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Absiract

We construct 1wo iolinile series of nested row-golumn desigos baving 2 x4 arrays as blocks
and with trcatrnents salisfying a rectangulur asseciation scheme with twe rows and an odd
ournbet (h) of columms. The designs have the following parameters ¢ = number of Treatments,
A - mumber of blocks).

Series ir = limoddn 25, v =1 b =nin — 1)d
Series D =dimoddn 2zl v=2nb=nin+11/4

These designs are shown to be E-optimal and highly efficient with respeel 1o A-oplimalily
criterion. Egually bmportand, these oplimal designs are very ceonomical in us much as they
tequite 85 fow vbservulions as pessible in the sct-up.

1. Iotrodstion

Hy o nesled row -column sel-up we mean a set-up with thres nuisance factors, of
which two {row and colomn)] are crossed within ope another, but both nested within
the third (block) factor. The number of rows as well as the number of columns within
each block is assumed 10 he constant. The analysig of such a design 1= presented in
Singh and Dey (197%). In the same paper a lew serics of variance-balanced binary
dezigns were constructed. Designs with the same property were alzo constructad in
Ararwal and Prasad [1982)

The first optimality results on the nesred set-up were obtained in Bagehi et al
(199 A surprismg fact 18 that the optimal desipns arve necessarily non-binary and
they were not available in the Ywraoars, Several serics of optimal desipns were also
construcled in this paper. Srivastava (1981} pointed cut that for a nested row  column
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design it is desirabie that the sizes of the rows as well as the columns be us small as
possible so that the additive model is vaulid.

Now, the smallest possible designs in a nested set-up would have 2% 2 or 2x 3
rectangles as blocks, The construction of an optimal design is not really a new
problem in these ser-ups. This is because we can construct such a design from an
oplimal one-way desigm invially as lollows. For cvery block (ebl (or (abe)) of the
onc-way design &% we take u block

a b (res el (a b C‘
ba).\pm}rxbn‘n;

of the oested design. By the main result of cur earlier paper (see Thevrem 3.1 below)
such a nested design will have the same optimality properiy as J*

For the above reason, we attempt to constroct optimal nested row volomo desigos
with 2 x 4 rectangles as blocks. In our earlier paper, a series of such designs were
presented with r = O{mod 4) Here we construct designs with v = 2{med 4), thus
exhausting all cven values of # These desipng are E-optimal and highly efficient
with regard to A-criteriom by the reselis of Bagehi and Cheng (1923) and Bagchi
{1994}

The problem of constructing opiimal designs in oor set-up wich minimum possible
nurm ber of ghscrvations remaims open {or odd values of »

2. Construction
2.1 Nodatinn

Lil p und g denole, respectively, the number of rows und columns of 2 block of
it nested row—colurmm set-up, # the number of blocks and » the number of Lreatments.
Such a design will be referred to as NI A, pg) Lot L{e = b)Y denole the treaiment-
blovk, Mir = bg) the treatment-column and At % kgl the treatment-row ingidenee
matrices. Also, let

K =NN'—p fLLT (1)

2.2 Definftien

We recall that a rectangnlar (in, 1) association scheme [z a three-class association
scheme with s treatments (L), 1 i<w, 1 i< n Fori#fandj# &, the treat-
menl pair (i f) and (§. &} are mutually first associztes, (3.7} end (f§) arc second assoclates
and (i, /) and (f, k} are third associates. 4 PBIBD with rectangolar association scheme
will be called a rectangular design.
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2.3 MNeidafion

5 is the infinite sequence of which the b twrm = 1) is given by

-~ 2i if 15 odd,
M= 2i—1 otherwise.

We shall now describe our method of construction.

2.4, Furthey notgiions

(2]

Fix an odd inteper » = 3. Let I denote the set of integers modulo s Ler ¥ = [Lf*
be our treatment set, where I'* is a copy of I disinint from I, Let i—§* i, be

a bijection from T to I*.
L=t
t = [{n — 11/47.

Here | ] denotes the integral part funcrion.
Let 5, denote the finlte sequence comsisting of the Arst ¢ terrms of §, 1e

S=is. =it

For je 5§, let B, denote the Tollowing rectangle with entriey from 1

I I Y L
RJ_LF" ] —j* _]J'

R X S R
g =¥ —x —x* x|

ot il 1s odd,
T lt+ 1l otherwise.

2.5, The designs

{#

)]

Let B;; denote the 2 = 4 rectangle obtained by adding i {(mod k) 1o each entry of R,

Fe {UTLE, see (47

When v = L{moed4), the ta arrays By, jo 8, b<i<n — 1, constitule a nested
design NI 2m, e, 2. 4). When o= 3(mod 43, the {¢+1n arrays By, je {0hws,,

D=ign— 1 consiitute 2 nested design ND{(2a, {2+ 1m, 2, 4).

