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ASYMPTOTIC BEHAVIOR OF BAYES ESTIMATES 
UNDER POSSIBLY INCORRECT MODELS' 

BY OLAF BuNKE AND XAVIER MILHAUD 

Humboldt University and Universite Paul Sabatier 

We prove that the posterior distribution in a possibly incorrect para- 
metric model a.s. concentrates in a strong sense on the set of pseudotrue 
parameters determined by the true distribution. As a consequence, we 
obtain in the case of a unique pseudotrue parameter the strong consis- 
tency of pseudo-Bayes estimators w.r.t. general loss functions. 

Further, we present a simple example based on normal distributions 
and having two different pseudotrue parameters, where pseudo-Bayes 
estimators have an essentially different asymptotic behavior than the 
pseudomaximum likelihood estimator. While the MLE is strongly consis- 
tent, the sequence of posterior means is strongly inconsistent and a.s. 
almost all its accumulation points are not pseudotrue. Finally, we give 
conditions under which a pseudo-Bayes estimator for a unique pseudotrue 
parameter has an asymptotic normal distribution. 

1. Introduction. The frequentist asymptotic properties of Bayes estima- 
tors and of posterior distributions are well known and have been investigated 
under the assumption of a correct parametric model; see, for example, Bickel 
and Yahav (1969), Ibragimov and Has'minskii (1981), Strasser (1991) or 
Lehmann (1983). The properties are analogous to those of the MLE and it is 
also known that there is a higher order asymptotical equivalence between 
Bayes estimators and MLE [see Strasser (1981)]. 

The asymptotic behavior of MLE in the case of a possibly incorrect para- 
metric model given by densities p6 (6 E 0) has also been investigated in 
several papers [see Huber (1967), Pfanzagl (1969) or Gourieroux and Mont- 
fort (1993)]. In particular it is shown that the MLE converges a.s. to the 
subset 0G of the parameter set 0 on which the Kullback-Leibler divergence 
(K-L divergence) of the true distribution G against the distributions given by 
p. is minimal. The points Of OG are so-called pseudotrue parameters. 

There are a few papers on Bayes estimators in this case. Berk (1966, 1970) 
showed that under regularity conditions, a.s. the posterior distribution con- 
centrates weakly on E)G for increasing sample sizes n. Hanousek and Jurec- 
kova (1996) derived sufficient conditions for the consistency and asymptotic 
normality of the Bayes estimators of a one-dimensional parameter when 
there is a unique pseudotrue value. On the other hand, Diaconis and Freed- 

Received June 1994; revised July 1997. 
1 Research supported in part by the Deutsche Forschungsgemeinschaft, Sonderforschungs- 

bereich 373 "Quantifikation und Simulation okonomischer Prozesse," Berlin. 
AMS 1991 subject classifications. 62F12, 62F15. 
Key words and phrases. Consistency, asymptotic normality, incorrect parametric models, 

inconsistent Bayes estimates. 

617 



618 0. BUNKE AND X. MILHAUD 

man (1986a,b) provide an example where eG consists of two points, Bayes 
estimators are inconsistent and posterior distributions asymptotically a.s. 
weakly concentrate on OG. 

In our paper we investigate problems for which there is yet no satisfactory 
treatment. 

1. Prove a stronger convergence of the posterior distribution than the a.s. 
weak concentration on ?G. 

2. Obtain in the case of a k-dimensional unique pseudotrue parameter a 
strong consistency of Bayes estimators w.r.t. general loss functions. 

3. Have a deeper insight into the possibly fluctuating behavior of Bayes 
estimates and of the posterior distribution in the case of inconsistency, at 
least for some special case, for example, determining the accumulation 
points of the sequence of posterior distributions or of Bayes estimators. 

4. Provide sufficient general conditions for the asymptotic normality of Bayes 
estimators and convenient pivotal statistics needed for confidence regions. 

In Theorem 2.1, under regularity conditions, we show that the posterior 
distribution a.s. concentrates on 0G in a strong sense. This leads to Theorem 
2.2, which states the consistency of the Bayes estimators derived from a 
general loss function, when the pseudotrue value is unique. As an illustration 
of these results we treat, by our method, the example of a location-scale 
Cauchy model left open by Berk (1970). Berk (1966) and Diaconis and 
Freedman (1986a,b) were the first to provide examples of inconsistent asymp- 
totical behavior of the posterior distribution. Section 3 presents a simpler 
example with normal distributions in which 0G consist of two points, where 
we can see that the MLE tends a.s. to the set OG, while Bayes estimators 
fluctuate around the convex hull of 0G. The points in the interior of this hull 
are not pseudotrue but they are a.s. accumulation points of sequences of 
Bayes estimates. In Section 4, we state sufficient conditions for the asymp- 
totic normality of Bayes estimators in a possibly incorrect model. In particu- 
lar, the pseudotrue parameter is assumed to be unique. A corresponding 
asymptotically normal pivot statistic is presented. 

To be more specific, we assume the observations X1(0w),..., X"(&)) to be 
realizations of i.i.d. random vectors Xi: (Q,) (Rk,k k), each having the 
distribution G. We assume G and P,, for all t E 0, to be probability 
distributions (p.d.'s) on _qk having densities g and p0 w.r.t. a nonnegative 
a-finite measure ,t on Sk. Corresponding to the possibly incorrect model 

(1.1) Xi P'e, #6e 0) i = 1,... ,n , 
we define a pseudotrue parameter YG as a value minimizing the divergence 
(1.2) K(#) - E log[g(Xi)/p1,(XJ)], 
over 0. The expectation E is w.r.t. the true distribution G. 

EXAMPLE 1. The location model is given by 
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where h, f are positive symmetric functions on R1 and %0 is the true location 
parameter. We see that, with obvious integrability conditions on h and f, 
assuming log p.(x) to be a strictly concave function of e (for all fixed 
x E R'), the divergence (1.2) has a unique minimum at i =t% so that the 
pseudotrue parameter is just the location parameter. The example of Diaco- 
nis and Freedman (1986) with two pseudotrue parameters different from 00 
is a model (1.3) with a special bimodal density g and a Cauchy density p0. 

EXAMPLE 2. The exponential model is given by 

pA(x) = exp[tVt(x) - a(e)], an 0 cRd, 

where 0 is the natural parameter space. It is easy to see that the divergence 
(1.2) is minimized by the uniquely determined value %G with 

ft( X)PNG(x) d4(x) = Et(X) = ft(x) dG(x) 

so that the pseudotrue parameter is just the true observation mean if the 
mean-value parametrization [see Lehman (1983)] is used. 

We assume 0 to be a Borel set in Rd and denote by -V. the class of Borel 
sets in 0. A nonnegative measure ( on -, is called a prior distribution, 
which is called improper if it is not finite. We denote by E, the integral 
(expectation) w.r.t. ( and by En ( 1, the integral w.r.t. to the posterior distri- 
bution Pn, c,, under (1.1), which is defined by 

(1.4) dPn,e,?(O) = [f H(p7(X6( )) [pl(Xi( )) d (iY), 

assuming that a.s. the above integral is finite for some n = no E N. An 
estimator An is called a pseudo-Bayes estimator w.r.t a loss function L: 
0 x 0 -e [O, oo) if for almost all e IQ and i%((cv) := 'X1( * Xn(G))A 

(1.5) E L(-)X = minEn 0L(t,). 

2. Consistency. In the following we state some relatively weak regular- 
ity conditions which will be needed for proving convergence properties of the 
posterior distribution: 

Al: 0 is a closed (possibly unbounded) convex set in Rd with a nonempty 
interior, the density p4(x) is bounded over 0 x Rk and its carrier 
{x E Rk I p(x) > O} is the same for all 0 e 0. 

