Fault identification and routing in Benes networks

Nabanita Das *, Jayasree Dattagupta
Elecmrario Linit, fndian Staviszical Instivere, 203, BT, Rond, Caleutta FREES, India

Reecived 13 Barch 1925, revised 18 May 1995, accepted 22 January 19940

Ahstract

An NN Benes network 8{n) (n —log, N, being a rearranpeable network, can realize any & * A penmutation in a
gingle pass. But even in the presence of a single switch fault in A(A), two passes are necessary to realize any W XN
permutation. In this paper, we attempt o charactertze the swikch Fawlt sets in Bla), n the presenee of which the nepwork 15
always capable of rmalizing uny arbitwary ¥ X N penmutation P in two passes, such that every source-destination connection
is set up in a single pass, ie., no recicculation is needed, but the whole set of & source-destination connections of s
parnifioned in two subsets and are realized in (wo successive passes. An algorithm has been developed fo test i the fanlcy
Bin) is capable of Toalizing any arbilmary penmutation in bwo passes by our technigue; if it is yes, another algotithm also has
been presented that computes the faolt-tolerant routing to realize any arbitrary permutation F in two passcs, through the
fanlty 8(r} Hinatly, tor this touting tzchpique, the exact locations of the faults are not important, only the intormation of
ane optimal repions around fhe Fault 35 syfigienl. This featore actually eénmables us o develop very fast and simple
procedures for identification of faulty regions of B(n), in the presence of multiple switch faults. Therefore, this fault-tolerant
routing scheme enablkes us to make # k) fault-tolerant in the presence of an easily-testable class of muoltiple switch faults,
without any recirculation through intermediate nodes, or any reconfizuration of the system.

Keywards: Multisispe imierconnection networks (MINEY, Rearmungeable networks: Unigue-path {oll-access neoworks, The Benes network;
Fauli-tolemant moutitg, Looping algorion, Conflcs

L. Introduction for compmunicating among different medules of the
system. Several N XX MINs with O{n=1log, N}

Multistage Interconnection Networks (MINs), are stages and N /2 swilches in each stape have been
uzed o3 multiprocessor or 4 multicomputer system proposed in the literature for use in SIMD or MIMD

supercomputers. Far example, the Memphis switch
of the GF1] auperconpter is a three-stage Benes
peiwork. whereas the NYU ultracomputer uses an
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Omwega network, to interconpect & pracessols ta &
memtory miklules. Mow, the tuilure of 2 swilch ot g
link in these interconnection networks can bring
down the entire system or canse g severe depradation
in the performance, unless solficient measumes are
wovided to make the nerwork tolecant o soch fail-
ures,

ln the r-stage unique-miath full-gecess N
MINs, ke baseline, omcpa, reverse-bascline, ofe.,
cven 4 single fault in @ switching clement or a link,
destroyy the full-access property. {n the ather haod,
in the rearrangeattle networks, such as Benes, {317,
etc.. with {2 — I} stapes of switcles, mubtiple paths
originalty exist belwsen any source-Jeshnaton pair.
Therefore, pure sollware approdch of Paolt-lolerant
rouling 18 possible for these nelworks, withoul any
recirculation, or reconfiguration of the system in a
derraded made, Most of the existimg faule-tolerant
mubng schermes for rewrrangedble nevworks, iovesdi-
gated the Benes network. with very limited fauole-
tolerant capability [L4,3] the serious Tmitarion of all
these Tanlt-tolerant routing schernes 15 thal, ooly e
crnered-dine-sniek-a fault in Benes network has been
considered. This fault model does cuprure only a
very smalt subset of all the faully sitadons thal may
arise in real practice. However. another more realis-
tig fault model, the nwitch fault nradef, the strongest
amonyg 4l the fault models of MINs, also has been
analyzed in some literatures. In [3), the looping
algorithm [6] bus been cxtended o achicve Taudt
tolerance and graceful depradation in the system
performance, in the presence of hoth swiseh fiule
and comtrol-fire faults, In [7] a fautt-rolerant routing
scheme 15 proposod 1o wlerale muolliple contral dine
faults in each slage, and in the presence of swilch
faults, It develaps a graceful degradation routing
schemie 1w muke the loss of resources minimal. Bur
these sbrategies of reconfipuring the systerm in a
degraded mode, may result I an enormaus wistage
of resources amd loss of parallelisi;, moregyer, it
imigld require redesign of alporithms o be executed
by the sywictn.

