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ABSTRACT

An integralion between the theorivs of fuzzy se1s and rough sets bas been atemgpted
Iy prowiding 2 measore of moughness of o foeoy sel, Several properhies of this new
measure are estallished, Some of the possible applications for handling uncerlainties @
the tield of pattern recognition are mentigned.

1. INTRODUCTION

The theory of fuzzy sets [1] provides an effective means of deseribing
the behavior of systems which are too complex or too ill-defined to admit
precise malhematical analysis by classical methods and 1ools. It has shown
enonmous promise in handling uncertaintivs W a easonable extent, partic-
ularly in decision-making models under different kinds of risks, subjective
judgment, vagueness, and ambiguity. Fxtensive application of this theory o
varions fields, c.g., expert systems. control systems, pattern recognition,
and imagc processing, has already becn well cstablished.

Mare recently, the theory of rough sets [2] has emerped as another
major mathematical approach for managing uneertainty that arises from
inexact, noisy, or incomplete information, It is turning out to be method-
ologieally significant to the domains of artificial intclligenee and cognitive
sciences. especially in the represeotation of and reasuning with vague
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and for imprecise knowledge, data classification, dula anabvsis, maching,
lewmning. and knowledge discovery [3, 4] The theory is alse proving to be of
substantial imporiane: in many areas of applications [4].

It may be noted that fuzzy sct theory hinges on the notion of a
membership function on the domain of discourse, assigning t cach abjeet
a grade of belomgingness in order to represent an imprecise concept. The
tcus of rough set theory is on the ambiguity caused by imired discernibil-
ity of objects in the domain of discourse. The idea is to approximalte any
concept (a1 orisp subsct of the domain) by a pair of exact sets, called the
lower and upper approximations. Bul concepts, in such o granular uni-
verse, may well be imprecise in the sense that, these may nel be repre-
sencable by erisp subsers, This leads to 2 divection, among others, in which
the notions af rough scts and fuzzy sets can be integrated, the aim being to
develop a model of uncertainty stronger than cither. The present wark
imay be considered ws an attempt in this line,

In a partitioned domain of discourse, o measute f roughness of an
orodinary set hiay been introduced by Pawlak [3] This is extended hete to
give s mcasure of rogghness ol o furey set defined in the partitioned
domain, making use of the concept of a rough Tweey sel [3] A preliminary
study of the tdew iy presented in this paper.

The next section contains reguisite notions of rough sets and fuzy sels.
In Section 3, definition of the measure and some consequences are put
forth. An interpretation of this measure in the field of pattern recognition
is piven to conclude the paper.

2. PRELIMINARIES

We first define some basic concepts of rough set theory.

Lot the domain £ of thscourse {also called wniverse) be a4 nonempty
finite set, and A an eynivalence relation on U The pair (0 R) 18 called an
appreximation spoece (2], Let X, ... X, dewote the equivalence classes in I
doe to R, ie. (X, X} forms a purtition of L/

Ta represent such a partition of I, one may use the idea of an
informationr systemn [2]. An imlommation system with & as universe would,
formally, be o pair W00 X 3, where X is u set of arributes. Fuch attribwie x
can be understood as a total function x: L — 7, which associaies to every
object an plirthute valog, One can casily observe Lhal every subsel ¥ oof the
allribute set X induces an eguivalence relation FJNPUY), called an frdis-
cernibility relaiion. as follows:

INE(Y Y=, )0 U 2wy =x{r). foreach xreY].
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It may turther be noticed thar IND(Y)=11,,  IND(x)

Let us return 1o an arbileary approximation space {7 R}, piving rise to
a partition {X,,.... X, ) of £V,

If Act, the fower approximation A and upper approximtotion A of A in
the approximation space {7, R are respectively given as follows [2];

A=UlX: X cA},
A=sUlX: X rd=2).  de{l...n}

A (A s intetpreted as the collection of these objects of the domain U
that definitely {possibly) belong to A.