A2: For all ie E 0 there is a sphere S[V, -q] of center eO and radius j = 

,q(i) > 0 with 

(2.1) E sup{|log[g(X)/pt(X)] |; t E St e,q]} < ?? 
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A3: For all fixed x E Rk, the density p,(x) has a continuous derivative p (x) 
w.r.t. t? and there are positive constants c, bo with 

(2.2) f1[p (x)]'p t (x)|| P,,(x)p(dx) < c(l + IIoIIb) 

for all t~ e E0, where II II denotes a norm in Rd. 
A4: For some positive constant b1 the affinity 

(2.3) f(e [p,(x)g(x)]172p(dx) 

has the behavior 

(2.4) P(O) < IIOI-bl, 9 E 0. 

A5: There are positive constants b2, b3 so that for all eEie0 and r > O it 
holds that 

(2.5) ((S[ tY, r]) < crb2(l + (1I011 + r)b3) 

Moreover, 6(S[ 0, r]) > 0 for all r > 0 and 0 E 0. 
A6: Let L: 0 x 0 -- R+ be a measurable loss function with L&Y, ) = 0 

(t? E 0), C1, C2, C3, b4, b5 be positive constants with 

(2.6) (clllt - 111b4 A C2 < L(t, #) < C311t - 111b5 

for all t, tY e 0. 

REMARK 1. Assumptions Al-A4 are fulfilled by most of the standard 
parametric models, provided that the true distribution G has some regularity 
properties. For instance, if G has a positive density w.r.t. the Lebesgue 
measure and has a finite second-order moment and the distributions P,' = 

N(,u, (T2) are normal, the assumptions are fulfilled, as can be checked easily 
using the parameter 0 = ( ,t, log a 2) E 0 = R2. 

REMARK 2. Assumptions A2 and A3 imply that for all & e 0 and a > 0 
there is a 'q = ( a) with 

(2.7) E sup{log[g(X)/pt(X)] It E S[E , 7]}) < E log[g(X)/p,(X)] + a, 

(2.8) E inf{log[g(X)/pt(X)]It E S[4#,iq]} 2 E log[g(X)/p,(X)] - a. 

The following theorem shows that the posterior a.s. concentrates on the set 
0G of all pseudotrue parameters in a relatively strong sense. 

THEOREM 2.1. UnderassumptionsAl-A5 theK-LdivergenceK(O) reaches 
its global minimum over 0 on a compact set OG* It holds for all p > 0 that 

(2.9) limE ,dP(O) = 0 a.s. 
n -4 

where 

dG(O) = min{l1o - tll I t E OG). 
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PROOF. By A2 and A3, K is finite and continuous on 0. Assumption A4, 
the well-known inequality between the affinity and the divergence, entails 

(2.10) lim K(0) 2 lim - 2log p(0) = +oo. 
11011 X 11011 x 

Therefore K reaches its global minimum on a bounded set 0G. As 0 is closed 
and K is continuous, the set 0G is compact. 

Without loss of generality we suppose 0 E OG. 
We introduce the notation 

(2.11) I(, E A) =(IA(#) = (1 0 e AX 

n 

(2.12) Zn(0) =jP0(Xi)/9(Xi) 
i= 1 

(2.13) Ko K(O). 

Given ?, 8, n > 0 we consider three parts of 0 

8= {0 E IdG(0) ? , 11011 < 8), 

SC = {0 E111011> 8}, 

Sn = {0 E 111011? 'qn}, 

where 8 is chosen large enough to have p(0) small enough on 0' [see (A.11) 
in Appendix A.1]. The following inequality obviously holds: 

(2.14) EnX(,,XE(dP(0)) = E4[dP(0)Zn(0)/E6Zn(0)] 
< ?P + [(An + Bn)/Cn] X 

where 
(2.15) An =E4II0IIZn(0e)Zn(0)] (2.16) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~n= Ej[II0IIPI(I0EI 
(2.16) Bn = E6 [11011Pll0101 > S)Zn( o)b 

(2.17) Cn = Ef [ I(II 0 I < N)Zn(o)] . 
Using S, we assure that the denominator of the posterior distribution (1.6) is 
not too small, proving for some a > 0, 

(2.18) lim exp(n(KO + [ a/2]))Cn = 00 a.s. (Lemma A.2). 
nf -oc 

On 0 the tools of our proof are developed in analogy to a proof of Pfanzagl 
(1969) for the consistency of minimum contrast estimators under a compact 
parameter space and we show for conveniently chosen 8, 

(2.19) lim exp(n(Ko + 2 a))An = 0 a.s. (Lemma A.3). 
n-0x 

On Sc we adapt the method of Ibragimov and Has'minskii [(1981) pages 
42-45, referred to henceforth as I-H], and get 

(2.20) lim exp(n(Ko + a))Bn = 0 a.s. (Lemma A.8). 
nf -,0c 
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Indeed for (2.20), up to now, we do not know a proof relying directly on K-L 
divergence. 

These convergences together with (2.14) lead to proposition (2.9). FC 

REMARK 3. An obvious consequence of (2.9) is on one hand the a.s. weak 
concentration of the posterior onoG, 

(2.21) limPrn U) = 1 
n -) o 

for all open sets U containing E)G* Such a result has been obtained by Berk 
(1966) under a different set of somewhat weaker, more implicit assumptions. 
On the other hand a.s. the accumulation points P (w.r.t. weak convergence) of 
the sequence {Pn 6 ,J n E N of posterior distributions are p.d.'s P with carrier 
OG- When the pseudotrue parameter 6G is unique, we obviously have the 
weak convergence 

fl,6 Ow OG~ 

where 8t is the Dirac measure at point t. 

REMARK 4. It is easy to see from the reasoning in the proof of Theorem 2.1 
that a posterior mode On (at which the posterior density is maximal over 0) is 
strongly consistent in the sense 

(2.22) lim dG(an ) = 0 a.s. 
n -x o 

For the special case of the Lebesgue measure ( on 0 = Rd as the prior, a 
posterior mode is a pseudo-MLE. We obtain the strong consistency (2.22) of a 
MLE on for possibly nonunique pseudotrue parameters. The posterior mode 
may be interpreted as minimum contrast or M-estimator and the rich litera- 
ture for such estimators gives conditions for its strong consistency. For 
example, the results of Huber (1967) hold for possibly nonunique pseudotrue 
parameters under weaker assumptions than those of Theorem 2.1. 

REMARK 5. In the one-dimensional case and for a unique pseudotrue 
parameter OG a further consequence of Theorem 2.1 [or of (2.21)] is the strong 
consistency of the posterior median fin, which is pseudo-Bayes w.r.t. the loss 
It - 01. 

In Theorem 2.2 we show that pseudo-Bayes estimators are strongly consis- 
tent under assumptions Al to A6. 

THEOREM 2.2. If the pseudotrue parameter 6G is unique, it holds under 
the assumptions Al to A6 that for all pseudo-Bayes estimators a, w. r.t. a loss 
function L, 

(2.23) lim a% = aG a.s. 
n -x o 
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PROOF. Because of A.6 and (1.5) we have a.s. 

(2 .24) ~En c L (( ) ) < En,5,c L( AG X e ) 

< C3En, ( II%G - 15- 

With (2.9) we then obtain for almost all wo E Q, 

(2.25) lim En L ( 
) = limEnl,cL(%iY) =EL( YG, G) = 0. 

n --+ oo ~~~~~~n -4* 0 

Now assume that for such an wo there were an ? E (0, c) where 

(2.26) C = I C- 1 
and a subsequence {ni} so that 

(2.27) II.if j( ) - II > 8, i = 1,2... 

This would lead to a contradiction to (2.25) using (2.9): 

2 limssuPEfpE,n ((clIl l.(wj) - A C) 

(2.28) 2 limsupEn1 j, ,,{(cI[ej- I - 1GI]) A C2) 

= clim supEn[, ( - [ - GII b4 AC] i~~~ _ 
j-4 0C 

2 c1lim sup [- (Eni e I, - GIIb4) b4] = c18b4 > 0. 

