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Abstract

In this article we propose a simple and fast method to locate circular objects from binary images even if they are highly
occluded by one another. The algorithm is based on basic morphological transforms and thus can be implemented on
parallel machines. Some examples are presented to illustrate the efficiency of the approach.

Zusammenfassung

In diesem Artikel stellen wir eine einfache und schnelle Methode vor, um runde Objekte in bindren Bildern zu
erkennen, sogar wenn sie sich stark iiberdecken. Der Algorithmus basiert auf morphologischen Transformationen und
kann deshalb auf parallelen Maschinen implementiert werden. Beispiele prisentieren und illustrieren die Effizienz der
gewihlten Methode.

Resumé

Dans cet article, nous proposons une méthode simple et rapide, pour la detection d’objets circulaires dans des images
binaires, quandméme s’ils sont hautement fermés 'un par l'autre. L'algorithm est basé sur des transformations
morphologiques fondamentales, et peut ainsi étre utilisé sur des machines paralléles. Quelques exemples sont présentés
pour illustrer I'efficacité de cette methode.
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1. Introduction place different size of disk-type objects, it is ex-

pected to work reliably and fast. In reality, for large

Identifying circular objects and estimating their number of disks, some may be highly occluded by

parameters are of great importance in various ap- one another and it is often necessary to detect them

plied fields. If a vision system is put to operate in and estimate their parameters under such situation
a real environment to recognize, count, pick up and (Fig. 1).
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Fig. 1. A front-lit image of some coins.

Circular objects can be detected by methods like
Hough transform or by basic geometric and heuris-
tic approaches [2—4, 6, 8-10]. Circular shapes can
also be detected using mathematical morphology
(MM) although we have not come across any paper
on morphology dealing solely with this problem.
The present work is an attempt to fill up this gap. It
has been shown that the proposed method can
separate circular objects even if they are highly
occluded.

MM operators are suitable for parallel imple-
mentation of algorithm. Though they are usually
slow on serial machines, some fast algorithms for
dilation and erosion [5] can speed up the entire
process considerably.

In Section 2 we have presented some basic defini-
tions of MM operations. The approach used to
detect circular objects is described in Sectidn
3 where the problem of noise is also treated by
using morphological operators. Some experimental
results and discussion are presented in Section 4.
The algorithm for separating occluded disks is
given in Appendix A.

2. Basic definitions

In MM there are two basic operations: dilation
and erosion. Other operators are derived from

these two operations. However, dilation and ero-
sion can be constructed from even lower level
set-operations like translation, set-union and
set-intersections [7,12]. Let A and B be subsets of
Z? and let t be a point (pixel) in Z2 In our
application, 4 and B denote sets of points (pixels) in
digital space. Here we treat A as object and B as
structuring element by which A is morphologically
operated.
1. The translation of A by t, denoted by A, and the
reflection of 4, denoted by 4 are defined, respec-
tively, as

A ={peZ?|lp=a+t;ac A};
A={-plpe4}.

2. The dilation and erosion of A by B, denoted by
A @ B, and A © B, respectively, are defined as

A®B={peZ?*p=a+byacAand be B},
A©B={peZ?*|(p+beA;VbeB},

The conditional dilation of A by B within a set
Ie 2?2, denoted by A @ |, B, is defined as

A@B=(A@B)nI.

3. The opening and closing of A by B, denoted by
AoB and AeB, respectively, are defined as

AoB=(AOB)®B, AeB=(A®B)OB.

4. The morphological pattern spectrum or
simply image spectrum S;(A, ") of an object
A with respect to a set of structuring elements
A ={K,,K;,K3,...) can be defined as

Si{A, X)) = #(A0K;) fori=123,...,

where #X denotes the area of the object X,
which in our case, is the number of pixels in X.

5. A set transformation ¥(e) is said to be a mor-
phological filter if for any two sets X and Y in the
domain of the transformation,

(i) XcY = ¥(X)c ¥(y) (increasing),
(i) Y[¥(X)] = ?(X) (idempotence).

6. Discrete circle: A discrete circle with radius r and
center (o, B) is a set Tpy(a, f) of 8-connected
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pixels so that each pixel (x, y) satisfying the in-
equality

0<|/(x—a)+(y—BPl<r+1/2

The 8-connected inner border of the disk de-
noted by Cyy(a, f), is defined by the pixels (x, y)
satisfying the inequality

r—12<|Jx—a)? +(y— B>l <r+1/2

If the center is at origin (0,0) we simply use
T[,] and C[,—].