The triple {{/, R, 4} is called a rotgh sed [6) Equivalently, the pair
{ A, 4) may be called a rough set.

Al V) is called exact (also cailed defingbie) in the approximation space
(UL RY il and only it A=

A.B(CU) are said to be roughly equal in the approximation space
LRy if and only if 4=B and 4 =3 The noion of rough equalicy
indicates that, relative to the available mformaton, one s unable Lo
discern between the sets concerned. It is thus w kind of indiscernibility at
the concept level.

Roughness of a set 4 in the approximation space (4, R} is veflceted by
the ratio of the number of objects in its lower approximation to that in its
upper approximaticm— the greater the valwe of the ratio, the lower the
roughness, More explicitly, a reasure g, of roughaes of A in (I R is
defined thus [3]:

where |X'| denotes the cardinality ol a set X,
OmservaTion 2.1,

() As ACALA o, =
(b} By convention, when A=), A =Zi=A and |4'1Al=1,1c. p,=0.
(e} p, =010l and only if A is exact in (U, R}, le., A=4A=A.

We next come to the definition of a rough fuzzy st and alicd notions
(5], that shall form the basis of this work,

Lot A U —[0,1] be a fuzzy st in & [1], Ax), x € U, giving the degree of
membership of x in A
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Duanerton 21, The fower and upper approximations of th fuzzy set A in
L, denoted A and A, respectively, are defined as tuzzy sets in U/R
(X Lo X)) ien A A T /R -0, 1], such that

A(X)=inf,,  A(x) and

AlX )= supA{x),  i=1,..,n,

xe X,

where inf denotes minimum and sup maximum.

tAAY s called a rewgh fizzy sof, Fquivalently. one may call the tople
R ROAY o rough fuzey set,

OBsErvalloN 2.2, When A s a erisp scl, A, A reduce respeetively Lo the
collectiom of cyuivalenes clusses constituting its lower and upper approsi-
marion in (L7, R

DEFINITION 2.2, Fuzzy sets &% L7 —[0.1] are defined as follows,
Say=AX) and w(x)=A(X).

if k=X, (=41, .nh

OBSERVATION 2.3, & and . are fuzzy sets with constant membership on
the equivalenee classes of U For any x m U, o7 x) (afa)t can be viewed
as the degree to which 1 definitely (possibiv} belongs to the fuzzy set A,

W state some conseguences of the preceding definitions 15]

PrownstToN 2.1,

{a) W CAC W,
{b} ALBE=AUE,
{c) ANB=AME,
{d) ALRCAUB.
(T3] m;ilﬁ:ﬁ,
() A=A

{g) A=4",

{h) =5 —A.

() w=ir=A

ol
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where
(A UB)(x) - max({A(x), B2 )).
{ANBY x)} =min{ A x), B[ )},
A{x) =1 —Alx), foramvxinl, and
ACK ifandonly if A(x} =Bi{x), foranvxinU.
3. ROUGIHNESS MEASURE OF A FUZZY SET

Lat us consider parameters e, 8, where < S =<1, and the a-cot ),
F-cul Mfﬂ af the Tuszy S215 A respectively, viz.,

s ={xw(x)=a] and
,S%E{x: w1 r) 2}3}.

It may then be said that & Lﬂ" J is the collection of ubjects in U with o
{ B) as the minimum degree of dLrﬂ'lltE- (pogsible) membership in the fuzzy
get A. In other words, o, 8 act as thresholds of definiteness and possibility,
respectively, in membership of the objects of U to A We call &, the
a-lawer approvimation and m?ﬁ the Bupper approximation of the Muzzy set A
in (I, R},

Henceforth, we adhere to the above restriction on the parameters o
and 8, vz, 0<fB<axl.