Consequently, lim1n-oIn(to) - AG I = 0 must hold for almost all to E Q. Cl 

EXAMPLE 3. Berk (1970) ends his paper by leaving as an open problem the 
behavior of the posterior probability in a possibly incorrect location-scale 
Cauchy model: 

(2.29) p6(x) = (o-7( 1 + ( 2 ,i)2)), 0= (,ut o-) E R X R+. 

We show below that our results work in this special case. Let us assume the 
true distribution G of the sample to be absolutely continuous, with a positive, 
bounded density g (sup{Ig(x)I I x E R1} < oo), such that for some positive 
constants 0 < a < 1, 8> 0 the bound f xX8gl-a(x)dx < oc holds. 

The following parametrization, 

(.0 - O- 1, 

(2.30) s = 



624 0. BUNKE AND X. MILHAUD 

leads to the new parameter t = ( ,u s) and to the parameter space R2. 
Condition Al is fulfilled. As g is bounded, some calculus with the Cauchy 
density show that assumption A2 is fulfilled. A3 is obviously satisfied. 

For the proof of condition A4 we set 8* = inf(8/4, a/ 16) and 

(2.31) r(t9) = I jg xQ(O ) = f1,lI8*o-1/2Il + ( - _ )2/ ]/ dx. 

In Lemma A.9 we prove that 

r(O) < / CO-a/16 for cr> 1, 
\Co,1/4, foru?, 1. 

Here C is a positive constant not depending on A and u-. Then it is easy to 
prove that A4 holds. 

Summarizing, we have seen that all assumptions of Theorem 2.1 concern- 
ing the parametric model are fulfilled, so that we have the asymptotic 
behavior of the posterior given by (2.9). Moreover, if the true density is 
symmetric and strictly unimodal, the pseudoparameter OG is uniquely deter- 
mined. Therefore the Bayes estimators w.r.t. convenient loss functions and a 
prior satisfying assumptions A5 and A6 are strongly consistent for OG= 

(/G IG)' 

3. Consistency of MLE versus inconsistency of Bayes estimators. 
In this section we want to show by an example that pseudo-MLE and 
pseudo-Bayes estimators are not always asymptotically equivalent, the MLE 
being strongly consistent, while the Bayes estimator is not. In this example, 
the Bayes estimates fluctuate a.s. around an interval; only the end points of it 
are pseudotrue parameters, but a.s. the interval is the set of accumulation 
points of the sequence of Bayes estimates {n E N. 

We assume a normal model 

(3.1) Po = N(O, v(O)), v(O) = a + b2, 

in which the variance v depends on the mean 0. We assume a true distribu- 
tion G = N(O, o 2) and 

(3.2) 0 <a < o-2 b >a/(o-2 -a). 
The prior distribution ( is assumed to fulfill A5. We obtain the K-L diver- 
gence 

(3.3) K(0) +Elogg(X) + log(27T) + f(0), 

where 

(3.4) f(0) = log v(0) + (u2 + o 2)/v(O). 

Simple calculus shows that f is minimal at 0 = y and 0 = - y, where 

(3.5) y = b-2(b02 - ba - a) > 0. 

Therefore we have ?G = {fy - Y}- 
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Because assumptions Al-A5 as in Theorem 2.1 are fulfilled for our exam- 
ple, it holds that a.s for all p > 0, 

(3.6) limEn e, ,(min{i O- yI,10- (-y)1})P = 0. 
n oo 

Moreover we are able to prove (see Appendix A.3) the following stronger 
asymptotic properties for the posterior. 

1. For almost all w the set of accumulation points (in the sense of weak 
convergence) of the sequence {P n, ,olnEN of posterior distributions is the 
set of all the mixtures 

(3.7) /-A = Asy + (1 -A) 5_ , A GE [01 1]. 

This is also true for the "strong" convergence Pn -* P of probability 
measures defined by the simultaneous validity of weak convergence Pn => P 
and the convergence of all absolute moments of order p > 0, 

(3.8) lim fIIP dPn(O) =IIP dP(H). 

2. We introduce for all p > 0 the "distances" 

(3.9) ~ dp(Pn, 8, c, 5y) =En, 6, - 0 -YI 

between the posterior and the Dirac measure at y. Obviously (3.9) is the 
infimum of Ew I0 - rIP w.r.t. all joint distributions W of (0, r) with the 
marginal distributions Pn, , . and 8,. This defines the Mallows distances 
of order p; see Bickel and Freedman (1981). These distances and the 
distances dp(Pn, f, , &_ ) will be small, each approximately with proba- 
bility 2; that is, for all sufficiently small e > 0 holds that 

lim P ({ I dp (Pn , , C ) < e= lim P ({ w I dp (Pn,,, ) 

=2- 

A consequence of (1) is the inconsistency of the posterior mean 0, 
En., Jo), because the sequence {On}n N will a.s. have all points in the 
interval [- y, - yI as accumulation points. On the other hand, a consequence 
of (2) (see also Appendix A.3) is also that the posterior mean On will be 
weakly consistent (p - lim n, dG(0`f) =0) and that the distribution of On 
(without standardization) tends weakly to the mixture A112. 

Furthermore, as discussed in Remark 4 (Section 2), the posterior mode On 
and the maximum likelihood estimator 6,n = OMLE (as its special case for the 
uniform prior 4(O) = const.) are strongly consistent in the sense of 

(3.11) lim dG( -) = 0 a.s. 
n ,o 

It is interesting that, as we show in Appendix A.3, the distribution of O9 
converges weakly to the mixture 112 
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4. Asymptotic normality of pseudo-Bayes estimators. 

4.1. Assumptions. In the following, we state further conditions for the 
asymptotic normality of a pseudo-Bayes estimator, which complement the 
conditions for consistency. 

A7: The pseudotrue value OG is unique and belongs to the interior 0int of 0. 
A8: The function l(x, #) = log[ p,(x)/g(x)] has for fixed x E Rk continu- 

ous derivatives of second-order w.r.t. e~ in the interior 0int of 0, 

d 2 
(4.1) l'(x, 10) -= l(x, 9), l"(x, ') = l(x 0) 

Moreover, there is a positive function C on Rk and a positive integer b6 
with EC(X) < 00, 

(4.2) l"(x, '0) - I"(x, t)iI < C(x)[1 + 11,011b6 + IltI!b6I11 - til, 

(4.3) III (x, 9) 11 < C(x)[1 + 11,0 1b?1] te .int 

where 11 11 denotes the Euclidian norm on Rd, or the analogous norm on 
the set of d x d matrices. 

A9: We assume the integrals 

(4.4) I(e) =El'( x, 0) [I',( x , 'a)] T, 

(4.5) M(pi) -El"(x, f) = - f"(x, 0) dG(x) 

to exist and to be positive definite matrices in a neighborhood of 1 = IG. 
A10: The loss function L has in 0int continuous partial derivatives 

di +j 

(4.6) L(i')(f,t) := .L(fJ,t), i,j =1,2. 

Moreover we assume with c, b7 > 0 and for i,j =1, 2, 

(4.7) IIL(ij)(0, t)JI < c(l + jj'011b7 + lItIIb7), 0 t E 0int. 

Al1: The prior measure ( has a density f w.r.t. the Lebesgue measure on 
Rd, which is continuous on Rd and fulfills for b8 > 0, 

(4.8) 0 < f(p) < c(l + 1|11lb8) # E 0 

4.2. Asymptotic normality. 

THEOREM 4.1. Under assumptions Al-All, a pseudo-Bayes estimator t is 
asymptotically normal: 

(4.9) 2{VT(0 - 
dG)} N(O, A) as n -* 00, 
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where 

(4.10) A = L2 L1M IGM '(L21 L1)T, 

(4.11) IG-I('YG), M =M(G), 

(4.12) L1 = L, 1')(fG,I AG) L2 =-L(" d ) 

PROOF. In the following we give a sketch of the proof, which is presented 
in detail in Appendix A.4. We assume w.l.o.g. that tG = 0. 