In this paper, we analvze the behaviour of Benes
nepwork in the presence of switch facles, Tarlier
studies oo lault-tolerance in the presence of switch
fauliz. reported some routing schemes thut reconlig-
ure the systern in g degraded mode, Buat bere, we will
show that it iy possible o exploit the large amount of
inherent redundancy present in Benes petwaork w
tolerate mualtple switch faults withoul reconfiguning
the system in a degraded mode. By our technique,
gich sourcg—destinabion path is realized in a siogle
Pass, i.e., no recirculation through intermedhate mod-
ules is required. Here, we characterize the switch
fault sets, in the presence of which. the Benes nei-
wark is capable of realiving any purmubition in Lao
passes; an algorithm is also presented thatl checks if a
given Tauh el belongs to this class. Given any
arbiteary permutation £, we assume that the routing
of £ through the faule-free Biad is already known
MNow. in the presence of swilch faulls of this class,
somne of the paths will fail in the firse pass. when P
15 routed according o the original rouling Lags. An
algorithm 15 developed w find alternative paths Tor
the wunsuccessful connections such that all fhe re-
mwaining paths can be set op simulaneously in the
secomndd pass,

tt is true that this technique is applicable foar a
resrricted class of nonertcal multiple switch faols
only, A fuolt set 15 noncritical. if in the presence of
the fault set, at least one path exisls between cvery
passilble source - destingtion pair. [n the presence of
critical fanlts, only recirculation may resolve the
problem in some cases, but there are siluations. e,
facelts in either first and/or last stages of fhe net-
work, where some inpuls/outpuls beoogrne  totally
disconaccted lrom the rest of the nerwork and even
recirculation fails to commect them. Tt we assume that
for any N A Benes notwork, the irst and last
stwees are always fauli-free, it can be shown that the
clazs of muliiple switch faulrs, considered here, co-
ers alt zinple faults, and more than 79% ol all
possible doubsle fauls, and more than 75% of all
possitle wiple faults for & =8 and 16 and also it
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shiows that for a given mumber of faults, the coveraye
increases with increase in M. Therefore, it is evidem
that the number of multiple faulis considered here, is
quiles Lrye.

Anctber imteresting feature of this fault-tolerant
roukdng techoique is that, [ i nplementation, it is
not necessary 0 know the exact location of the
switch fault. bot only the dentification of a wubner,
which iy a localized region of the network around the
fault, is suflicient. Tt simplifies the faule detection
and location precedurcs for this technigue exten-
sively. Earlier results on testing and fauli-diggnosis
af Benes network, considered either control-line
stuck-at fawlrs [1.7), or a single switch fault only [2],
Here, it has been shown that just two one-bit test
vectors are sofficient to deteor and locate all single
faults, all double faubts and also some other cases
with 3, 4, 3 anl & swirch faults.

I is evident that this faule-tolerant routing wech-
mque is more powerlul than the earlier ones, Llere,
we need pot reconfigure the ealsting gystermn noa
degraded mode, in the presence of faults, Moreover,
e recivcolation s required, e, esch source—de-
stmatiom path i set up In single pass. "Lhe only
degradation in the periomance of the system comes
infe n the form of an additional puss. Tt alio covers
all single laults and more than T of double and

riple faults. Moreaver, the test strategies requirecd
tor this faulr-tolerant vouting, are also very fasr and
simple.

Section 2 presents some preliminaries. The faul-
toleranl Touting and the fault-wlennfication proce-
dures bave been deseribed in Segpiom 3, Section 4
summarizes the resale.

2. Preliminaries

The recursive structure of an & * & Benes oet-
work B(a) i shown in Fig. }: the switches are
labelled as 5, .. where ( denotes the siage, and §
representy the pasition in a stage, 0= f < 2 — 1 and
0= f< N/2 In B{n), the two Bla — 1)s are desig-
ated as Byln- 1) (the upper onel, und Bisn— 1)
(the lower one) respecuively, as shown in Fig. L

The strecture of R{s) shows that at any stage i,
e in— L the switches 5, U= /< &/2, can be
divided into 2' digjoint subsers §§,,, 0= k<2,
such that each subser 55, forms the first stage of a
#(n — ). designated as B,(n - i) Now S5, —{S,
soch that &2 2 < {k+ 102" '} The upper
and lower gutputs of oll the switches of 55, ,, ae the
inputs to the B, (r—7— L} (the upper one), aml
B., . (e—i— 1) (the lower one), respectively. The

0 - Lt
1 — o S:n-zu — 3
3 ero B (n-1) - e
Tnputs 3 = Y Snar [ 3 Dwpuls
N4 E 1 N4
M3+ “enzaz E I:n'l} TR I
1
N2 _| 5 5 | -2
M-1— “'nrgL n-1%2y— M.
Stages: U Vs (2a-3) [Zn-2)

Fir 1. An N =N Bemes netwots Riad v =1log. N
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sdine 13 also true from reverse side for switches in
stages {, n— F T i< 2n— |

Definition 2.1. Ina #n), a B ln— ik Dgp<2i i
said to be the sufmet of a B in— ), 0 g <27 and
Fo i, it amel anly 40 HP(J'I! = :"S i5 completely included
in Bin- 5.

Fur any i, a pait of subnets of B(a) namely
By la—i—1)and #y,_(n—7i—1), are said w be
the conjurate of each ather, if the inputs of both are
the outputs of the same swilch subsel S5, .. amd the
cutpuly of both are the inputs af (he swilch sobset
SSE.I!—E,—A.A'

Fig. 2 shows a Benes network B(4) and, the
subset of switches 55 .. as well as the cormespond-
ing conjugate subnets 8,(2) and £2{2).