OBSERvATION 3.1,

{a} &, = L& XEﬁ .} and .I:aft-, U{X: X =A wrowhees PEL . )
and A, !s are the a- and S-culs, respectively, of the fuzzy scts A rmd A
{cf. I}Lﬁmtmn 2.1). So, alternatively, .&, (&} may be looked upon as the
union of those equivalence classes of 7 th&t have degree of membership in
the lower (upper} approximation A (A) of A at least o { 8),

{h) &7, C.afy {using the fact that o= 8).

{c} [ may be noticed that when A is a crisp set, &, and .saf rednce
respectively to its Tower and upper approximation in {U R} for an}f choice
of @, B.

We now propose a roughness measurs of A.
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IRESTTION 3.0, A roughness measure ) ® of the fuzzy set A in I with
respect (o parameters o, 3, where < 8 £ a = 1, and the approximution sgace
LU, R iy defined thus:

2,
.F'-',g'ﬁ'_l |T|
A

{BSERYATION 3.2

{a) 0= pi =1 (using Observation 3.1(bY,

by If # is kept fixed and & increased, |#,| decreases amd pX*
L T _

(c) If « is kept fixed and £ increased. 7| decreases and pt
decreascs.

{d} Il A is such that there s 5 member x in cach equivalence class X,
(i=1,...,n) with Alx) < o, then &, =7 and s0 g7 =L

{e) If A 15 & fuzry set with constant membership on cach equivalence
class of £ and a= 8, then &, =23}, so that pf* =0

FrorosimoN 3.1, I A is a constant fuzzy set, say Alx)=8, foralix m U,

then pof =10 with the aception when <8 < e, in which case py" = 1.

Proof. AX)=int, , y Alx}=B=sup, . v AlXI=ACX) -1, n Now
if w. 84,

@, = XA XY za)=U=U[{X  A(X)=8}=s, i={l...7},

and if o, 8=, w7, U~ So in both cascs, pg® -0
When fi< <o, ., =7 while & = U, so that g% =1. |
Let A B be [uzzy sets in UL If AC R, we cannot say in gencral whether

pu B pif or pa-f < pe”, Tlowever, the following may be observed.

ProvosToN 32, IFAC B and éﬁ’g =£§ﬂ, then pE = pind,

_ Proof If ACE, it is easy to show that for any o. B8, & C2¥, and
Wy Ty, S0 =9, implies that

A
%,

&
==
EZN

pRf=1- =po-t. r
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CGRDMY. If Alx)=05, for gfl x in U, B=<035, and ACB, then
pEBapF Ifboth a. 8205, A(x)= 035, for alf x in U, and ACB, then

pi"3=ﬂ=m?'”~
Proof. It B=<0.5. w,= U=28,, whenee by the pmpm;lmn piaf s pml
If e=05also, @, =U=9, so that pal=0=paf r

OwsCRvANON 3.3, One can find examples of fuzzy sets A.B with Alx) =
0.5, for any x in £, ACR, and such that p2f <pf¥ where B=ili
However, it may be noticed that if A,I§ are crisp sets satistying the above
conditions, pt®=0=p§* for any o, 8 (e= 8.

ProrosiTioN 3.3, FFACE ard &, =58, then pl P < pi®
We now define the netion of rough cquality of fuzey sets

DerNrlonN 3.2, Fuzzy sets A, B: L' — [0}, 1] are said to be roughly equal if
and only it A=B and A=B, where A,B and A, B are the lower and upper
approximations of A and B, respectively {ef. Definition 2.1).

UBSERVATION 3.4,

(a) It is easy to see that rough equality of fuzzy sets is an equivalence
relation on the set of all ey sets in O

{b) Analogous to the crisp situation, one can say in this case thal if
Muzzy seis A B U7 —[i), 1] are roughly equal, these are indiscernible in the
context of the approximation space (L, #}.