The Bayes estimator minimizes the posterior loss [see (1.7)]. In Lemma 
A.10, the expansion of the posterior loss gives us an asymptotic equivalent 
term L-j1Lln 12A(Zd) + Gn of the Bayes estimator [Gn is defined in (A.59)]. 
By a truncation and a dilatation argument applied on Zn, we replace Zn by 
the process Z* [see (A.67)] lying in the space F of the continuous functions 
on Rd with zero limit at infinity. In Lemma A.11 we show that we can 
replace n1/2A(Z ) by A(Z*) up to residual op(l). The sequence of processes 
(Zn*)n, -N converges in distribution in W to the exponential of a Gaussian 
process Y (Lemmas A.12, A.13, A.14). 

Finally, we show that (A(Z* ))n E, thus (A(Zn))n N , converges in distribu- 
tion to A(Y) and that Gn vanishes in probability when n -> oo. The distri- 
bution of Ln 'Ll nl/2A(Y) is N(O, A). Ei 

REMARK 6. Extending Remark 1, we see that, for example, the normal 
model fulfills the assumptions of Theorem 4.1 if the true distribution G has 
the properties stated in Remark 1. Therefore we obtain the asymptotic 
normality of a Bayes estimator (e.g., a posterior mean) even if the model is 
incorrect. The results in the literature (see, e.g., I-H) state the asymptotic 
normality under the assumption of a correct model. The asymptotic covari- 
ance matrix A in (4.9) will in general be different from that under the 
correctness assumption. 

If asymptotically valid statements such as the accuracy of On or asymptoti- 
cal confidence regions for the pseudotrue parameter 0G are wanted, the 
asymptotic covariance matrix for a pseudo-Bayes estimator On that is given in 
(4.10) and depends on the unknown distribution G must be estimated consis- 
tently. 

Because of assumptions A8 and A10, the functions I, M and (for fixed 
E l), 

1 n 
In(~~~~~ 0) In, (nt 

0 ) [I1 (Xi(c) 0)] T 

and 

Mn( ) =Mn,( ) = -(El (Xi(w),) 
n= 
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are continuous on 0. Moreover by A8 and A9 and the strong law of large 
numbers, we have for some bounded neighborhood U of OG, 

(4.13) lim sup fn(0) - I(0)l = 0 a.s. 
nl4oc OE-U 

Theorem 2.2 gives limno On = OG a.s. Then the estimator I = LO(n0) is 
strongly convergent to IG. Analogously the estimators M= Mn((0n), L1 = 

L("')(0n, On) and L2 =LO2n0(On On) are strongly consistent for M,L1 and L2, 
respectively. 

As a consequence of Theorem 4.1, we obtain a standard pivot Tn 
Fn A-1/ On - 0), where 

A= L-1LM1MfIM-1(L-1L1)T 

From the pivot Tn we may derive asymptotic confidence regions and a test of 
a simple hypothesis on OG in the familiar way. 

THEOREM 4.2. Under assumptions Al-All follows 

Y(Tnj -* N(O, Id). 
n -4 

APPENDIX 

A.1. Proof of Theorem 2.1. 

LEMMA A.1. For all e > 0 it holds that 

K_ = inf{K(0)I0 E 0, dG(0) e} > Ko =K(O). 

PROOF. The inequality (2.10), the compactness of 0G and the continuity of 
K entail Lemma A.1. El 

Now we choose 

(A.1) a = (K, - KO)/4 for a fixed e > 0. 

LEMMA A.2. There is a r > 0 with 

lim exp(n(Ko + [ a/2]))Cn = oo a.s. 
n ,o 

PROOF. With the notations of assumption A8 and setting li(0) = 1(Xi, 0), 
we have 

1 

(A.2) n7) 

2 - -~E Sup{log[g(Xi)/p (X()]Xi 11011 < 
n i=1 
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Taking 49 = 0 and 7 = q(0, a/4) in (2.8) and applying the strong law of large 
numbers on the right-hand side of (A.2) yields 
(A.3) lim infA. 2 -Ko - a/4 a.s. 

nf 

Then Fatou's lemma gives 

lim infexp(n(Ko + [ a/2]))Cn 
(A.4)n 

> E4 I(IIOtI < '7)liminfexp(n(Ko + [a/2] + An))=oo a.s. [ n o 

We set diam (0G) = max{I IO - O'I I I 0, 0'E eG} 

LEMMA A.3. For each 8 > ? + diam(%G) it holds that 

lim exp(n(Ko + 2 a))An = 0 a.s. 
n o 

PROOF. For each E-0 =- E 0 IdG(O) e, #llOll ? 81}, (2.8) provides a 
sphere S(O, -q) (7q = a a)) with 

(A.5) E sup{l1(t)It E S[f#, -q]} < -K(ie) + a. 

The set 0' may be covered by a finite number of such spheres, say S(0j, qj) 
(j = 1,...,1). With the notation 

(A.6) Aij = SUP(li(t)It E S[t#j,7qj] n 0,6) 

the strong law of large numbers, (A.5) and (A.1) give for all j = 1,...,1, 
1 n 

(A.7) lim - Aij < -K(te) + a < -Ko - 3a a.s 
nl-*0 fl 

nrni=1 

This and the inequality 
i n' n 

(A.8) -SUp ( li (1) e C - ) sup E Aij n n ~~~~~j j=1 

lead to 
(A.9) limsup E < -K0 - 3a a.s. 

n o0 

Therefore, 

limsupexp(n(Ko + 2 a))A, 
(A.10) n -400 

< lim sup {(S[0, 8 ]) 8q exp(n(Ko + 2 a + vJ) = 0 a.s. [l 
fl ---00o 

Let 6 = d-126-i; next we choose 8 such that 8> (e + diam(G)) v2 
and 

(A.11) sup{b(i)le 0: LOll ? 8*1 ? 
2 2b1 exp(-2dl(K0 + 2a)). 
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We introduce the notation d1 = d + 1 and 

(A.12) V,n(t) [Zn(t/V'n)]' W,n = Vl/dl 

(A.13) E) n = i$Fnl E= 0, 11,011 > 6 * 

The proof of (2.20) is now performed in successive steps and can be roughly 
described as follows. 

Changing variable 0 into t/ VW, we adapt the setting of I-H (pages 
42-45). Our goal is to control the trajectories of the likelihood on 0n. First we 
majorize the expectation of Wn(t) using the affinity lemma (A.4). The true 
distribution does not belong to the parametric family and therefore we have 
to modify the method of I-H to majorize the continuity modulus of the 
stochastic process Wn(t) (Lemmas A.4 through A.6). From Lemmas A.4 and 
A.6, we derive an upper bound for the likelihood trajectories on the pave- 
ments of 0n. Then a reasoning based on the Borel-Cantelli lemma leads 
finally to the desired convergence (2.20). 

LEMMA A.4. For each q > 0, there is an nq > 0 such that, for n > nq and 
t E On, it holds that 

(A.14) E(Vn(t)) = E[Wn( t)]dl < exp(-2nd1(Ko + a ))11t11-q 

PROOF. Because of assumption A4 and (A.11), we have for t E O,n 

(A.15) E[Wn(t) 
n 

/)]n < cn[1lt111Fn]n1 

Taking logarithms, we see that for n large enough, say n > nfq, the right-hand 
side of (A.15) is smaller than that of (A.14) if n > nq* O 

Let us set 

(A.16) A(t, h) = EIWn(t + h) - Wn(t)Idl. 