‘Theorem V. The designs connructed above haoe the following properties.
[a] K =0 i{%ee Notation 2.1),



356 & Hupehi ; Juwnal of Staticionl Pleming gud Infevesicg 52 (T9%6) 451157

(b M ix the Incidence matric of a PBIBD with recremgadar pasociation scheme with
fit d, =0=4;, 2y =1 i n = 1{mod4),
i) 4, =0, 4; =2, 2 — | if' v = 3{mod 4) (Sec Definition 2.2,

Prool. (a} iy obvious.

(b) Sinee cach column of each of the generating blocks (acd heacs of all the blocks)
has a unigue treatrment from I and a unique treatment from 7 ¥, we have 1, = 0 for
both the series. ITence, an unerdered pair of the form g, ¢* ) occurs as a column of 8,
only, and occurs twice there. Wote that + 148, as ¢ = (n — 1)/4. Thus, 4, =0 or
2 according as s = 1 ar 3 (mod 4), respectively. Tt remains to show that 1, = 1 for both
the senes.

Cuse ' r = 1 {mod 4} Tt is enough to verify that for each a e |, o £ 0{mod n), «« has
a tmigque represcotation of the form

a=tb+t hoS. N

Since there are # — 1 such o's and &, containg (n — 1)/4 terms, the above will follow
if we show that the four subsets +1 + 5, of I — 0{addition elemeniwize module n) are
patrwise digjoinl, This follows from Lhe following observations on §;.

) [MieX.n—igs.
(i) No two glements of 8 differ by 2 {mod #),

(1] No wo clemenis of 5, add up o 5 — 2{mead ")

(1 und (i) are obvious. To prove ([iU), we note thal the elemeniy of ¥, are at mosi
{n — 1172 S0 if two clements add up w v — 2imod k1), they muse be (g — 1572 and
(n —1)/2 — L Butir — 1)/2 is cyen and the number preceeding any gven member of 5,
does not belong 1o 8,

New it is easy to sce Lhut observations (i), (i) and (i), respectively, imply that | +§,
is dispoant from | — &, — P 4+ 8, and - 1 — §,. The remaining part follows from
SWIMTRCITY.

Case 20 n = 3{mod 4} Her: we are 1o show that for every a =1, @ Las a unique
expression of the forma =4 b+ 1L be 8§, or a — + 2x, where

. {r it ¢ is odd,

T 1t b1 otherwise
But this amounts 1o showing that the five subsets +1 + 8, and {+2x} of F — {0} are
pairwise dispoint, Mow it is easy to see that the observations (1), {ii) and (fii) hoid in this
case also and therefore the four sets +1 + 5, are disjoint. So it remains to show that
none of +2x +1 belongs Lo &,. This can be checked by a straightorward calculation,
Hence, the theorem iz proved. [

In order to clanily the construction, we provide two examples of the designs, one
each for the Wwo cases n = + 1 mad 44



5. Rurpchi ! fouenod of Stetistical Plagning ang fnforance 32 (16908 151357 357

Example, n = 3 Here r = 0 and x = 1. 5o the generating block is
[, 1F 3 22
| 1% 2 2% 1 |
n =5 Here t = 1. 50 §, = {2}. Henee, the generating block is
"1 —a* -1 h
2* i —* -1 |

3. Optimality
l.cL us nole & lew known results,

Theorem 3.1 (Bagchi, et al., 1990). Suppose a nesied design lov K —= 0 (see Notation
21y and M is the incidence marrix of a block design d%. Then the nested desiga hax the
Sume opiimality property as d%.

Theorem 3.2 {Bapchi and Cheng, 1993). A rectangulor dexign with two rows und
iy =3y =A4 — 1 iy E-oprimal oper the olass 20b, 0, 2) of alf connecred designy wiih
¢ preatments, b Blocks, each of size 2

Theorem 3.3 (Bagchi, 1994). A rectangular design with two rows and 4y = 1; - 2 =
4y — 1 is E-optimal in 22(h, v, 2), wheperer ¢ 2 10,

In view of the above theorams, 1t (2 clear that each of the desipnz constructed here (s
E-optimal in its respective class, excepl when v = A,

Turther, by Theorem 3.7 of Bapehi (1991) and Theorem 3.1 above, we see that 1hese
nested desipns are highly cfficient with respect 1o the A-erilenion, the cfficiency tending
toy 1 ag o —o:.
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