Civen an arbitrary N = N permutation P to be
realized in a Bla}, we apply the looping algarithm
6] o generate the conflicl-irec setup for the
wwitches, We assume that for a given £, each

source—destination path is represented by a(2Zr — 1)-
bir lag, referred here as the roatiog tag. and s
formally defined below:

Definition 2.2, Lior an & % permutatiom £, real-
ived in a Bla), each source—destipation path s
represented by a (2r - 1)-bit tag
Fya_1... X%, such that at ey stuge £ 00 <in
— |, if the path triverses via the upper outpat link of
the switch, then x., , =10, ctherwise X, _,_, —
1. The bit string o, 5 X, 5... % X, 18 refemed 1o
as the routing rag ( K-tay) of the source - destination
path.

Xrw-17

Lemma 23}, For any sowrce—destnotion parh in
Biw). ifubitn,, _o_ofthe R-mg, Osi<n |, 0s
cempenented, the etodificd R.aag will sef up the
same vouroe—destination connection,

Proof. In a 8(rn), let the R-tag v 1%, ... 5%
represent a given source—doslination path. Al sluge

Stage:N 1 2

3

Fig. 2. A Bencs pelwark B4, the ashed hlocks show men conjugate 0215 comesponding w i sel of swikches 55, (shaded ones).
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i fhgi<r—1, the path passes through a switch
belonging (o some Bir—i) Ut s clear that if
Xy, 3 ;=" the path enters the subnet B, (n — i —
1}, otherwise il goes through the B, , {n—i- 1LIf
the hit 1, iz complemented, the path changes from
Bofn—i I} to By, [ir -i— |}k or vice versa,
Sinee the part x, [ x, ..., XX, remains unghered,
by the last r stzges of B{n), which is a uniguc-path
full-access MIN, the path will ulomately lead 1o the
same destination. This proves the lemma. O

Lernma 2.4, {fiven anv set of conflice-free paths in
Blnd, if some bit vy, o ; of each B-tag O =i<n—
I, is complemenied. fle modiffed paths will resein
errflbct-fre.

Proof, et a sel ol #r conlbict-Tree paths have heen
routed i a B(x}, io pass 1, #r = N,

MNext, say same bit X, _,_, Osdi<n—1, of
cach R-tag hays beon complomented, and again thess
moconmections are couted in pass 2

Aceording to Lemma 2.3 in pass 20 due o the
chunge m bit x,  ,_,. of each R-tag, the sets of
inpuls of the suboets B,{n- - 1), and B,, (7 -
i— 1), 0= k=<2 will get interchanged. Therefore,
the oulputs of 8, {n  § - 1) in puss 2 are same as
thase of #.,, (e —7— 1} i pass 1, and viee versa.
Hence, in pass 2. the npper (ower) inpnt of each
switch at stage (24 — 2 — i) will be the same as the
lirver (upper} input of the same switch i pass L.
Theretiore, the setting of each switch of thiv swee
will e reversed, Each switch at the next srage wilk
bave (he same inputs o pass 1 oand pass 2 respec-
tively, Since now onwards, it is just destination Lag
rouning, lhe same source--destination connections will
be sel up o pass 2, as hose in pass 1. This proves
ot lemma. C

These ideas about the redundant paths existing in
a Bin), lead us 10 develop our Jaoli-toleranl routing
scheme far #{ul

3. Fantt-tolerant routing in Bix)

Belore poing into the details of fauliolerant rout-
ing, first ler us present the fault model assumed by
wy. Thres fanlt moslels ure commonly used 10 Tepre-
senl dll faulty siloations of a MIN. These are the
siwck-ct fundt model, the fink foulr modef, and the
switch fawll model, 'The switch faelt modef. 15 the
strongese of the three. [n fact. the effect of control-line
slugk-at fault or the link fault can be subsumed by
the effects of switch fault. Here, we will consider Lthe
switch laull model, assuming thal the switch 15 50
designed thal any physical defection al it causes both
the owtputs of the switch to ke faulty. ln this faul
moedel, a failore makes the swiech totally unosable,
i.e., both the outpuls of the switch ure disconmecied
leorme it inputs. Therefore, in the preseoce ol any
mumber of switch faults, ar least two input—output
palts will fail.

The faolt-elerant routing wohnique developed
here, 15 desipned o olerate the switch faoles. o the
presence of switch faults, it is evident that o & 20N
permutation can e implemented ina single pass. We
are intetested in finding out alternative paths o the
fuulty netwark, such that all the faulty paths are
realized in one addiiomal puss only. Here [ollow
some definitioos,

Definition 3.1. The set of faulty switching elements
in a Benes netwock. is delined as Lhe fardt ser F.

Definition 3.2, & crivical fuulr set Fis one, under
which there exists at least one source—destination
pair, such thal cach possible path for it, puasses
through some switch in &, Le. the full-access prop-
crly of the network is lost in the presence of F.