LEMMA A.5. For each q > 0 there are constants r and mq > nq such that 
for n>mq, lIhil<V;,tandt+hin 0n, it holds that 

(A.17) A(t, h) < rllhIIdl exp(-ndl(Ko + a)) 1t11-qdi. 

PROOF. Let t, t + h E on and h be as in Lemma A.5 and fixed. We set 
n 

(A.18) S()= n-1/2 EhTl,tnu 
i = 1 

where 

(A.19) tn,u :=(t+uh)lF; 

(A.20) li(a) = log(p&(f)/g(XJ)), 1i(aY) = 1 i("O 



ASYMPTOTICS FOR BAYES ESTIMATORS 631 

Then we have 

(A.21) A(t, h) = E f Sn(u)Wn(t + uh) du 

and the by Holder inequality and the Fubini theorem, 

z^(t, h) ? fl{EISn( u) Id1lV/2(t + uh)}V1'/2(t + uh) du 

(A.22) < fl{EISnn2d1V}) / EV} 1/2 du 

< fl{EISn( n)I|1Vn2(t + uh)} {EVn(t + uh)}'l2 du. 

The first expectation may be written for fixed u E [0, 1] as the integral 

(A.23) E1S4Vn l n I Sn ( U) I4dn( dx&) 

w.r.t. the probability distribution tn over (Rk)n given by 
n 

(A.24) 4J(dx) = n Ptn, u(xi) (dxi) - 
i=1 

Then Sn(u) is a sum of n terms that are independent under the p.d. Vn. 
Therefore the inequality 

n s n 
(A.25) ( lbil < nS-l E lbils, s 2 1, 

the inequality of Burkholder [see Hall and Heyde (1980), page 23] and (2.2) 
give, with positive constants fr, 

EISn(u)I nVn2(t + uh) 

/ n 2d, 
? fIhII4d'nl-2d,1 fEII'(t, u)12I d In 

(A.26) i= / 

< qllh 114d, 11"1(tn, u)114d lptn.( xl) ll(dxl) 

< AlIhl4d, l(1 + lit llbo) 

For the second expectation EVn(t + uh), we apply Lemma A.4 replacing its q 
by 2qdl + (bo + 1)/2. Recall that we have ilhil < vd and n-1/211tll 2 1. If we 
choose n large enough (say n > mq) such that the following inequalities 
n 2 nq, n f n2(dlq+bo+1) and (1 + litn_ ulbo) < jItIlbo+1 for all t E 0n hold then 
we get the conclusion of the lemma. E1 
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From Lemma A.5 we derive an estimate of the continuity modulus of W,. 
Let t* e Zd be a vector with integer components. We set 

][t* = foltl < f9; < tj* + 1, j = L ... I d}, 

c(Ht*) = min{max{lOjI Ij = 1, ..., d}I0 E flt*}. 

The set C(k) consists of the "pavements" H* such that c(Hlt*) = k is called a 
k-covering. Its cardinality is 

(A.27) #C(k) = (2(k + 1))" - (2(k))d < 2dd(k - 
l)d 1. 

For all 0 in a pavement Ht* of a k-covering, it holds that k < 11011 < (k + 1)d. 
Hence Theorem 11.1 of Ledoux and Talagrand (1991) may be applied on such 
a pavement using (in their denotation) ifr = II Ild1, T = flt*, d(s, t) = ls - 
tlIexp(-n(K0 + a))k-q and we obtain the following lemma. 

LEMMA A.6. Under the previous conditions for each q > 0, for n ? mq, 
lihil ?< Vd and for any pavement lt* of a k-covering C(k) it holds that 

(A.28) E)kf n(h) < cd exp(- n(Ko - a))k h 

where 

(Ok,fn(h) = sup{lWn(t + h) - Wn(t)I It, t + h e ft* n O), 

Cd = 8(1 + rd)dld ldl. 

With the above lemmas we are now able to get a maximal inequality for 
the process Wn on 0n. We set 

rk,n = U Ht* n on, 
(A.29) Ht* eC(k ) 

Wk*n = sup{Wn(0)I0 E Fk,n) 

LEMMA A.7. Under the previous conditions, given (y e (0, 1)), we have 

(A.30) P(W, Cny > y) ? c,y"1 exp(-n(Ko + a))k-q(k + 1)2(d1) 

with c't = (2d + Cdd1/2d,)2dd. 

PROOF. Let us fix a pavement Ht* E C(k) and y(O < y < 1) and we set 

p(n, t*) = P(sup{W o(0)IO E Ht* n o)0 > 'Y). 

We consider a net v consisting of the points T, Of On, 

s= t* +k-s, S=(S, sd), sj=O .. ,k, j= ...,d. 
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Then it holds that 

(A.31) p(X*<(ufn(O)J E= P) 2) -2 
=Pi + P2. 

For m > mq the inequality p1 < E,,e ,P(Wn(0) > y/2) and the Markov in- 
equality with Lemma A.4 lead to 

(A.32) Pi < (2/y)d'exp(-2ndj(K0 + a))k-q(k - ld. 

Again the Markov inequality and Lemma A.6 give 

(A.33) P2 < (2/y)cd exp(-n(KO + a))k q(dIk) 

These inequalities yield 

(A.34) p(n,t*) <Pl +P2 < i(n,k,y), 

(A.35) Ir(n, k, y) = (2d" + 2Cddl/2d")f-d1 exp(-n(KO + a))k-q(k - 1)". 

Obviously, we have P(Wk*,n> y) < E1ft* C(k)p(n, t*). The previous upper 
bound for p(n, t*) and the cardinality of C(k) (see A.27) lead to the conclu- 
sion of the lemma. l 

Finally, we are able to prove Lemma A.8. 

LEMMA A.8. Under the assumptions of Theorem 2.1 we have 

lim exp(n(Ko + a))Bn = 0 a.s. 
n -c 

PROOF. Let v (dt) be the probability measure induced by 6(dO) and the 
transformation t = n 0. We have Bn < _k 2 * Fbk,n with 

bk,n := n p/ |llPn2d(( n, k) Vn(dt). 

Obviously it holds that 

(A.36) bk, n < n-P/2((k + 1)vd) (Wk,n n)2d Vn(Fn( k) 

With assumption A5 we have the rough upper bounds 

(A.37) Vn(Fn,k) < c(k + 1) d+b3- n- b2/2 

and 

(A.38) bk,n < c*(k + 1) rn-r2(Wk* )2d, 

with the same constants c, c*, r, = p + d + b3 - 1, and r2 = (P + b2)/2. 
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Noting that 

E (k + 1)2 ) 
k 2 8 * F 

we have the sequence of inclusions 

(exp(n(Ko + a))Bn > (3*V)1} 

(A.39) c U (exp(n(Ko + a))bk,n > (k + 1) 2} 

k U {Wk n > IYk, n)' 

with Yk,n = exp(-(n/2d,)(Ko + a))(k + 1)-(2+rl)/dlnr2/d,. 

Using the inequality (A.7), for all q > 0 and n ? mq, an obvious calcula- 
tion leads to 

> k, Yk,n) ? Pk,n = C'd^, 1 exp(-n(Ko + a))k-q(k + 1)2(d-1) 

- Cdexp(-n/2(KO + a))n-r2k-q(k - 1)2+rl+2(d 1) 

It is easy to see that the double series Ek Pk, n is convergent, if q is 
sufficiently large. Therefore by the Borel-Cantelli theorem, for almost 
all w, there is only a finite set of pairs (nt, k' ) for which the inequality 
exp(n(K0 + a))bk., nl() > (ki + 1)-2 holds. Then for n > n(w) = supi nl 
we have exp(n(K0 + OM))bk,f(w) ? (k + lIP2 for all k. Hence for almost all 
to and for n > n(wi) we have exp(n(K0 + a))Bn(w) < , thus proving 
the lemma. C 

A.2. Proof for Example 3 of Section 2. The density of the Cauchy 
distribution with location and scale parameters ,u and o- is o-'h((x - g)lo-) 
where h(x) = ir-1(I + x2)-l. We introduce the function 

(A.40) () : 16*1/2h1/2( 
X 

U)g1/ (x) dx, 

where 0 = (u, o-), and 8* < inf(/4, a/16). We prove Lemma A.9. 

