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Abstract

Roakwani U3} suggested somme postukaes oe aniodex ol improvement e the level ol
living of a population, He alse suggested a paticular class of improvement indices. In this
paper we ghaacierire aximnabcally e enirg Kakwani class ol mgices, We also dedve o
sulficienl condition 0 avoid a non-comparabibity problem pointed eur by Kakwan.

SR clroifirntion: Lid
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1. Introduction

Sen (1985 1957 defined the conecept of standard of living in terms of (i)
luncooning, which indicaws tachievement’ of different aieriburey such us healsh.
education. hovsing ete. and (i) capability. which is the ‘ability’ w achieve, In a
pioneering paper Kakwani {1993) has introduced a class of “uchicvenent indices’
{0 represent the actual “levely’ of standard of living and a elass of “inprovement
imdices™ o represent the improvemnent in the standard of living of a conneey, wsing
an axihulic approach.

One of Kakwani's axioms is cooceroed wilh compuarison of improvameant
indices ol vwo populations. He shows that only one member of his class satisfies
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this comparability axiom. Extending Kakwani’s sel-up, in this paper we attempt fo
provide @ sufficient condition that will overcome the non-comparability problem.
A churgeterization of the entire Kakwani fanuly of indices is also carvied out in the
THITALT.

2. The farmal framework

Let x stand for the ‘life expectancy at birth' of the country under consideration.
This particular indicator of achievement is taken only for concreteness. The formal
analysis applies equally well o any other measure of living standards. Denote the
lower yund wpper bound Gf x by M, and M respectively, that is x=]M,, M.,
Supposse now that the value ol x chanpes mom x; w0 x;. An improvement index
g is a real valued function that associates a value O(x, xo, M|, M, } 10 each pair
(x,.x. )M, M,]° indicating the country’s Improvement in life expectancy
when longevily changes fom x, o x,. where [M) M, F s the twodold
Cuartesian product of [ M. M, ].

Kalowani (1993) soggested some Interesting axioms (e an improvement index.
The first axiom is

Runge Subdivision (RS)
Olx,x, M. M) <0 if x<x,

=0 #F x =z

20040 o=z

This property subdivides the range of ¢ depepding on the relationship between x|
und x,. More procisely, e index takes a negative, zomo ot posiive value
according as longevily decreases, remains constanl ot increases. The second
pustelate is a normalization condition. It states that ¢ should take on the bhiphest
value when the increase in longevity is mazimumn, that is, when v =M, and
X, = |M2.

Normatization (NWM),

Olxx, M My=1 il x =M und xr, =M, (1}

[t is reasonable to expect that @ increases when . increases. Similarly
should decreasc when 1, incredses. Woe thus have

Monotonivity (MO).  Given other things, (i} Ofx . x,, M|, M,) is increasing in
x0 G @, 2,0 M), M, ) s decteasing inox),
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The nexd properly 15 an additivigy condition, B states that if there is a change o
lomgevity from x o x, und then further o x,, the improvement index for the
change from &) to 5, should equal the sum ef changes frem «, to x; and from
£+ B0 1. Dormally, we have

Adeditivity (ADYL For all 1, xq, xS [ M, M)
Olo,x, M MY = x5, M M)+, x ML M)

To stale the filth property let us consider lwo situations. In the Girst siluation the
life expectancy increases Brom 70 to 80 while in the second it inereages from 30 10
& Clearly, it (s harder to increase longevity from 70 to 80 than from 30 to 6.
Conzequently, the index shovld attach a higher numerical value for improvement
in the former case than in the latter case (see also Sen. 1981; Dasgupta, 1993), The
above argument is lomoalized as

Lipweird Sensifivicy TUS),

r.r o, M.UM)>0(z, 5 +6.M,M;)
for all 8= Oaod ¥, = x,.

The fingl pruperly considercd by Kukwuni s conceroing  comparability of
improvemment indices of two populations.

Comparapility (CO). Given x,. x, and ¥, less then M, such that
O, ¥ My My} =00 v, v ML M)

v, must always cxist (be a real number),

v, should be greater (ess) than x, when ¥ is greater {less) than x|

¥, ML never exceed M.

