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Abstract

Given two {uzzy subsels on support set 8 in a metie (e, Euclidean) space, we consider the problem of defining o
distance between them. The inadequacy of an earBer definition is pointed cul und & Hausdorll-lke dislunes is defined that

1% 4 metnc.

Kevwordy: Fuzeoy scls; Distaoes: Hawsdor¥ meme; [ssimilanico

L. Introdoction

Distance is a powerlul concept 1a many disciphnes
of science. It is desirable that the distance be a metric -
in other woueds, that it be positive definite {d{x, ) =
0, and & x, vy =il x = y), syommette (diy, y) =
ef{y, x7 Torall x, ¥}, and satisfy the triangle inequalivy
(d{x.2l s dflx, vy +dipz) forall xov. 20,

In the p-dimensional Euchideun space BF, Minkow-
ski defined a spectrumn of metric distances given by

dal X,Y) = {Ep: -} (n
=l

where X. ¥ are two poinis in BP and x; is the fth coor-
dinare value of X, Three of these distances, namely the
ity block, chesshoard and Buelideun dislanees, corre-
sponding to s = 1, 20 and 2, respectively, are the most
popular in paltern recopnilion and image processing
applicarions.

The concept of distanee has been extended to sub-
scls of a mete spaee. One popular set distance is the
HausdortV distance {HDY, which is g metric. Let W
dencie the operation of dilating the set W by radius A
(i.c., W ix the set of all points within distance A of
W), Por any two seis U, ¥, la

Liuvi=imffAcsR' | " V)
Then the HD AL V) is detined as
max [ LoV, LK.

The [uzey set is a generalization of the set concept;
a fuzzy subset of a sct § s 4 mapping from § inlo
[}, 11, where the value of the mapping for an element
of § represents the “degree of membership” or “meot-
bership value™ of the clement in the fuzry subsel An
ordinary {(“crisp™) subset of § can be repgarded as a
mapping into {0, 1}, where the mapping takes on value
1 for clemenis of e subset, and valve O otherwise,

Two methods of defining the distance between Lwo
luezy subscts woand o of B® have been proposed
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{ Dubois and Prade, 1980}, one of which was later
modified [Resenleld, 19857,

In ome of the methods in {Dubois and Prale, 980,
a distance which is a fuzzy subsel of ' was defined.
Fur a nom-negative real number v £ B7, Lhe distance
is celined as

sup [min(r(#y (0] {2
B R

d]l..': [ r:' =

For two nun-fueey sets & andd ¢, this delinition leads
iy d,.(r) = @ if there exist P £ w, O} & 4 such
thut &0 F ¢ = r; otherwise ., (r) = 0. The metric
properties of this (istance fanction are discussed in
¢ Dubois and Prade, 1980}, &, . #) is nat 3 melric in
the usual sensc of the Lerm.

The definition was slightly mudilied and renamed
in { Roscnleld, 1985):

A pir) = sup  [mundu{ Py, e{L1]. (%

AT N

Note that A, - is 4 monetonically noncecrcasing func-
ton of 7 and 1F 4’ < wand o 2 e (e, w5} S uls
forall 5 = 5, and similatly ot o and ¢, then Ay =
Ay - The distance &, . satisfies some other desirahle
properties,

The mean distance helween two non-empty fuzzy
subsers i and ¢ wus also defined in (REosenicld, 1985)
s

5 EEP_@ES&{HQ.‘JI_I‘Jjn[u{P]l,u{QH
Wl = ZERQESWHIH(PLH:Q”
In { Dubois and Prade. 1983} the HD was also gen-

eralized w0 Juzey sobsets, Tor a furzy subsct v, Tor
any A= B let

wh( Py = sup{w(Q) | S(R0) & A} (5)

{4)

Here wt, the cxpansion of w by A, is the osult of
applving o all prines of w a lxal max operation within
a region of radius A MNow leo

Ligvt —infjA= BY |t 20} [6)
The HD Hw.e0) 15 then defined as
Hiw, o) = max| Liw, 20, Ll ud ] (7

Mote thal if sup{r) # sup(r) then either Liw, o)
or L{e, u) does not exist and hence Fw, ) cannor
be defined. Thus, all luzzy subscls in 8 must have the

same suprepum for the distance H 1o exist; this is a
seriows drawback of this delinilbion.

2. Proposed distance

We propuosc here a furzy pencralization of the Haus-
dorll’ distance HLY that is a metric,

First, let the Tuzzy subsets ¥y, &7,. .. .1, he defined
on 4 supporl el 8 which congiss of a finile number
of puiniz in a metric space. Also, ler cach fuzzy sub-
w2t have a finite number of distinct membership val-
ues, Ler all the distinct membership values of all sub-
sets. pooled together, be 11, . .., #,- Lel the maximum
membership value of g be g g,

Tor slart with, let all the furzy subsels have the same
TIAA IO My L other words, let

B man = #2mar = - = ¥pmax = M-

Copsider the ¢ level set for cul set) ol 5, called
8. which is a non-fuzey subset of §. Thus, a point
¢ belongs to 5 if and only if wi{p) = . We can
cornpute the conventional HD between Sy and 5.
Call this HIY #¢ S, 5 ). Now define

'—\-'JI-_ Y fafd &1 S'k:‘
H{H,‘.Hf}l = Lk ! &) il c {EJ
: kel e

Note that H is a memne. This is 50 because fi is
4 metoe, £t 4 constant moltiplier for cuch &, and
the denominator on the righl-hand side is a constant
independent of w; and &,

Now fat us gssume thar all the fyzzy subsels do nor
have the same maximum. Then for some fuzzy subsets
ad for some membership values the lovel sets ure
mall. There exisls no way of definthg a conventional
HD berween one ol and anotber € either non-null or
null} subset, Thus, level by level distance computation
15 nob passible, i general,

Tur Letke care of this probiem let us modify the sets
1.9, -, #, 50 that the maximium membership of all
the scis is | and it occurs at {support) points where
the naximum membership occurrad previously. Now,
Eq. (8) can be applied o the modified w;'s to define
the distance.