LEMMA A.9. Under the assumptions of Example 3, Section 2, we have the 
following: 

(i) r(6) < C-a/16 for > 1; 
(ii) r(O) < Co"'/4 for o < 1. 

PROOF. As we have 8* < 1, we majorize r(O) replacing in (A.44) I tl by 
l - xl8 + Ixl8*. Next for all positive constants p, q (p- + q- = 1) using 
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the Holder inequality, we obtain r(6) < r1 + r2 where 

-1/2+1/p+1* ((I xi) 2P )/ ( - x / dx() )d)l/q, 

r= (T- 1/2 + 1/P( hP/2( IX1 X)-X ) (j 8* gq/2( x) dx) 

Let us set for o- > 1, q = 2 - a/2 and for a < 1, q = 4. Then a tedious 
calculation leads to the following majorizations of r1 and r2: 

rl,r2 < CO-ra/16 if or- >1, 

rl, r2 < Cor1/4 if u- < 1. 

A.3. Proof for the example of Section 3. 

PROPERTY 1. We remark, that under (3.1) the posterior density Pn, (, 
(w.r.t. 6) fulfills for all 0, n, 

(A.41) Pn,6, co( 0) = Pn, (,.,,(-O)exp[Snr(O0)] , 
where 

n 

Sn(c&)) := E Xi(w)) T (O) := 2f0/v(Of). 
i=1 

Obviously r(6) is negative for 0 < 0 and positive for 0 > 0, vanishes for 0 = 0 
and for 0 -+ oo or - cc, while it has maximum at 0 = c := a/b and its 
minimum at 0 = - c. 

With the notation 

0o:= { Rld }(y - , y+ 8), 

we obtain from (3.6) for almost all o E fl and all sufficiently small ? > O, 

(A.42) limPn, (? 8 M) = lim [Pn,f s(9 ) + Pn, o(0 9)] 1. 
nx - ' n -o 

For almost all cv the set of the accumulation points of the sequence {Sn( 0v)n n 
is R = R u {-ool u {+oc} [see Chung (1976), page 272, Exercise 5,). In other 
words, there exists a set QV* c fl, P(fQ*) = 1, such that for all ci) E fQ* and 
s e R, we can find a sequence (n(1) = n(j, v, s), je N) with (3.6), (A.42) and 
(A.43) limrSn(j) () = s. 

Let r = min{T (0)IO Ee 0 and R = max{T(6)I6 e 0+l. Assume as fixed a 
(1) fl*. Then for each 8 > 0 there is a subsequence {nil of {n(j)l such that the 
convergence 

Pcos = l jJlimE+) 
(A.44) 0 

< lim supE4 [I( 0 E 0 ) Pnj( - O)]max{esT(e)I0 E O ) 
i -k CtZ 
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holds [see (A.41)] and therefore because of (A.42) we have 

(A.45) Pw, s, < (1 - pw, S )max{exp(,rs), exp(;es)) 

An analogous reasoning leads to 

(A.46) Pw S ?? (1 - Pc S )min{exp(s), exp(;s)}. 

As (A.45), (A.46) hold for all sufficiently small ? > 0, we have 

(A.47) P&,S = limp,,sl = esT(y)[1 + est(y)]-l. 

Especially for s = +o and s= -oo we have pwO s = 1 and p, =0, respec- 
tively. 

From (A.42) and (A.47) follows the weak convergence of the sequence 
{pn g}i eN to the mixture ,up defined by (3.7). For all p > 0 the inequality 

supEnj.fIoIJIl ?< 2P [(sup{lIOll 0 E EGI) + supEni, , vdG(0) ] < 
i>io L> J 

holds for sufficiently large io and we obtain from Pn , ,up 

limEnj(,6 Jj0IIj = fii0Id1 ApZS(0). 
1 --* 0 

Therefore we have also the strong convergence PnT, f, , 
Thus we have shown that for almost all to and each mixture A,7T with 

IT e [0,1] there is a subsequence {ni} for which P,n 6 , converges weakly and 
in all its abolute moments of order p > 0 to /,u 

PROPERTY 2. Let e and ? be positive and sufficiently small. Then 

Sn <-H:= 1 log[86/(1 - ?)] < 0 

has the consequence 

Pncw := Pn, g (9i+) = Ee{I(o C_ 0)+)Pn, 6, Jo()exp(Snr( 0))} 
< (1 -Pn,)e/(l - ?) 

and therefore Pn,,, < e. We obtain 

lim inf P(pn. < s) ? lim inf P(Sn < -H) 
(A.48) 

n -o n -o 

= lim inf (D(-H/In) = 
n -o 

Analogously, it follows that 

(A.49) lim inf P(pnw 2 1 - s) > lim inf P(Sn > H) =2 
nf-4ci nf-40o 

(A.48) and (A.49) together yield, for all e > 0, the property 

(A.50) lim P(Pnw < ) = lim P(Pn > 1 - ) = 
nf-4c0 nf-o 
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The a.s. validity of (A.42) for sufficiently small e has the consequence that 
(A.50) is also fulfilled for 

qrn Pn, (' MO( ?)) = Pna, + Pn n (0o, )) 

in place of Pn- 
For the conditional posterior distributions P+ = P(I O E (0,oo)) and 

Pn-, ,,, := P(iO E (-oo,0]), we have 

En,6,c6dG(O)p = wna&dp(pn+ 6,ow C) + (1 - 7&n))dp(Pn, a_ ) 

dp(Pn, , oIdr) = 7Tn dp (pn^ 8,) + (1 
- T))dp(Pn, c) = Y, Y 

Because of 

dp(Pn+, 6,w 5-y _ ,) > IIYIIP9 dp(Pn (~w9 8 
Xy) > IIYII1 

(3.6) and (A.50) together with the above two equations imply (3.10) for all 
e, p > 0, that is, Property 2. 

Now we will see how the limit proeprty (A.50) influences the behavior of 
the posterior mean On = En, JO). We have 

(A.51) oA =p E (, E ,)( C 0+) + qn ,En ,( e 0 7) + r,E 

where ? is a sufficiently small positive number and 

~ r~ = E~r {OI(O E= c. qn, w : Pn, (, ((3 ) X rn = En, 6, c1toI 0 ? 

Theorem 2.1 has the consequence 

(A.52) lim trnI < lim [En, ,cOdG(O) + l-pn, ,c = 0 a.s. 
n --* oc n -4 oc 

With (A.51) and 

on 2 Pn.,(^Y )+ (1 - Pnw)(- Y - 8) + rn 

we obtain from (A.50) and (A.52) that for sufficiently small e, 

lim inf P( OE o2, ) > lim P(P > 1 - ?(2y) 
n n o 

But we have analogously 

lim inf P(on E e) 2 
n -o 

Therefore limn inf is there just a convergence limn and it follows for all 
open sets U c R, 

lim P( E U) = 12(u) 
n - o 

From this we obtain the weak convergence Qn => t41/2 of the distribution Qn 
of On to the mixture PU1/2 and the weak consistency p - lim dG(On) = 0 Of On. 
The distribution Pn of the posterior mode On also converges weakly to /11/2. 
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This is seen in the following way: 

From the convergence lim n P(On E 0) = 1 for e > 0, which follows 
from Remark 4, Section 2, and because of (A.41), we obtain 

limP( GE Qe) ? limP( sup Pn(Y) > sup P 
nr~~~~~~1' no E+ EE 

and analogously lim nP(0 E O-) 2 2. Therefore we obtain for sufficiently 
small e the convergences 

lim P ( 6n E= (8)) = lim P (oan E 8e) 2X 

thus proving Pn =: P1/2 

A.4. Proof of Theorem 4.1. We assume w.l.o.g., that tG = 0. 
The Bayes estimator minimizes the posterior loss. We perform an expan- 

sion of the posterior loss to get a simple expression which is asymptotically 
equivalent to the Bayes estimator. In the next lemma we give an equivalent 
term of the Bayes estimator. 