3. Method and implementation

Let E, be the union of given disks D,; with radius
r; and center c;; (i, j) € # < 2. Henceforth it will
be assumed that r’s are strictly monotonically
increasing, ie. 1<ry<ry<ry-- <ry and
¢o = (0,0). At binary level a disk is occluded if it has
a non-empty intersection with another disk. We
assume that no disk is completely occluded (ie.
intersection of the border of any disk with the
border of E, is not null). We try to quantify the level
of occlusion of a disk in the following manner.

Level of occlusion of a disk. A disk D;; is said to
be a Level2 occluded disk (or simply L, disk) in E, if
its center c; is contained in another disk D,,, where
r, > r;. Otherwise, an occluded disk is said to be
a Level] occluded disk (or simply L, disk). If not
occluded at all, then a disk is called a Level0 (L)
disk.

The proposed method is based on the following
three observations in analog domain that can be
verified easily.

(i) A disk remains unchanged if it is opened by
another structuring disk having smaller or
equal radius

D;joDy =Dy, rizr. (1)

(i) Union of circular disks with radii greater than
the radius of the structuring disk will remain
unchanged due to opening

(U Dij)oDzk =Dy Vrizr andVe. (2)
i

ij

Fig. 2. The back-lit image of that same.

(iii) If there exists an L, disk D;; in E, then eroding
E, by the structuring disk D;, will result in an
isolated point at the center c; and other compo-
nents. Consider an L, disk D;; so that its center
c; can be included in a disk Dy, (r; > r;). If E, is
eroded by the same structuring disk D;, then no
isolated point at c; results. However, ¢; is in-
cluded in the connected component of the
eroded version of Dy uD;;.

The present algorithm is devised to work with
binary images. In our experimental set-up, we used
back-lighting condition to obtain the images. In the
back-lighting condition, the source is situated at
the back of the objects and acing the camera. The
back-lit image (Fig. 2) can be segmented to binary
image by a threshold ¢, where ¢ is the average of the
minimum gray value f,;, and maximum gray value
Jmax Of the image. We found uniformly good results
for all back-lit test images by using the procedure.

The proposed algorithm is based on basic mor-
phological transforms described above. It consists
of two basic steps namely (a) estimating the radii of
possible existing circular objects, and (b) separation
of disks in the image.

3.1. Estimation of the radii

We can estimate the radii of possible existing
circular objects in two ways — supervised and
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unsupervised. In the unsupervised case there is no
a priori knowledge of possible radii of the disks in
a scene while in a supervised case a set of possible
circular objects are available. Their radii are esti-
mated using morphological operators.

3.1.1. Unsupervised method

In this case we estimate the existing radii by
taking pattern spectrum (PS) of the input binary
image E, (from which we have to locate and separ-
ate the existing disks). The PS of E, is nothing but
a stepwise recursive opening process with discrete
structuring disk T, +nxx, Where k is the step size
(usually k = 1); the initial value r is less than the
minimum possible disk’s radius. However, the cam-
era should be calibrated in such a way that the
radius always becomes more than 10 pixels because
circularity of a discrete disk is established reason-
ably well when its radius exceeds 10 [1]. The open-
ing continues until the cardinality, i.c. the number
of object pixels of E,© T, 4,k becomes zero. The
PS of E, is represented by a histogram of cardinal-
ity versus the radius (see Fig. 3 which is PS graph of
Fig. 2). In the histogram each step-jump preceded
by a considerable flat step in the histogram will
correspond approximately to an existing disk
radius. This technique works well if occlusion level
is not too high, viz., all disks are of utmost L, type.

80 Cardinality (In thousands)

3.1.2. Supervised method

Here we first take an image of all supplied disks
of different sizes that could appear in a scene. The
image is such that all disks are distinct and well
separated. The radii can be estimated using pattern
spectrum method discussed above. However, if the
disks are arranged in increasing size so that in the
image the connected component corresponding to
kth disk is larger than the component correspond-
ing to (k — 1)th disk then an efficient serial ap-
proach is as follows.

Each component is eroded iteratively with the
inner boundary of the discrete circle with increasing
radius. For example, the kth component, say E, is
eroded with Cy, iteratively where the iteration
starts with r = r,_, which is the estimated radius of
(k — )th component and r is incremented by 1
until E, © G,y = ¢.