Given y, = x,, a ¥, approaches M,. v, mmst also approach M.,

S

In addition o the above axioms we consider two more propertivs. The [ivsy one
Is

Conrtimuidy (CNY O s a4 continaons (unction.

Connnuity ensures that small changes m one or more arguments of £ will
eenerste small changes in s functional value, Thuy, a continuons index will oot
be oversensitive fo minor observatinnal errors in longeyity, The secand axiom i3
dimengionality. This postulute demands insensitivity of an improvemeni indzx o
changes n the unit of measurement of longeviry levels. That is, if longevity valucs
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as well 45 the opper and lower bounds are megsured in months instead of in years,
then the index valne should remain unchaonped.

Dimensionality (DM). 005 2., M M) = Hux cx, oM, aM,) lor all o
=0

It is gusy fo see that if O saisfies AD, then it can be written as
o M M =0, M M) =1, M, M) {2)

for some real valued funciion £ Kakwani (1993} relerred w # as an achicvemen
index. In order to ensure that the valee of § hes between 0 and 1, he assamed the
tollowing form of f:

Hox M M) g(M; — M} —g{M,—x) (3)

oMoM) - e 2T .

' el — M)
where g0) =1, g is condnvous wnd ivercasing. Since the argument of g is
nommegative. it will always assvoe a nonnegative value under the assumption of
inereusingness along with () — 4. One can easily check that for @ 10 satisly US
wi Toguire steicl concavity of g Woe assume thal g i owice differemiahle.

For illustrative porpeses Kakwani assumed the following forms of ¢!

g[a}=| _:_, Nwr<d, {4)
glx) =log(x). r=1, (%)

which in nurn generate the forms of £ given by

{ M, _f'fijj C— (M, _-’;2}[ i
{ 8, _M1}I_r

log{ M, —x )~ Tog{ M. — &,

{ e .l} _{ gl } ] (7}
log( M - M)

Oz 0., M M=

L D<r<t, (6}

Qlx. x,, M. M) =

Avor orses increase in 2 resulling from an inercase n lomgevity s larger Tor
higher values of inital longevity. When ¢ = (), the Tunction gf) in (4} is concave,
but ool sieictly so. I this case (0 in (6) is related o Sen's index (5) (Sen. 1981] by
G - SAM, — M)AM, x)

in the following propositon we axiomaticaily derive the entire Kakwam class
wf improvement indices.

Propesition 4. Suppose that e achievcemens finction | urderiving the improce-
ment index 2 is of the type (3] Then O sarisfier OM ff and only i O is of the
fornig given v {6 and (7).
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frroof.  In view of the assumprion that the achievement tunction f underlying &
i5 of the form (3), we have

é’{*‘?z_-‘:lj — & ﬂfj — X1}

Moy, o M M=
Lhaaeat) B(M 1)

{x)

Sioce () holds for all 1, %, 2 [ M), 3, ] without loss of generality we can put
x; =M. Given that g{0) =0, ¢ in (8) now becomes glM., —x 1/ /2{M. — M)
By DM. @ is homopenenus of degree zen iy its argurnents, The postuliate DA in
this purlicular ¢uase means Lhit

8O =) ale(M,—x))
g(8 - M) wla( M, —8))

for all w=10 {t)
Differentiasting both sides of (9} with respect to >, ind making some Tearrange-
menls wi huve

11_1;(.'}13 -x) Jdg{eM, ax) g{ M, M)
du, di ez} - ug[u‘[M;—M IR

(10)