LEMMA A.10. Under assumptions Al-All, the following expression holds: 

(A.53) n 
On = L2 1L1VTA(Zn) + Gn + Op(l), 

where Gn is defined in (A.59) and with 

(A.54) A(w) = ftw(t) dt/fw(gt) dt. 

PROOF. Let r(O) be the posterior loss [see (1.7)]. Then 

(A.55) r (t#) = En L(Y, t ) = En, 6, co [ L( Yt ) ] = fL(f Y t) dPn 6,, (t). 

Because of (2.9), assumption A10 gives the a.s. differentiability of r in a 
neighborhood of t = 0. The differentiation may be interchanged with the 
expectation. As & = ia minimizes r(&) with a Taylor expansion for r(-) we 
obtain, for some n,, and n > n,, almost surely, 

0 = Vr'(ie) = En E t) 

(A.56) =En vL(lO, t) + En| L(2 0)(ui9, t) duv Hn. 

A further expansion gives us 

(A.57) 0 = vTnL(1 0)(0,O) + Fn + Gn + (Hn + K )VU 

with the reduction 

(A.58) Fn = 1) )(0, 0) EnFnt = V, 1 )(0, O) FnA[ Zn] 

(A.59) Gn Enl L(1,2)(0, ut)[t,t] du, 
0 
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with 

L1,2)( 
d 

r) [ t t ] = tTL( 1)(0,)tIo=7, 

L(2, 1) ( T ) o[ t) t _=tTL(1, 1)( 0 S T )Ntl=T . 

(A.60) dO 

(A.61) H f L(2,0)(Ul9O) du, 
0 

(A.62) Kn =En ||L(2,1) ( ut v 
n 
0 , t]du dv . 

The first term in (A.57) vanishes (L(1 0)(0, 0) = 0) because of assumption A7. 
By the dominated convergence theorem we have, from assumption A10 and 
Theorem 2.2, 

(A.63) lim Hn = L(2, 0) ( 0 0) a. s. n -4 

Moreover we have, because of assumptions A10, (2.9) and Theorem 2.2, 

(A.64) IlKnll ? + C Ii' 117)EnlItIl + EnIItII b17 ]|III = op(l). 

The lemma follows now from (A.57), (A.63) and (A.64). 
By the way, let us note that analogously to (A.64) we have 

(A.65) IIGnll < cn E (lltlI2 + lltllb7+2). 

Let us recall that OG = 0. We denote by A the smallest eigenvalue of the 
matrix M in assumption A9. We choose e > 0 such that the sphere S[0, 2 e] 
is included in 0 and 

(A.66) EC(X) [1 + (2 8) b6 J < A/16. 

First we replace the process Zn by a more tractable process Z*, with 
realizations in the space F of the continuous functions on Rd vanishing at 
infinity. Then Z* is defined by 

Z* (t, Z* (t) 

(A.67) ~Zn( tn) {a(tn) f( tn) [Zn(?) f(?)] 1 

with the scale transformation t := n-1/2t, t E Rd, 

{1, for lull <8, 

(A.68) a(u) = (1 - IIull)/2e, for e < Ilull < 28, 

t0, for Ilull 2 2s. 

LEMMA A. 11. Let h: Rd - Rk be a function and q > 0 with 

(A.69) llhllq = sup [1 + lltllq] 111h(t)ll < oc. 
teRd 
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Further let [see (1.4) and (A.67)] 

(A.70) En h( t) =Ih( t) dPn, f .(dt ) I 

(A.71) E* (h( t)) = h( t) dPn* e (t) = h(t) Z* ( t) dt Jz* ( t) dt. 

where Pn, 6, stands for the random probability measure w - ) Pn, Then it 
holds that [see (A.54)] 

(A.72) (i) E*h(t) = E h(Vnt) + op(l) 

(ii) A(Zn*) = A(Zn) OP (1) 

PROOF. We introduce the notation 

(A.73) Nij = Ee h(n e ) Zn(?) 
xZn(O)[ja(Y) + [1-j][1-a(#)]], i,j = 0,1. 

Then we may write 

(A.74) Enh(vn t) = [Noo + Noj][Nlo + Nll] 

(ecau74 ofNo,= 
[N-'Noo + 1] [Nol'N1o + NolN1] X 

because of N01 > 0. We will now see that a.s. No1N0oo and No,'N1o tend to 
zero for n -* oo. Choosing e, a, r1 as in the proof of Theorem 2.1, we get 

(A.75) IIN,1N1Ijoll 
< 

lIhlIq[EJI[II1I1 
< 

l]Zn(O)t)] 
XEj[I[jj91j < e](1 + jjtljqnq/2)ZnO) 

and the limits (2.18), (2.19), (2.20) allow choosing a positive k, so that a.s. for 
all n e N, 
(A.76) IlolNo1 e-na/2nq/2. 

This and a similar reasoning for Nj'N0oo prove the desired convergences 

(A.77) lim N-j'N1o = 0, lim NVj'Noo = 0 a.s. 
n ,x n o 

From (A.74) and (A.77) and substituting F# by t, we finally arrive at 

(A.78) En(Vn t) = N&1lN11 + op(1) = E*h(t) + op(1). 
For the conclusion (ii), we have only to remark that A(Z*) = E*(t) and 

Fn A( Zn) = En (Sn 0 

Next, the following lemmas show that (Z*)nE N converge in distribution to 
the exponential function of a Gaussian process. Lemma A.12 deals with the 
finite-dimensional distributions of Z*. In Lemmas A.13 and A.14 we show 
that Z* is tight [see Dacunha-Castelle and Duflo (1983)]. The following 
lemmas will be proven under assumptions Al-All. 
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LEMMA A.12. The finite-dimensional p.d.'s of Z* converge to those of 

exp[tTIG/2U - jtTMt], 

where U is a standard normal random vector in Rd. 

PROOF. Let t E Rd be fixed, n1/2 > lltll/e and let us set t, = n-1/2t. Then 
we may write 

log Zn (t) - log[a(tn) f(tn)/f(O)] 

(A.79) = log Zn(tn) -log Zn(0) 

(A.79)1 1 
= tT St - 2tT[M-R 

where log[a(tn)f(tn)/f(0)] = o(1), 
n t 

(A.80) Sn f= sf I X,) '(t) = "'(Xi t), 
i=l ~~~~~i=l 

(A. 81) Rn(tn) (s= (o) + M) + 2f1(1 - u)-[S'(ut)-S''(0)] du. 

Using (4.2), 

Rn( tn) < Pn( tn) 

(A.82) 1 1 
nlb 

-S'"(O) + M| + - E C(XJ)(1 + litnIIb)ItnII 

By assumption A8, the application of a central limit theorem yields 

(A.83) ( 
-/; Sn )SI/ }=N ,I 

Next, by application of the law of large numbers we have 

(A.84) Rn(tn) = op(l) for all fixed t e 0, tn = n- 1/2t . 

Then the lemma is a direct consequence of (A.79), through (A.83) and (A.84). 

Now we will give an exponential bound 

(A.85) ma(t) = cal exP[aaIItIl - 41tll] 

for the random functions Z* and Y. 