However, H defined in this way may still nod sarisly
a desired property of 4 metric, namely J (w03 =0
Ul &, = ti;. This is sp when the two moditied luzey
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sets o and & are equal although originally w; # u;.
Such a wiluation occurs when a; and &) are cqual ar all
supporl poiots except their mactima.

To counter this problem we can add to K & function

E.rfES |uI{ql} — iy {El'l_

H#Y .

el ;) =&

where £ is a small positive constant and #5 denotes the
number of points in 5. Note that ey, 4;) 15 computed
on the original fuzzy subsets, nol on the modified ones,
The modified definition of the HD is then

=ML

foh{8, 50
Hiu, u,) = =51
! Z:‘:I Ik
. > oees i) —us(q)]
#5 :

{10}

where the level sers are compuied on the modified
fuzzy subsers. {The value of & should be chosen to
tellect the relative importance of the two lerms io the
given problem domain b Nole thue e is 8 mewrie and
hence A defined by Eq. {10 is a metric. The distance
computation algorithm for any two fuzzy subsets n, v
of 3 is as follows:

l. Choose & = ). If i = r then H(w, 61 = [ Retumn:
Else, continoe,

2. Find the maximum #m,. of @ Tet S{ug. 0 he the
{crisp) subscl of 3 where the membership of o
is wpax. If gy # 1 then modify u so that s
membership ar every pointin S{in.} 15 1. [et the
madified set be called 1f. Do the same for ¢ and
define ¢,

3. Fing H(n'.+") using Eq. {8},
Hiw, v = H{w' . 1") = elu. v} return,

In the development above, we assumed that (i) the
support & consists of 4 finite number of points and (i)
there is only a finite numnber of distinet membership
vilues. In general, the support may be an uncountable
set and the furrey subsels defined on it can take on
membership values in an uncountable subset of [0, 1.
To define a distance equivalent b Eq. {10} we assume
that the support § 15 compact, thus has finite hyper-
volome, and that all the furzy subsets (u;'s) defined
on 5 ave continuous. Then, Cg. § 1) s modilicd in
Lhe fellowing form:

1
Hliuf-u;}=fﬁh{3eﬁ,5md#
1

5 S wils) —u;(s)|ds
Jy ds 1

where S, is the g level set of the fuzzy subset .

To see that A defined by Eq. {11} ix 4 metric, note
first that by the cornpactness and continaity conditions
we can ensure that

(1

leJ{SJ—uJ-E.G}id,\'=ﬂ =% u=u;
3

and

I
fﬁfil:Sm,Sw} dit =0 = B8, 51 =0 ¥
i)

The triangle inequality can be easily verified for cach
term on the right-hand side of Eq- (11,

1. Discussion

3pme comments about the proposed definition of
distance are in onder,

I. In defining the distancee we medify both fuzzy
sets w; and w; 10 set their meximum memberships o
I, or more generally, to some fixed member of the
{possibly degenerate) interval [, 1], where to, =
ik { timan | § € {5, ... .n}}. This seems necossary in
order to satisfy the rangle inequality. 1M, by contrase,
wi have Tuzey scls by iy, With Bimoe < #jmax <
03 e a0 W were e compuate F{w, ;) by adjusting
iy Ly uF sir that the maximom of u£ is #;ma {and
similaly on all pairs of Tuzzy scikd, we would not
satisfy the triangle inequality.

2. The second term in Bag. [ 1) is introduced o take
care of the positive definiteness violation of the first
term (in une siloalion). This term itself (s a metric:
it denotes a dissimilarily measure, rather than a “ge-
omelrical” dislanee megsure, between rwo fuzny sets,
To illnstrate this poinl, consider two fuzey sols w; and
u; with comstant membership v, # 4 everywhere on
3. To find the distance secording o Eq. (10 we set



WE] H & Chuuelfiuri, A Reenfeled f Pettenr Recopmbon Leyers 17 (19968) 1 37-1 165

both of their memberships 10 1. Their level sefs for any
membership value are equal and hence Lhe first lemm
in Eg. {100 is zera. while the sceond lemmn is nooecro.
Mute that there is no peometrical distance helween u;
amdd sy at any level set, hut they are dissimilar in their
{constant] membership vatucs,

O the other hand, consider 1w sy sois 1, aod
#; on Lhe real line such that the membership of o
is @ constant . over [0, 2] amd #ero elsewhere, The
membership of #; 15 also a conslant @ over |3, 5] and
vori clsewhere, In this sttuatton, one can visualize a
peutnedrical distance between w; and o ;. Note that the
first term in Bg. {104 is nonzero now, Conceprually,
there is also a dissimilarity between 4 und &, {one is
nonzers where Lhe other is zero b amd the second tenn
contribules positively, However, we arc intecested here
in ¢distance and hence the constant & is chasen W be
small in arder to emphasize the distance part.

Divsimilarity between fuzzy sels is alsa an impor-
tant issue with practical application potential. We plan

o study Tuzzy disstmilarity measures in a subsequent
paper.
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