Note that in supervised radius estimation
method, the exact radii of all different sized disks
are detected. But in real images there is a possibility
that one disk-type object (say with radius r;) rests
on another disk of certain thickness and gets tilted.
The resulting image of the disk becomes elliptic in
shape, making the maximal disk contained in that
elliptic portion smaller than r;. So, at the disk
separating stage, the estimated radii may be slightly
less than the actual values.

15 20 25 30
Radius

35 40 45 50

Fig. 3. The graph of the pattern spectrum of the image shown in Fig. 2.
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3.2. Separation of the disks

After estimating ry,r,, ..., ry of all possible exist-
ing disks we perform identification, location and
separation step by step within a loop of the algo-
rithm. The execution of the loop once can separate
all disks of a particular radius. We describe how
this is done in a loop for a particular radius say, r;.

Step I: Erode the original image, E, by the
structuring disk T, ); let it be E°.

OI??:) E, by Ty, . ;- Suppose it be denoted by
E°CT Y,

Step 2: Subtract E°*Y) from E° and let the re-
sult be denoted by E*°. If #(E*®) =0 (i.e. E* = ¢)
then there is neither L, nor L, disk of radius r; in
E,. Otherwise, E*° is the collection of pseudocentres
of Ly and L, disks of radius r; where pseudocentre
of a disk is a very small region containing the actual
center of the disk. If existing disks in E, are per-
fectly circular then any pseudocentre represents the
center of an L, or L, disk. Otherwise, a pseudo-
centre represents a small region whose mean posi-
tion will represent the center. So, from pseudo-
centres, all the L, and L, disks of radius r; can be
separated. After separating all Ly and L, disks we
check the existence of L, disk in the following way.

Step 3: From the opening of the original image
E, by the structuring disk T}, ), the union of E°*V
and all separated L, and L, disks of radius r; are
subtracted (i.e. set difference). Let the difference be
denoted by E°. If the area of E is more than
a threshold then L, disk(s) may exist in the image.
In our experiments the value of the threshold is
taken as the one-third area of disk of radius r;.
Actually, E¢ consists of crescent-like structures,
but all of them may not correspond L, disk(s) of
radius r;. For example, if a larger disk is opened by
a smaller one, its edge will be depleted due to dis-
creteness in the digital domain and some very thin
crescent-like structures may appear which do not
correspond to any L, disk. For further screening
a minimum thickness criterion has been considered.

Step 4. E°™ will be eroded by a structuring disk.
The radius of the structuring disk, r; which is de-
rived by minimum thickness criteria as follows:

ry=——

NG

' (\/—i — Dri  o.146r,. 3)

T

~

Fig. 4. An illustration of the thickness criteria of a disk.

See Fig. 4 in which the radius of the small darker
disk represents the minimum thickness value.
#(E“ O Ty;) >0 confirms the existence of
L, disk(s) in the image. Moreover, each component,
say e; in that eroded part of E*° represents an
L, disk of radius r;. Let the region of ¢; be grown as
a single component in E° and stored as E*

Step 5: To locate the center of that disk, we first
locate a small region within which the center
should lie. Let the maximum m-times iterative ero-
sion by unit disk of the component e; is non-null.
This iteratively eroded part, ¢; © mT;,; is condi-
tionally dilated by Ty, —,;—n+1; With respect to
E°™* 1), Let that region be denoted by E**. This E
contains the center of the L, disk.

Step 6. For finding the center, an optimal curve
and area fitting technique is used as follows. Find
the inner border of E?; let it be EP.

For all points p(x,y)e E, compute «,=
#(E*nTyy(x,y);  and B, = #(E*NCpy(x, )
Select a point ¢ € EF as the center of the disk if

(e > 2) A (B > B,)) is TRUE VpeET™.  (4)

Thus from all the crescents having a considerable
thickness, L, disks can be detected. Some major
steps in L, and L, disks separation are shown in
Figs. 5 and 6.

Fig. 5(1) shows the original image E, where the
objects appear as light gray. Fig. 5(2) shows E° (the
result of eroding E, by T, | i.c. output of step 1) in
light gray superposed on E, (in dark gray). Fig. 5(3)
is obtained by subtracting E°* ¥ from E* which has
been denoted by E*° (output of step 2) and is shown
in light gray. Fig. 5(4) shows the detected L, disk in
light gray, superposed on E,.
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2.
4.

