. Ler Xy,... &, be independent ronnegative random varighles: then for [ <,

diap
KMoy % Xy provided X o, s DFR

Even if we sample from a DFR distribution, it may not be true that X, is DFR for arbiteary /. Buot the
smallest order statistics Xy, will always be DFR in this case. This [ollows from the fact thal the hazard ale
of a series system of independent components is the sum of the hazard rates of the components. So if each
camponent of the series system has decrcasing hazard { [ailure) rae, the system witl have DFR property. This
leads us to the following resulr.

Corollary 3.1. Ler X, .. X, be ndependent DEFR vandom variables, then for j =1,

alisp
X-l'l B :":\ k::_.':lr:--

It follows from the above discussion that if we make A-put-of # systems out of r independent DFR
components, then smong them the seres syatem will be least dispersed bul with greatest basard male.

We end this section with the following result on dispersive ordening between series systems of independent
DFR componenls based on different number of componernis.

Theorem 3.2. Lor X, X, 1 De ndependewt DFR ravdom variahles. Then
disp
Xr_l wtl ‘:{:a‘lil:w}-



274 SO Kockar § Stanstics & Prababifiry Letfors 27 710067 77 274

Proof. Since the hazard rate of X, 1s smaller than that of X, 0,

I
XH:MIIJ % lel'nj-

The required result follows from Lemma 3.1 since X, has DFR distribution under the assumed conditions.
L

For stochastic relations between normalized spacings from TFR distributions, sce Kochar and Kirmani
(19957,
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