Befinition 3.3 Any fuult sct F, in the prosence of
which there exisls at least ooe faoll-free patht For any
source—desunation pair in a B(s) is defined as a
remeritical fault sei
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Here, we will consider the routing in the presence
of woncritical {aoit set in Benes network. Tn (he
presence of critical fault sets, either recirculation,
and Sor reconfiguration of the svstem in a degradex
mode are the only possible solutions.

Here, we assume that given any A& XN permuaa-
tiem P, the R-tag for each source —destination path 13
already computed. by the looping algorithn [6]. the
realizes P a siogle pass in B{x), undcr o faull-
free-comdition. In the presence of faulis, il P is
rouled accarding to the compuiel R-Lags. some paths
will be posuccesstul. Now let us propose the routing
technigue that will moadify the original B-tags for the
faulty pathy to find oul alternative paths under differ-
ent noncrilical fault sets. Before that, here are sorme
dletimilions and a lemimna that will help os in describ-
ing our fault-talerant routing wehnigues.

Definition 3.4. L'or a single faull F ={§, j. with
{t = i < . asobner B0 — i1is the corer of £, such

that S, is u switch at the first stuge of B {w — i) for
iza. 80— n+ 20t he cover of Foosuch hat 5,
is @ switch at the last stage of B,(i nr+2).

Definition 3.5, Tn Bk}, given a noncritical [aalt set
£, let MC be the minimal set of subnets, such dac
the cover of cach member of F is cither a member
of MO or a subnet of 4 member of M, Then MC s
saidd o he the miwimal cover,

By definivon, for a given faull sct # in B{ak
M 15 unmigue.

Example 2.6, The fault set F=1{5, . §,.. 5., S+
8o} i BU4Y is shown in Hig. 3.

We find that the covers for 8., is B2), lor Sy,
i B0 (o submet of 8,(2)), for 5, s 81} {a
subnet of B(2H. for S, ; is B(1), for 5, is B,(2).

Llence the minima) cover of £ is given by MO =
(B2, B0

Stape:0 1 2

Tie. 2 & Gl set £ oand its minimal cover in 8043
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Befinition 3.7. In a B{a}, if the minimal cover MO
of 4 given noncritical faukt set &, contuing any pair
of conjugake submets B, (n—i) and B, (n— i}
we Teplace the pair by B,.0s — i + 1): replacing every
such pair of MC, we get the opeimal cover OO of F
O is same ay (he MO, if there exists no par of
conjugate subners m MO

Example 3.5. The minimal cover of the fanlr set
F—15;,. 5;,. 5,0 in 8(4} is MC={#,(1), B(1),
B.L1)

Since If contains a pair af conjugates {B,{1).
801, the optimal cover of F is OO ={E (7).
801N,

Far angther fault set F={5,,, 5. 5 L MO =
{8,(2), B,01)} =007, since MU' does not contain
any palir of conjugate subnets.

Theorcm 3.9, Two passes are sufficient o reafize
any permuiation P in B{n), in the presence of a fauli
fer B, for coery Ekfn — e Q0 the optinal
cover of £, the confugate B, (o — ) is fauli-frae.

Proof. Lat us consider a permutation P Let OR{P)
deoowe the set of K-taps for routing P in fanle-free
B(r). In the first pass, route P through B(a). ac-
cording to OR{PY Let a noneritical fault set & be
present in Blalk OC be the aptimal cover af F, such
that for every B,(n i1 & O, the conjugale B,(a

- 1) Jautl-free. Now. in the presence of £ OR( )
will fail ta set up some paths o P. Lot FORCE, F)
denoie he sel of R-1ags for the fauley paths.

Naw, for every B in— 7= 0C, lat SOR AP, F)
represent the subsel of FORLE, ), thar includes the
R-tags of all the paths passing through fhe faolty
Bn— i}t By delmilion, SOR (P, FIr 50R,(P,
Fy=#, for j= m.

For each R-tag of SOR AP, FL, the bit x,,
iv eomplemented. These new R-rags will divert all
the paths in SOR AP, Flfrom Bfn it B (1
i} Singe Bo{r-- i}y faoll-free. by Lemmas 2.3 and
2.4, all the paths in SOR {#, '} can be realized
the same pass.

The same technique is applied for cach subset of
FORC P, F, comesponding o each member of OC,
{0 find oul alweroative paths for the faulty ooes. By
definition. no twe membwers of OO are subnets of
gach other. ic., all members of OC are digjoint. Tt
implics that all the alternative paths. given by the
modified R-tags of TOR(P, F) will be conflict-free
and hence can be realized in the same pass. There-
fore, it proves the fheorem. 2l

The sbove theorein leads us ta identity the Bault
sty in prescnce of which we can ulways realiee any
N X N permutation through w B{r}, in two passes.
The condition stated in Theorem 3%, is referred o as
the condition for nvo-passafilicg

Remark. 1n the presence of any noncritical single
fault in #a), it s evidenl that wo passes e
necexssary ancd sulTicienl 1o realize any arbinary per-
mutaticm.