LEMMA A.13. Let A be the smallest eigenvalue of the matrix M. For all 
a > 0 there exist positive ca , aa such that for all n large enough (say, n > na) 
it holds that 

(A.86) P(Zn* (t) < ma(t), Y(t) < ma(t) for t E Rd) > 1 - a. 
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PROOF. Z*(t) vanishes outside On = {t E 01 11tJ < 2EF}. From (A.79) we 
get 

(A.87) Zuij(O)Zn(tn) = exp[t'SX- ltT(M - Ra(t))tI, 

and from (A.82) we have sup8n Rn(tn) < pn(2E). 
Using the notation 

(A.88) c { := S ba} C< Rn(2E) ? A/2}, 

the application of the CLT gives positive constants ba and a ni with 
a 

(A.89) P(C3) > 1 - - forall n 2 n'. 

Because of (A.66) and the SLLN, there is an n > n' with 
a 

(A.90) p(C2) > 1 - for all n > na 
n3a 

For wo E Cl nc2 we have 

(A.91) Zn1(O)Zn(tn)(W) < exP[baJItI - TiIti t E 0n 

and moreover, for n > n., 

(A.92) P(C' n 1 n n ~~3 
On the other hand, we have 

(A.93) sup a(tn)f(tn) < ka sup f(t), 
tE, neN 1ItII<2E 

and as Z*(t) vanishes for l1tll > e?/ and n ? na, we obtain, if to E C' n C2, 

(A.94) Z*(t, (0) < k exp[baltl - 4tIj for all t e 0. 

From the definition of Y follows obviously the existence of constants ca > ka 
and aa > ba such that for all n E N, 

(A.95) P(Y(t) < ma(t) =Caexp[aalltil - 11tII2]) > 1- - 

This together with (A.92) and (A.91) proves the lemma. C1 

Next we will study the equicontinuity of the trajectories of Zn* 

LEMMA A.14. For each a > 0 there is a set Ha c ' of equicontinuous 
functions with: 

(i) P(Z* eHa)>1-a foralln?na. 

(ii) The sequence of the processess (Zn* )n a N is tight in W. 
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PROOF. From the previous lemma it is sufficient to prove that for all 
T > 0 the sequence (Zn*)n E N is tight in the set W(O, T) of the continuous 
functions on the closed sphere S(O, T). Obviously the sequence of functions 
{a(tn)f(tn); n E N} are equicontinuous on Rd. The product of two sequences of 
equibounded and equicontinuous functions is a sequence of equicontinuous 
functions. Then a(tn)b(tn) vanishes outside on = {t E( 01 l1tll < 2Evn). With 
the notations of the previous lemma, we have only to prove that the deriva- 
tives 

(A.96) Jn(t) -d (Zn(0) Zn(tn)} = Zn(0) Zn(tn) -S'(tn)t 

are bounded for n n, t E C1) EC- CI n C2. 
A Taylor expansion yields 

(A.97) Jn(t) =Zn(0) Zn(tn)[ n s1 + (M+Rn(tn))tj 

On Cn n C2 and for n n, t Ee 0 the bracket is majorized by 

ql = ba + (IIMII + 2)lItil [see (A.88)] 

and Z-1(0)Zn(tn) by 

q2(t) exp[baAItII- IItII2]. 

Then setting qa := supt ql(t)q2(t), we get 

(A.98) P (sup IIlJn( t) II < q, ) P(C'l n C2 ) 2 1- 2a/3. 

Conclusion (i) is proved. Conclusion (ii) is a consequence of (i) and of the fact 
that Z*(O) = 1. 0 

Final reasoning in the proof of Theorem 4.1. Recall that ' is the set of 
the continuous real functions on Rd. Because of Lemma A.12, the majoriza- 
tion of Z* and Y in Lemma A.13 and Lemma A.14 for all functions h E W 
satisfying (A.69), we have the convergence in distribution 

(A.99) (h(t)Z* (t) dt, JZ*(t) dt ) d h(t)Y(t) dt, IY(t) dt) 

and JY(t) dt * 0 a.s. Setting h(t) = t, we get A(Z*) d A(Y). The distribu- 
tion of A(Y) is Gaussian N(O, M-1IGM- 1). On the other hand, from (A.65) 
and Lemma A. 11 we have 

IIGnIl < c(n 1/2E* ||thI2 + n-(b7+1)/2E* jItIIb7+2 ) + Op(l). 

Then setting h(t) = 11tIH2 or IIthIb7+2 in (A.71), we can see with (A.65) and 
(A.99) that Gn = op(l). Then (A.53) proves the theorem. 



644 0. BUNKE AND X. MILHAUD 

REFERENCES 

BERK, R. H. (1966). Limiting behaviour of posterior distributions when the model is incorrect. 
Ann. Math. Statist. 37 51-58. 

BERK, R. H. (1970). Consistency of a posteriori. Ann. Math. Statist. 41 894-906. 
BICKEL, P. J. and FREEDMAN, D. (1981). Some asymptotic theory for the bootstrap. Ann. Statist. 

9 1196-1217. 
BICKEL, P. J. and YAHAv, J. A. (1969). Some contributions to the asymptotic theory of Bayes 

solutions. Z. Wahrsch. Verw. Gebiete 11 257-276. 
CHUNG, K. L. (1974). A Course in Probability Theory, 2nd ed. Academic Press, New York. 
DACUNHA-CASTELLE, D. and DUFLO, M. (1983). Probabilites et Statistiques 2. Problemes a Temps 

Mobile. Masson, Paris. 
DIACONIS, P. and FREEDMAN, D. (1986a). On the consistency of Bayes estimates. Ann. Statist. 14 

1-26. 
DIACONIS, P. and FREEDMAN, D. (1986b). On inconsistent Bayes estimates of location. Ann. 

Statist. 14 68-87. 
GOURIEROUX, C. and MONTFORT, A. (1993). Pseudo likelihood methods. In Handbook of Statistics 

(S. Kotz and N. L. Johnson, eds.) 11, Chapter 12. North-Holland, Amsterdam. 
HALL, P. and HEYDE, C. C. (1980). Martingale Limit Theory and Its Application. Academic Press, 

New York. 
HANOUSEK and JURECKOVA, J. (1996). Unpublished manuscript. 
HUBER, P. (1967). The behavior of maximum likelihood estimates under nonstandard conditions. 

Proc. Fifth Berkeley Symp. Math. Statist. Probab. 1 221-233. Univ. California Press, 
Berkeley. 

IBRAGIMOV, I. A. and HAS'MINSKII, R. Z. (1981). Statistical Estimation. Asymptotic Theory. 
Springer, New York. 

LEDOUX, M. and TALAGRAND, M. (1991). Probability in Banach Spaces. Springer, Berlin. 
LEHMANN, E. L. (1983). Theory of Point Estimation. Wiley, New York. 
PFANZAGL, J. (1969). On the measurability and consistency of minimum contrast estimators. 

Metrika 14 249-272. 
STRASSER, H. (1981). Consistency of maximum likelihood and Bayes estimates. Ann. Statist. 9 

1107-1113. 

INSTITUT FOR MATHEMATIK 
HUMBOLDT UNIVERSITY 
UNTER DEN LINDEN 6 
10099 BERLIN 
GERMANY 
E-MAIL: bunke@mathematik.hu-berlin.de 

LABORATOIRE DE STATISTIQUE 
ET PROBABILITtS 

118 ROUTE DE NARBONNE 
31062 TOULOUSE CEDEX 5 
FRANCE 
E-MAIL: milhaud@cict.fr 


	Article Contents
	p. 617
	p. 618
	p. 619
	p. 620
	p. 621
	p. 622
	p. 623
	p. 624
	p. 625
	p. 626
	p. 627
	p. 628
	p. 629
	p. 630
	p. 631
	p. 632
	p. 633
	p. 634
	p. 635
	p. 636
	p. 637
	p. 638
	p. 639
	p. 640
	p. 641
	p. 642
	p. 643
	p. 644