PROPOSITION 3.4, {f fuzzy sets AR U= [0, 1] are voughly eqial, pi %=
pe P, for any choice of o, B {a= B

Proaf. Tf A,B are roughly cqual, A— B and A . B, by deiinition. So
& & and & F, whenee for anv a, 8 (a= ) p I":—,u" 2 [l

Mexl we prove o relation berween the roughness measures of luzzy sets
A B ANB, and AL B,

Froposion 3.5,

T n.%uﬁsﬁ <=ﬁ|@|+ .f-1'|,_.z§j1 _ﬁ:_._%k:gﬁlﬁh%L

Proof. The Hllowing can easily be obtaimed from (h), () (), (e),
respectively, of Proposition 2.1,

{i} #UE, :a?'; K E

{a) sxms =, ruf

—r?

{1} 5, l._.l’.@ CW‘LJ%’
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Now

4V L o | AL A
i e TR e (A)
CEEy AN EANEA
using (1) and (i),
Also
P,a.”ﬁ'gn':l li.L_'?.ﬂ_l,: ; ME'-M, EH}
ELrN W gl AR
using (i) and (iv).
As tor any tinite sets X, T,
IXUY|=IX]|+|¥I-|XT],
we have
P faksty U | <107, LUy — |, L o, |
=|-'3_l(|'t+|-gv?l—gl_|~m_i] rj%l_l‘gﬂl_lgﬂl-i_l‘grarﬁlgnl
F;L':w_j3|+|é§jq|—|.;mf, —|§,,'—pf:.ﬂnl.§jsﬁs§ﬁ|,
by CA) and (B).
Finally, using definitioms of p2" and o f. we got
28T E | < p B |~ Pl — poihy i T o
Ha ¥ D155y Wl e il = B iy |

Lel uy now consider roughness measures of the fuzzy set A and its
complement A° in a special situation.

Proposuiox 3.6, If a=0.5=43, and for ne equitalence class X, {ft
{I....n)) of U, ACX)) = 0.5 =A(X)), then pyFlagy|=plPlal
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Proof. By (£),{g) of Proposition 2.1, A7= A and A" = A".

Mow lor any i=1,....n, and xEX,, x=u”, il and only if AlX )z o,
i E"(X,-}z o. S0 xex* fand only it E{X,}g 1 =105 ie, ACX,)<{5
(using assumpticn). =

On the other hand, x =7 if and only if M X ) < 8 -0.5. Thus.e” =},
Similardy, ¥, = & Now

pi £ = _£=1—LW§_ .
E. | gl |-
and so
A I e AR AR S Al 7

Omservalios 3.5 I a=05=728 and A(x)>= 0.5, for ali x in £, p%
0 pf U o=05=g and A{x}<0.5, for all x in ¥, then pX¥=0=
pEE too,

Finally, we look at the effect on the roughness of a fssy set A in (2
when the partition on & is made finer.

Let & be an eqoivalence relation on U finer than R, 1e, §CR. We
define as before, &, .z?l,'q in the approximation space (), K} and the
cortesponding sets &7, o in (UL, 8%, Let us denote simply by g, and p)l.
the roughness measures of A relative to o, in (U, R} and (&, 50,
respectively.

PrOFOSITION 3.7, pl<p,.

Proof. We claim thar w0, Ca” and -;E{ f:.!?ﬁ. Nuow § gives rise 10 @
partition {¥,..... ¥}, say, of £/ such that for any j={l,....m], there is
i {l,....n} with ¥, X,

Let x=#, and x€ X, i €{l,....n}. Now x =Y, for some j1{1,...,m)
and ¥, C X, Butinf, yjﬁ{}')ainfﬁx__ﬁ(y_‘laa, s that x @7,

Again, ke .xE.:-%r and x= Y. j=il.....,ml Then xeX, for some
iefl,....,n} and Y,C X, But sup,, y Aly)z=sup,, pAly) =g, sothat x=
. Thus '

EA R

f=t—- 2« =
|| £

m=t

=g, 1
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We conclude this section hy giving an example and trving to interpret
the notions and results presented so far i its context,

EXAMPLE. Lot the domain € of discoumse comprise studenls of a
class in a school, and X, ... X, denote » sections of the class, Let A
£7—[1),1] be a representation of the fuzzy concept “tall.” ic., Alx) iy the
degree of Lallness of the student x in 45