Fig. 5. The major steps in L, disk separation are illustrated.

1.
3.

Fig. 6. The major steps in L, disk separation are illustrated.

Fig. 6(1) shows E®*, the crescent shape of an
L, disk in dark gray and is superposed on the
original E, in light gray (output of step 3). ¢; (inter-
mediate result of noise cleaning of the crescent E**
in step 4) is shown in dark gray in Fig. 6(2). The
dark gray region of Fig. 6(3) is the componentwise
growing of e; in E* (output of step 4). Fig. 6(4) is
the result of recursive m-times erosion of e; by unit
disk (intermediate result of step 5). Fig. 6(5) is the
output of step 5 where the m-times erosion of ¢; is
conditionally dilated by Ty, ;- m+ 1y in E°* V. The
detected L, disk in dark gray is shown in Fig. 6(6).

We implemented the algorithm in such a way
that the original image is opened only once for each
structuring disk of given radius. Because (E,© T,))
is used to find disks of radius r;,_, and r;, E, © T}y,
and (E, © Ty,;) @ T, are computed while locating
disks of radius r;_; and the computed results are
retained until the location of disks of radius r; is
completed.

The algorithm for separation of disks is pre-
sented in Appendix A.

3.3. Removal of noise

The proposed morphological circular shape de-
tector can work well if the image is at least free from
foreground noise. But the original binary image
may be degraded by both foreground (salt) and
back-ground (pepper) noise. As our algorithm is
robust under background noise and sensitive under
foreground noise, the salt noise removal is essential
and preferable before the suppression of back-
ground noise. Closing is a good morphological
filter for eliminating foreground noise but (espe-
cially in presence of background noise) some blur-
ring may take place at the concave corners of the
object which causes mislocation and even incorrect
identification (especially in case of L, disks). More
involved techniques are alternating filters and alter-
nating sequential filters. The alternating filters is
constructed by a composition of opening and
closing and the alternating sequential filter is con-
structed by an alternating series of increasing size
morphological openings and closings [11]. Since
opening enhances the foreground noise, direct use
of such filters are not effective.

What we need here is some method which can
remove noise and also preserves concave corners.
For a moderately noisy image, almost all noise
pixels are isolated or nearly isolated. By a nearly
isolated pixel, we mean a pixel whose all 4-con-
nected horizontal and vertical neighbors or
8-connected diagonal neighbors are of opposite
color to that of the pixel. Note that nearly isolated
noise pixels include isolated noise pixels (e.g. fore-
ground isolated noise pixels have all eight neigh-
bors belonging to the object). Our algorithm starts
with removing these pixels.

Let E be a degraded binary image under additive
noise [13]. Let

g(E) = EU(E © B,)U(E © B,);
h(E) = EU(E©B;);  i(E)=E*;

N« (E) = # (*(E)/E);
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Fig. 7. Structuring elements (B,, B,, B3) for the noise removal.

where * 1s either g or h and B,, B, and B; are
illustrated in Fig. 7(a)—(c).

We have removed noise by combining trans-
forms g,h and i in a sequential way. The quantity
A% (®) has been used to control the sequential
process.

At first note that g(E) is free from nearly isolated
salt noise. All nearly isolated 0-pixels whose hori-
zontal and vertical 4-connected neighbors are 1 and
all nearly isolated 0-pixels whose 8-connected diag-
onal neighbors are 1, are converted to 1-pixels by
B, and B,, respectively. Note that 4 (E) is the
number of almost isolated O-pixel of E that has
been removed by g. If #,(E) = 0, then it is assumed
that E is free from foreground noise. So no further
processing for foreground noise removal is done.
If #,(E)>0 then g(g(E)) = g*(E) is computed.
g*(E) cleans salt noise blobs of size somewhat big-
ger than nearly isolated pixels (e.g. ‘L’-like structure
of 4-connected three pixels). Now, iff A (g(E)) > 0,
we compute h(g?(E)). It can be verified that hg?(E)
is free from foreground connected noise compo-
nents which can maximally contain 2 x 2 blobs.

The background noise can also be removed in
a similar manner as follows. At first take the comp-
lement of the transformed foreground noise free
image (say, E’) and then compute g(i(E")). If
N,(i(E)) >0 then compute gZ(E’). Again, as
in foreground case iff A (gi(E’)} >0, compute
hg?i(E").