JF Algarithm fow findine the aptimal cover

Tar a Bn), piven s fllset F = {S-'._i-' RIS
ol s o N2 e Tollowing algarithm finds the
optimal caver OC for £, The varizhle C denows the
cardinality of £,

Aleorithm Opeinal Cover

Frpne: the fault scl F
Gutpue: the aptinal cover OC

I OC:=§; ¢ =10

2 For eah 5 €F it fx=n—1 then 3 <
H).rr—?—.'.,‘l

i Som @l 5 . s of F in ascending order of
swilchos with same { are sorted in ascencling
order of j. and muliple ocouwmrences of same
element wre replaced by a single occurrence. Ler
F={f. fi.eees byt be the somed list.

4. Lor g =0 w0 morepeat:
4.0 Tuke =8, ; k=[ /277"
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I imod2=0then =&+ 1 else X' — %
=]
42 H Bin — =00 then goto siep 4.5
else if B{n — /)= OC then replace 8,.(n
i1 of OC by B . {n— i+ 1}and poto step
4.5
43 For r=1to C repeat
430, Tuke OCUr)=Riv)h i e>in—i)
then i L£72° 1271 =4 then goto
slep 4.3
432, New r
44, C=C+ 1,00 Bin i)k
4.5, MNext g
3. Terminate

Tt is evident from wie above algorithm, that if
{F| =p, he worst case time complexity of the
algorithm Oprimat Cover will he Of p* 1.

3.2, Algartther to check two-passebility condinion

For a B{r). gmven a Fanlt set F. the algorithm
Cipiimal Cover presented in the preceding subsec-
tion, will construct the set OC={80r), i =vsn
and O =zp = 2" 77 Next we present an algarithm
which will test whether a given {3 satisfics the
condition for two passubility, as is srated in Theorem
39. The boolean variable *‘zuccess™ ix e, if the
condieion 15 salis/ied, otherwise, it is false, € denotes
the cardinglity of O,

Algorithm Pwa-Passability

Inpur: optimal cover OC
Chatpur: he boolean variable *swocers™

o dwecesy ok
I Byla) = OC then werminale
. Sore all B (v) s of OC in descending order of w,
. For £=1 1o C repeat;
41, Take OCLx}=R(f) II £ mod 2=0 then
A=k+1clse B =4-1;
42 For y=x+1 1o  repeat

b L D

42.1. Take OC{ y}= Bwliu}; F jz=uw then if
lu/27%] =& then terminate
422, Mext ¥
4.3, Next x
5. seecess = | and terminate

For a faule set § with cardinality p, the maxi-
mum cardinality possible for its optimal cover {7 15
alsp p. It is easy to see that the algorithm is of tme
comiplexity O p- ), for an OC with cardinality p.

2.3, Algarithun for two-pass-rousing

Here, we will assume that the given fault set F,
present in B{a). has been pracessed by algorithm
Qprimal Cover, that owtputs (X2, the optimal cover
of F_MNext, we assume that O satislies the two-pay-
sability condilion, e, any arbitrary & =% permuta-
tion £ is rouwtable in two passes through the faulty
Bla).

Mow ler us consider an & & permuotalion P
Let OR(P). the set of R-tags to route # in faul-free
B(a), be knowi. P is rouled by OR(P) in the faulty
B(n). Some paths will fail. Let FOR{P, ¥} be the
set of R-tags of the fauly paths, Qur algorithm will
utitize OC to modify the R-tags of FOR(P, F}, un
that the new R-tags can moute all the faulty paths in
secomd pass. Tnorder to achieve that, we arc 1o
identify the sel of faulty paths. that pass through
euch subnet belonging o OC. Now a path with R-tag
R=xy, 2%, j...%,. passes through a subnel
Bln—1) 1 =i<m il and only if [R /2201700
= k. The R-tags are then modificd accordingly, as
has been deserbed in the proef of ‘Theorem 3.9,

Algorithm Two-Pasr Rowting

tnpur (i} array OONC), each element OC{(g) is a
subnet H,0n — ik | 2 g2, and
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(i} array TOR(S. FXm), each element s of
the form R =x5, s & q... a0, lmix
"
Quipnt: array FOR(F, F)

L. For p= | 1o m repeat;
1.5, For g =1 o C wcpeat:
1.1, Take OCig) = B,(n — i)
If |R,/2'" 70" Y] =k then com-
Plement the bit x,,_,_, of £,
1.1.2, Next ¢
1.2, Mext p
2. Terminare

The time complexity of the above alzorithm is
LT - m). where € and m are the cardinalities of {4
and FORY p. F) respectively,

Example 3.10. Let F={S |, S, 5, 5} in a
B(3). The optimal cover of £ is given by OC =

N1l
111
13
0
1L
LLL

{B(2)}. OC satisfics Lhe condition for two-passabil-
ity,

The routing of P: (3 76 240 1 5)in lwo passcs
through the faulty B(3), are shown in Fig. 4.

