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1. IsTroDUCTION
If 2,.75....,7, are n independent normal variables with equal variances then, ns
is well known, 7 = 1 Sz, is independent of 1hesct of varialles n=a=Fi=12. 01,
n

and so it follows that 2 is independent of_ any function g(r,, x,, ..., 2,) such
that
gl A, ..., 2+ A) = gly, 24, .0, 7,) for all A e (A)

For, putting A= —2z, we have
Glzys Tgs oy ) = glO =2, 23—F, o0 7= 2) = 9U1 Y2 s Yuori =Y.
That tho direct converse of the above proposition is not true is scen from the following
examplo.
Let z, and x; be independent and identieally distributed continuous chance

variables with density function f(x)dz and let

( ) {0, il 2y, <y,

£y Tg) =

el 1, i 2>
IC uw=}{r,+x) and v=} (r,—2,) then f(u, v) dudv = 2f(utv)f(u—2) dudv and
hence the conditional frequency function for u given that v < 0 is

du I (utv)f(n—rvido

S(n)v<OMdu = —
- [

j dn j 2flu+v)flu—rv)dv

die I 2f(u+ v)f{e—rv)dv

Idu I 2f (u+v) flu—vidv

-9
= flu|v>0)Mu
which proves that 2 is independent of g{x,, x,).
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However, the converso of (A) is true if the function g(z,, ;. ..., z,) bo of some
particular types, Bernstein (1941) proved undercertainassumptiona thatifz,andx, aro
independent chanco variables such that x,+z, is independent of z,—x, then both x;
and x, are normal with equal variances. Bornstein'as Theorein has been considerably
extended by Frechet (1951), Darmois (1051), and Basu (1951). It has been proved
that if z,, xy, ..., 2, are independent chunco variables such that a,2,+a,7,+...+a,7,
ig independent of byz)+byry+... +b,2, then 2, is normat if ab;70 (i=1, 2

Geary (1938) proved that if ,, x,, ..., z, are independent observations from the
samo population then the samplo mean can be independent of tho samplo variance
if and only if the parent population is normal, Geary proved his result under the
implicit assumption that the parent populgtion has moments of all orders.  Lukacs
(1042) proved Geary's Theorem under tho assumption that moments up to the sccond
order exist. It is believed that the result is truo without any such assumptions.
Below wo give an extension of Geary’s Theorem.

. n).

2. EXTEXSION OF GEARY’S THEOREM
Let 2y, x,, ..., 2, be independent samples from a population that has finite
moments up to the rth order and let K, bo the K-statistic of the rth order, i.e. K, is
the unbiassed estimator as given by Fisher (1928), of the rth population cumulant k.
Theorem :  If Tz, is independent of any K (r>>2) then the parent population is normal.®
Let s, (5 = 1, 2, ..., r) bo tho ith population moment about the origin. Then k,
i8 the co-efficient of / in the power series expansion of

log (1+[l‘t+2ll ;l,t’+...+'_l|. J79)

and 8o k, = Gy, pyy ooor ) o (2.1)
where @ is somo polynomial in the x's.

Now suppose we want to estimato a term liko x91e3s...u% where the a's are
non-negativo integers. If wo want to uso only polynomials in the z’s then aur esti-
mator must necessrily consist of terrus like 2% zis...zfs whero of the n indices
§15 B0 ooy Ty @ must beequaltoj(j = 1,2, ...,v) and the rest must bo zeros.

Henco from considerations of symmetry (Basu, 1952) tho best_unbiassed poly-
nomial estimator of z5su5°...p8r is

lyyags , = M'!(%M E2h..zh . (29)
whero tho summation is taken over all the nlf{a,!...al(n—a,...—a,)!} possible permu-

tations of the indices,

® When this papor was o pross, Laha (1053) oxtendod Geary’s Thoorom in another dircction by
proving tho following:—

“Lot 21, 21, «s n bo indop ly and idontically distributed chnaco varinbloa with & Bnito
varianco g%, 1f now the conditionnl of any io catimato of ca? (0] for tho
fixod sutn x, 4234 . .. 42 dood not invalve tho latter, then tho distribution of cach z; is normal.™
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It is thus clear that in general we can set up unbinssed polynomial estimators
for p3s... ez only if @y +ay+...+a, € nand 80 %, admits of an unbiassed estimator
K, only if r < ;.

Now k= GUn, pias oees 1)
= XC, A . (2.3)
and henco K, = ZC,ruyu0, tero (2.4)

whero the summation is taken over all a's such that a+2e,+ ... 4ra, =r.

Let o(t) and (1) bo the characteristio functions of Yz; and K, respectively. If
Er, bo independent of K {2 < r < n) then

Ot u) = E (5547} = o)) .. {2.5)

(we are writing ¢ and u for it and iu respectively). Differentiating both sides with res-
peet to u (which is permissiblo becauso E(K,) exists) and then putting «=0 wo have

E(K ™) = (E(K)}el0)
= k(). . (2.8)
Now Bz ..o 2ln ety = Ealr ¢"-))( Ezls ¢5)) .. (Elzle )
=9, () e 9 (0
= {70} oo () )or (o)) 21eem0e e (27)
where ¢(t) is the c.f. of the parent population and
) = 50 vl = 50
Hence from (2.2), (2.4), (2.6) and (2.7) we have
E(K, ¢25) = ECq, cerg, #31 * 37 g™ 0700
{whero the summation, ns usual, extends overall the a’s for which &t, 4+ 22y +... -7, =1}
=: ko).
Now since a{t) = {p())" we at once have from (2.3) that
o %) = k. - (28)

We now observe that tho Lh.s. of (2.8) is % loge(t), for
n
logy(t-+h) = log{plt)+hr,(0)+ 3 7al)+ -}

hl
= logr()+log {t+5 245 i)
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