The composite transform ihg?ihg? has been ex-
tensively used over several images and quite satis-
factory results are obtained (see, for example
Fig. 11).

For images with high degree of noise, the border
of the disk gets degraded. Also, blobs of size 3 x 3
and above can be generated within the disk. A com-
posite transform like ig2hg’ig’hg? can remove
noise blobs of size 3x 3, but cannot repair the
border deformation. In such a situation ihg?ihg?(E)
is morphologically closed by a small structuring
disk (default radius is 2) and then opened by the
same structuring disk. Note that the composite
transform of closing followed by an opening is an
alternating morphological filter [11].

4. Results and conclusion

The method proposed in the previous section is
tested on several synthetic disk images as well as
several back-lit images of circular coins of different
size. The back-lit images were thresholded to form
binary images. Some results for real disks are
shown in Figs. 8 and 9. It is noted that disks can be
identified at various levels of occlusion. However,
here the centers are sometimes slightly displaced
and the estimated radii are often smaller than the
true ones. This is due to tilting of the disk partially
sitting on another disk of certain thickness as ex-
plained at the end of Section 3.1.2. Another reason
is the under estimation of radius from pattern spec-
trum. Slight under estimation can take care of the
disk boundary noise.

The algorithm is robust in the presence of back-
ground noise. We observed that the disks are

Fig. 8. A binary image of coins and the output with different
levels of occlusion.
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HC )

Fig. 10. The output of the image of Fig. 8 with 60% background
noise.

successfully detected without using any noise
treatment even if the color of 50% background
pixels are changed due to noise. See Fig. 10, for
example where background noise covers 60%.
However, when noise is present both in foreground
and background all L,, L, disks could been separ-
ated well using the noise removal technique of
Section 3.3. See Fig. 11 where the original image
SNR is 6 db.

Our algorithm can be implemented in parallel as
it is based on morphological operators. Another

Fig. 11. The output of the image of Fig. 8 with 6 db SNR noise
level.

notable advantage is that computational require-
ment is fixed and independent of the number of
occluded/non-occluded disks in the image.

The proposed algorithm of disk separation
can have some real-world applications. It can be
used in quality control, inspection and counting of
circular objects. For example, in a camera-based
system of coin counting, our algorithm can be
incorporated.

Detection of gray tone circular discs using gray
tone morphological operators is the subject of our
future study. Important results on this study will be
communicated in near future.
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Appendix A

After estimating all possible existing disk’s radii,
ri,Fa, ..., 7y identification, location and separation
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is performed step by step where the original binary
image is E,.

E°C—E; E «¢;ie1;

Ef - E, © Tyy;

do{
if(i = N)ESU' D ¢;
else "V« E, O T,
EoC+D) e+ D @ T,

.+|]’

n+l]’
ES¢ Ee/Eo(+ 1).

Perform component labeling on E* only if
#E* > 0.

[Note that # E** =0 indicates that there is no
L, disk of radius r; in E,.]

Suppose jth component is denoted by e;
(j=12,...,k);
forj=12,...,k

do{
Find the center of mass (CM) of the ¢;. Let
it be c;.
[Note that c; represents the center of the
jth (either L, or L,) disk of radius r;.]

}

E¥ « E*® Tpy;

E « E'UE™;

E°*® « E°/E";

E° « E' « E°*Y);

Ee «— Ee(+1)

if (#E° > nr?/3){
tf« 0.146 xr;;

ECI’C.E — ECl'e e T['f];

Perform component labeling on E°™*.
Suppose jth component is denoted by
ejforj=1,2,... k.
Store it in E
forj=1,2,... kK

do{

Single-component region growing of
e; in E°,

Suppose that grown region is stored
in E*

E*—E*/(E* O T));
Let m is the
E*OomTy, # ¢;

Eh «— Eh 9 me;

maximum  s.t.

Ecfr  EN @ |Eo¢+nT[,.‘v—rf—m+1];
o "‘0; ﬁc <_0;

Y p(px, py) € E”
do{

#(E*N Ty (pesy));
ﬂ # (E N Cpy(pes 1y));
if (o, = 2.) A (B, = B.)
€« p; o, — p; B PBs

[Note that ¢ represents the center of an L, disk of
radius r;.]

iei+1;

} while (i < N) A (#E° > 0))
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