34 Faulr coverage

MNow wo are capable of rouling any arbitrary
permutation through a Bencs network B(a) im the
presenec of any noneeitical switch fault set sadsfying
the condinon of two-passability. It is obviously tue
thar the fault set satisfving the condition for two-pas-
sability is » restricted class of faults. Now to find out
1he exac! values of Faubt-coverage, we ussume that wll
the switches in the first and last stages of a B{r) are
robust enough, so that they always remain fauli-free.
Tn fact, a failure in a switch of the first (lust) stage,
essentially disconnects two inputs {ontputs) from the
rést of the nopwork, and there 15 Do way OOt exeepl

i) in second pass

Fig. 4. Romting f T (3 76 2 40 | 5h i povsenve ol F =108, %, S 5L
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Table |
. ] Mo of all [mwblr_fﬂu-]h T \o af Balts nhsereed Faull-coveize (5]
Trouble Eaulis 3 06 32 N
4 THO 1] ¥
5 £,216 052 Fr
a 220 1801 "
Triple taults 4 4, 1HI) B34 fi
5 .27 520 | 93,342 Ry

reconfiguration of the & x & Benes network into a
(¥ — 2% (¥ -2} nerwork. Tt is a critical fault.
whore cven reciteulation ladls woconnect thase de-
tached inputs (cutputs), As we are concerned with
fanle-tolerant rounng widiour any reconfipuration
amgd for teciroulatiom,  the  assumption abogt  the
Fanli-Froe Girst amd last slases is essential hore.

With this assumption, Table 1 shows the fuok-
coverages for different number of switch faukts with
different values aof N, The table shows that the
coverape 15 quile good Tor cases with dooble Tanles

and triple faults as well. and more interestingly, uy N
increases, the coverape incrcases. Thereloee, his
technigue wilt be wery much beneficial for use io
supercomputers with large valugs of s, that employs
a Benes netwark, for interconnecting different med-
ules.

335, Fault deteciton and focation in Bin)

From the algorithms deseribed ahove, it i evident
thut the specific kwutions of the faulty swilches are

o Ll Watd o

Stage:ti 1 2 3

Fig. & A favlescl F =[5, S .0 and faulty paths {0, 2, 2, 10} In cesc phase L
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net impartant here, imstead the epimal coner of the
given [wule sel aclually detennines whether the Eauliy
Hin} satisfies the wo-passabifiny condition; and if it
15 yes, whut will be the gltemative routes for the
funlty paths. Here [ellows 2 delioilion.

Definition 3.11. In a Bla), twa fault sets are called
equicalent, If and only if. their cprimal covers are
Sdma.

Therefore, for implerenong  our Taodl elerant
roudng scheme. it will be sufficient, if we can locate
a faulr set egquivalent to fhar actwally present in the
B(n).

With our switch fault model, i1 any swilch s
faully, both of its ouipors wikl be disconnecwed rom
its inputs. Also, we are assuming that e links are
fanlr-free. Therefore, just one test bit{either a3 & or a
I oat cach input of B{k), sclling ail switches in
seaight mode, will be sutficient o detect the idle
outpis, which comespond 1o the paths containing at
least one Faaley switch. Therclore Realt dietection will
be complete fust in one step. We call it resr phase 1.
T s evident thel, in sk phase |, a B(a) mes 1o
realize the identity permuatation.

Example 3.12. Fig. 3 shows thal in the prosence of a
fault set £ ={5, .. 8,1 in B9, rest phase | dewwets
the set of faulty owtputs S=1{0, 2, &, 10). L., these
ontputs are disconnected fron the respective inpuls.

Aller the detection of the laolly ouwpols in rese
phase 1, we are W detect the swikch faulr set &, or
any al s eguivalens laoll seis Fowhich will be
sufficient to follow the fault-tolerant routing tech
migue, deseribed above 1o determine the alemative
roures,

Tetin the presence of a fanle set & in B}, few
Fhase 1 detects that & ouwlpus {62, 2,0 GG
k= N, are disconneceed from the leqpccnw inpuis. T
signifies that each of the paths /= O. 1 == 4,
passes through al least one JquLy '\mlr_h in Rixh

Fige. &, Truesscotion graph tor faulty pachs {0, 2%, 10k

where £, = represents a path from oput fofo
output j. From now onwards, we will reprosent (he
path ;= O, by & only,

Definition 3.13 In u B{x), in the presence of a fault
set F.olet & outputs {00, O, .., ) A< N be
Faulty. MNow let us coastruer a graph GUV. ENL where
V=0 ... ehY and peo verices 3, and O
are adjacent, it and anly if, the two palhx - (}
and J,— 0o gesr phase | mecr at least i one
k-mu_h in B(n). Y. E) s called the intersection
graph of the fanity paths (IG) of Rinl in the
presence of the faull sct F.

Example 3.14. ln the presence of F'=[5,,, §,;}in
B{4), as hag been shown in Fig. 5, resr phase |
doteots the set ol faully oupows 5= {0 2, 3, 10}
The infersecfion wraph of e fawlne pats /G Gs
shown tn Fig. 6.

Remark. In fesr phase T,

() alany switeh § il the upper input {output) be
£ the lower input {output} is {x +2"), where.
m=i for dxisn—1, ail m~2n -3 i,
for n= i< 2dn— 1.