Since the cight-hund side of {100 15 Independent of x|, the left-hand side (1Lhs)
should be as well, Now we can weite the oumerator of the Lhoe i (HIF as
—dglM, —a ) /dlM, — x,) and the denomuinator as —d gloel M, — 5, D/ dal M,
-x J}). Thus, for the Tha of (107 w0 he independant of x, we must have the
requireinent that g4 p)/g'(g) will depend on p/g where p - M, 1, and
g=nlM; - 1) Since o and 1, are arbitrary and g is cominuous, for all o,
2w /') wilt e of the form A{w /) for some contimuous fonction f. This
implics that g'(e}— Bu™". where B 7 0 i a constani (see Aczél, 1966, p, 144),
Integrating ' we get glu)=A + '~ —r), where A s the constant of
integration, The condition gi0} =0 along with the ncressingness and sinict
concavity of g requirethat A=0, B> Qand 0 <r= | . Tor r=1, glu) = Blug .
Substituting these specifications of g in (8, we get the desired forms of ¢ ‘This
cstablizhes the necessily part of the proposition. The sulficiency parr is easy ta
verify, O,

Let us now suppose that g is of the foerm

)= 1 e - {11}
g in {11} is continoous, increasing, sniclly concave and g{0) = 0. However. the
form of € underlying (his specilicalion of g does nol meet M. Tt, therefore,
shows the importance of VM 1o the characterivation of tw Kukwani ¢lass given by
{6) and {7). Furthcrmore, the specitication in {11) supports Kakwani's stalement
“There may exist other functions which could saisly all rhese conditons ..
(Kakwini, 1923, p. 314),
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Assunling that & is given by {6) and (7), Kakwani cquates QCx ), 1, M. M)
with (X ¥, ¥;, M, M;) and shows that for given x|, x,. ¥ a {real) value of ¥,
need nod cxist for £ <7 1, That is, @ i (6) need not satisfy axiom CO. However.
the axiom is fully satisfied for = = I, that is, when £ iy given by (7). In the
following proposition we give a sullicient condition, for given values of 3, X,
and .y, that will enable us w avoid the non-couparakality problem, like the une
that arises in the context of {6).

Proposition 2. Suppase tlur @ satisfies axioms MO aad CNL Then a sufficiess
comdition for € to fulfll axiony C0 Is

Q{xls-fnsMwM?}{Q(}'lsM?ersMJ.} (12}
ar
Of vpox, M M) =00 ¥, M My M) {13)

arearding a5 ¥ Foxp ooy <x.

FProof  The prool of ths proposition relics on the intennediate valoe theorem
which states that for a real valued continuous functicn f defined on the interval
[a, 8] it Ala) < #lp) and ¢ is a number such that Ala) < c < A(E). then there
exists a point ¢ (e, BY such that A(z) = ¢ (Rudin, 1976, p. 93

Assome that p, >x,. In view of MO, we have O(y,, z..M M.} <
Q0 x,, x;, M, M, ), Thiy inequalily along with the condition (12) gives

Gy xg M My < Qo k. MM < QU My, ML M) (14)

Since »,, M, and M. are piven. we can treat OUv,, v, M, M.} as a function of
v and write it as H{y.). Then from inequality (14} we get H{x,} < H{(M,} Now
applying the intermediske value theoren for the continuows [unction H over the
mterval [x,. M, ] we soe thal s value of 3, ={x,. M, ) say v, must exist such
that (X x, oo M, M=l pTt=00x, 7. M, M,). A similar demonstration
can be given for the case v, < x,. Thus, given x,. 1, ¥, satisfying conditions
stated in CO, there will exist a valuc of ¥, under the sutficicnt condition (12) {or

(3 o

The sufficient condition (12) states that the negative impact dve 1o increase in
the first argument of ¢ (fom x, t©o ¥} will get outweighed by the postlive
impact tesulting frem the increase in ity sccond arpument (rom x, o M)
Clearly, if @ satisfies axiom US, then such a condition will ba folhlted in the
patticular case when ¥, —x, =M, ~ x.. We can interprel condition (13} in an
analogous mmanoer. It may be noted hal condition §12) {or (133} is quite general in
the sense that it does not depend oo any specific functional form of £

We cunglude by ohserving that for v =1 the Kukwani index sutisfics all the
axivms stated in the paper. For 0 < r < 1 the index meefs all the axioms except
C0, which s satisfied aoder the sufficient condition stated in Proposition 2,
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