Now those sections in which the minimum (maximum) membership
vahue of students with respect to tallness 75 ar least o () ure chosen, and
thee students of these sections ate taken to constitute the o-lower ( fup-
per} approximation ., {.a?}i} of A &, (,ﬁ_fﬁ} could be viewod s the
collection of students who are definitely (possibly) tall at least to the extent
e (3

Roughness p2 " of the concept “tall” relative to the thresholds o, 8
and the given information system (viz., the class I7 and its scohoms
A,...., X, ) is then determined by the fraction of possibly tall students whao
ure definitely (all. We notcr the following,

{i} 'I'he greater the fraction, the lower the roughness of the concept
“tall.”

{ii) When, in each section, minimum degree of 1allness 5 @, roughness
of the concept “rall” is zero.

Gil) IT the minirmum degree of tallness in sach section s boss than e,
rowghiness is maximum, viz., unity.

{iv) Let us supposc that the degree Als) of tallness of each student x
in £ s gl lcast 05 We consider the dilated version B and concentrated
version C of A representing the sets “more or less 1all” and “very tall,”
respectively [1] Let us further suppose that the degree of any student x
being “very wll” s also at least 0.5, Now if we take B<{L5, it may be
concluded tby Proposition 3.2) that pi¥ < ¥ < pf?, for any choice of
ol=gh

(v) Let the sections f the chass £ be further divided and «, 5 kepl
fixed. Then ome finds that, generally, both the number of sections and the
averall number of stodents contributing o ), increase. On the other
hand, though the number of sections contributing to J«% penerally In-
creqases, the overall number of students in By decreases (of, Proposition
3.7). Ience roughness of the concept “tall’” decreases.

4. CONCLUDING REMARKS

The measure g could find many applications i pattern recognition and
image analysis problems, where UV denoles a gray image or feature spacce,
and X,.X...... X_ represent s oregions. The fuzzy set A can be viewed 1o
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represent the ill-defined pattern classes or some improcise image property
such ws brightness, darkness, edginess, smoothness, cie. Relative to thresh-
olds «, §, roughness of such an imprecise property A can then be mea-
surcd in terms of the ratio of the oumber of feature points definitely
sutisfying A to the number of feature points possibly satisfying A Algo-
rithms for image enhancement and segmentation, or seed point extraction
ol clustering, can be formulated as is done by furriness measures [7].

Fur example, furey scgmentation of an image X using the measure g
can be obtained as follows, Define a ey object region over the image
space with membership plane A=, of constant bundwidth using a
two-dimensional w-lunctiom. Vary the crossover point of a p-plane wnd
compute p for a fixed value of a amd B. Find that py-plane for which p is
minimum. Such & ph-plane represents a fuzzy segmented vermsion of the
image {with lower and upper approximativns ss determined by e and f1
Miste that in conventiomal luzry scgmentation, the uncertainty is handled
in terms of only class membership of pixels in the w5-plane. Here, in
addition, the lywer and upper approximations of the pi-plane are taken
into consideration for managing the uncertainty. This fuzzy segmentation
can be refined by dilating and for coneenirating the ph-plane according to
thi: eorollary of Propasition 3.2, so that ¢ Is reduced turther,

Instead of altering the p-plane, ome can wlso control the threshalds a
and B (Ohservation 3.2) in order to chanpe ;. This criterion may be used
for defining a quantitative measure of image enhancement or some other
processing taghs.

The concept of splitting X,, X5..... X, is analogous to increasing the
resalution of 4 digital image. and can well be utilized for subpixel classifi-
cation problems and for detecting the boundaries of regions precisely.

[t may be pointed out that in this paper, 4 roughness measure of @ fuzzy
set has been defined and its propertics studied relative to a domain of
dizcourse equipped with o crisp partition. A generalization of the idea,
when the partition on the domain is furey, i3 under stndy.
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