(i} exactly two switches of Bln), 5, und 5., ..
for 0ad<n— 1, and 0= .-"v.;"?, have ldentl—
cal pair of inputs {outpuats),

Mow for any Blal with a fault set &, we can
summarize e properties of FO as follows:
(i} there exists oo iselaed verlex.
(i} the degree () of any vertex lies in the range,
| =£d< R,
{iii) two vertices are adjacenl if and only if they are
at ut hamming distance,
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{iv) G is an incomplete hvpercube of arder a with
mumber ol verlices p, 2= pg 20

Mote that an edge of 7S, between vertices, say X
and x + 2%, comesponds w a pair of switches 8,
and 8§y, ,_, for U< i<n—1,ie., the presence of
the vertices x and o + 27, in 17, sigmifies that cither
3.-.,; ar Sz.v:—Z—é,j or hoth may be fanity in the net-
wark. Fortunately, all the three cases result the same
X (optimal cover), Le., they all are eguivalent,
Therefore, the presence of the edge between x and
x+ 27 will be interpreted by us as a single faully
switch 5, only.

Remark. Fach line cover of !G, corresponds to a
probuble switch fault set existing in B{n) that resulis
in the sante set of faulty outpuls in test phase || all
of thern are not necessarily eguivalent.

Example 3.15. Let us consider the imfersection graph
of the fiwlty parhs IO shown o Fig 6.

The line cover {[(—8, 2-10} cortesponds o the
aclual fzuft set F={5,,. 8.} existing in B(4) as
has been mentioned tn Example 3012

Mote that §0- 2, -1 s another line cover of 13,
that comespotds to the switch fault set F'=
lSI.I]' 51.2}-

)
k=2

5 6y

But F aod § are not eguivalemt, since their
optimal corers are different,

Thereflore, given the set § of failed oulputs in fest
phase 1, we may construc! A7 uniquely, but if there
exist & number of possible line covers of JG, which
are nol gyuivalent, to select the proper ong, we needd
an additional test phase, namely test phase 2.

In test phase 2, all switchey are set as cross /fin-
terchange mode, and a single it lest vector (either a
£}, or a ) is presented at the input. Again due to the
fault set present (F), some putputs will remain dis-
connectzd, Thiv se1 of failed outpuis § may be
different from 5, as was obtzined in fes? plase 1. Tn
fact, a switch 5, ; having the upper inputl & in ret
phase 1, will get an inpul 2" in fest phase 2. where,

x@ (27420 o 27,
— forizsn—|
- o e AU T i AR
forn—1<i=2n 12,

+293,

{@ denotes bibwise Ex-OR apertion).

For detailed analysis, we will categonze the re-
sulls ol rest phase 1, according Fo &, the number of
tanlty outputs. It is evident fhat difTerent fault sers

ihk=3

45 S

() ()

i) k= d

Fig. 7, Inlemaction graphs tor ditfersal valses of &
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incloding different number of faulty switches may
resuil the same npmber of faully owtputs ino zesr
phase 1. Here, we will analyze ondy the cases of 2, 3,
and 4 faulty outputs, that inclode alt single switch
faults, all double fanlts, and some of the cases with
3,4, 5, and & sWileh fanlts as well

For an edge { x—y) of the line cover selected, the
faulty switch will be {5, }, where 2' = x & y, and

LRl RS TR R N e T I
{x, ,x, .. .x,) being the binary representation of
x.

Case 11 k=2
J0¢ for this case is shown in Fig. 7k Just one line
cover exists, [ x—y»): that corresponds to the fault set
LS, b, Test phase | is sufficient for detection and
location of e funlt ser. 10 covers all single switch
faults, and also double faults of the oype [5

a7
SIR - Z—E,j}‘

Example 306, Let F={S,,} in B(4). JG is as
shown in Fig. 7(i), where the set of faulty outputs
§=1{2, 6}. Hence, F' ={5,,). The same F* follows
for F= {52.21 54.2} ws owell

Case 20 k=13, 1G for this case is shown in [ig.
i1} Just one line cover exists, {{ x—v}, { x—z1}; that
comesponds to g tault set {Sn'.j* 5, ). Test phase 1 is
sufficient for detection and location of the faalb set.
It covers same cases with twa, three and four switch
fanlts.

Example 3.17. Let F=1{5,,. 8.} in 8(4). JG is as
shown in Fig. 7(i), where 5=1{8, 10, 12}. Hence,
F'={8., 5;,1. The same §" follows for F=
{SI.2= a1 5"4.1} and F= lSl.ﬁ' Sise Sane Sj.z} as
well.

Case 3 k=4, Ir for this case may have four
possible comfigurations, as are shown in Fig, 70iil

{a) Tust one line cover exists, {{ x—v), (1 -v)}: that
comesponds o a fault set LS, ;. S, b, Fesr phase | i3

sufficient Tty detecton and location of the fanlt set,

It covers some cases with twa, three and four switch
fuults.

Example 3.18. Let F =[5, 5.} in Bl 3 is as
shown in Fig. 70iiXa), whoere S=1{4, 6 5 10}
Hence, F'={5, |, 5.} The same ! follows for
F={% . 85, 5. S50 as well.

(1) Just one line cover exists, 1 x—¥), {x—u), {x-
elb; it comesponds 1o & fault set {5, S, 1, 8, 3. Tewr
DPhase | is sufficient lor detection and location of the
Fanlt sel. B covers some cases with three, four, five
aml six switch fauls,

Ezample 3.19. Let F = {S,,, S, Soq} in B(4). /G
ts as shown in Fig. Tnih), whers S={0. 2, 4, 8L
Hence, F' ={%, .. 550, S30)- The same £ follows
for £=1{$ 1. S;5. S1pe 849- Ssol s well.

{c) Two ling covers exist: (i} ({x %), {u—s)}, and
(i o=y, Cr—a) (u—od) Say, 0@ y=2', xS u=
2 and nep=2"%

If either § < or &< j (i} will be the required line
cover, same as case (a)

Else, we are to apply test phase 2. 1f the set of faulty
outputs contains the outputs correspeonding w the
outputs x and x of fesf phase 1, then only line cover
(i1} would be selected, (it covers some cases of three,
four, five und six swilch fanles), atherwise (i) will be
the solation.

Example 3.20. Lot F={5,,, 5 ,]in B{4). /G is as
shown in Fig, Xiijic), where § = {0, 2, 4, 1}, Text
phare 2 tesults § = {3, 7. 5, 13}. Sioce it containg
neither the pair {1, 3}, nor {9, 11}, the veriex pair
comesponding to {0, 2} of 5, F=1{%,,. 5.}

{d) Here also several line covers exist. But all the
solutions can be partitionsd in two equivalent cascs
(3 {Ca—y), La—e W and () [ x—n), {y—odh Here,
Sy=u@v=2, and x@u=y@or=24 i=j If
i<, we need fest phase 2. to check if, 5 contains
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any verex-pair corresponding (o either Cx ¥ or
{u-vd of S if yey (1) rives the solution, othersise
Lil) will be the solution.

Example 321 Tet {5, % }in B4, IG5 is as
shown in Fig, i), where §={0, 4 &, 12} Tesr
phase 2 resalts & = {3, 7. 11, 13} Since il contains
the pairs {3, 7} and (11, 15}, corresponding o {01, 4}
and {8, 12] of § respectively. #" =(5,,. 5 ). Sanc
F' oresully glso for F— {Sg_;;.. -5'3_|- -5'35-; -5"3_| : 54,07
5k

Therefare. test phase 1, is sufficient to locae all
wingle fuults, that resulis just two faolty outpuats io
st phase 1o But inocase of double faults, two, three
or four cutputs may be faulty in st phase 1, Jepend-
ing on the location of the faelty switches in the
network. TL hus been shown, thar in all the cases
resulling Iwo, or fhroe fuulty outputs, and alse o
most of the cases with Tour Taully outputs. the ooe-
come of test phase 1 will be sufficient Lo locate the
faults. Only in some cases with four faulty vurputs,
we witl need one additionad {est phase, 10 locate the
switeh fanlts. Maoreover, these two phases are acto
ally suflicient 1o locale some cases with 3, 4, Fand &
switch faults as well,

4. Conclusion

In this paper, fault-tolerant routing in Benes nel-
work is considered in the presence of noncritical
muliiple switch laulls. In the presence of o single
noncrtlicat faulr, two passes are always sufficicnt w
route any pennutation through the fuoly network, In
the presence of maltiple switch faults, a conditioo for
fwo-pasyaiility s presented here, and also algo-
rithms have been developed for two.pass Fauli-
tolcrant routing. The novelty of the ronting technique
lies in the fact that it requines neither he reconfigura-
ton of the system in @ degraded mode, oor any
recircalation thoough intermediale nodes, This class

cavers all possible single fanlts, assuming the firse
and last stages of B{n) w be fuuli-frec. The faull-
caverages for double and triple faults are well above
F0%%, anck with Ineregse in the value of », i1 incmeuses
i all the cases.

Another atreactive feature of this routing scheme
iz that it does not regire the exact locations of the
fuulty switches in {4 In fact, the kunowladge about
a minimal region of Hln} covering the faulty
swiilches 15 suflicient {or nding out the allemalive
roules [or the ealty puths. This feature endhbes us to
develop very simple wsting procedures far detecting
and locating all single and double faults, as well as
some cases with 3, 4.3 and 6 switch faults.

Here, the defmiion for noncobcal faule sct, iy
independent on permutanons. If we replace it by
introducing the concept of noncritical fanle sets rela-
tive 1o @ given petmuration P, Le.. if, for a given .
we tefine the sel o noncritea] faolis as one, in the
preseoce of which, every source-destinution pair of
£ has a fault-free path, then we may cover a larger
number of mulbiple faults, in the presence of which.
£ is routabie in bwo passes.
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